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The crossing of two dust shells is considered as a simplified model for shell crossing during the
spherically symmetric collapse of dust. Israel formalism is applied to study the gravitational
collapse of two thin shells. The Schwarzschild coordinates are used for r > 2m and Kruskal
coordinates for r < 2m.

KEY WORDS General relativity, thin shells, models

1 INTRODUCTION

The dynamics of thin shells of matter in general relativity gas been discussed by
many authors. Our approach is similar to that used by Israel (1966) and Kuchar
(1968) for the study of collapse of spherical shells. Israel (1966) found invariant
boundary conditions connecting the extrinsic curvature of a shell in space-times
on both sides of it, shell with the matter of this shell. In this paper we study
two thin shells of dust. In Section 2, we give the general formalism. In Section
3, this formalism is applied to two thin shells in the Schwarzschild space-time and
the equations of motion for shells in Kruskal coordinates are given in Section 4,
with the results concerning the shell crossing under the horizon in Section 5. The
basic equation for the spherical shell in the different forms have been given by Lake
(1979), also see Frauendiener (1995), Langer (1987) and Sato (1983).

2 THE FORMALISM

Let the time-like hypersurface X, which divides the Riemannian space-time M.
into two regions, M~ and M, be the history of a thin spherical shell of matter.
The regions M~ and M are covered by the mutually independent coordinate
systems X2 and X$. The hypersurface ¥ represents the boundary of M~ and M+
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450 J. LANGER AND A. EID

respectively; consequently the intrinsic geometry of ¥ induced by the metrics of
M~ and M must be the same. Let ¥ be parametrized by intrinsic coordinates
¢°, given by

Xg = X3(€). &)

(Greek indices refer to 4-dimensional indices, Latin indices refer to 3-dimensional
indices on X). The metric has signature +2, and the Newtonian gravitational
constant and light velocity are equal to unity as a consequence of the choice of
units. The basic vectors e, = 7= tangent to 3 have components

€ox = zai (2)

with respect to the two four-dimensional coordinate systems in M~ and M™.
Their scalar products define the metric induced on the hypersurface %,

gab = Guvehey- (3)

The metric induced by the metrics of both regions M~ and M™ must be identical,
9H(€) = 9,(€) = gas(£); this condition must be fulfilled when we want to join two
regions of space-times on the hypersurface. The condition is stated independently
of coordinate systems in M~ and M¥. The unit normal vector n to ¥ will have
components n} satisfying

n.njy = 1. (4)

We suppose n to be directed from M~ to M¥. The manner in which ¥ is bent in
space M~ and M is characterized by the three-dimensional extrinsic curvature
tensor

Deg Dn=
K;'; = —nI_E:_i. = eaai——gb s (5)

where D/£P represents the absolute derivative with respect to £°.

The surface energy-momentum tensor ¢, is determined by the jump [Kgp) =
K:b — K ;. The X represents the history of a surface layer (a singular hypersurface
of order one) if K}, # K7,.

The Einstein equations determine the relation between the extrinsic curvature
K7, and three-dimensional intrinsic energy-momentum tensor (.5 = taﬁeg‘ef )

1
[Kap] = —8(tab — Stgas), (6)
where ¢t = t5. We can write this relation in the form
tab = — o ([Kas) — [ K)) 7
ab = oy ab gab[ s ( )

where [K] = g°®(K,5]. These are the field equations for the shell.
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3 THE MOTION OF COLLAPSING TWO CONCENTRIC SHELLS

3.1 The Motion Of One-Shell In Schwarzschild Space

The shell is spherically symmetric. Therefore, the space-time outside the shell can
be described by the line element,

ds® = —fdt5 + f~1dr} +r% dQ7, (8)

where
dQ? = dé? + sin® 0dé?,

is the line element on the unit sphere and
.f =1- )

where m is the gravitational mass in the exterior space. Inside the shell space-time
is flat, i.e. f = 1. As exterior and interior coordinates, we use X§ = (t4,r4,0,9)
and X2 = (t_,r_, 0, ¢), respectively.

