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TIDAL VARIATIONS OF THE INNER
MANTLE POTENTIAL COEFFICIENTS
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Tidal variations of the inner gravitational field of the Earth’s mantle coefficients of arbitrary order
due to elastic deformations of the mantle caused by lunar and solar attraction have been found.
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1 INTRODUCTION

The Earth’s mantle is a non-spherical, non-homogeneous cover with a quasi-concen-
tric distribution of densities. Let Ry, be the mean radius of the Earth, and Ry, the
radius of the bigger sphere which we can put in the mantle cavity (we assume that
the centre of this sphere coincides with the Earth’s centre of mass).

We will consider the mantle as a deformable elastic body subject to the attrac-
tion of external celestial bodies (the Moon and the Sun). The lunar and solar tidal
deformations of the Earth will be described by the classical model (Takeuchi, 1950)
which was studied in detail in the papers of Ferrandiz and Getino (1991-1994) for
the construction of the rotation theory of the deformable Earth.

Let us introduce in to consideration the main Cartesian reference system Czyz
with the origin at the Earth’s centre of mass and with axes directed along its
principal axes of inertia in the undeformed state. Let ro and r be radius vectors
of an arbitrary point (or a elementary volume dm) of the mantle in the absence
of deformations and in the deformable state. As usual, we assume that particles of
the deformable solid mantle deviate slightly from their positions which they occupy
in the absence of deformation. The small displacement vector, u(r,t), is defined in
the following way

7(t) = ro + uo(ro, t) = (7,9, 2)(t) = (0, Yo, 20) + (4, v, w)(To, Yo, zo0; t), (1)
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846 J. M. FERRANDIZ, Yu. V. BARKIN, AND J. GETINO -

where (z,y, z) are the positional coordinates of the particle of the deformable body,
and (zg, yo, o) are those that the same particle would have in the absence of defor-
mations, (u, v, w) being the components of the displacement vector.

The components of the displacement vector during the deformation of the mantle
under Newtonian attraction of the external bodies (the Moon, the Sun) are defined
as (Takeuchi, 1950)

(00) = 3 Far0) 5+ G ), )W 2

n'=1
where Wy, is the harmonic of the n’ order of the tidal potential

W= ZW,.,.—. = i(%)an,.:(cosS). (3)

n'/=1 n/=1

The functions Fys(r) and G/ (r) are defined by a set of ordinary differential
equations that depend on the model of the radial distribution of density (Ferrandiz
and Getino, 1993). In (3), G is the gravitational constant, r is the distance between
the origin C and the point within the Earth where the potential is evaluated, m*,
r* are the mass of and the distance to the perturbing body (the Moon, the Sun),
and S is the angle between the vectors r and r*. P, is Legendre’s functions.

The main term in the full development of the tidal potential (3) is the second
harmonic, since the factor r/r* is of the order of 1/60 for the Moon and 1/23000
for the Sun.

Now we introduce spherical coordinates r, 8, ¢ for the elementary mass dm and

, 8*, a* for the perturbing body (here § and 6* are colatitude and latitude and
®, a‘ are the longitudes). The expression of the Wy, function can be presented in

following form (Takeuchi, 1950):

n'

W = Z G T P (€08 0) (Al o cOST' 0 + By sinm'op, 4)
m'’=0
where (0 —m)! 2’ ")
n' — n' —m')!
[ ] A= emmee—— T T T e = . 5
dn'm ( +m) (2 6017!-) ( '+m’)!6m' ( )

Here 8gny is a Kronecker symbol and 8¢ = 8gmr + 1. For the coefficients A%, .,
B}, ,.» we have the known formulia:

‘I ’ G * * n'+ m * -
{gc,m,} = a-yT+1 (%) ( )(Sl é ){ .m}m'a (6)

defined as functions of time in the form of Fourier series (Kinoshita, 1977; Getino
and Ferrandiz, 1991) with respect to the classical arguments of the Moon's orbital

theory.
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In accordance with the Takeuchi solution the spherical components of the dis-
placement vector are defined by

