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We show that the radiation transfer equation for the photon splitting eascade has a one-parameter 
set of self-similar solutions and show that they are very useful for the proper treatment of a general 
solution. The main advantage i s  that any initial spectrum converges quickly to the self-similar 
spectrum provided most of the initial energy is injected at the hard spectral edge. 

When turning to the astrophysical consequences of photon splitting we focus mainly on its 
general qualitative features and spectral imprints which are not sensitive to the specific emission 
mechanism and details of magnetosphere structure. The analysis includes possible polarization 
and effective softening of the post-cascade spectrum as well as remarkable formation of a spectral 
break and condensation of all hard-energy radiation in the vicinity of that break. 

KEY WORDS Neutron stars, magnetic field, photon splitting 

1 INTRODUCTION 

Very strong magnetic fields of neutron stars favour exotic QED effects in vacuum 
which have never been observed in laboratory experiments. These effects can dra- 
matically change the 7- and X-ray spectrum expected from an electron-positron 
plasma surrounding a neutron star. The existence of magnetic fields as strong as 
1013-1014 Gauss, at least in several cases of so-called magnetars, was supported by 
measuring pulsars' slowing down interpreted as the result of magnetodipole radi- 
ation (Duncan and Thomson, 1992). There also exist objects with smaIIer fields, 
B - 1012-10'3 Gauss, which were measured by means of identification of cyclotron 
lines in their spectra (Murakami, 1991). 

Two QED processes forbidden in free space are the most important as far as 
spectrum formation is concerned. One is the well-known process of one-quantum 
pair creation and annihilation, which becomes allowed in magnetic fields since only 
the projection of the momentum on the field direction has to be conserved. Another 
is so-called photon splitting, 7 + 7 + y, which is mediated by virtual electron- 
positron pairs and is forbidden in free space due to charge conjugation symmetry of 
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486 E. V. DERISHEV et al. 

QED (Furry's theorem). This process had attracted little or no attention until the 
corresponding cross-section was first calculated in 1970-1971 (Adler, 1971). More 
detailed work appeared later (Stoneham, 1979). 

The astrophysical importance of photon splitting was discussed by Mitrofanov 
et  al. (1986). In particular, this process was supposed to be responsible for the 
unusually soft spectra of SGRs. Though photon splitting is a third-order process, it 
is the only allowed mechanism of spectral evolution in a vacuum magnetic field below 
the pair production threshold tiw < 2 r n 2 / s i n 8 .  Here tiW is the photon energy, 0 
is the absolute value of the angle between B and k (Ak is the photon momentum) 
and r n  is the electron mass. In addition, the probability of photon splitting has a 
power-law dependence on the magnetic field strength B, while the probability of 
one-photon pair creation has an exponential cutoff and cannot compete with the 
former at low magnetic fields. 

Nevertheless, photon splitting for high-energy quanta fiw > 2m2/ sin 8 is usually 
negligible in comparison with true absorption, 7 + e+ + e- for magnetic fields of 
interest B 2 O.lB,,. The reference magnetic field here is the so-called critical field 
Bcr = m2c3/eA 21 4.4 x 1013 Gauss, where e is the absolute value of the electron 
electric charge. At the same time, photons of energies << O.lrn$/sinO do not 
practically split on the neutron stars' scale even in a field of the order of Bcr. Thus, 
throughout the paper we keep in mind the subMeV energy range, 50 keV-1 MeV. 

We focus mainly on general qualitative features of photon splitting and its pos- 
sible imprint on the observed spectrum which is not sensitive to  the specific magne- 
tosphere structure and emission mechanism. Therefore, we assume a simple model 
of a neutron star with dipole magnetic field and a magnetospheric plasma uniformly 
filling a spherical shell of - 10 km width. We do not expect that photons propagat- 
ing at small angles to the magnetic field dominate spectrum formation, and make 
all estimates for a general case taking sine = 1. 