The intrinsic coordinates on Z are the proper time 7 measured by the comoving
observer on the shell and the spherical angles 6, ¢: £ = (7,6, ¢). Let the equation
of the shell be (the condition (3) implies the continuity of r on the shell),

r4+ = R(7).
We get from (2) and (4)

e, = ({+,R,0,0),
eg:t = (Oa 0: lvO),
egd: = (Ov 01 O’ 1)7

and
not = (—R,i.,0,0), (9)

where a dot represents the derivative with respect to proper time, prime the deriva-
tive with respect to R, and R is the radius of the shell.
Thus the three-dimensional metric tensor on ¥ is

gab = (—1, R%, R?sin? 6).
From (5) we get the extrinsic curvature K}, in M~ and M*,
K= = Ri_ — Bi_,
Ko =Ri_,
K4, = Ri_sin®#,
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and

A IR
K} =—-i R+ Ri, - 5t+[t§-ff' -3f7 'R,
Kg-o = fR£+,
KL, = fRi, sin®4. (10)
We suppose that the three-dimensional energy-momentum tensor has the form
top = Pgap + (P+ O')Uan’

where o is the surface density and P is the surface pressure.
Therefore the components of £,; are

1 . .
trr = m(t+f —t-),

R? . [3R® 1., 1. :
tos = — o [H+ft+(2f —2ft+ +R(t——ft+) )
tsp = tog sin® 6, (11)
where

H=R(_—t,)+RE —f).

Because 7 is a proper time on the shell the conditions

i =vV1+R?,
£+ =f—1 f+R2, (12)

must be fulfilled. Supposing t,, = o and tgg = t4¢ = P, we get from (12) and (11),

4nRo = \/1+Rz—-\/f+R2, (13a)

87R2P = L [mV1+ R? + E], (13b)

V1+ R/ f+R?
E=RRR-V1+R\Wf+R)(V1+R —\/f+ R?).

We put (13a) into (13b) to get the relation between the surface pressure and the
surface density in the form

P m . RR—V1+R*/f+R? 14)
= g.
81rR2\/f+R2 2\/1+R2\/f+R2

where
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In the case of dust P = 0, and U* = (1,0,0); then the equation of motion for
an infinitely thin shell of dust which interacts only gravitationally is given by (13a)

as
\/1+R2—\/f+R2=%, (15)

where M = 47 R%c is the rest mass of the shell.

8.2 The Motion Of Two-Shells

The shell which is the ‘inner shell’ in the initial moment is denoted by A. The
metric of the space-time between the shells is

ds® = —fidt} + f; ' dr? +r2 dQ?, (16)
dQ? = d6® + sin® 6 d¢?

and 9
fl :]_—ﬂ,
T

where m; is the gravitational mass in the space between shells. Inside the shell is
the flat space-time, and according to (15), the equation of motion of this shell is

itk - rar R =34, a7

where R4 is the radius of the shell A and M4 = 47rRio is the total rest mass of
dust particles of the shell.

Coordinate times in spaces inside the inner shell, between shells and outside are
t—, t1 and ¢ respectively. Similarly, the equation of motion of the outer shell B is

\/le+R23—\/fB+R2 =%f, (18)

where Mp is the rest mass of shell B. Finally R4 = dR4/d74, Rg = dRp/drp.

The relations (17) and (18) represent the equations of motion of shells before
their intersection. From (17) and (18) we can write the velocities as a function of
masses and radii:

: my | Ma\?
Ry==% (M_A + E) -1, (19)
. m—m Mg 2 2m,,
= 4 - 1.
Rp \/ ( 7 +3 RB) + Rn 1 (20)

(The choice of sign is given by the direction of motion; the sign (—) means the case
of a collapse and (+) to the case of an expansion).
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Using these we can calculate m; and m,

M2
MA\/1+R2 —"2—1‘2; (21)

M}

% (22)

m =my + Mg/ fip + R} —

The intersection of shells.  The aim is to find velocities of shells after the inter-
section R A+t Rp_ as a function of velocities before the intersection Ra_, R, and
parameters M4, Mp and R4 = Rp = R, where R is the radius at the point of
intersection.

The external Schwarzschild mass m is constant during the collapse of shells
(Birkhoff’s theorem).

However, the Schwarzschild mass m; between shells will be changed after the
intersection. The mass after the intersection we call my, and we use the notation
f2 for the corresponding factor f in the Schwarzschild metric.

The equations of motion (17) and (18) after intersection is

Ji+ B —\Jh+ Ry =TE, (23)
Vh+ Ry, -\ R, Af{‘ (24)

(After the intersection, shell A will be the external and B the internal shell).