— 1
Up = Z ;ln’Wn”

n'=1

_1 i F awn,
B ﬂ’ 9

n’—l

= 8W,y

(7)

u
v rsmG

where
ly =n'Fp + 1‘2Gn' . (8)

We will assume that linear displacements of the particles of the mantle are small
and the small variation of density p is described by the formula of Takeuchi

- 9po
P =pPo— Ur dr pOA) (9)

where pg is the density corresponding to the undeformable state, u, = (zu + yv +
zw)/r being the radial displacement, and A = div - u is the volume divergence.
Now we consider the gravitational force function U = -V (V is the gravitational
potential) of the non-spherical and deformable mantle. The equations of this force
function for some external P and for internal P points are defined by (Douboshin,
1975)

Gm ol Ro " (k) .
U(R,®,A) = > =) B (cos &)[Crx cos kA + S sinkA],  (10)
- - - Gﬁl ad i R " (k) = = - - . -
UR® K== ) (cos ®)[Cnr cos kA + SnesinkA],  (11)

where R, ®, A and R, $, A are spherical coordinates of the points P and Pin
the coordinate system Czyz (the angles ® and & are the colatitudes). P,(.")
associated Legendre functions. Here m and m is the mass of the Earth and of its
mantle. Ry and Ry are the mean equatorial radius of the external and internal
surfaces of the mantle.

Equations (10) and (11) converge, consequently, in the domains R > Rp and
R< Ry (Douboshin, 1975).

The coefficients Cn, Snx and Cpk, Sax in (10),(11) are non-dimensional and are
defined by the following volume integrals:

Crk m?S(knn _f)’:)' / / / ( ) pPL¥ (cos8) cos ky do,
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Snk = m26(:2n _f)k: /// ( ) pP{¥) (cos 6) sin ke do (12)

A 2(n — 2n—k)! -
Cnk méx(n + k)! /// < ) pP¥ (cos 8) cos ky do,

Sk = mz(sirzr:f);), /// ( ) pPL¥) (cos 8) sin ke do, (13)

Here r, 8, ¢ are spherical coordinates of elementary mass pdo in the deformable
state. In (12), (13) we use special sine §m = 2 for m = 0 and 6, = 1 for m > 0.
Thus parameter is connected with the Kronecker symbol &g, by the formula

5m=60m+1

We can note that the expressions (12) and (13) are practically identical, if in the
first case the following value of the density

. E’n+1R6z

p=p T2"+1

and

is implied. We will use this remark in the construction of the variations of the
coefficients (13) due to tidal deformations. Here we follow Ferrandiz and Getino
(1993), in which the variations of the coefficients (12) for arbitrary n were obtained.

The integrals (12), (13) are spread over the whole volume of the deformed mantle,
so it is convenient to transform the domain of integration to the undeformable body.
Taking the relations (1) into account, the Jacobian of this transformation, neglecting
the quadratic terms, will have the form (Getino and Ferrandiz, 1990) J = 1 4 A.

For a rigid non-spherical mantle (with quasi-spherical distribution of density)
the integrals (12), (13) provide a constant value. And in case of the deformable
body they will be defined as functions of time as the position vector r (1)—(3) will
be some function of time due to the tidal gravitational influence from the Moon
and Sun on the mantle as an elastic body. In our approach it is sufficient to assume
that the particles of the deformable solid deviate slightly from the position they
would occupy in the absence of the deformation. We can neglect the products of
the deformations terms (theory of linear elasticity).

The full description of the tidal potential, the definition of the components of
the displacement vector, and of linear transformations for the volume integral and
other questions are given in detail by Getino and Ferrandiz (1994).

