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PERTURBATED ROTATIONAL MOTION OF
WEAKLY DEFORMABLE CELESTIAL BODIES

Yu. V. BARKIN

Sternberg Astonomical Institute,
Universitetskij prospect, 13, Moscow, 119899, Russia

(Received October 22, 1998)

The rotation equations of weakly deformable celestial bodies (in canonical and non-canonical
Andoyer variables) are developed in detail. A theory of the perturbed rotational motion of an
isolated weakly deformable body has been developed. Applications to Earth’s rotation theory are
given.

KEY WORDS Rotation of deformable body, Chandler pole motion, perturbation theory

INTRODUCTION

Liouville’s equations have wide applications in the theory of Earth rotation (in the
first instance, of the polar motion) (Munk and Mac-Donald, 1960; Lambeck, 1980;
Moritz and Mueller, 1992). Usually a certain reduced linear form of these equations
is used. However, in connection with the increase of accuracy of observations, the
problem of taking into account new terms, additional to linear, and of more accurate
analytical description of the corresponding effects in the Earth’s rotation become
actual (Podobed and Nesterov, 1975). This necessity has a place, for example, for an
explanation of the observed discrepancies in the values of amplitudes of some Earth
axis nutations. An important problem is a full account of unperturbed Chandler—
Euler motion properties in Earth rotation theory of its perturbed motion (Barkin,
1996a; Barkin, Ferrandiz, and Getino, 1995b). These points, of course, refer to all
bodies of the solar system. In particular, they are more relevant for construction of
the theories of rotation of Venus, Mars, the asteroids and others.

For a solution of these problems, it is very important to have and to use differ-
ent forms of rotation equations, having a clear geometrical and dynamic sense. For
a model of rigid celestial bodies, for example, the canonical equations in Andoyer
variables, (Andoyer, 1923) have very important applications in the theory rotation
of the Earth (Kinoshita, 1977; Kinoshita and Souchay, 1991) of the Moon (Beletskij,
1971; 1972; 1975; Henrard and Moons, 1978; Lidov and Neishtadt, 1975; Barkin,
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1978, 1987), of Mercury and Venus (Beletskij, 1975; Beletskij, Levin, and Pogorelov,
1979; Barkin, 1988) and of other bodies of the solar system (Barkin, 1984b). Equa-
tions in Andoyer variables have been used in artificial satellite dynamics (Beletskij,
1965; 1975; Chernousko, 1963; Beletskij and Khentov, 1985 and others; see also
review in, for example, Barkin et al., 1982a; Barkin and Demin, 1982b).

Equations in the angle-action variables of the Euler-Poinsot problem have cre-
ated efficient applications in Earth rotation theory (Kinoshita, 1977), for a study
of the polar motion of the Earth (Barkin, 1996a; 1998b), in the theory of asteroid
rotation (Barkin, 1984b; Kinoshita, 1992) and in many other works. (See, for ex-
ample, reviews in the monographs of Beletskij, 1975; Beletskij and Hentov, 1985
and others).

Wide and interesting studies have used equations in Andoyer and angle-action
variables applied to the quantitative and analytical dynamics of a rigid body (Ark-
hangelskij, 1977; Kozlov, 1980; Barkin and Borisov, 1989 and others).

Differential equations in Andoyer variables (Getino and Ferrandiz, 1990; 1991)
and in angle-action variables, for Euler-Chandler unperturbed rotational motion of
deformable celestial bodies (Barkin, Ferrandiz and Getino, 1995b) have obtained
some important applications for the study of some particularities of the Earth’s
polar motion and of the perturbations in the Earth’s rotation (Barkin, 1996b).

In this paper, analogous equations in Andoyer variables are developed for an
other model of a celestial body (Liouville’s model). It is assumed that the rigid or
elastic external envelope of the Earth is covered with a deformable layer. Relative
displacements of the particles of this layer are specified by functions of time.

This model is the basis for wide studies of the influence of different geophysical
and tectonic processes on the Earth’s rotation, and for a study of rotation of other
celestial bodies.

Equations of rotation were obtained for the first time by the author in a more
general statement of the problem of translatory-rotary motion of a planetary sys-
tem of mutually gravitating deformable bodies in 1979. First integrals of this prob-
lem were efficiently used for a generalization of the classical Laplace and Laplace-
Lagrange theorems about the stability of a planetary system, proved for a planet
system of material points and for a planet system of rigid celestial bodies (Barkin,
1977) on the above-mentioned planetary system of weakly deformable bodies. These
results, including the main form of the rotation equations in Andoyer variables and
in the angle-action variables, were presented for the first time at Douboshine sem-
inar (May 1979). However, in spite of the great importance of these results, they
were not published, except for some short annotations (Barkin and Demin, 1979a;
1984, and others).

In this paper, the rotation equations of weakly-deformable celestial bodies (in
canonical and non-canonical Andoyer variables) are developed in details. A theory
of the perturbed rotational motion of an isclated weakly deformable body has been
developed. The components of the inertia tensor of this body are considered as
definite conditionally periodic functions of time.

Unperturbed rotational motion is an Euler—Chandler motion of an axisymmetric
elastic body. Perturbations in the rotation were obtained for arbitrary values of the
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unperturbed motion parameters (among them, for example, the angle 8 between
the vector of the angular momentum and the polar axis of the body). The results
obtained are very important for the studies of rotation of different bodies in the
solar system, for example for Venus, for which angle 6 is not small (about 13°,
Williams, et al., 1983).

The solution obtained of the problem of perturbed rotational motion of an iso-
lated celestial body also presents important interest for the development of Earth
rotation theory as well as for an explanation of the main mechanical phenomena in
the Earth’s polar motion and for a refinement of the amplitudes of the perturbations
adding some additional terms, for example, proportional to the small angle 6, and
to study new fine effects due to different geophysical processes.

In this paper, we discuss some of these effects. In our paper, the Chandler
motion of the pole of the Earth and its properties have been explained by means
of a new approach to the problem on the basis of the non-canonical equations in
Andoyer variables. It corresponds to classical explanation of the Chandler pole
motion (Munk and MacDonald, 1960) and its modern modifications (Kubo, 1991).

Periodic variations of the components of the angular velocity of the Earth, due
to tidal lunar-solar variations of the components of the inertia tensor, have been
determined. Corresponding effects in the polar motion are fine and the main per-
turbations are characterized by amplitudes of the order of 0.0001 arc seconds.

The results obtained give new opportunities for a study of rotational motion of
solar system bodies and in the first case of Earth rotation. In a future paper, we
will investigate in detail secular effects in the rotation of a weakly deformable body
caused by slow redistributions of its masses: secular motion of the axis rotation
pole, secular motion of the pole of the angular momenum vector, secular motion of
the poles of the principal axes of inertia, acceleration of the axial rotation, secular
variations of the Euler—Chandler motion, etc. These effects are estimated for definite
mechanisms of subduction and mass accumulation of the oceanic plates (Barkin,
1995a; 1996b; 1999). As a result of these fulfilled preliminary studies, in the last
papers the paleomigration of the Earth’s pole in the present geological epoch has
been revealed.

