This article was downloaded by:[Bochkarev, N.]

On: 20 December 2007

Access Details: [subscription number 788631019]

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954
Registered office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

,-'1:5'1'.’\’[:.]_, OMICALand Astronomical & AstrOphysicaI
ASTROPHYSICAL

T RANSACTIONS

Transactions
The Journal of the Eurasian Astronomical
Society

Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713453505

On homogeneous and isotropic cosmological models

with arbitrary numbers of time and space dimensions
A. D. Popova ?; G. N. Kulik 2
a Sternberg Astronomical Institute, Moscow, Russia

Online Publication Date: 01 July 1995

To cite this Article: Popova, A. D. and Kulik, G. N. (1995) 'On homogeneous and
isotropic cosmological models with arbitrary numbers of time and space dimensions',
Astronomical & Astrophysical Transactions, 8:3, 195 - 200

To link to this article: DOI: 10.1080/10556799508203306

URL: http://dx.doi.org/10.1080/10556799508203306

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.informaworld.com/terms-and-conditions-of-access.pdf

This article maybe used for research, teaching and private study purposes. Any substantial or systematic reproduction,
re-distribution, re-selling, loan or sub-licensing, systematic supply or distribution in any form to anyone is expressly
forbidden.

The publisher does not give any warranty express or implied or make any representation that the contents will be
complete or accurate or up to date. The accuracy of any instructions, formulae and drug doses should be
independently verified with primary sources. The publisher shall not be liable for any loss, actions, claims, proceedings,
demand or costs or damages whatsoever or howsoever caused arising directly or indirectly in connection with or
arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713453505
http://dx.doi.org/10.1080/10556799508203306
http://www.informaworld.com/terms-and-conditions-of-access.pdf

Astronomical and Astrophysical Transactions, 1995, ©1995 OPA (Overscas Publishers Association)

Vol. 8, pp. 195-200 Amsterdam B.V. Published under license by
Reprints available directly from the publisher. Gordon and Breach Science Publishers SA
Photocopying permitted by license only Printed in Malaysia

ON HOMOGENEOUS AND ISOTROPIC
COSMOLOGICAL MODELS WITH
ARBITRARY NUMBERS OF TIME AND
SPACE DIMENSIONS

A. D. POPOVA and G. N. KULIK
Sternberg Astronomical Institute, Moscow, Russia

(Received May 15, 1994)

It was suggested in [1] that the dimensionality of our physical space may vary from
integer three to non integer values on various scales. We gave there some arguments
suggested by observational data that the real dimensionality of space may decrease
from three to two when passing to cosmological scales. However, general relativity
teaches us that space and time should be considered on equal grounds. Here we
propose that time my have a noninteger dimensionality distinct from unity. We
have no consistent theory to describe this proposition in full, but we can construct a
Friedman-like cosmological model which is in principle solvable due to its simplicity
and symmetry. We present here some interesting and useful cosmological solutions.

Consider a Riemannian space that is a topological product of m-dimensional
flat “temporal” space and n-dimensional homogeneous and isotropic space (m and
n are integers as yet). Let the metric interval have the form

ds? = c2(dt} + dti + ...+ dt2)) — a®(t)dI?, )]
where
t=(tF4+t34 .. +12)/?
is the radial coordinate in the m-dimensional space and a is the scale factor. Our
propositions are just that light velocities are the same along all the time axes and
that a depends only on radial temporal coordinate ¢. The latter plays here the role

of time. The interval dI* is that of conformally connected n-dimensional space of
constant curvature,

di? = dr? + ¢*(r) dol,,

where r is the ordinary radial coordinate. As usual,
. sinr, k=41,

¢(r) = { T, k=0,
shr, k=-1,
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where k is the sign of the Gauss curvature; do(y) is the differential of the angular
distance along a surface on an n-dimensional sphere. As for indices, we denote
AB,...=1,....m;i,k,...=1,..nand o, = A, B...®t, k...