2 TIDAL VARIATION OF G,

In this section let us undertake the general expression for the tidal variations of the
coefficients Cpm (m # 0) which will be applied later to get the expressions of Sppm.
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According with (13) the variation of Cnm is given by the integral

Inm = / / / pKpm do, (14)

where we have introduced the notation

Kpm =~ "1 P, (cosf) cos mep. (15)

Here Pom = P{™ are associated Legendre functions.
The tidal variation of the coefficient (or integral (13)) in our linear theory (or
approximation) will be defined by the formula

‘SI-nm = Zl + 22’ (16)
where
Z, = // p00 K nm doo, (17
o
- d -
Zy=— / / / u,—a‘”r—"&K,,m doo, (18)
a9

where u, is the radial displacement (7), and the integral is extended to the ‘unper-
turbed’ volume (in our case on some mantle cover with external and internal radii
R, and Ry and having a concentric distribution of density).

In reality we have

fnm = I-gm + él-nm

- / / / (o + 690)(K2,., + 6K ) (1 + A) derg

= [[[ Ko+ [[[GooKSm + s Knm + e8RS 0. (19
gy oo

So by (9)
d
60 = —ur <% = pod,
du Jv Ow
A= tmt e
and for the first and third terms in the second integral (17) we will have
_ dpo
8po + poA = —un i

and for the variation I,,, we have a representation in the form (15)~(18).
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3 ANALYTICAL EXPRESSION FOR Z;

First let us calculate the variation §K,,,. We have

o
§Knm = Zgrad Kom “Upnty,  Up = (Uns, Unty Wry ) (20)

nl

or, in coordinate form,

. _ L -
. JK. 1 0K, 1 0K,
0Kpm = Z <—a_:ﬂl’u-n’r + . aomun'o + Teind a;m“n’w’) (21)

n'=1
where the components of the displacement vector in accordance with Takeuchi
(1950) can be represented as:

Unpy = llﬂ.’VV'n’,
r
1 aWn’
Un'g = TFn' 96
1 W,
vy = ——p, T 22
Un'e = oing ) (22)
where
lp = n’Fnl + T‘zcn' (23)

and Wy is a n*® harmonic of the tidal potential (3), (4).
Now we apply some algebra to the expression d K,,,,. First we obtain the next
derivatives of the function (18):

0K nm (n+1)

= —(n + 1)r~""2P{™ (cos §) cos myp = — - Knm,
af{nm . .—n-1 BPme) (COS 9)
90 =r e cosmy,
-a—Ia{—;ﬂ = r’“‘lP,(l"‘)(cos #)(—m sin my). (24)
Now from (21) we find
o (m)
7 (n+1) = —n_30Py " (cosb) , Wy
0Kpm = Zz[ -2 KpomloyWor + 777 30 Fp 20 cosmp
1

— mr—"_3Fnl P,Sm) (COS 9) a?;"’ sin m‘P:I ’ (25)

sin® @
where (4)

nl

W =D Gt ™™ Prim (o8 0) (A% 0 cosm + Bl sinm'y),  (26)

m'=0
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(n' —m')! 2(n' —m')! @7)

Qn'm’ — ’(-m(2 601"') = (

n +m')om
For the coefficients A}/, B+ we have the following known formula:

Ar Gm* [a*\"* (M) ouy JCOS)
{Bs’:'} =37 (;*—) P, (sind*) sin [T (28)

For the derivatives Wy /00 and W, /¢ we have:

6W,,: Z InrmeT" w 8P (cosf) ) =B (AL, cosmp + B, sinm/p),

a6
m'=0
aWﬂ' - ' n' = . f; = ]
= Z M G 1™ Prrme (—~ Ay sinm' + B, cosm'). (29)
a(p m'=0