1 EQUATIONS OF WEAKLY DEFORMABLE BODY ROTATION

1.1 Main Kinematical and Dynamical Characteristics

Consider a weakly deformable body, assuming that its particles in the process of
the body motion are weakly displaced from their initial positions, or are moved
in a given manner in the time but with small velocity. The body has an inner
rigid envelope, with which we connect the Cartesian reference system Cén(, and an
external deformable envelope. The origin of these reference systems coincides with
the centre of mass of the body.

Let Czyz be the main reference system with the same origin and with axes
having their permanent orientation in space. We define the orientation of the axes
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C¢n¢ with respect to the reference system Czyz by the Eulerian angles ¥, © and &
(precession angle, nutation angle, and angle of own rotation) (Douboshine, 1975).
Let @ be the angular velocity vector of rotation of the body reference system C¢n¢
in the main reference system Czyz. Its projections on the axes C§, Cn, and C( are
defined by the Eulerian kinematical equations:

= sin©sin®¥ + cos 30O,
= sin® cos®¥ — sin 9O,
= cos@¥ + &, (1.1)

where ¥, ©, and & are the corresponding generalized velocities.

We define the position of an arbitrary point of the body in its undeformed state
(or in some initial state) and in its deformed state by radius vectors r and =’ and
introduce the bias vector u = ' — r.

We denote the components of this vector in the C¢, Cn and C(, axes as u, v
and w. Let (£,7,¢) and (¢',7',({’) be Cartesian coordinates of an arbitrary point
of the body in the Cén( reference system for the two abovementioned states of the
body. If i, 7, ks, are unit vectors of the coordinate axes C¢, Cn and C(, we have
the following representations for the vectors u, v/, 7:

r = zip+YJ, + zks,
v = z'u+y'5, + 2k,
u = uty+ v, +wkp. (1.2)

We point out that the vector u is a given function of time. From the mechanical
point of view, the processes of the mass redistribution of the body are considered
as given and independent from its rotation.

In our paper, the general forms of equations of rotational motion under the action
of an arbitrary moment of forces L are obtained. The general case of non-potential
forces and the case of potential forces are considered. Canonical and non-canonical
equations of motion in Eulerian, Andoyer and Poinsot variables are obtained. In
the general case, the body axes C£n({ are not principal.

The angular moment of the body rotation in the reference system Czyz is defined
by the following integral

G= /p(r')r’ xv'dr’, (1.3)
,rl

where v’ is the velocity of an arbitrary particle of the body, dr’ = dz'dy'dz' is
an elementary volume, and integration in (1.3) is spread over the full volume of the
body in its deformed state,
v'=%+wxr'. (1.4)
The first term in (1.4) is the relative velocity of the particle in the body reference
system.



ROTATIONAL MOTION OF CELESTIAL BODIES 23

Neglecting terms of the second order with respect to u and du/8t, we present
the expression of the angular momentum (1.3) as the sum of integrals:

G = /p(r+u)rx(uxr)d'r'

!

+ /p(r)r X (w x u)dr’

+ /p(r)u X (wx r)ydr'. (1.3%)

P

In the general case, the density variation in an arbitrary body point has first
order and we can use for the density the following approximation:

N ey s 22, 02, O
p(r') = p(r) + 6xu+ 6yv+ FPCE (1.5)

In the integrals (1.3), (1.3’) the variables z/, y, 2’ are replaced by the variables z,
¥, z and integration over the volume of the deformed body is replaced by integration
over the undeformed body. The transformation of the volumes is given by the
formula:

d'r'=(1+§£+—+——) dr. (1.6)
z dy Oz

In a particular case, for example, for the motion of separate blocks of the Earth
(or plates), the density in an arbitrary point practically does’t change and formulae
(1.5), (1.6) are simplified:

p(r') = p(r), dr' = dr. (1.7)

Retaining in (1.3’) the main order terms, after some algebra with the help of
formulae (1.5)—(1.7), we obtain the following expression for the angular momentum:

G = Ggib + G,,jb + G(kb . (1.8)

Projections of the vector G' on the body coordinate axes are defined by the
formulae:

G¢ = Ap-Fp—Er+P,
—Fp+Bg—-Dr+@Q,
G = —-Ep-Dq+Cr+R. (1.9)

Q
=3
]

Here A, B, C and F, E, D are axial and centrifugal moments of inertia of the body
in the body axes, but calculated for the changed body density

p(r) = po(r) + pr(r,u), pir,u) = g—gu + %v + g—‘éw (1.10)
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(according to our assumption, it is a known function of time). P, @ and R are
projections of the angular momentum vector of the relative motion of the body
particles (in the Cén( reference system) on axes C§, Cn and C¢.
Thus, the components of the body inertia tensor are represented as a sum of
two terms:
A=Ay+ 4, B=By+B,, C=Cy+0C,

F=F+F,, E=FEy+E,, D=Dy+ D, (111)

where Ay, Bo, Co, Fo, Eg, Do are the components of the tensor of inertia in the
undeformed state of the body, and A;, By, Ci, F1, E;, D; are some additional terms
due to variations of the density redistribution. These characteristics are defined by
an integration over the full volume of the body in its undeformed state:

Ao / po(r) (7 + (%) dr,

T

B, = / po(r)((? + €) dr,

T

Co = / po(r) (€2 + 72 dr,

T

R = / po(r)n ar ,

T

[ mtncar,

T

Ey

Do = /po(r)(ndT. (1.12)

T

A = [{nlr w0 +¢) + 2000 + u)}ar,
B = [{alru)(@+€) +2m(r)(u + )} dr,
¢ = [toalr )€ +77) + 2p0(r)(eu + )} dr,
Fio= [{alrwng + o) + e} ar,
L

/ (o1, W)EC + po(r) (Cu + Ew)} dr ,



ROTATIONAL MOTION OF CELESTIAL BODIES 25
D, = / {Pr(r € + po(r) (Co + mw)} dr. (1.13)
J

In (1.9), the components of the relative angular momentum of the body particles
in the C¢n( reference system are defined by the following volume integrals:

P = /po(r) (n%% _C%) dr,
@ = [m0) (c%‘t—‘—s—aa—"t") dr,
R = /po(r) (ﬁ% —173—1:) dr. (1.14)

Formulae (1.12)-(1.14) enable us to present (1.11) and (1.9) as explicit functions
of time. The kinetic energy of the rotational motion of the weakly deformable
body with respect to the reference system Czyz is defined by the following volume
integral:

T= %/p(r')'v' -v'd7’, (1.15)

TI
were dr’ = dz’dy’ dz' and the integration is spread over the full volume of the

deformed body.
The absolute velocity of the body particle is defined by the following formula:

v'=%+wxr+wxu (1.16)
(the derivative of the vector u is calculated with respect to the body reference
system).