It is important that in a strong magnetic field the vacuum is a birefrigent and 
dispersive medium: the refractive indexes rill and nl, for photons having an elec- 
tric vector parallel and perpendicular the external field respectively, are different 
and depend on the frequency w (Berestetscii et al., 1971). This fact leads to the 
noteworthy conclusion that not all polarization modes are allowed in the photon 
splitting process, and the detected radiation may be essentially polarized (see Sec- 
tion 2). However, the splitting cascade can develop thanks to multiple (Thomson or 
cyclotron) scattering if the magnetospheric plasma is dense enough (see Section 3). 
But if the density is too high, the splitting cascade spectrum produced in the inner 
part of magnetosphere will be masked by the comptonization process and cannot 
be observed. 

2 PURE PHOTON SPLITTING MECHANISM OF SPECTRAL FORMATION 

The initial spectrum emerging from a neutron star surface is reprocessed by pho- 
ton splitting. One of the main features of photon splitting is strong polarization 
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487 PHOTON SPLITTING IN THE STRONG MAGNETIC FIELD 

dependence, which is due to the difference of refraction indexes for two principal 
polarization modes (Berestetskii et aL, 1971): 

nil = 1 + -b2 7a sin2 8, 
90 ~~ 

2cY n1 = 1 + -b2 sin2 e. 
45 

Here b is in units of B,,, a = e 2 / k  = 1/137 is the fine structure constant. Since 
photons are chargeless particles, in a uniform magnetic field both energy conserva- 
tion and momentum conservation laws should be observed in the photon splitting 
process. This leads to the following condition: 

k,(w) = k;, (w' )  + ICE,, (W' I ) ,  w = wr + wo, (2) 

where u denotes one of two principal modes. Together with (1) this condition forbids 
the splitting of a 11-polarised photon into I- and (I-polarized photons or into I- and 
I-polarized photons. With small dispersive effects included, both rill and n l  prove 
to be increasing functions of w, so that the processes 11 + 11 + 11 and I + I + I 
are also kinematically forbidden. Finally, one of the two processes left, I + I + 11, 
has zero rate in a first approximation (more precisely, its relative rate is of order 
ab2 << 1). The small difference between the refraction indexes for two principal 
modes makes a collinear approximation a natural choice when photon splitting is 
considered. 

As a result, only I-polarized photons undergo splitting I + 11 i- 11, and, to a 
first approximation, only once. The cross-section for photon splitting is given by 
Stoneham (1979) 

where E is the photon energy in units of rn2 and A, = h/mc 21 3.9 x cm is 
the electron's Compton wavelength. Expression (3) represents low-field low-energy 
limit, and for B - B,, should contain a modification factor M ( B )  (see e.g. Mentzel 
et al., 1994). But it is still exact in the photon frequency dependence if only 
Feynman diagrams with six vertices are taken into account (which is correct for 
&sin8 << 1, (Adler, 1971)). We should note that in very strong fields b >> 1 
the splitting cross-section ceases growing (Stoneham, 1979) and the outer parts 
of the magnetoshpere (where b < 1) play a more important role than the inner 
parts (since the outer magnetoshpere is still not transparent for splitting when the 
condition ~b << 1 is already satisfied, we can use (3) as a general expression). 

The usage of a polarization-averaged cross-section (3) in the radiation transfer 
equation below implies some efficient depolarizing mechanism, for example Thomson 
scattering. The magnetosphere of a neutron star remains transparent until the 
electron and positron density exceeds 
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488 E. V. DERISHEV et al. 

Here OT is the Thomson cross-section and imp N- 10 km is the width of the magne- 
tosphere, of the order of the neutron star's radius. If the opacity is pair-dominated, 
the annihilation rate is equal to (plasma assumed to be not highly relativistic) 

3 Rann = --aTn2c, 
32 (5 )  

where n is the total electron and positron density. Due to one-photon pair produc- 
tion, it limits the y r a y  luminosity of a neutron star at Ziw > 2mc2: 

Lpd N erg s-'. (6)  

The l i i t  (6) is even smaller in fields of B > Gauss, since the one-photon anni- 
hilation probability becomes greater than the two-photon annihilation probability 
and multiple reactions of the type 7 + et + e- + 7' are possible. 

