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An axially symmetric galactic dynamic model is used, with a disc, a massive nucleus and halo
components, in order to reproduce recently obtained observation data in disc galaxies. The model
reproduces very well two basic physical quantities, i.e. the high-velocity rotation and the high surface
mass density in the central regions of some galaxies such as the galaxy NGC 3079. Going a step
further, we investigate the properties of orbits in the model, the behaviour of the velocities of the system
and their connections with the value of the conserved Lz component of the angular momentum. The
regular or chaotic nature of motion is also studied. All the above studies are made in two different
cases: firstly, when the model is time independent and, secondly, when the model evolves with time.
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1. Introduction

Dynamic searches indicate the presence of massive objects in the central regions of galaxies
such as M31, M87 and NGC 4594. The estimation for the central masses are from 106M�
up to about 1010M�. Improved ground-based instruments and especially the Hubble Space
Telescope have given interesting information on the subject. Dynamic evidence for the
presence of a massive object in the cores of galaxies is based on the value of the mass-
to-luminosity ratio M/L. If M/L increases towards the centre to values that are several times
larger than normal, this strongly indicates that a massive object has been discovered [1]. Rapid
rotation is also a strong indicator for the presence of a massive object [2–6].

In the present article we use the simple dynamic model given by the potential

Vtot(r, z) = − Mn

(r2 + z2 + c2
n)

1/2

− Md

{r2 + [α + (z2 + h2)1/2]2}1/2
− Mh

(r2 + z2 + c2
h)

1/2
, (1)
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where r, ϕ, z are the cylindrical coordinates. Equation (1) describes motion in an axially
symmetric disc galaxy with a nucleus and a halo component. Here Mn, Md and Mh are the
masses of the nucleus, disc and halo respectively, α is the disc scale length, h is the disc scale
height, and cn and ch represent the scale lengths of the nucleus and halo, respectively.

The main targets of this paper are, firstly, to use this model in order to reproduce analytically
some physical properties such as the rotational velocity and density and to compare the results
with the outcomes coming from observations and, secondly, to investigate, numerically, the
character of motion (regular or chaotic) and to find connections between the nature of motion
and the above physical quantities. We shall start from the time-independent model and then we
shall consider the evolving model. In this latter model an exponential mass transportation is
taking place from the halo to the disc and the nucleus simultaneously.

In our numerical and analytical calculations the well-known system of galactic units is used
where the unit of length is 1 kpc, the unit of time is 0.977 46 × 108 year and the unit of mass is
2.325 × 107M�. The velocity unit is 10 km s−1 while G is equal to unity. In the above units we
use the values α = 3 kpc, h = 0.2 kpc, cn = 0.1 kpc and ch = 10 kpc. We consider a system
with a fixed value of total mass; thus we take Mn + Md + Mh = 12 000.

2. Analytical and seminumerical results

In this section, we shall use the model to derive and study the properties of several physical
quantities such as the rotational velocity and mass density. Figure 1(a) shows the rotational
velocity � versus the radius r in the central region of the model. The values of the parameters
are Mn = 600, Mh = 2000 and Md = 9400. In figure 1(b) a plot of � versus Mn is shown,
when ro = 0.2 kpc, Mh = 2000, while Md = 12 000 − Mh − Mn. Observing these figures,
one can derive two basic conclusions.

(i) In galaxies with massive central concentrations the rotational velocity is and remains high
near the centre.

(ii) The more massive the nucleus, the higher is �.

It is important that the above results are in agreement with the observational data obtained
by Sofue et al. [6, 7] for disc galaxies with massive nuclei.

It is of interest to see what happens with the mass density in the central regions of the model.
Figure 2 shows the surface mass density (SMD) (in M� per square parsec) in the galactic plane
(z = 0) as a function of the radius r. As can be seen, the SMD in the central 100 pc region
is of the order of 100 000M� pc−2 or more. This value is in agreement with the value of the
SMD for the disc galaxy NGC 3079 derived recently by Sofue et al. [6] using observational
data. Thus, we can conclude that the observed SMD is close to the value of the SMD obtained
from our model.