Substituting (1.16) into expression (1.15) and neglecting the second order terms
with respect to the components of u and du/dt, we describe the kinetic energy of
the body as:

T = %/p(r’)(w x r)2dr'

+ /p(r')(w X r)(w x u)dr’
b
+ /p(r’)%(w xr)dr’. (1.17)
he
Going to the integration over the undeformed state of the body and taking into

account formulae (1.6), (1.7), after some algebra we obtain the following simplified
expression of the kinetic energy:



26 Yu. V. BARKIN

T = %(Ap2 + Bg®> + Cr? —2Fpq — 2Epr — 2Drq) + pP +¢Q + TR,  (1.18)

where p, g, r are the components of the angular velocity vector (1.1), and the
components of the inertia tensor of the body and the components of the relative
angular moment are defined by formulae (1.12)-(1.14).

Formula (1.18) presents the kinetic energy of the body as a function of the
components of the angular velocity (1.1) and time, or as a function of the generalized
coordinates and velocities: )

v, 0,8 7 0,9 (1.19)

The dynamic characteristics of the weakly deformable body (1.8), (1.9) and
(1.18) permit us to obtain different forms of the differential equations of the rota-
tional motion.

1.2 Liouville’s Equations

‘We suppose that the body is subject to the action of definite forces and the principal
moment of these forces with respect to the centre of mass C is L. In accordance
with the theorem about the angular momentum for a mechanical system, we obtain
the following vector equation of the body rotation:

dG
—dt—+wxG—L (1.20)
or in projections on the axes of the body én(:
dGe
_d?‘+qG< ~rGp, = L,
dG
dtn +7Ge —pGe = Ly,
dG,
dz +pG,7 - ng = L( . (1-21)

The derivative of the vector G in (1.20) is taken with respect to the moving
reference system C¢n(.

Substituting values of the projections (1.9) into (1.21), we obtain the Liouville
equations (Liouville, 1858; Tisserand, 1891):

d
Lg = —(Ap—Fq-Er+P)
+ D(@?-¢*)+(C—-B)gr+ (Fr—Eq)+qR-rQ,
d
—(~Fp+ Bqg—Dr +Q)

In = %
+ E@* -r)+(A-C)rp+ (Dp—Fr)q+rP —pR,
d
Le = ‘&—t(—Ep—Dq-i-C'r‘-i‘R)

+ F(¢* - p*) + (B ~ A)pg + (Eq — Dp)r + pQ — ¢P. (1.22)
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These equations are combined with Euler’s kinematic equations (1.1) and are in-
tegrated for concrete values of the components of the tensor of inertia and of the
components of the relative angular momentum as definite functions of time:

A(t), B(t), C(t); F(t), E(t), D(t); P(t), Q(t), R(®). (1.23)

Projections of the principal moment of the forces acting on the body are con-
sidered as known functions of the generalized coordinates and velocities (1.19) and
time.

In the absence of this moment (when L = 0), the integrable cases of equa-
tions (1.22) and their integrability were studied by Barkin and Demin (1979; 1984),
Barkin (1998), Borisov (1991).

1.8 Canonical Equations of the Rotational Motion in Euler Variables

Taking the Eulerian variables as generalized coordinates, we define the conjugate
canonical momenta by formulae (Douboshine, 1975)

or et _or
B‘i" Py = Pe—a(;)-

9%’
Substituting the expression for T (1.17) into (1.24), we obtain:

0; 0
Apgg +Bq§—q-+0r-@.-—F(q-a—p+ Qg-) —-E(r—p+pl)

py = (1.24)

Ps

a8 T8 " " Tag a3 " Pag as " Pas
ar 8q 8p aq or
- -_— - P—=+Q—+R—
b (qas +ras> tPos T 99 T s

op 9q
= - — — -F Bg—-Dr+Q)—=
(Ap — Fq Er+P)aS+( p+ Bg T Q)GS

+ (-Ep—Dg+Cr+ R)-——g; , (1.25)

where 5=(¥,0,8), § = (¥,0,9).
Taking into account formulae (1.9) and (1.1), we find from (1.25) the following
relationships:

op
=G~ +G,—=% + G —,
PS=e5e T 55 T 788

where

Op . . 8q . or

- = Osind, — = Ocos?, — = c¢o0s0,
7% sin @ sin P sin 7%

dq dq or

-_— = N ers = 0 5 e = 1 s

0% 0 ¢ o®

Op @ or

— = cos®, = -—sind, — = 0.

1) 36 90
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Thus
py = G¢sin®Osin®+ G,sin@cos® + G¢cosO,
P = GC )
pe = Gecos®—Gpsind. (1.26)

Solving (1.26) for the components of the angular momentum, we obtain the
following expressions:

_ (py — pacosO) .

Ge¢ = pecos®+ I — sin®,
_ ) (py — ps cos @)

Gy, = -pesin®+ -————————Sme 0s P,

and for the modulus of the vector G

)
= /G2 +G2+G2 = \ﬁe +p% + 51?:305 ) (1.28)

Let us assume that the body motion is executed under the action of potential
forces and the problem admits a definite force function U(¥,0,®,t) . The La-
grangian of this problem will be L = T + U, and the Hamiltonian (generalized
energy) is defined by (Olkhovskij, 1975):

K=py¥ +ps®+pes®-T-U. (1.29)

This function must be presented as an explicit function of the canonical variables
of the problem using formulae (1.26), (1.18), (1.1):

‘I’, 9: Qv Pv, Po, P& - (130)

From the general theory of the canonical system, for the Hamiltonian (1.29) we
have the following representation:

K=T® -y,

where T2 is the quadratic part of the kinetic energy with respect to the generalized
velocities. It means that in the function T, it is sufficient to retain only the quadratic
terms with respect to p, g, r, expressed in terms of the variables (1.30).

Let us solve equations (1.9) with respect to components of the angular velocity
p, g and r. We will have:

= a(G¢ — P) - f(G, — Q) — e(G¢ - R),

= —f(G¢—P)+b(G, — Q) —d(G¢ — R),
r = —e(Ge-P)—d(Gy—Q)+c(Ge~R), (1.31)
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where we used the new notation:

. BC-D? po. AC— E? C_AB—F2
A A 7T A
ED + FC FD+ BE FE+ AD
J=—"7x > e=""x 4=~ x
A = ABC — AD? - BE? - CF? - 2FED. (1.32)

Let us substitute these formulae (1.31) into the expression of the quadratic part
of the kinetic energy in (1.18). Neglecting terms depending only on the time, we
obtain the following expression for the Hamiltonian of the problem:

1
K = 5{acg +bG2 + cG% — 2fG¢G,, — 2¢G(G¢ — 2dG (G}
- QG — UG, - QG -U(¥,0,98,t), (1.33)
where ¢, Q,, Q¢ are the components of some angular velocity:
Q = aP-—fQ —¢€R,
—fP+bQ —dR,
& = —eP-dQ+cR (1.34)

2
3
It

and are known functions of time, and the components of the angular momentum
are defined by formulae (1.27), (1.28).
Thus, the canonical equations of the rotational motion of a deformable body in
variables (1.30) have the following form:
dS oK dps = 0K