Now let us substitute formulae (26)—(29) into (25) and reduce the expression § Kpm:

o n

6Knm = Z z ~(n+1)r~ " 314 Py (cos 6) cos m<p{q,,:m:r"'P,,:,,.:(cos 8)
n'=1m'=0
X [A;.Iml cOoSs m'(p 4 B;Iml sin m'tp]}

t P ! [
+r "3, age cos my {qnlm.r" 2 go"‘ [A3 e cOsm'p + B, sin m'cp]}

— 3, six112 5 Prum(cos 8)m sin m@{m/gu ™ Prsms(cos 8)
X [—An . sinm'p + Bl cosm/p]}
Finally we have:
w n
6Knm = Z Z qn:mlr"""‘3{A;,m, [-—(n + 1)p Ppyn Prrmy cosmep cosm’p

n'=1 m’'=0

P, Prrme P
+ Fy ( 2 a;"‘ Q-a%l cosmpcosm'yp + &ﬂ—fa—-mm sinmysinm gp)]

+ B [— (n + 1)ln Ppoyp Pty cosmepsinm/p

+ F (g—g'b'ﬂ -6—% cosmysinm'p — P—':?f;—';ﬂmm' sin mp cos m’go)] }

(30)

Let us calculate the volume integral

7, = / / / 006K doo = / / f P06 K nr? sin 6 dr d6 do. (31)
oo r 8 ¢
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Integrating with respect to the variable ¢ can reduce the integral (31). For this we
take into account the trigonometric integrals:
2w
cosmycosm'odp = Tépmm bm,

0
2

sinmypsinm/pde = Ténm,

0
2r

/cos mypsinm’pdy =0, (32)

o

where

5 _J1 form=m' b = 2 form=0
™10 form #m! 711 form>0

As a result for integral (31) we obtain the more compact representation:

oo
Zy=) //qn'm'por" AL LT
[}

n'=14,
OPam OPorpn m?
96 86  sin®6

anP,,rm)] sin 8 dr d@.

X [—(n + 1)ln’an.Pn’m + Fn’ (
(33)

As a result of integration with respect to # we have the following integrals (Getino,
1992):

2 (n+m)!6 ,
@2n+1)(n=m) ™’

T
/ PrmPrmsinfdf = (34)
0

m

9Pnm 0Pnim m? . _2n(n+1) (n+m)!
/ ( a6 o8 sinzep""‘P""") sinfdf = "5 3 (nomyor 35

On the basis of these formulae we find:

= 2 . + m)! _
Z1 = gnm (2n1 5 4nm E:_Z;, /r Yn +1)(=lp + nFo)podr.  (36)

r

In accordance with (23)
l, =nF, +rG, (37)

and we obtain
~lp + nFy = =1%Gy, (38)
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and as a result (using formula (27)) we obtain

" w\ nt+l
Zy=— drn+1) Gm [(5—) P,,m(siné‘)cosma‘] /rG,.po dr. (39)

bm(@n+1) ot |\

It is interesting to note that in the case of an internal mantle potential, the coefficient
function Z;, does not depend on the function F,, compared to the case of external

geopotential coefficients. .
Let us consider the expression for Z;:

- d -
Zy=— / u,—d‘-:ﬂK,.m doo, (40)

a9

where (see (15), (22), (26))

Kpm=r"""'Pim (cos 8) cosme,
o0

Uy = Z '}:ln’Wn”

n'=1
n’ ,
= E Gn'm ™" Py (cos8)( Ay cosm/' + Bjy 0 sinm'o). (41)
m’ =0

Substituting (41) into (40) we have

_ o n' dp
= Z Z ///{ qn'm'rn n+1anPn’m’ dr oln'
n'=1m'=0
x cosmp(A% . cosm'o + Bl sin m'(p)} sinfdr df de. (42)

Taking into account relations (32) we obtain:
d . .
7, = ,.Z-:l / / { Gt 17~ P Py S22, A,,,,,,} sinfdfdr  (43)

and using formula (34) we find

5 _ dp . 2 (n+m)!
Z2 - /qnmﬂ'f' dol Anm [(2n+1) (TL m)'] d’I‘, (44)

r

where
I, =nF, +72G, (45)

or

- 4 Gm* -\ "+ .o »
Zy = —(2n+ 175, gt [(%) P (siné*) cos ma ]
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d
—d’ir‘l(nFn +72G,,) dr. (46)
r