Indeed the SMD is connected to the mass density ρ(r, z) through the relation

SMD =
∫ z

0
ρ(r, z) dz. (2)

In the galactic plane the mass density becomes ρ(r, 0) and equation (2) yields

SMD =
∫ z

0
ρ(r, 0) dz = 1000ρ(r, 0), (3)

where we have choosen 1 kpc for the disc height. The plot in figure 2 is from equation (3)
where the mass densities ρ(r, z) and ρ(r, 0) are found from the potential (1) using the Poisson
equation.
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Orbits in disc galaxies with rapidly rotating massive nuclei 243

Figure 1. (a) Rotational velocity � vs radius r in the central region of the model. The values of the parameters are
given in text. (b) Rotational velocity � vs Mn in the central region of the model. The values of the parameters are
given in text.
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Figure 2. The SMD (in M� per square parsec) in the galactic plane (z = 0) as a function of the radius r .

Using the conserved Lz component of the angular momentun we can deal with a two-
dimensional problem described by the Hamiltonian

H = 1

2
(p2

r + p2
z ) + Veff(r, z) = E, (4)

where pr and pz are the momenta, per unit mass, conjugate to r and z, respectively,

Veff = L2
z

2r2
+ V (r, z), (5)

is the effective potential and E is the numerical value of the Hamiltonian which coincides
with the total energy of the test particle. The Hamiltonian (4) describes the motion in the r–z
meridian plane rotating at the angular velocity

φ̇ = ω = Lz

r2
. (6)

In order to visualize the properties of orbits and the nature (regular or chaotic) of motion,
we use the r–pr, z = 0, pz>0, Poincaré phase plane. This plane is found using the numerical
integration of the equations of motion

r̈ = −∂Veff

∂r
, z̈ = −∂Veff

∂z
. (7)

Before carrying out numerical integration let us present some more semianalytical results.
Setting z = pz = 0 in equation (4) we obtain the limiting curve in the r–pr phase plane
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(i.e. the curve containing all the invariant curves for a given value of the energy integral E):

1

2
p2

r + Veff(r) = E. (8)

The maximum value of the velocity pr (momentun per unit mass) on the limiting curve can
give us a measure of the total velocity in the r–pr phase plane, as in the limiting curve pz = 0.
If we set pr = v in equation (8) we find that

1

2
v2 = E − L2

z

2r2
− V (r). (9)

It is evident that, for a given value of Lz, v becomes a maximum if Veff is a minimum. However,
for the minimun of Veff we must have

L2
z

r3
= ∂V (r)

∂r
. (10)

Solving equations (9) and (10) simultaneously we can find a relationship between vmax and
Lz, this relationship is shown in figure 3. We see that the maximum velocity decreases
exponentially as Lz increases. We shall come to this point again in the next section.

3. Numerical results for the time-independent potential

Figure 4(a) shows the r − pr Poincaré phase plane when Lz = 5, Mn = 400, Mh = 0 and
Md = 11 600. The value of energy is E = −850. Two interesting comments can be made.
The first is that a large part of the phase plane is covered by chaotic orbits and the second is
that, at small radii, near the centre of the system, the velocity reaches high values, of the order
of 1000 km s−1. Figure 4(b) is same as figure 4(a) but for Lz = 20. Here, the situation looks

Figure 3. Relationship between vmax and Lz. The maximum velocity decreases exponentially as Lz increases.
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different. The chaotic region is very small while the velocities in the central region are half
those observed in figure 4(a). Thus, we can conclude that, in disc galaxies with high and dense
central concentrations, low-angular-momentum stars are in chaotic motion and this chaotic
motion occurs at high velocities reaching 1000 km s−1 in the central regions. On the contrary, at

