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Using the equipotential method we introduce a class of flattened γ models for galaxies and study the
properties of their potential–density pairs and two-integral distribution functions.
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1. Introduction

In this work, we construct a class of axisymmetric models for elliptical galaxies, obtained by
flattening the spherical γ models (γ �= 2) using the equipotential method [1–4] and then study
the properties of their densities and two-integral even distribution functions.

The significance of the equipotential method is that it allows flattening to be achieved while
maintaining a simple form of the potential. Furthermore, we easily determine whether the
circular velocity generated from the simple potential of a flattened model can be used to
describe the data of the rotation velocities of the flattened galaxies observed.

2. Potential–density pairs

The spherical γ model [5–7] is given by the potential–density pair

�(r) = −GM

rJ




1

2 − γ

[
1 −

(
r

r + rJ

)2−γ
]

if γ �= 2,

ln

(
r + rJ

r

)
if γ = 2,

(1)
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and

ρ(r) = (3 − γ )M

4πr3
J

r4
J r−γ

(r + rJ )4−γ
, (2)

where 0 � γ < 3, M is the total mass and rJ is the scale radius. This model is a limiting
case of a wide class of models described by Kuzmin et al. [8]. That class also includes
generalized isothermic models (and Jaffe’s [9] model as its limiting case) and generalized
isochrones [10, 11].

Following the equipotential method we introduce a flattening idea, namely that flattening
of the spherical γ models is achieved. It is known that the spherical γ models are Jaffe’s [9]
models when γ = 2, and their flattening can be achieved [4] by using the approach employed
by Miyamoto and Nagais [12], i.e. by replacing the spherical radius r with an axisymmetric
radius

τ = {R2 + [(z2 + c2)1/2 + d]2}1/2. (3)

This leads us to replace the radius r of the potentials of γ models (1) with the axisymmetric
radius (3), thus giving a class of flattened γ models with the following potentials:

�(R2, z) = −GM

rJ




1

2 − γ

[
1 −

(
τ

τ + rJ

)2−γ
]

if γ �= 2,

ln

(
τ + rJ

τ

)
if γ = 2.

(4)

The mass density ρ(R2, z) which is generated from the potential defined above is

ρ(R2, z) = M

4πrJ

A

τ 2+γ (τ + rJ )4−γ Y 3
, (5)

with A = c2drJ τ 3 + r2
J τ 2[(3 − γ )Y 3 + c2d] + (3τ + γ rJ )c2rJ Y (Y + d)2 where Y =

(z2 + c2)1/2. Obviously, ρ(R2, z) is positive and finite for any positive c and d when 0 �
γ � 3. At larger distances, the densities (5) fall radially according to r−4 like the oblate Jaffe’s
models [4] except on the major axis, and they decrease as r−3 on the major axis.

Next, we study the central axis ratio α of the model. The ellipticity of the edge-on projected
surface density of the model is always greater than 1 − 1/α. It is easy to see that α � 1, i.e.
the models are oblate.

3. Two-integral even distribution functions

In this section, we study the properties of the two-integral even distribution functions of the
oblate γ models for γ �= 2, since the corresponding properties of Jaffe’s oblate models have
been given by Jiang [4]. The form of the potential allows its corresponding density to be
also expressed as a function of ψ ≡ −�(R2, z) and the radial coordinate R (the so-called
augmented density). In fact, we can obtain

ρ(R2, z) ≡ P(ψ, R2) = E

4πM−1r5
J (w + 1)4−γ y3

, (6)

where E = r2
J c2 dw6 + r2

J w4[(3 − γ )y3 + c2 dw3] + c2(3 + γw)w5y(y + dw)2, y = (r2
J −

w2R2)1/2 − dw and w = [1 − rJ (2 − γ )ψ/GM]1/(γ−2) − 1.
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Thus, two-integral even distribution functions f+(ε, Lz) for the models with a known
augmented density can be derived by using the Hunter–Qian [13] complex contour integrals,
giving

f+(ε, L2
z) = 1

4π2i21/2

∫
C(ε)

dψ

(ψ − ε)1/2
P11

[
ψ,

L2
z

2(ψ − ε)

]
, (7)

where

P11

[
ψ,

L2
z

2(ψ − ε)

]
= ∂2P

∂ψ2

[
ψ,

L2
z

2(ψ − ε)

]
.

In this equation, ε is the relative energy and Lz is the angular momentum with respect to
the z axis; C(ε) is a contour of the complex integral; the contour is a loop which starts from
the lower side of the real ψ axis at ψ = 0, passing through a window P in the real ψ axis to the
right of ψ = ε, to the upper side of the real ψ axis at ψ = 0; the window P is determined by
the positions of all the pole singularities of the integrand.

Using Jiang’s [4] algorithm, we can estimate the values of f+(ε, L2
z) in the physical domain

of (ε, L2
z), except at some low relative energy near the origin of ε on its physical boundary

curve. We omit the rather cumbersome expression for it. Also, an analytical formula for the
radial velocity dispersion σ 2

R was found.

4. Conclusions

The flattened γ models are constructed by using the approach employed by Miyamoto and
Nagai [12] for understanding the processes of galaxy formation and evolution. The flattened
γ models are oblate and have finite total mass and finite densities which can be analytically
expressed as equation (5). The central axis ratios of the flattened γ models can be analytically
expressed. This analysis of the ratios leads to an understanding of the different shapes of
elliptical galaxies near the galactic centre. Because of the simple form of the flattened γ

models, it is easy to obtain the formula for the augmented density P11(ψ, R2) (equation (6))
which is required by the two-integral systems. This in turn allows the application of Jiang’s
algorithm in the systems to be achieved.
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