K = %(an’?y + Haopd + Hssph + 2Hi2pupe + 2H13peps + 2Hzspops)
hipw + h2pe + hsps — U(¥, 0, ®,1).
The coefficients H;;, h; in (1.35) are defined by the formulae:
Hy, = sec?®(asin®® +bcos®> & — fsin2d),

Hy, = acos®® +bsin®® + fsin2@, »

Hszs = cot’>©(asin®® + bcos? & — fsin28) + ¢+ 2ctan O(esin® + dcos &),
Hy;;, = secO[sin2®(a —b) — 2f cos 2],

Hyz = —cosOsec?O(asin? @ + bcos? ® — fsin2®) — sec O(esin® + dcos @),
Hy; = —lcos(-DsecG)[sin2<I>(a——b)—2fcosZ<I>]—dsin¢I>—ecostI>

2
hi = secO(Qsin® + Q, cos ),

ha Qecos® — Q,sind,
hs = —cotO(Qsin® +Qy,cos®) + Q. (1.36)



30 Yu. V. BARKIN

The force function U in (1.35) is a function ot the direction cosines a;; of the body
axes C¢n¢ with respect to the main reference system C'zyz and can be presented as a
function of the Euler angles with the help of the well-known formulae (Douboshine,
1975)

a;; = cosWcosP —sinPcosOsind,

a1 = sinPcos®+cosPcosOsind,

az31 = sinOsind,

a2 = —cos¥sin® —sinPcosO@cos®,

a2 = —sin¥sin® —cosPcosO@cos®,

azz = sin®cos®,

a1z = sin‘I’sin@,

a3 = —cos¥sin®

azz = cos©. (137)

1.4 Canonical Equations of Rotational Motion of a Deformable Body in Andoyer
Variables

Let us introduce into consideration the Andoyer variables
G,0,p 19 h (1.38)

which are connected with the angular momentum vector G (1.8), (1.9) (see for
example Barkin, 1977; Kinoshita, 1977). .

Let CG1G2G3 be an intermediate reference system, connected with vector G.
The axis CG3 is directed along the vector G, and the axis C'G; is situated in
the plane Czry of the main reference system Czyz and is directed along the line
of intersection of the planes CG1G> and Czy to the ascending node of the plane
CG1G;. Let G = |G| be the modulus of the angular momenum and p and A
are the angles determining the orientation of the reference system CG;G2G3 with
respect to the reference system Czyz: p is the angle between Cz axis and the
angular momentum vector GG, and h is the angle between the positive directions of
the coordinate axes Cz and CG; (h is the longitude of the ascending node of the
intermediate plane C'G1G53).

We define the orientation of the body axes C¢n¢ with respect to intermediate
reference system CG;G2G3 which we define by Eulerian angles [, g, #. The nutation
angle 6 is the angle between the positive directions of the axes CG3 and C(. The
precession angle g is the angle between the C(; axis and the line of intersection of
the coordinate planes CG; G2 and C§n (or the angle between the positive direction
of C'G1 axis and the direction toward the ascending node of the body plane C¢n on
the intermediate plane CG;G5). The angle of own rotation [ is the angle between
the indicated direction to the ascending node of the plane C¢n and the axis C¢.

Thus, the Eulerian angles ¥ = h, ©® = p, & = 0 give the orientation of the
intermediate reference system CG1G2G3 with respect to the reference system Czyz,
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and the Eulerian angles ¥ = g, © = 6, & = [ give the orientation of the body axes
Cé&n¢ with respect to the intermediate reference system CG1G52Gs.

We will denote unit vectors of the Cartesian reference systems Czyz, CG, G2Ga
and Cén( as

is; jsv ks’ iG, jG, kG’ ib? jln kb' (1'39)

Also, we introduce into consideration other unit vectors, e;s, eg, and epg,
directed along the lines of intersection of the coordinate planes Czy, C¢n; Czy,
CG1G2 and CG1G», Cén.

Let us define three Andoyer variables: L, G, H. L is the projection of the vector
G on the polar axis of the body C(, H is the projection of the vector G on the Cz
axis, and G is the modulus of the vector G. Obviously,

L=Gky, G=Gkg, H=Gk;
or
L=Gcosl, G=|G|, H=Gcosp.

Now we will prove that the transformation of Euler’s variables (1.30) to An-

doyer’s variables
L) G7 H, l) 9, h (140)

is canonical.

This fact follows from the differential form establishing the canonicity of the
transformation. This form, described in Euler’s (1.30) and in Andoyer’s (1.40)
variables, is equal to the scalar product of the angular momentum vector G and
the elementary angle of rotation d€2 of the body axes C¢n(,

Py d¥ + po dO +ped® = Ldl + Gdg + Hdh = GdQ. (1.41)

To prove this equality we twice calculate the scalar product G d§2, using the
Eulerian variables and Andoyer’s variables, and show that these products are equal:

(GdN) = (GdQ)s = (Gd) 4 .

We will use some of the simplest properties of the direction cosines of the axes
and of the corresponding unit vectors. First we point out that in the abovemen-
tioned variables the elementary angle of rotation (it is collinear with the angular
velocity vector) is defined by the formulae (Archangelskij, 1977):

(dQ)g = k;d¥ +kpdP + e,5dO, (1.42)
(dQ)s = Eksdh+igdp+kadg+kpdl+epcdf. (1.43)

For the angular momentum vector, we have similar representations:

() = Geiv+Grjy + Geky, (1.44)
(G)a = Gkg, (1.45)

where the components G¢, Gy, G¢ and G are defined by formulae (1.27), (1.28).



32 Yu. V. BARKIN

Multiplying the expressions (1.42), (1.44), we obtain:

(GAQ)g = (Getvks + Gpipks + Gekoks)d¥
+ (G{ibkb + G-,,jbkb + G(kbkb) dd
+ (Ggibebs + G,,jbebs + ngbebs) do. (1.46)

Using now the simple geometric relationship
eps = 1pcos P — j,sin P

for the scalar products of the unit vectors in (1.46), we obtain the following table
of their values:

(ibks) = sin®sin® ) (ibkb) = 0 , (ibebs) = cos®P s
(7,ks) = cos@sin®, (Foks) = O, (Fo€ps) = —sin®, (1.47)
(kbks) = cos® , (kbkb) = 1, (kbebs) = 0.