Figure 4. (a) The r − pr Poincare phase plane when Lz = 5, Mn = 400, Mh = 0, while Md = 11 600. The value
of energy is E = −850. Note that the velocity reaches high values, of order of 1000 km/s. (b) The r − pr Poincare
phase plane when Lz = 20, Mn = 400, Mh = 0, while Md = 11 600. Note that the chaotic region is very small while
the velocities in the central region are also small.
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Orbits in disc galaxies with rapidly rotating massive nuclei 247

large galactocentric distances the chaotic motion occurs at small velocities. On the other hand,
we clearly see that, as the angular momentum increases, we immediately observe significant
decreases in the number of chaotic regions and also in the total velocity.

It is very important to note that the above results from numerical integration of the equations
of motion are in agreement with the semianalytical or seminumerical results presented in
section 2. This strongly suggests that low-angular-momentum stars are old population II stars
that cross with high velocities the galactic plane near the nucleus and consequently they reach
significantly large z heights [8]. On the contrary, high-angular-momentum stars stay near the
galactic plane; therefore they must be population I stars.

4. The evolving model

We can now see what happens in the case when the galaxy evolves with time. For simplicity
we assume that the total mass of the galaxy remains constant while we have exponential mass
transportation from the halo to the disc and the nucleus simultaneously. The transportation
equations are written

Mh(t) = Mhi − m1[1 − exp(−kt)], (11)

Md(t) = Mdi + (m1 − m2)[1 − exp(−kt)], (12)

Mn(t) = Mni + m2[1 − exp(−kt)], (13)

where Mhi, Mdi and Mni are the initial masses of the halo, disc and nucleus respectively while
Mh(t), Md(t) and Mn(t) are the masses of the halo, disc and nucleus respectively at time t ;
m1 is the portion of the halo mass that is transported, m2 is the mass that goes to the nucleus
and m1 − m2 is the mass that goes to the disc; k > 0 is a parameter. Note that the total mass
of the galaxy is fixed so that Mn(t) + Md(t) + Mh(t) = 12 000.

Now equation (9) is a function of time and is given by

1

2
v(t)2 = E − L2

z

2r2
− V (r, t). (14)

Figure 5 shows the evolution of the velocity with the time, derived using equation (14), at
a fixed point near the centre, r = r0 = 0.2 kpc, z = 0, when E = −500 and Lz = 5. Here
we take Mhi = 10 900, Mdi = 1095, Mni = 5, k = 0.01, m1 = 10 900 and m2 = 995. The
velocity increases exponentially as mass is transported from the halo to the disc and nucleus.
Note that after the end of the mass transportation the velocity remains constant.

In figure 6, one can see the evolution of the mass density ρ with the time in M� per cubic
parsec.

The mass density was found using the Poisson equation

∇2V (r, t) = 4πG(r, t) (15)

for the evolving model. The values of the parameters are as in figure 5. One can see that the
value of the mass density increases rapidly as mass is transported from the halo to the disc
and nucleus and remains constant after the end of the mass transportation.

Figure 7 shows the evolution of the velocity with time found using numerical integration.
The orbit started at r = r0 = 0.2 kpc, z = 0, with the initial value of energy E = −500,

while the value of the initial total (vertical) velocity was found using the initial value of
the energy integral. All other parameters are as in figure 5 and k = 0.001. As indicated by
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Figure 5. Evolution of the velocity with time at a fixed point near the centre. The values of the parameters are given
in the text.