These are two equations in three unknown: velocities after the intersection and
the Schwarzschild mass between shells. However, for the shells interacting only
gravitationally, we have one condition in addition:

the scalar product of four-velocities before intersection U§ = (t1,Ra-,0,0),

= (1,RB4+,0, 0) has to be equal the scalar product of four-velocmes after
mtersectlon U4 (i3, Ra+,0,0), UE = ({2, Rp—,0,0),

Ungglaﬁl(before) = Ungg2aB‘(after)7 (25)
therefore
—tyatipfi + Ra_Rpyfi! = —tsai2pfo + RasRe_f7t. (26)

We insert (23) and (24) into (26) and we get one equation in one unknown
quantity ma.

To simplify the solution of the equations of motion of shells, we use the Schwarz-
schild time #; between shells as the independent variable instead of the proper time.
The method used does not allow us to follow the shells beyond the Schwarzschild
radius. This case we shall solve in the Kruskal coordinates.
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4 THE COLLAPSE OF TWO SHELLS IN KRUSKAL COORDINATES

4.1 The Motion Of One-Shell

In order to follow the motion of the shell under the horizon we shall use the Kruskal
coordinates in the Schwarzschild space-time. We write the metric in this coordinates

ds? = ¢?(—dv? + du?) +r2dQ?, dQ? = d6® +sin® 0 d¢?, (27)

and

3
¢ =2 ey ().

Here r is a function of u and v defined implicitly by
2_,2_ (T _ I
u’ —v° = (2m l)exp (2m)' (28)

As the intrinsic coordinates on the shell we take the proper time measured by
the comoving observer on the shell T and the spherical angles 6, ¢: £* = (1,0, ¢).
From (2) and (4) we get

ej."_,_ = (i)+, ‘l'l,+,0, 0),
334. = (0, 0, 17 0)7
€3, = (0,0,0,1),

and

Nat = (—U+,0+,0,0). (29)
The non-vanishing components of the extrinsic curvature K};, in M* are
.OR . BR)

1 ay®
K} = ¢ (ab — vii) — 2—W—6—% (v 7 T 4%,

K}, = Kjsin®9, (30)

The flat space-time is supposed inside the shell. From (7), (10), (30), the compo-
nents of £, are

try = “‘% ("lgﬁ"'i)gﬁ —i—) )

_ RTa.. ... 1 84°( 3R _.OR
tog = — - [z/z (uv—vu)—2¢2 3R (v3u+u8v)+y]’

tpe = tog sin® 6, (31)
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where
Y =Ri_—Ri_+=i_ - (ﬂQEHé’_R) ,

as 7 is a proper time on the shell the conditions

_=vV1+R?, (32a)
b= /U + 92, (32b)

have to be fulfilled. If we suppose that t,, = o and tg9 = t44 = P and insert the
conditions (32) into (31) we get

o d M
1+ R? -~ (u%? + v—a——f) =% (33a)

V(b — vii) — H + (RE-R 1) _ ~8nP, (33b)

RV1+ R?

R .0R 1 9y?
H‘(”au+”av)( *og2 6R)
and v, v are determined by (28) and (32b) as the function of u. Inserting (33a) into

(33b) we get the relation between the surface pressure and the surface density in
the form

where

P = N; + Nao, (34)
where
1 —  8m? R
= — [~/ 2 O e it
o= = ( 1+ R%*+ 7 (va uv)exp( Zm)) , (35)
and

_VP —2[—4mRR + (1 + R?)(6m — R)]+E
32m7rR\/1+R2\/1J2 P2

R —-2m
8m '’
= V1+ R?[R9(2m + R) — 4mR).

N, =

In the case of dust P = 0.

The equation of motion for shell in the Kruskal coordinates (33a) is very diffi-
cult to solve, therefore we will use the constraint equations (28), (32b) to get the
independent equations of motion of the shell.

Similarly the equations of motion for the shell between two Schwarzschild space-
time with different masses m can be constructed.
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4.2 The Motion Of Two-Shells

In order to follow the intersections of two shells in the similar way as in the Section
3.2 it is more appropriate to use the same independent variable for both shells.
Expressing the proper times of observers on both shells by means of the Kruskal co-
ordinate v in the space-time between both shells and using the constraint conditions
(28) and (32b) we get for shells A and B the equations of motion

2.2 .2
Ry- = 64miuf, + ;Z;g?;gixp(RA/ml) (_—RM1 P (%) * H> ,
o= o (o Fpmm e () (36)
2.2 02
Rpy = 64miuly + ;z;%iglfexp(RB/mﬂ <—RBU1 =P (%) i G) ’
dor = (s T2 (312)), “

where R' = dR/ dv,
2
my My
=4[22+ 22 -1
i \/(MA + 2RA> '
2
_ m—my Mp. 2m, _
98 = \/( Mpg +2RB) + Rp L