Taking into account formulae (1.47) , we can present relationship (1.46) in a
more compact form:

(GdQ)er = (Ge¢sin®sin® + G, cosPsin© + G¢ cos ©)d¥
+ G¢d®+ (Ggcos® — Gysin®) doO, (1.48)

or, taking into account {1.26),
(GdQY) g = pe d¥ + pe dO + ps d®. (1.49)
Let us prove now that the similar representation
(GdQ) 4 =Ldl+Gdg+ Hdh (1.50)

holds.
In fact, multiplying vectors (1.43) and (1.45), we find:

(GdQ) 4 = G[(kcks) dh+(keic) dp+(kcke) dg+(kcks) di+(kcews) df] . (1.51)

We obtain the following values of the products of the unit vectors (1.51), using
the definition of the Andoyer variables:

(kgks) = cosp, (kgic) = 0, (kgkg) = 1, (152)

(kckb) = Cose, (kGebG) = )
and, consequently,

(Gd2) 4 = G(cospdh + dg + cosfdl) = Ldi+ Gdg + Hdh. (1.53)

Obviously, the scalar products (1.48) and (1.53) are equal and, consequently, the
transformation from variables (1.30) to variables (1.40) is canonical.
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For the presentation of the Hamiltoman of the problem in the new variables
(1.40), it is sufficient to use in (1.33) the following expressions of the projections of
the angular momentum vector with respect to the body axes:

G¢ = Gkp=Gkgi, = Gsinfsinl = /G? — L2sinl,
G, = Gj,=Gkgj,=Gsinfcosl =+/G? - L?cosl,

G; = Gky=Gkgky=Gcosé=1L. (1.54)
Now we obtain the canonical equations of the rotational motion of the weakly
deformable
d_oK dp_ oK
dt~ aL’ dt o’
dg 0K 4G _ 0K
dt ~ 8G’ dt =~ 9g’
dh OK dH 0K
& SoH @ oh (1.55)
K = —;—Gz{(a,sin2 I+ bcos? | — fsin 2l)sin® 8 + ccos® 6 — sin26(esinl + dcosl)}
—  G[(Qesinl + Qy, cosl)sin® + Q cos6] — U(L,G, H,1,g,h,?). (1.56)

The force function U in (1.56) must be presented as a function of the canonical
variables (1.40) and of time.

The last problem is solved with the help of the known representations of direction
cosines a;; (1.32) of the body axes C{n¢ with respect to the main reference system
Czyz (Barkin, 1992):

a; = i(l + cos8)(1 + cos p) cos(! + g + h)

+ i(1+cos9)(1 —cosp)cos(l + g —h)

+ -‘li(l — cos8)(1 — cos p) cos(! — g+ h)

+ i(l ~ cos8)(1 + cosp) cos(l — g — h)

+ %sin@sinpcos(l —h)— —;-sinesinpcos(l-\‘-h),
az = i(l + cos8)(1 + cos p) sin(l + g + h)

- i(l+cos€)(1—-cosp)sin(l+g-—h)

+ 'zli(l — cos8)(1 — cosp)sin(l — g + h)

- }li(l — cos0)(1 + cos p) sin{l — g — h)
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1 . .
- %sinesinpsin(l +h) - 5 sind sin psin(l — h),

1 ,
asy % sin p(1 + cos6) sin(l + g) — S sin p(1 ~ cosf) sin(l — g)

+ cospsinfsinl,

a2 ~§(1+cos9)(1+cosp) sin(l + g + h)

+ %(1 + cos8)(1 — cos p) sin(l + g — h)

— i—(l —cos8)(1 — cosp)sin(l — g + h)

+ %(1 —~ cos@)(1 + cos p) sin(l — g — h)

+ %sinesinpsin(l +h) - % sin@sin psin(l — h),

axy = 211(1 + cos8)(1 + cos p) cos(l + g + h)

- 41(1 + cos6)(1 — cosp) cos(i + g — h)
1
4
- i(l —cos8)(1 + cosp)cos(l — g — h)

(1 — cos8){(1 — cosp) cos(l — g + h)

- %sin@sinpcos(l +h) - %sin&sinpcos(l ~h),

1
asz2 1 sin p(1 + cos 8) cos(l + g) — 5 sin p(1 — cos 8) cos(l — g)

2
sin@ cospcosli,

+

a3 %sin 6(1 + cos p) sin{g + h) + %sin f(1 — cos p) sin{g — h)

+

sin pcos@sinh,

azy = --;— sinf(1 + cos p) cos(g + h) + %sinB(l — cos p) cos(g — h)

— sinpcosfcosh,
azgs = ~—sinpsin@cosg+ cospcosd. (1.57)

In formulae (1.56), (1.57):

2 _J2
sin0=——ci—-—£—, cosf =

G

G2__H2
G ’

, Ssinp= cosp = —.

QI

1.5 Canonical Equations in the Angle-action Variables

For a wide class of weakly deformable celestial bodies executing rotation close to
the unperturbed rotational motion of the rigid body in accordance with the Euler—



ROTATIONAL MOTION OF CELESTIAL BODIES 35

Poinsot solution, the corresponding equations of rotation in the angle-action vari-
ables can be adopted (Barkin, 1992; 1996a).

Let the values considered (1.11)-(1.14) admit the following representations for
the body:

A=Ag+pAr1+p2A2+..., B=Bo+uBi+uBy+...,
C=Co+puC+p*Cr+...,
F=pR +u’Fo+..., E=upBi+u’Ey+..., D=pDi+py’Dy+...,
P=pPi+i’Pr+..., Q=pQ1+p*Qe+..., R=pRi+p*Ro+..., (1.58)

where p is some small parameter; 4g, Bp, Co are constant unperturbed values of
the axial moments of inertia, and the terms of the second and higher orders with
respect to y include the effects of the change of the dynamic structure of the body
and are known functions of time.

Similar to (1.58), representations are obtained for values (1.32) and (1.34):

a=ao+/.ta1+/.t2a2+..., b=b0+[.&b1+ﬂ2b2+...,

c=co+ucl+,u2cz+...,

f=ph+plfa+..., e=pey+ples+..., d=pd +pidy+...,
Qe = p@+u20P +..., Q= p0P+p20@D 4., Q= pON 120+

(1.59)
where the coefficients for different powers of the parameter u are defined by the
formulae:

1 1 1
ap = ':4; 3 bO = BO ’ C = CO )
A B G
a = '—;1—(2)’ bl = —B_g 2 1 = —Cg )
PRt . _ =B 4 _ D
b7 AdBo’ T Godo’ " BGy’
v _ A o - @D o _ R
Q{ - AO ] Qn B() ? Q( CO E]
_ =4y 1 (A} E} Eﬁ)
@ = A§+A§<AO+CO+BO
_ =B 1 (B} D Ef_)
b2 = Bt (Bo t e T4
_ =G 1 (c D} _E_lz)
@@ = C§+C§(CO+BO+A0 ’
Fy F A; B1) D, E,
e — — —_— — + ————— s
f2 AsBo _ AoBo (Ao B ) T AoBoCo
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E2 El (_9_1_ _4_1_)_*_ FlDl

ez = COAO h Cvo Co AoBoCo !
W _ D Di (B1 Cl) EF
> T BeCo BoCo Co AoByCo’

0® = P 1 (ER  FQ: + A1P1)

¢ A 4\ G By Ao )
Q(2) — Q2 1 ElPl BlQ‘1 + D1R1> ,

K Bo Bo \ Ao Bo Co

(2 _ B_z_ 1 (EaPy | Di@s 01R1) 1.60
0P = 2 00( + O, G ) (1.60)

The Hamiltonian of the problem of the rotation of a weakly deformable body
can be presented in the standard form :