If the conditions of transparency n < ntr and L < Lpd (see Eqs. (4) and ( 6 ) )  
are satisfied, photon splitting acts in its pure form. In this case of a transparent 
magnetized mcuum, as already noted, splitting occurs once, no matter how large 
the optical depth is. Due to the polarization selectivity of photon splitting, a 
single decay has three main imprints on the initial spectrum. First of all, it can 
produce an observable excess of soft photons, for which the optical depth is less 
than unity; next, it results in a smoother spectrum, making all spectral features 
less distinguishable; and the most prominent of these three, strong polarization 
of the outgoing spectrum with the electric vector parallel to the magnetic field. 
The degree of polarization approaches 100% for hard photons and continuously 
decreases towards smaller energies. The characteristic energy at which the degree 
of polaxization reaches 50% approximately corresponds to that for which the optical 
depth for splitting is equal to unity. Unfortunately, more definite estimation seems 
to be impossible without knowing the initial spectrum more or less precisely. To 
make matters worse, the optical depth is different for different sites, so that the 
uncertainty depends on how uniformly sources are distributed over the neutron 
star's surface. 

3 SELF-SIMILAR SOLUTION OF THE RADIATION TRANSFER EQUATION 

Given the differential splitting rate for a photon with energy E to photons with 
energies w and E - w (in units mc?): 

one can easily obtain the radiation transfer equation for a spectral density of photons 
F in the collineax approximation: 
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In this equation 1 is the coordinate along the line of sight, F(w) is the number 
of photons per' energy unit, and a,, is the polarization-averaged cross-section for 
photon splitting. The first term in Eq. (8) describes photon loss due to their decay, 
the second one includes newly generated photons with smaller energies. Equation 
(8) makes no difference between two principal polarization modes that implies de- 
polarization via Thomson scattering. Factor 2 here is due to equal probabilities of 
different processes: w' 4 w + (w' - w) and w' + (w' - w )  + w. Angular variables 
are omitted and no other processes are included. Though photons change their 
propagation angles chaotically from one scattering to another, we can still use the 
collinear approximation (i.e. do not include the angular dependence in (8)), but 
the exact physical meaning of F ( w )  and 1 will change. In this case, F(w) should be 
considered as a probability for a photon to have energy w,  and 1 is the coordinate 
along the actual path of the observed photon prolonged through all splitting events. 

When the optical depth is small and each photon undergoes splitting at most 
once, the resulting spectrum, symmetric and bell-shaped, could be directly obtained 
from (7). In the opposite case, equation (8) should be solved. To understand the 
physics of photon splitting better one needs those kinds of solutions which reflect the 
essential features of this process. When found, these solutions open the possibility 
to analyze an arbitrary spectrum by decomposing it into a set of natural solutions 
(in a way similar to Fourier expansion). There is a one-parameter set of self-similar 
solutions €or Equation (8) that meets these requirements. 

First of all, let us use a normalized frequency, x = W / W O ,  where the parameter 
wo depends on 1, and rewrite the expression (3) in the following form: 

Then suppose that the function F(w) has the form 

F(w)  = A ( l ) f ( s )  A(Z)f - 
( W a , , )  * 

Using the expressions (lo), (9), (7) and the Equation (8) one comes to the following 
equation (prime denotes d/ dl): 

A'f(x) - Azz$(x)  = -Ap&z5f(x) + 60 pwiz2(x' - x)'Af(z') dx'. (11) 

There is one more condition left, namely, the conservation of the total energy flux, 
which gives: 

m 00 

wF(w) dw = A w ~  zf(x) dx = const. 
0 0 

Since sow xf(x) dx does not depend on 1,  Eq. (12) establishes a relation between 
wb and A': 

(13) 
' A' 

WO - A '  
- 2wo _ _ _  
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490 E. V. DERISHEV et al. 

Substituting A' with wb in (11) and making some transformations one finally 
separates variables and gets two equations for wo(l) and f(z): 

The physical meaning of the constant l /n5  will be discussed later. Equation (14) 
has a simple solution: 

(16) 

With the optical depth $ p dl growing, &(Z) becomes almost independent of its ini- 
tial value. Equation (15) has a set of solutions fn(z) which depend on the constant 
n. The equation for f~(z) allows no further simplifications and looks as follows: 

2f1 + ~ f i  = --s5f1 + 60z2 (z' - z)'fi(~') dx'. (17) [ 
By substitution of the variable y = nz in (17) one can prove that 

f n ( z )  z f~ (nz). (18) 