_ R R
H= quAl\/q:iRi exp <'1;£’) —2miR4d14 €xp (5#1)’

- Rp Rgp
G = u1pqz’ \/quZB exp (—n—1-1-> — 2my Rp¢1p exp (-2—75) ,

1

0 = —F—m————,
V"/Jf(l - "‘12)
32m3 R
Y= R‘GXP(—Z;TI),

R R
= (1—2—ml) exp <2m1).

The motion of shells after intersection is calculated using a method similar to that
in the previous section. We calculate m, from the condition (25), (36) and (37),

(Wlgpup_ —1)? — 221 —uZ,)(1 - ud ) =0, (38)
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where .
(uy_upy — 1)

Z= .
V-0 -ug,

The velocities of shells after the intersection will be

8m2Z% 2 Ry
’ _ 29AY2A _ —Aa
Ry, = Samial T R 22, exp(Rajma) Ravsexp oM, + H1l),
2U24 AL AV24 €XP
1T RoR R
P2 ATAY i
ulyy = - -vz + gmi exp (2m2)] , (39)
8mZ 242 Rp
/ 2<BY2B
- - =B 1
Re- = Samiui, + RS 2342, exp(Ba/m2) ( Rpvs exp (2m2) *o ) ’
1 T RBR' _ R
I o B aB
up = |+ g e (2 mz)] , (40)
where
2
m—mz Mp 2ma
=/ -1
Za ( My + 2RA> + Ry ’
2
- me  Mp\" _
Zp= (MB + 2RB> 1

1 Ry Ra
H1 =’U2AZA1 ZiRﬁ exp (7";) — 2moR 424 €xp (-2—7;7;),

- Rp Rp
Gl= uzBZBl /Z%R% exp (_17;) — 2msRpdop exp (2—1;1—2'>,

o1
2 R ug)

32m3 R
2 2 _
¢2 - R €xp ( 2m2) ’

R R
= (1= ) =2 (3.

After each intersection the mass between shells will be changed; it is determined
by (25). The relations for mo are rather complicated and we solved them in the
cases considered numerically.

and

5 INITIAL DATA FOR MOTION OF TWO SHELLS

The first order equations of motion (19) and (20) for two shells depend on param-
eters M4 and Mg, the rest masses of the shells, and the Schwarzschild masses m;
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and m. In order to determine their motion the initial value of R4 and Rp must be
given. Suppose that the initial data have been chosen so that the shells intersect,
i.e. there is a time T such that R4 = Rp = Rg. At this point the solution ceases
to be uniquely determined by the initial data. At the point of intersection we know
the following information:

1. the location of shells R4 = Rg = Ry,
2. the two velocities at the point of intersection,

3. the total mass of the system, i.e. the gravitational mass outside m, which
remains constant.

After intersection the shells interchange their position, the inner shell becomes
the outer shell and vice versa. To follow the motion of the shells, one determines the
Schwarzschild mass between the shells after the intersection from condition (26).
Since the number of the shells and the energy-momentum are conserved, then the
problem is uniquely determined. The rest masses are constant during the evolution.

We study all these three cases to determine the value of m; and m with different
initial velocities of shells. We choose the time between shells as the independent
variable.

1. Let us suppose that the velocities of both shells would tend to zero for their
radii going to infinity. It corresponds to the choice m;y = M4 and m =
my + Mp. The initial velocities of shells are given by

1—(2M4/Rao) My + M

Ry =-—

40 = "1~ (Ma/(2Ra0)) || Bao * 4R%,
R = 1=(2Ma/Rpo) [2M4 Mp M
B0 = "1+ (Mp/(2Rpo))\| Reo ' Rpo = 4R%,’

and the Schwarzschild masses are given by

Mi M, M
= M1 -
™M =Mt R TIRY, T 2R

and

Ms M M3
Rpo ' 4R%, 2Rpo

m=my; +Mpg,/1

2. Let Ry = Rgo = 0 (the initial velocities of shells equal zero). The Schwarz-
schild masses are given by

_ Ma
mix = op - (£2R 40 — M4),
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my = —1—(2m1RBo - Mg + 2MB\/ R230 — 2myRpo-
2Rpo

Because m; and m are supposed to be positive the upper sign has to be taken.