K =K0+K1, (161)
where 2 2 12
1 [sin €OS 12
- 1.62
Ko 2(AO+BO>(G )+ 56, (1.62)

is a Hamiltonian of the unperturbed Eulerian rotation of the undeformable body
with constant principal moments of inertia Ay, By and Cp, and K is a perturbing
function, including the small terms of the quadratic part of the kinetic energy of
the rotational motion of the body and a force function of the problem, which is
comparatively small with respect to the main components of the Hamiltonian Kj:

—_ o l 2f .2 <2 2 N
K, = ;# {2G [sm 8(a, sin® | + b, cos’ [ — f, sin 2[)

+ s cos® 6 — sin26(d, cos! + e, sinl)]
- G[( gsinl+Q;cosl)sin0+QZCOSB]}—U(0,p,l,g,h,t). (1.63)

Angle-action variables of the Euler-Poinsot problem were studied by many au-
thors (Sadov, 1970; Kinoshita, 1972; Barkin, 1992; 1998b, and others). Let us
denote these variables as I;, ¢; (i = 1, 2, 3) and introduce them using the formulae
of the canonical transformation from Andoyer variables (Barkin, 1992; 1998b):

7k cos 2meyp _
L - 5m ! 3
GK\/k:z 4+ A2 1;___:0 cosh2md(1 + 0mo)
G = IZ ]
H = I,
coshmo
b= ot Z mcosh(2md) sin 2mes
g = @+ Z sinhmo sin 2me; ,

m sinh(2md)
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h = s, (1.64)

where 600 =1, 6m=0 =0 (m > 1),

4 = TEQX)

T 2K\

- T LY
o = 2K()‘)F(arcta.n/\,/\),

XN o= J1-=-)2,

Here K()) and F are complete and incomplete elliptic integrals of the first kind.
The modulus of these integrals A and the parameter k are defined by the initial
conditions of the problem:

\2 = kzé_(z)_ p} g2 = Coldo = Bo)

Cg T_g ’ - AO(BO . CO) ’ (1.65)

where pg, 1o (go = 0) are initial values of the components of the angular velocity.
The equations of the rotational motion in the angle-action variables can be
described in the following way:

dpi OH 4L _ 9H

& - oL’ at = —6<p,- (t=1,2,3), (1.66)
H = Ho(Ly, I2) + Hi(I1, I, I3, 01, P2, p3, 1) - (1.67)
Here H, is the Hamiltonian of the unperturbed motion (Sadov, 1970; Barkin,
1992)
I A-C k2
Hy = oA [1 + c 2+ kz)] (1.68)

and H, is the perturbing function (1.63), which must be presented as a function
of the angle-action variables. This is done with the help of formulae (1.64) and a
wide set of formulae of the unperturbed Eulerian motion obtained in the course of
the Saragossa lectures (Barkin, 1992; 1998b). The Fourier series for the direction
cosines a;;, for their mutual products and squares, etc. (Barkin, 1992) have a very
important significance for applications (Barkin, 1996a; 1998b).

Equations (1.61), (1.62) and (1.66)—(1.68) admit efficient application of different
methods of perturbation theory to the study of rotational motion of deformable
celestial bodies.

1.6 Equations of Motion in the Andoyer Variables (Case of Non-potential Forces)

The canonical equations of rotational motion, obtained in Sections 1.4, 1.5, hold only
in the case of the existence of the force function of the problem. The generalization
of these canonical equations to the case of generalized potential forces can be given
in accordance with similar results, obtained for rigid body rotation (Barkin, 1999b).
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In this connection, we obtain here other forms of the equations, which can be
used for studies of rotational motion of celestial bodies in arbitrary force fields.

We will use the theorem of angular momentum conservation of a mechanical
system in its motion about the center of mass:

dG
i L. (1.69)
The angular momentum G is defined by formulae (1.8), (1.9). L is the principal
moment of all the forces acting on the body, with respect to its centre of mass.
In the general case, some volume force f(r',t) acts on an elementary volume of
the body d7’ and some surface force P,(r’,t) acts on an elementary element of the
surface do’. The principal moment of these forces L is defined by formula

L= /r’ x f(»',t)dr’ +ﬂr’ x Pp(r',t)do’, (1.70)

! o'

where the integrals are spread over the full volume of the body and over its surface
in a deformable state.

Here we don’t consider the procedure of calculation and description of the com-
ponents of moment (1.70), but we point out that this vector is determined with
respect to the centre of mass of the body and in the general case is presented as
a function of the Euler angles, of the components of angular velocity (1.1), and of
time

L=L(9,0,%p4q,r,t). (1.71)

To introduce the equations of motion in the Andoyer variables, we will use dif-
ferent representations of the vectors G, L in the basis of the reference systems
Czyz, Ctn(, CG1G2G3, and also we introduce into consideration a few new geo-
metric and kinematic characteristics of the relative motion of the above-mentioned
reference systems.

The vector of the angular velocity w of rotation of the reference system C&n¢
with respect to the reference system Czyz admits the following representations:

w = pip+gJ,+rks, (1.72)
W = Pets+@sJ, +rsks, (1.73)

where %5, 7,, kb and i,, j,, ks are systems of unit vectors of the corresponding
reference systems; and p, ¢, r and p;, g5, rs are projections of the vector w on the
axes of these reference systems. In Euler’s angles, these projections are defined by
the formulae (Suslov, 1946): )

p = sin®sinO®V + cos 30,
cos & sin OF — sin 0,
r = cosO¥ 4+ & (1.74)
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and
ps = ©OcosV+dsinOsin¥,
gs = ©Osin¥ - dsinOcos¥,
rs = W+4+&cosO. (1.75)

Using formulae (1.72)—(1.75), we obtain similar kinematic formulae for the rela-
tive motion of the reference systems CG1G2G3 and Czyz, and also of the systems
Cfﬂ( and CG1G2G3.

Let wg; be the angular velocity of rotation of the intermediate reference system
CG1G2G3 with respect to the main reference system. This vector Czyz can be
presented in the two bases:

wes = peic+acic +reka, (1.76)
wgs = st'is + Qsts +rgsks . (177)

It is easy to obtain the values of the projections of this vector in (1.76), (1.77)
on the basis of formulae (1.72)~(1.75), substituting ¥ = h, © = p, ® = 0:

pe =p, qg=sinph, rg=cosph (1.78)

and .
pcs = pcosh, qgs=psinh, rgs=h. (1.79)

Here pg, q¢ , v are projections of the vector wgs on the axes of the intermediate
reference system CG1G>G3,and pgs, gas, T'Gs are projections of the same vector on
the axes of the reference system Cz, Cy and C=.

In a similar way, we obtain on the basis (1.37) the values of the direction cosines
of the intermediate axes CG1G2G3 in the main reference system:

g1 = cosh, g1 = sinh, gs1 = 0,
gi2 = —sinhcosp, gz = coshcosp, g3s2 = sinp, (1.80)
g13 = sinhsinp, gz = —coshsinp, gs3 = cosp.