Returning to our initial formula (13), (14) for variations of the coefficients C,,, we
have:

_ 2(n-m)IRZ | Gm* a* ntl - L[ —4m
T Abm(n+m)! [atntl \ pr Pom(sin %) f cosma 2n + 1

X / [(n + 1)rGppo + -il—'?‘g('n.F,1 + rzG’,,)] dr. (47

Formula (47) defines the tidal variations of the coefficients Cy,, of the inner grav-
itational potential of the mantle. A similar formula holds for the tidal variations
of the other coefficients Sp,,. The final results can be presented in the form of the
following formulae for the variations of the coefficients of the inner gravitational
mantle potential:

- — ‘ - * n+1
0Cnm = —MD [(a_) P (sind”*) cosma‘} ,

Sm(n +m)!l ™
- _ 1. *\ N1
6Snm = %Dm [(-:—;) P, n(sin 8") sin ma‘} , (48)

where

4G (R\" m*
- T 0 m* -
Dm—_2n+1 (a*) 7 I

-

-n = / [(n + 1)rGppo + %(TLF" + Tan)] dr. (49)

Here we also present similar formulae which define the tidal variations of the coeffi-
cients Crsm, Snm of the external gravitational potential of the mantle (12) (Getino
and Ferrandiz, 1994):

_ 2(n-m)! a* i+l - »
0Cnm = 5m(n+m)!Dm [(r") Pom(sind*) cosma® |,

0Snm = MD CH " Ppm(siné*) sinma” (50)
nm = 6,,.(n+m)! nt r nm ’
where
n+1 *
Dy = -G (L7 m*
2n+1 \a* mRZ
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I, = / <m~2“po[(2n + 1)F, +72Gn] - %’ffz"“(nFn + r“Gn)) dr.  (51)

r

From formulae (48), (49) and (50), (51) we find the simple relations:
6Cnm = kn8Crm, 85nm = kndSnm, (52)
where i
— M pntipnin
kn = th° Rg L.
For n = 2 the numerical value I, was obtained as a result of integration over the
mantle volume on the basis of the Takeuchi model 2 (Getino and Ferrandiz, 1991):

I, = 1.917290 x 10% c.g.s. (53)
with the corresponding numerical values of the parameter

D, | 6953379 x 10°  (the Moon) (54
%~ 13.185508 x 10% (the Sun)

We can produce analogous transformations for the variations of the inner potential
coefficients (18). As a result, we have:

sj, = -2 p, (g—) Pa(sin6*),

§Ca2 = 11-) a ’ P10 (sin d*) cos 2a°*
2 =500 5 2 )
D3 - a’ 3
389 = =2 D, (—— P( )(smd') sin 2a°*,
2m ¢
A 2R (a\® e .
0Coy = #D (r') Pz(l)(smd )cosa®,
68 = @Dt (“— P (sin6°) sina®, (55)
m r
where
- Gm* 27 -
Dt = a.3 EIZ1
7 2 dp 50 2
2 = (5F2(r) +7rGa(r)) - ar T (2Fx(r) + r?Ga(r))| dr.  (56)

Integral (56) as well as integral (51) is spread over the elastic mantle and depends
on its internal structure. Directly from formulae (48),(50),(52) we obtain

8J2 = ky8J2, 8Cag = ka0Caa, 6832 = k20523,
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(56’21 = k26021, 5521 = k25521, (57)

where the coefficient of proportionality is defined as

2 Izm

ky = RgRoIm. (58)