3. Let m; = M4 as in the case 1. The corresponding initial velocity for the shell

A is then
— M 2
Ry =— 1 — (2Ma/R4o) AL Mzﬂ _
1—(Ma/(2Ra0)) | Rao 4R,

Let the initial velocity of the shell B is

where AR’ is a very small quantity. Then

- Mg fisREo
T 2Ry MB\ﬁlB " s~ R20)

6 NUMERICAL SOLUTION AND DISCUSSION

Here we study the last case 3 in more detail, while the other cases will be discussed
in the dissertation. Let the initial value of masses and radii be

Ms=Mp=M=100My, Rjpo=10M', Rpp = 1.001R4o,

v1=0, 74=783=0, AR =-0.001, ¢ =0.

From (28) we get the value of u;. Since the velocity of the exterior shell is
greater than the velocity of the inner shell, the exterior shell crosses the inner one
and its velocity will decrease while the velocity of the other shell will increase. Then
they will intersect again and so on; i.e. one of shells oscillates around the other.
We found many intersections for two collapsing shells before the singularity.

During the collapse the rate of change of the proper time between the points

of intersection is diminishing; the Schwarzschild mass between shells after each
intersection is increasing as shown in Table 1. The difference of radii of shells
increases after each intersection.
Dependence of intersection on the initial data. 'We study this case with different
initial data. The number of points of intersection depends on the initial distance
between shells. It is shown in Table 2. If the difference of radii between shells was
increased then the number of intersections decreased.
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Table 1. The change of the Schwarzschild mass m; between shells during the
intersections, where i is the number of intersection. The change of the proper time:
ATAi = pai — Tai-1, ATBi = 7Bi — TBi—1. The Schwarzschild mass in the external space
is m = 190.05906.

ith of inters. m; Ara; ATg;

1 100.00000 271.44516 271.44514
2 100.53523 234.71529 234.71530
3 101.16942 201.12761 201.12760
4 101.92327 170.77800 170.77802
5 102.82291 143.66511 143.66510
6 103.90164 119.70755 119.70757
12 117.78661 31.75030 31.75032
13 122.55509 24.22199 24.22197
23 308.59983 1.16527 1.16526
24 376.13217 0.80758 0.80758
25 483.38334 0.52464 0.52462

7 CONCLUSION

The main motivation for our work has been to show how far one thin shell can
approximate the evolution of a thick layer of matter. Of course, two shells as model
of the thick layer is still very rough but it gives some hints with respect of the
general situation.

In the case that no intersection of shells occurs we can choose a thin shell with
the proper mass equal to the sum of proper masses of both shells which during all
its collapse remains in the range of radial variable limited by radii of both shells.
At the beginning the radius of this shell is nearby the outer shell and during its

Table 2. The relation between the number of the points of intersection and the
difference in radius of two shells for different initial radii of the inner shell, where
ARpo = (1 4+ ARo)Ra4o.

No. of inters. ARp = Rpo — Rao

Rao=10°M Rao=10M  Rao=5M Rao=2.5M
Multi-Points ARy <0.001 ARp<0.001 AR,<0.001 AR,<0.001
Many-Points ARy<0.22 AR <0.06 ARy <0.06 AR, <0.01
Two-Points AR <0.2272 ARp<0.169 AR<0.113 AR,<0.0215
One-Point AR(<0.2273 ARo<0.17 ARp<0.114 AR,<0.02158
No-Point ARy >0.22735 ARo>0.171 ARy,>0.115 AR,;>0.0216
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collapse is approaching the radius of the inner shell. However, in order to ensure
these conditions the original distance of two shells in this model must be relatively
large. This seems to show that a singular shall can be a good model for the thick
layer which is not too dense far away from the centre.

If the thickness original two-shells layer is small, the intersections of shells oc-
curs. We took the points of intersection of shells in the case of 25-intersections
and approximated their positions by a smooth curve. Taking this curve as world
line of a thin shell we calculated its equation of state i.e. the relation between the
surface density and the surface pressure using (34) and (35). This relation cannot
be approximated by a simple formula. For this reason using a one shell model to
approximate the two-shell model does not seem reasonable. It points to the more
general conclusion that it is not possible to approximate the motion of the thick
layer of matter by one thin shell with some reasonable equation of state in the case
that the layer is really dense and consequently a mixing of particles in the radial
direction occurs.
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