The Christoffel symbols for the interval (1) are

A k B E_Gtag o4 at
PBC=0! FAB’:O’ I‘Aj=0, FAJ:;_t—é", Fng";TgiJ) (2)
and purely spatial components are not required in explicit forms.
The pure temporal and spatial components of the Einstein tensor can be respec-
tively represented in the forms

tat tal
Gap=fi-G5+ 2 [«s,m ~ ’;f’] , (3)
Gij = fagij) (4)
where (the dot denotes differentiation with respect to ct)
5= m—1d+n—1 ('12+Ic
S R 2 a2 a2/’
f = ii+m—2d n—1 d2+k
2 =" t a 2 \a? a?2/]’
i m-1la n-2/[(a® &
= -1 —_ —_— _ —_
fa (n )[ t e 2 (a2+a7)]’

Obviously, mixed components vanish: G;4 = 0.
To accomplish constructing our cosmological model, we have to fix the stress-
energy tensor T,g and to solve the Einstein equations

Gop = #Tag, (5)

with 3¢ some constant, and henceforth we set ¢ = 1 and ¢ = 1. The appearance of
the Einstein tensor (3)—(5) suggests to choose T,p in the form

Tap = cupupg — p'(8aB — uaug), (6)
Tia =0,
Ti; = —pgij, (7)

which generalizes hydrodynamic stress-energy tensor and reduces to the latter for
m = 1. In the general case, us = t4/t is the unit vector field in the temporal space,
as usual, the spatial components of the (m + n)-dimensional vector field should be
zero: u; = 0, then

ugu® =1.

In the case m = 1,u4 = {1,0,0,0} is the common four-velocity vector of a matter
fluid. We have introduced in (6) the additional parameter p' which plays the role
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of tension in the temporal space; for m = 1, p’ gives no contribution to the single
time component Tgo.
Taking into account (3), (4) and (6), (7), equations (5) are

fl =g, (8(1)
f2 = _p/) (8b)
f3=—p. (8¢)

The conservation law Tf_ﬂ = 0, where the covariant derivative is taken with the use
of (2), has the form

m

. -1 a

€+ — (e+p')+n;(€+p)=0. (9)
Now, we should clarify two conceptional points. First, the set of three equations
(8) and equation (9) is just the set of equations to be solved, but only three of them

are independent. That is why, following [2], we impose the restriction

P =g, (10)

where ¢ is some real number. The case ¢ = 0 corresponds to dust matter. The
case ¢ = 1/n might correspond to pure radiation in a spacetime with a single axis
because it would give zero trace of the stress-energy tensor. The relation p = —¢
was introduced in cosmology by Einstein, it gives rise to inflationary solutions which
permit one to resolve the problems-of horizon and flatness [3]. Let us stress that we
do not fix the parameter p’ a priori but Eq. (8b) is considered as an equation for p’.

Second, given the set of equations (8) and (9), we may forget that m and n
are integers and consider them real numbers. The only restriction which is worth
imposing is n > 1 and m > 0.

Let us multiply (8a) by ¢ and take the sum with (8¢) using (10); we then obtain
the equation for the scale factor:

i@ ng+n-1m-1a n(qg+ 1) a2k _
at (n-1) t a+< 2 V\aetz)=%

or, equivalently,

a m-11a I1me—(2-n) a2 k\ _
-+ -t-z+<§——_1— 1 2t =0, (11)

a Me—1

where we have denoted
Mo = 1 + ——m—. (12)

Note that m¢ = 2 for dust matter. We shall see that this notation is not accidental,
the quantity (12) has some crucial meaning. Eq. {11) is not solvable generally in
elementary functions. We give here solutions for some interesting cases.
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0 13 7

Figure 1 g > —(n — 1)/n. The cases m = [mcr + (2 — n)]/2 and m = mcr, ¢ = —(n — 2)/n are
not indicated because they give trivial linear and logarithmic solutions, respectively.

(1) A flat n-dimensional space (k = 0): Eq. (11) can be reduced to an equation
in full differentials. Let also ¢ # —1 as yet.

