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From the viewpoint of the modern cosmological concepts, the de Sitter vacuum is 
believed to  be the inital stage of evolution of the Universe [l, 21. The de Sitter 
vacuum decays into expanding matter called the Friedmann world where we live. 
There arises a question: what was before the de Sitter stage? The Universe is 
considered to be born from this vacuum by tunnelling through a certain potential 
barrier from the pre-de-Sitter domain to the de Sitter one [3,  4, 5, 6 ,  7 ,  8 ,  91. 

The problem is formulated as follows. From the Einstein equations for a homo- 
geneous isotropic universe [8, 91 

a2 4 7 r G ~  kc2 
2 3c2 2 

a2 = --, k = 0, f l  

for the equation of state 

we obtain for any k 
p = a& 

&a + 3 ( 1 +  a)k = 0, 

which gives 
= Epl(a/1,1)-3(i+a), 

( 3 )  

(4) 

(5) 
where cr = -1, E = 

stant 

corresponds to the de Sitter vacuum. 
The de Sitter vacuum has Planckian parameters. Really, the cosmological con- 

A = 3H2/c2  = 87rG&/c4 (6) 

& = 4u04 /c ,  (7) 

0 = hh/27r, (8) 

expressed in terms of the black-body radiation energy density at  the de Sitter hori- 
zon ( R =  c / H )  

where u = n2/60h3c2, with the effective temperature [lo] 
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allows the Hubble constant to be easily calculated its follows: 

H = 3 G / t p \ .  (9) 

The Planckian parameters are 

tpl = Jm, 1,1 = Jw, mpl = m, = c 7 / h G 2 .  (10) 

(11) 

Equation (1) is representable in the form [8] 

(daldr))’ = H 2 a 4 / c 2  - Ca.*, 

where r)  is a conformal time defined as 

c d t  = a dr). (12) 

The Lagrangian is 

L = (da/dr))’ + H * a 4 / c *  - $a2 .  ( 1 3 )  

The generalized momentum is given by the formula 

P = a L / a ( d a / d q )  = da/dr) .  (14) 

Replacing the generalized momentum by the corresponding quantum operator 

we reduce (11) to the Wheeler-DeWitt Equat.ion ( G )  

where 
V ( a )  = lZ4(ka2 - H ’ a 4 / c 2 )  

is the potential derived by A .  Vilenkin for E = consts, which is in agreement with 
the Higgs potential describing spontaneous symnietry breaking [9] 

(18) 
4 W(p) = -ap* + bp , 

where a > 0, b > 0 is a scalar field. V ( a )  = -W(cq) for cp - a (a field inside the 
ball). 

Generalize the Vilenkin potential by considering the Universe energy density to 
be a superpositon of energy densities of various kinds of matter including vacuum- 
like ones (a < 0). Supposing coexistence of various kinds of matter at the Planckian 
densities, we have 

6 

H 2  = ( 8 ~ G ~ p 1 / 3 ~ ~ )  1 Bn(lpl /a)”,  (19) 
n =O 

where n = 3(1+  a), Bn are constants, ( ~ T G E ~ ~ / ~ C ’ )  = (c / lPl)’  



D
ow

nl
oa

de
d 

B
y:

 [B
oc

hk
ar

ev
, N

.] 
A

t: 
14

:1
1 

18
 D

ec
em

be
r 2

00
7 

T H E  QUANTUM EARLY UNIVERSE 131 

The set of equations of state included in (19) satisfies the condition of weak 
energy dominance and of the velocity of sound being less than or equal to that of 
light in vacuum [ 111 : 

Namely, n = O(a = -1): vacuum; n = l(a = -2/3): domain walls; n = 2(a = 
-1/3): strings; n = 3(a = 0): dust; n = 4(a = 1/3): relativist,ic gas; n = 5(a = 
2/3): bosons and fermions; n = 6(a = 1): ultrastiff mat>ter. 

Separating a term independent of the scale factor in the potential, we reduce the 
Wheeler-DeWitt equation to the Schrodinger one in an effective flat, space, which 
permits the conventional quantum-mechanical procedure to  be used: 

IPl I E .  (20) 

- (ti2//2mpl)d2+/da2 + [ ~ ( u )  - E]$ = 0. 

V(Y) = (2qdh2"(Y) - El, 

(21) 

The identification of (16) a.nd (21) occurs if 

(22) 

where 

v ( y )  = ( W Z , ~ C ~ / ~ ) ( ~ Y ~  - y4 - ~~y~ - B& - B ~ Y  - B ~ Y -  - BGy-?), 
E = mplc2B4/2, 7 = a/lpI.  (23) 

For B1 = 8 3  = B5 = Bc = 0, the potential (23) has exhema: a maximum a t  
y = d m  and a minimum at y = 0. Its nulls are y = 0 and y = d m .  
Whence it follows that the condition of the scale factor being real is 

k -  B2 > 0. (24) 

Near the minimum y = 0, the energy spectrum of the Universe is described by the 
formula for a harmonic oscillator [12]: 

EN = b ( N  + 1/2), (25) 

where N = 0, 1,2,  . . . , 
w = 4 = / 2 l p , .  

The wave function is 

where H N  is a Hermite polynominal. The condition of level esist.ence is 
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At B5 # 0, & # 0 for small y, one may take account only of terms with negative 
powers of y. In this case the Schrodinger equation reads: 

d2qb/dy2 + (B5y-1 + B6y-2 + 2E/m,,lc2)$ = 0. 

7 )  = cpd+’e-p/ZF(-p, 2s + 2, p ) ,  

(31) 

(32) 

Its solution is the psi function [12): 

where F is a degenerate hypergeometric function, 

p = 2 y , / w ,  B5/2 J- = n, n - s - 1 = p = O,1,2,. . . , 

B5 > 0, s = -1/2 + fi/4 - Be. 

For B6 5 1/4 there exist discrete levels (there occurs repiilsion for B6 < 0 and 
attraction for 0 5 & 5 114 at sinall y). The energy spectrum of the Universe is Of 

the form 
Ep = -B;m,,lc’[$(p+ 1/2+ d m ) ’ ] l - ’ .  

Ep X [1/8B6 - (I)+ 1/2)(486~)-1]B52n2plC2 

(33) 

(34) 

For > > p  B6 < 0 we have 

Near the potential minimum a t  y = -2B6/B5, the spectrum is of the oscillator 
form. For B:/8)B6l << 1, the potential well is not so deep to create planckeons. For 
p61 << p ,  (B6 >< 0) the spectrum is hydrogen-like. 

For very small y, Equation (31) reduces to 

y2d’tl,/dy2 + 8 6 +  = 0. (35) 

Its solution is given by the formula 

C1 cos ( n  In y) + C2 sin ( h  In y), h’ = B6 - 1/4 > 0; 
7 )  = f i  Ciyb + C ~ Y - ~ ,  h2 = 1/4 - BG > 0; (36) { c1 +C?lny,  B.5 = 114. 

For B6 > 1/4 there occurs a fall to the field centre, which corresponds to Eo = --OO 

The transmission factor for t,he Universe tunnelling t,lirougli a barrier from the 
pre-de-Sitter domain to the de Sitter one calcolat.ed quasiclassically ( a  >> /,,I) for 

PI. 

B1 = 8 3  = B5 = 8 6  = 0 is 
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