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A computer algebra system is used to develop a first-order theory of the motion of Hyperion.
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The motion of Hyperion involves some difficulties due to the perturbing action of
Titan [5]. These difficulties arise especially due to the commensurability between
the mean motions of both satellites. This is the cause due to which it is necessary
to construct a numerical theory of Hyperion’s motion.

To this end a technique of analytical computation of the Newcomb polynomials
in operator form based on a computer algebra system has been developed [1]. Since
Newcmb’s polynomials are developed in terms of the differential operator D =
ad/0a (where « is the ratio of the semi-major axes of the bodies) we cannot use the
traditional programming languages, for we cannot deal with a differential operator
as an object of the language. Hence, the programs written earlier computed only
the coeflicients at the proper powers of D, but the user had to do the very powering
(i.e. the superposition of the differentiations) [2]. The technique gives easily the
results of the action of Newcomb’s polynomials [3, 4] on the Laplace coefficients in
the analytical as well as numerical form and it can be used both for the inner and
outer position of the perturbing body orbit.

Letting r and 7' be the radius-vectors of the satellites, f and f’ the distances from
the common node to the satellites, V' the angle between the satellites centered on
Saturn’s center, v the angle of the mutual inclinations of the orbits and & = siny/2,
we can write the following for the perturbation functions:

R=(r?=2rr'cosV + )" Y2 _ /1" cos V

R = (r*=2rr'cosV + r'z)_”? —7'[r¥cosV,
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where the letters with prime mean Hyperion and without is, mean Titan. According
to [4], we can write the first terms of the expansion:

a'[A™Y, 1/2(P8 +e?PZ +eP02 + e“P“) cos V;
(ee P} 11 +e3e'P 3L +eeBP 3)cos(Vi - M + M')
2e'2p 22 cos(V — 2M + 2M’) +e2e' P2 Y cos(V; + 2M — M)
(eP1 + PP + ee’?P}Z) cos(V; + M)
(e’ Pl + e%¢’ PE! + €3 PP3) cos(Vi + M)
(e3¢’ P3 1Y) cos(V; + 3M — M")
(€2 P} + e* P} + 2’2 P22) cos(V; + 2M)
(ee' Pl + e3¢’ PPl + ee”®Pl3) cos(V; + M + M")
e*P3cos(V; + 3M) + eze'P;”ll cos(V; +2M + M'),

where P"',‘n, = Hmm, a’' A;, Hmm, SR HOm’ = H"ml,(—s,——D — 1), where
[T,.(s, D) is Newcomb’s polynomial, defined as follows:

(E)Dexp (V=Tsv) =
> S s D)e exp [V=Ts 4+ mym]

—oo<m<o n-|m|=0(mod2),n>m m

+ 4+ + + 4+

where a, e, 7, v, M are respectively the semi-major axis, eccentricity, radius-vector,
true and mean anomalies,

a'Ai = c(li) _ %UZ(Cgi—l) + c(l+l) -2-0'4((7(5‘._2) + 46(5‘) + Cg'._,_?)),
1 i .

B = gl - ot ),

adC; = gc(si)’ cs:') — a(n—l)/zbg)’

with be) the Laplace coefficients: bg) = 21%%.)—‘ o F(n/2,n/2 + i, i+ 1; a?),

F(a,b,¢;2) =372, % zj is the hypergeometric function, and (£§)i = I_I;—:f,(.f +
).

The technique has been used for computing the perturbation function of Hype-
rion from Titan and an asteroid from Jupiter for several commensurabilities. To
test the technique, the equations representing the conditions of the existence of the
Schwarzschild-type periodic solutions of the restricted three-body problem has been
constructed and solved [1]. Then the technique has been used for computing the
perturbation function of Hyperion from Titan and the derivatives of the latter with
respect to the Kepler orbital elements in the form of trigonometric series. The first
terms of the expansion are given below:

a'R/fm = 1.3298 + 0.34216 cos Pc — 0.012924 cos Ps + 0.05123 cos 9Psh
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+ 0.084434 cos8Psh + 0.12975 cos TPsh + 0.19148 cos6 Psh
+ 0.27600cos5Psh + 0.39334 cos4Psh + 0.56114 cos 3Psh
+ 0.81648 cos2Psh — 0.19286 cos Psh

where Pc = 4M' — 3M + 31’ — 31 is the critical term, Psh=M' - M +1' -1 is
the short-periodic term, and Ps = 7' — 7 is the secular term. Newcomb restricted
himself to a’R/fm = 1.3297 4+ 0.34002 cos Pc. These results allow to develop a
first-order analytical theory for the motion of Hyperion by the proper integration of
different terms in the Lagrange equations for osculating elements. We are going to
use the orbit given by this theory as an intermediate one for numerical computations
based on the Encke method.
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