Substituting now ¥ = g, ® = 0, ® =/, on the basis of formulae (1.72)—(1.75),
we obtain corresponding representations for the vector wyg of the angular velocity
of the body reference system C{n¢ with respect to intermediate reference system
CG1G2G3:

Wy = Dols + Qo +Toks,
wye = meic +Beig + ke . (1.81)

Here py, gs, 75 are projections of the vector wyg on the body axes, and pvg, G, oG
are projections of the vector wyi on the axes of the intermediate reference system:

p» = sinlsinfg + coslf,
@ = coslsinfg—sinld,
rn = cosbg+1i, (1.82)
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e = Ocosg+isinfsing,
e = Osing—Isinfcosg,
e = g+ [cosf. (1.83)

Substituting now ¥ = g, © = 0, ® = ! in (1.37) we obtain representations for
the direction cosines b;; of the body reference system C&n( with respect to the
intermediate reference system CG;G2G3:

b1 = cosgcosl—singcosfsinl,

byy = singcosl+ cosgcos@sinl,

b3; = sin8sinl,

by = —cosgsinl —singcosfcosi,

by = —singsinl— cosgcosfcosl,

b3, = sinfcosl,

b3 = singsiné,

by3 = —cosgsinf,

bsz3 = cosé. (1.84)

Using the vector equations (1.69)—(1.71) and the kinematic formulae (1.78)-
(1.84), we obtain the differential equations of the rotational motion of the body in
the Andoyer variable (Andoyer, 1923):

G, 0,p 1,9, h (1.85)

To obtain the first three equations (for the variables G, p, h) we use a represen-
tation of the absolute derivative dG/dt in terms of the local derivative, which is
calculated with respect to the intermediate reference system.

The following vector equation

dG
dt

+wes xG=1L (1.86)

and equations in projections on the coordinate axes CG;, CG, and CGjs:

dG

—dt—l +96Gs —r¢G2 = Lg,,

dG

Ez_ +rgG1 ~peGs = Lg,,

dG

_dt3 +pcG2 ~r6G1 = Lg, (1.87)

follow from (1.69).
Here G; are projections of the vector G on the axes of the intermediate reference
system. Obviously, G; = G, = 0, G3 = G. Taking into account the values pg, qg,
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re (1.78), the equations (1.87) are represented in the following form:
Gh sinp = Lg,,

—pG

G = Lg,. (1.88)

I
b'
&

Projections of the principal-moment vector L in (1.88) can be expressed in
terms of projections of this vector on the body axes Cén(¢ or on the axes of the
main reference system Czyz:

Lg, = Lebiy + Lybis + L(bi3 s
Lg; = Lygia+ Lygiz+ L.gi3, (i=1,2,3) (1.89)

or, in more detail,

Lg, = Lgzcosh+ Lysinh,
Lg, = (—Lzsinh+ Ly,cosh)cosp+ L,sinp,
Lg, = (Lgsinh— Lycosh)sinp+ L,cosp. (1.90)

In their form, equations (1.88)—(1.90) coincide with analogous equations of ro-
tational motion of the rigid body (Chernousko, 1963; Beletskij, 1965).
To obtain the next three equations (for variables 8 and [, g), we use the vector
equation
W = wWwgs + Wpe (1.91)

which expresses the well-known theorem about composite rotational motion of the
rigid body (Suslov, 1946).
Equation (1.91) admits the presentation

W = W — WgaGs

and can be written in the projections on the axes of the intermediate reference
system, CG1, CG2 and CGj3. Taking into account formulae (1.81)-(1.84) for com-
ponents of vectors wyg and wg;, we will have:

Gcosg+isinfsing = we, — P,
fsing —Isinfcosg = wg, —sinph,
g+icosd = wg, —cosph. (1.92)

Solving equations (1.92) with respect to 6, [, h we obtain the following set of
equations:

§ = wg,cosg+wg,sing— [pcosg + sinphsing],
[ = sech(wg,sing — wg, cosg) — secBpsin g — sin ph cos g]
§ = wg, —cotf(we, sing — wg, cos g) — cos ph

+ cotfpsing — sin phcosg). (1.93)
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In (1.92), (1.93), wg, are projections of the angular velocity vector in the in-
termediate reference system. They can be expressed in terms of projections of the
angular velocity p, ¢, r on the body axes:

wg,; = pba +gbiz +7biz, (1 =1,2,3), (1.94)

where the direction cosines b;; are defined by formulae (1.84), and p, g, 7 are defined
by formulae (1.31), (1.32), (1.54).

The free terms in the right-hand sides of equations (1.93) can be transformed
with the help of the formulae (1.94), (1.84). The derivatives p, h can be expressed
in terms of the projections of moment L in the intermediate axes with the help
of the formulae (1.89). After some algebra, we obtain an intermediate form of
the differential equations of rotational motion of a weakly deformable body in the
Andoyer variables (1.85):

G = Lg,,
p = —éch ,
h = ésechG1 ,
6 = pcosl——qsinl+—é—(Lc;zcosg—LG1 sing),
I = 7'—coi',0(psinl+qcosl)+—é!-(L(_:1 cosg + Lg, sing) sec,
g = secH(psinl + qcosl) — —é— cot pL¢,
- é cot8(Lg, cosg + Lg, sing), (1.95)

where the components of the angular velocity p, ¢, r are defined as functions of
the variables 8, I, G and of time by formulae (1.31), (1.32), and in a general case
projections of the principal moment of the forces Lg,, Lg,, Lg, are presented as
functions of the variables (1.85) and of time.

The right-hand sides of equations (1.95) can be expressed in terms of the pro-
jections of the vector L in the body axes C¢én¢ (1.89). As a result, we come to the
following set of equations:

G = Lg¢bsy + Lybsg + Lebss,

p = —%(Lgbn + Lybe2 + L¢bss),

h = ésec p(Lebi1 + Lybiz + Lebis),

6 = pcosl—gsinl+ -é—[cosB(Lg sin! + Ly cosl) —sin6L¢],
[ = r—cotf(psinl+ gcosl) + L secf(L¢ cosl — Lysinl),

G
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. . 1
g = secf(psinl+gcosl) — el cot p(Lgb11 + Lybyz + L¢bys)
1 .
- cot O(L¢ cosl — L, sinl) (1.96)

where
LE:’I’C = Lﬁ'fh((G7 97 P { g, h, t)-

Finally, expressing in (1.95) the projections of the momentum L in terms of its
projections in the main reference system (1.90), after some additional algebra we
obtain the following equations of rotational motion of the body:

dG
w = (Lgsinh+ Lycosh)sinp+ L, cosp,
dp 1 . .
prili —b—[—(Lzsmh—Lycosh)]cosp+Lzsmp],
dh 1 .
% - g% p(Lzcosh + Lysinh),
de , 1 . .
il pcosl——qsml+E{Lz(—smhcospcosg—coshsmg)
+ Ly(coshcospcosg —sinhsing) + L, sinpcosg],
dl 1
% -7 ~ cot @(psinl + gcosl) + asecG[Lz(coshcosg—sinhcospsing)
+ Ly(sinhcosg+ coshcospsing) + L,sinpsing],
3—“: = secl(psinl + gcosl) — é cot p(L; cosh + Ly sin h)
- -é cot O[L,(cos h cos g — sin h cos psin g)
+ Ly(sinhcosg+ coshcospsing) + L, sinpsing], (1.97)
where

Lz,y,z = Lz,y,z(G, 07 P lv g9, h: t)-

Now we use formulae (1.31), (1.32) for the components of the angular velocity
p, ¢, 7, taking (1.54):

G¢ = Gsinfsinl, G, =Gsinfcosl, G¢ = Gcosb.