Relation (18) means that the actual choice of the constant n in (14) has no 
physical meaning since the solution we get, f n (w /w0) ,  can be presented in the form 
f1 (nw/wo) z f1 (w/(;Io). We then restrict ourselves to consideration of fi (z) only, 
eliminating the freedom in choosing the parameter wo. The latter is completely 
defined by a value of the frequency corresponding to  the maximum of the initial 
spectrum, wma. The solution of Equation (17), fl(z), is obtained by numerical 
integration and is presented in Derishev et  al. (1997). It reaches a maximum at 
2 0.7 and, consequently, 

The asymptotic behaviour of f1(z) at z -+ 0 and z -+ 03 are investigated analyti- 
cally. The asymptotics for z + 03 are just a solution of (17) with the integral term 
ignored. This solution has the form (C1/z2) exp(-z5/5), which gives an estimate 
for the integral term (120/~ '~) f1  (z), justifying very quick asymptotic convergence 
(the value (71 E 1.5 was derived numerically). To get an asymptotic at z + 0 we 
replace fl(z) by its Laurent expansion C,"="_, unzn in Equation (17) and find that 
a, 0 for n < -2 and -1 _< n _< 1. Numerical computations then give a-2 = 0 
and a2 = 10. This result follows directly from the radiation transfer Equation (8), 
because its solution is just a superposition of bell-shaped spectra (7) with different 
values of E ,  and each of them has a quadratic asymptotic near zero frequency. 

wo N 1.4wm,. (19) 
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4 EVOLUTION OF POWER SPECTRA. METHOD OF DECOMPOSITION 

It follows from Section 3 that there is a set of self-similar solutions of the radiation 
transfer equation for photon splitting: 

Here the parameter wo changes with 1 in accordance with (16), so that the spectrum 
(20) shrinks and grows in magnitude but preserves its shape. This is true for any 
geometry of magnetic field. However, in real astrophysical sources one can hardly 
expect the spectrum to be of the particular form (20). In the general case, one can 
use the following decomposition of radiation intensity per unit spectral interval: 

M 

This is a typeone Fredholm integral equation. Replacing A(wo) by B(wo)/wo, wo 
by eu and w by ew one obtains from (21) a convolution-type integral equation: 

00 

f(v)e-u = / B(u)fl(u - v) du. 
-00 

The latter can formally be solved by Fourier transformation, which reduces equa- 
tions of this type to algebraic ones provided the Fourier transformation of I(v)e-" 
exists ( the asymptotic behaviour of f~(u - v) is known and it is a 'good' func- 
tion of u and v). In practice, equation (21) requires numerical calculations to find 
A(w0). However, there is a specific case, namely a power-law spectrum I (w)  a wn, 
which has astrophysical importance and allows one to find an analytical solution. 
Assuming A(w0) to have a power-law form and using the new variable ( = wo/w, 
we find: 

m = n - 2 .  

As can be seen from (25), the function A(wo) is steeper than I (w) .  
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To analyse the evolution of the initially power-law decomposition A(w0) we use 
the conservation law (12) ,  the relation (16) and its inverse: 

Note from Eq. 
(5 s,’ pdZ)--ll5, which is valid for arbitrary A(w0). For wo 5 w, we have 

(16) that the function Al(w0) is truncated at frequency w, = 

if A(w0) is given by (24 ) .  Depending on the spectral index n m + 2 ,  the behaviour 
of A(w0) near the critical frequency w, differs qualitatively. ‘Spectral’ decomposition 
of the reprocessed spectrum, Al(wo), has an integrable singularity if n > -6 and is 
sharply cut at wo = w, for n = -6.  In the case of hard spectra with n < -6, Al(w0) 
smoothly decreases to zero near wo = w,. 