(la) m # me and ¢ # —1. The solution of Eq. (11) is

2(me —m)
—_ Yia —_
a=Ct y Y = o — (2 — n)v (13)

with C in arbitrary constant. Forn > 1 and any ¢ > —(n—1)/n, we have m¢, > 2—n
and therefore the behavior of the solution (13) is mainly determined by the sign of
the term mc. — m. For m < mg;, the scale factor increases from zero to infinity. As
for the derivative a at the point t = 0, it is zero for m < [me + (2 — n)]/2 and it
is equal to infinity for [me + (2 — n)]/2 < m < mer. If m > me, the scale factor
collapses from infinity to zero for infinite t. The case m = 1 gives solutions already
obtained in [1]. The dependence on time of the matter parameters is as follows:

e,p,pxt”2 (14)

{1b) m = m., and ¢ # —1. The solution is of a logarithmic nature and starts at
the point t = 1:
2

= C(ln t)7* - "
a . (ﬂ ) y  Y1b n(q+1))
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Figure 2 g = —1 (mc = 2 —n). Here m; < 1 because we have n > 1. The case m < m¢; with
our restriction m > 0 is possible for 1 < n < 2 only.

for ¢ < —(n — 2)/n, the solution has an inflexion (it is not indicated at Figure 1),
and asymptotically for large ¢

e,p’,poct'z(lnt)'l. (15)

Figure 1 shows the qualitative behavior of the scale factor when ¢ > —(n—1)/n
for all possible values of m. If n > 2, then € > 0 for all the increasing solutions
(including m = m¢) and € < 0 for the decreasing one; if n < 2, then € < 0 for the
increasing solutions when 0 < m < (2 — n) < me,.

Consider now the case ¢ = —1. It is interesting not only by its physical content
but also by that it is an isolated case for Eq. (11). The solutions below do not
contain an explicit dependence on n but only via me : me =2 — n.

(1c) ¢ = —1 and m # m,:

a=Crexp(Cat™), me= =T
Mer — 1
The behavior of the solution here is determined by the sign of m.. — m and the
coefficient C3 (see Figure 2). Asymptotically, for large-t, if m > mc,, then €,p’,p x
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12me=1) and if m < mer, then €, p’, p o< t7<~2. All the solutions without inflexions
have a constant positive sign of £. For those with the inflexions the sign of € changes:
asymptotically, € > 0 when Cy > 0 and € < 0 when C; < 0.

(1d) ¢ = —1 and m = m¢,. The solution is:

a= Ct'nd

with arbitrary 14, and the time dependence of £,p' and p is again (14), however
e<0for0<mqg<?2.

Thus, we have considered all the possibilities in the case (1).

(2) The stationary case. It follows from the set of equations (8) that if a
solution is stationary (a = const) then any dependence on m disappears and
_n(n—-1) k o= n(n—1) k _ (n=1)(n—-2) k

2 o - 2 a2 2 a?

It means that the pure temporal part of the stress-energy tensor is isotropic: Tap =
€6aB, and that ¢ = —(n—2)/n. For n > 1 a stationary Universe with k = —1 might
exist if € is negative.

(3) Two-dimensional (n = 2) dust-filled (¢ = 0) space. In this case we do not
restrict ourselves to k = 0, although it unifies some subcases of the cases (1) and
(2). For any k,

. {Ct2"", m#2,
C(lnt), m=2.
Here m.. = 2. The behavior of solutions is the same as in Figure 1. Time dependence
of € and p’ (p = 0) is described by (14) and asymptotically by (15) again for m # 2
and m = 2, respectively. For m < 2 and k = 0,+1,¢ is positive, and for m > 2 and
k = —1,0,¢ is negative; in the remaining cases, £ changes its sign.
The stationary solution for ¥ = +1 and any m is
1 , 1
£ = E’ p=—€= —213
Such the solution for m = 1 was obtained in [1]. We stress that it is of great impor-
tance because the dimensionality of space may tend to two on large cosmological
scales [1].

Our analysis is as yet preliminary. It is worth nothing that there exists a ten-
dency consider solutions with ¢ < 0 as physical ones because they may be provided
by a quantum matter and lead to new physics. For example, the famous “time-
machine” solution [4] requires violation of the weak energy condition.
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