Using the variations of coefficients (50), (51), which were studied earlier (Ferrai-
idiz and Getino, 1993), and the numerical value of the k-parameter (54), (58), we
can calculate the values of the variations of the other coefficients (57). Variations
of the coefficients (53) were obtained on the basis of known trigonometric rela-
tions of the functions of time which appear in formulae (50) for the corresponding
perturbing bodies (Kinoshita, 1977; Getino and Ferrandiz, 1991):

o\ 3
a . ce
(r_') Py(siné®) =3 E B; cos ©;,
* 3 )
a (2) /s, soy J €O82ax ) —cos o,
(r') P,“ (siné ){sin2a‘} >3 E E, D,(’r){ sin }(2y+2u 70;),

(2)3 P (sing?) {;’f’,ff:} =3 Z 3 Gitr) {2;’;} (wtv-70),  (59)

r.
where
1 s os? © _ L i0ea® _ L2 4@
B; = _E(3cos e—-1)A4;" ~ 551’125Ai ‘- gsin ed;”,

Ci(r) = —%sin 25A§°) + -;-(1 + rcose)(—1+ 27 coss)ASl)

+ isine(l + ‘rcoss)Agz),
1
Di(r) = —-;— sin? EASO) + 7sine(l + TCOSE)AEI) - Z(l + 7 cos 5)2A£2),
T =%l (60)

Numerical values of the coefficients AY ) were obtained by Kinoshita (1977). In the
construction of these relations, it was supposed that the angle o between the vector
of the angular moment of the Earth G and polar axis Cz is small ( so sinc = 0,
coso & 1). ¢ is the angle between ecliptic plane and the intermediate plane, which
is orthogonal to the vector G (g = 23.45°).

The argument ©, is a linear combination with numerical coefficients of the ar-
guments of the Moon’s orbital theory:

©; = milpy + mals +m3F + maD + ms{l,
F=1y+gum,
D=ly+gm+hy—1s—gs~—hs,

i = (m1,m2, M3, my, ms).
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Here {ar, gm, hy and ls, gs, hg are the Delaunay variables for the Moon and the
Sun. u + v is the angle of the Earth’s rotation.
Variations of the coefficients (50) were presented in the following form (Ferrandiz

and Getino, 1993):
6]2 = Z Kg(‘l) cos @i,

0Ca = Z Kaa,(t) cos(2u + 2v — ©;) + Z K (i) cos(2u + 2v + ©;),

3892 = —lz Ko, (i) sin(2u + 2v — ©;) —-iz Kagp (i) sin(2u + 2v + ©;),

0C = Z}{zm(i) sin(p+v — 6;) + Z K1p(3) sin(p + v + ©;),

68y = i Ka1a(i) cos(pp + v —0;) + Z Ky15(1) cos(u + v + ©;). (61)

In Table 1 of Ferrandiz and Getino (1993), the values of the main coefficients
K3, K214, K215, K224 and Kasp are listed as well as their respective arguments ©;.
Variations of the coeflicients (57) are defined by analogous formulae:

8J2 = ky z K2 (1) cos ©;,
8Ca = ky i K. (i) cos(2u + 2v — ©;) + k2 Z K25 (2) cos(2u + 2v + ©;),
855 = —-k;z Kaza(i) sin(2u + 2v — ©;) — k;X: Kazs(i) sin(2u + 2v + ©5),
6Cn = kg Z Ka1a(i)sin(p + v — ;) + k2 Z Ka(i) sin(u + v + ©),
8831 = ks Z Kj1a(i) cos(u + v — ©;) + ky Z K14(3) cos(p + v + ©;). (62)

In Table 1 the main coefficients of the variations (34) are given; they are listed
together with their respective arguments ©; (1 unit = 10~%). These values were
obtained for the value k; = 0.10743 which was found from formulae (23), (28), (30)
for the well-known Earth model 1066A (Gilbert and Dziewonski, 1975).

By an analogous method we can obtain variations of the coefficients of the third
and higher harmonics of the mantle external and internal potentials due to its tidal
deformations.
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