In the general case, the solution of the radiation transfer equation (8) is given 
by: 

-1/5 

w c =  ( S l i l d i )  . (28) 

It is evident that for soft spectra with spectral index n 2 -6 the only feature 
implied by photon splitting is a cut-off at w = wc. For hard spectra the singularity 
in (27) has a width 

(1 - (Y) ”’) wc < O.2wc; 

it is significantly smaller than the width of the self-similar solution f1(w/wC) itself. 
Thus, it is reasonable to think of Al(w0) as a function consisting of a truncated 
power-law and the delta-function at w = wc. Consequently, the resulting spectrum 
turns out to be a superposition of the initial spectrum without its hard-energy 
tail and the self-similar solution Alf l (w /wc) .  The total intensity is concentrated 
near the singularity of Al(w0) and depends on the spectral index. Two results are 



D
ow

nl
oa

de
d 

B
y:

 [B
oc

hk
ar

ev
, N

.] 
A

t: 
16

:0
3 

11
 D

ec
em

be
r 2

00
7 

PHOTON SPLITTING IN THE STRONG MAGNETIC FIELD 493 

possible. An observer will see either a flattening near w, or a bumplike feature 
for harder spectra with n > -6. Another important feature of the solution (27) is 
that for any I > 0, Ali(wo) has one and the same shape with only the energy scale 
decreasing as w,. Such self-similar behaviour is a direct consequence of the fact that 
a pure power-law spectrum has no intrinsic scale. 

Note that all results obtained above are applicable not only for pure power-law 
spectra but also for spectra that allow a power-law approximation with spectral 
index less than -1 and even for exponential hard-energy tails which can be con- 
sidered as a limiting case of a power-law with infinite value of the spectral index. 
However, any spectrum with a maximum at a frequency greater than wc has to be 
considered in a different way. Fortunately, the weak dependence of w, on optical 
depth simplilies the situation a lot. It appears that this or that specific spectral 
shape does not contribute much to the final spectrum provided most of energy in 
the initial spectrum is concentrated at frequencies w > wc (for further discussion 
see Derishev et al. (1997)). 

5 CONCLUSIONS AND CONSTRAINTS 

Photon splitting appears to be an important mechanism of spectra formation in 
highly magnetized environments. Neutron stars represent that class of astrophysical 
objects where required fields can exist. In addition, fields of the order of B,, could 
possibly be created due to plasma turbulence in a system of colliding neutron stars 
which is considered as a possible progenitor of cosmological gamma-ray bursts. 

The result of photon splitting differs a lot for transparent and opaque media. In 
the first case an approximation of single splitting can be employed. One-mode pho- 
ton decay then produces the distinct feature of the outgoing spectrum - very high 
degree of polarization, up to 100%. Photons with the electric vector parallel to the 
magnetic field will be observed in all energy ranges. Having a polarization-sensitive 
instrument, operating at sub-MeV energies, one will be able to determine the fre- 
quency at which the degree of polarization drops below 50%, thus giving a rough 
estimate of the magnetic field strength. The strong angular dependence of the pho- 
ton splitting cross-section makes possible the existence of y-sources with regularly 
pulsating spectra - young neutron stars with rotation axis and magnetic dipole axis 
not yet aligned. Another interesting feature is generated if the initial spectrum 
has a 0.5 MeV annihilation line and undergoes single photon decay. The shape 
of the resulting broad maximum resembles that originating from single Compton 
scattering. 

The case when a medium is opaque to scattering on electrons and positrons 
is completely different. Due to multiple scattering, polarization modes chaotically 
transform to each other and polarization-averaged radiation transfer equation can 
be used. It was shown in Section 3 that this equation possesses a set of self-similar 
solutions that simply scale with optical depth for splitting. Scaling with the field 
strength was pointed out in the work of Baring (1995), where a stationary equation 
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with uniformly distributed sources was used, though the solution of the Cauchy 
problem seems to be more adequate. 

The qualitative features of the spectrum in an energy range of the order of or 
greater than the boundary value fw, are clear from the analysis which we performed. 
First of all, the splitting leads to a lack of hard photons compared to the equilibrium 
thermal spectrum (they are transferred to a softer region of the spectrum). The 
flattening or even an elevation of the spectrum in the immediate vicinity of the 
boundary energy are unambigous signatures of the hardness of the initial spectrum 
which was subject to the photon splitting effect. In the absence of the low-energy 
background, an arbitrary given distribution of photons condenses from the region 
of energies greater than fw, to  the self-similar spectrum. Identification of the above 
features in the spectra of neutron stars can be an indirect proof of the existence of 
photon splitting. 
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