Figure 6. Evolution of the mass density ρ with time at a fixed point near the centre. The values of the parameters
are as in figure 5.
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Figure 7. Same as figure 5, found using numerical integration. The motion is chaotic.

the Lyapunov characteristic number (LCN) [9] shown in figure 8, the orbit is chaotic. It
is interesting to observe what happens to the star’s velocity during the mass transportation
described by equations (11)–(13). We see that the star’s velocity can reach high values up to
1300 km s−1 but only for short time periods. Most of the time the star travels at velocities lower
than 500 km s−1. A large number of chaotic orbits were calculated and the behaviour is similar
to that shown in figure 7. From a statistical point of view this means that a small number of
stars reach these high velocities while the majority of stars travel at much lower velocities.
Figure 9 shows the evolution of a regular orbit as indicated by the LCN shown in figure 10.
The initial conditions are r = r0 = 3.0 kpc, z = 0, with an initial value of energy E = −500,
while the value of the initial total (vertical) velocity was found using the initial value of the
energy integral. Here, we see that the maximum velocity is of the order of 600 km s−1 while
there are short time periods when the star travels at very low velocities, less than 100 km s−1.
What is strongly suggested by the velocity versus time plot in an evolving system is that stars in
chaotic orbits can reach high velocities while, when they are in regular motion, the maximum
velocity is half that. The number of stars reaching high velocities (above 1000 km s−1) or low
velocities (less than 100 km s−1) is small.

It is interesting to note that the orbits shown in figures 7 and 9 are orbits with the same
parameters and only different initial conditions. This means that stars with the same physical
parameters and with the same initial value of energy can travel in regular or chaotic orbits
depending strongly on the initial conditions. Of course this is not a new result. What is
interesting is that, in an evolving model, stars with the same parameters and only with different
starting points (the initial velocity obtained from the initial value of the energy integral) can
display high or low velocities. The high velocities are displayed when the stars are in a chaotic
orbit while, when the orbits are regular, the velocities are much lower.
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Figure 8. LCNs for the orbit of figure 7.

Figure 9. Same as figure 7 for a regular orbit.
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Figure 10. LCNs for the orbit of figure 9.

5. Discussion and conclusions

In the present paper, we have used an axially symmetric galactic dynamic model, with a disc,
a massive nucleus and halo components, in order to study and follow the evolution of some
physical quantities such as the rotational velocity and mass density in the central regions
of the model. Furthermore, we have investigated the properties of orbits in the model, the
behaviour of the velocities of the system and their connections to the value of the conserved
Lz component of the angular momentum. Our results lead to the following suggestions.

(1) In galaxies with massive cores the rotational velocity is and remains high near the centre.
The more massive the nucleus, the higher is the rotational velocity. The results from the
model are in agreement with the observational data obtained by Sofue et al. [6, 7] for disc
galaxies with massive central concentrations.

(2) The SMD in the galactic plane in the central 100 pc region is of the order of
1000M� pc−2 or more. This value is in complete agreement with the value of surface
density for the disc galaxy NGC 3079 derived recently by Sofue et al. [6] using obser-
vational data. On this basis, one can conclude that the observed SMD is in agreement with
the value of the SMD from our model.

(3) Our numerical experiments show that, at small radii, near the centre of the model, when
the angular momentum is low (say Lz ≤ 5), the velocity reaches high values, of the
order of 1000 km s−1. For higher values of the angular momentum the chaotic region
decreases while the velocities in the central region are lower. This shows that, in disc
galaxies with high and dense central concentrations, low-angular-momentum stars are in
chaotic motion and this chaotic motion occurs at high velocities reaching 1000 km s−1

in the central regions. At large galactocentric distances the chaotic motion occurs at low
velocities.

(4) As the angular momentum increases, we immediately observe significant decreases in the
number of chaotic regions and in the total velocity as well.
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(5) In the evolving model the velocity and density increase exponentially as mass is transported
from the halo to the disc and nucleus (see also [10]).

(6) Numerical calculations suggest that, in an evolving model, stars with the same parameters
and only with different starting points (the initial velocity obtained using the initial value
of the energy integral) can display high or low velocities. The high velocities are displayed
when the stars are in chaotic orbits while, when the orbits are regular, the velocities are
much lower. The number of stars reaching high velocities (above 1000 km s−1) or low
velocities (less than 100 km s−1) is small.
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