Substituting these formulae into the right-hand sides of equations (1.95), after
some simple transformations, we obtain another form of the differential equations:

dG
—= = I

dt Gs>

dp 1

& = “gle
dn = 1 secpLg, ,

dt G
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dé
dt

dl
dit

dt
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Gsin# [%(a —~ b)sin 21 —fcole] + G cosB(dsinl — ecosl)
1 .
Q,sinl — Q¢ cosl + E(LGZ cosg — Lg, sing),
G cosf(c — asin®l — beos?l + fsin2l) + Gsecd(esinl + dcosl) cos 26

1 .
Q¢ + cot O(Qe sinl + Q, cosl) + Goee 6(Lg, cosg + Lg, sing),

G(asin®l +bcos?l — fsin2l) — G cot8(esinl + dcosi)

secO(f sinl + Q, cosl) — é cotpLg,

—é— cotf(Lg, cosg + Lg, sing), (1.98)

where a,b,c,...,§¢ are known functions of time (1.32), (1.23) and projections of
the the moment Lg, are known functions of the Andoyer variables and of time.

Expressing L, in terms of the projections of the vector L in the reference
systems Czyz and C&n(, we can also obtain two other forms of equations, analogous
to the sets of equations (1.96) and (1.97).

In the particular case where the coordinate axes C¢n( are principal and the
central axes of inertia of the deformable body, equations (1.98) are reduced to:

4
dt
dp
dt
dh
dt
d6
dt

dl
dt

dg
dt

= Gcosb (E -

= LG’3 )

1

= —ELGZ,

1
= -=secplgq,,

G

= (Gsind (l - l) sinlcos! + (Qsinl - f-cosl)

A B B A

1
+ E(LGZ cosg — Lg, sing),

1  sin®! cos®! R P Q
1~ B )-—E-i-cotB(-Zsml—t-Ecosl)

1
+ =sech(Lg, cosg+ Lg,sing),

G
sin?!  cos?l P . Q
= G (T + 5 ) — secf (zsml+ Ecosl)
- é— cotpLg, — é cotf(Lg, cosg+ Lg, sing) . (1.99)

If P=Q = R = 0 and the moments of inertia A, B, C retain their constant
values, the equations coincide with similar equations of rotational motion of a rigid
body (Beletskij, 1975; Chernousko, 1963; Barkin, 1975).
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¢ The canonical equations (1.55)—(1.57) were obtained under the condition that
the dynamic characteristics of the deformable body (1.23) are definite func-
tions of time. But equations (1.98), (1.99) are more universal and are valid
for a wider class of problems. They conserve their form for some deformable
body, the dynamic characteristics of which

Z = (A,B,C,F,E)D’P7Q?R)

are definite functions of the time, of the Euler angles and of the components
of the angular velocity,

z=12(t1%,0,%,p,4q,r) (1.100)
or, in terms of the Andoyer variables,

Z = Z(t,1,9,h,6,p,G). (1.101)

In fact, the procedure of introducing the equations of the rotational motion
(1.98) does not depend on the structure of the functions (1.23) and, conse-
quently, these equations remain valid for a wider class of deformable bodies.

The dependences (1.100), (1.101) hold for celestial bodies deformed by their
own rotation (Munk and MacDonald, 1960) and can be realized in differ-
ent kinds of artificial satellite systems. Therefore, for generality we will as-
sume that in the aboveobtained differential equations of the rotational motion
(1.97), (1.98) the components of the tensor of inertia and of the relative mo-
ment of the body particles in the general case depend on time, on the Euler
angles and on the projections of the angular vecity of the body (or on Andoyer
variables and time (1.101)).

e For Lg, = 0 (2 = 1,2,3), equations (1.98), (1.99) describe the rotation of
the isolated deformable body. The integrable cases of the problem, which we
called Liouville’s problem, were obtained and studied in the abovementioned
author’s report of 1979. These results are described in recent papers (Borisov,
1991; Barkin, 1998a).

Let us use the formulae (1.58)—(1.60) and describe the main terms in the right-
hand sides of equations (1.98):

dG
—~ - I
dt Gs>
dp _ 1
a =~ Tgle
dh 1
% = gecrlen

d9 . 1 1 1 1 Al Bl . F1
—_— = = —_—_ | — e | = - = 2
: = Gsm0{2 {( . Bo) 2 ( g Bg)] sin 2l + oBo cos }
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-+ Gcose(D sinl —

B (% P
1)+ ==sinl — —=cos!
BoCo Co4o cos )

By Ao

+ -CIE(LG2 cosg — Lg, sing) + Ng,

dl 1 Cl 1 A]_
— - 2= l
& GcosG{ ( - 2) sin?

1 B, o P
Y . 3 - 21
( . 3) cos” | Ba sin }

D
— GsecBOcos28 ( Cf;lo sinl + Boé'o cosl)

Ry Q1
- i3 21 cosl
Co tO(Ao sml+B0 cos )

+ é—secﬁ(LG1 cosg + Lg, sing) + Ny,

dg 1 A1 ., 1 B 9 Foo }
49 _ = _ a1 = _ 2 I— 21
dt ¢ { (Ao Az) sin” (Bo Bz) €08 AoBo s

Y @1
+ GcotG( cosl) secf (Ao sinl + Bq cos!

sinl + Dy
CoAp . BeCo

- El;; cotpLg, — é cot8(Lg, cosg + Lg, sing) + N, . (1.102)

Here Ng, N; and N, are small terms of the second and higher orders with
respect to the small parameter. Obviously, functions Ny, N; and N, are defined as
differences of the free terms (by Lg, = 0) of the corresponding right-hand sides of
equations (1.98) and (1.102). The described terms in the right-hand sides of the
equations (1.102) play the principal role for analysis of the effects of elasticity of a
celestial body on its rotation.

2 DYNAMICS OF A CELESTIAL BODY, DEFORMED BY ITS OWN
ROTATION

Here we will concentrate our attention on the study of some dynamic effects in
rotation of an elastic celestial body caused by its own rotation. As an illustration

and application of these results, we will study the corresponding effects in the
Earth’s rotation.

2.1 Eguations of Motion

Let the body be isolated and no forces act on it. In this case, L = 0 and the
equations of its rotational motion (1.98) can be written in the following way:

48

il Gsinf [%(a — b)sin2l — fcos2l] + Gcosf(dsinl — ecosl)
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+ Bsinl —acosl,

dl
il G cosf(c —asin®l — beos? | + fsin2l)
+ GsecOcos26(esinl + dcosl) — v + cot B(asinl + B cosl),
d
—&‘% = G(asin®l +bcos®l — fsin2l)

+ Gcotf(esinl + dcosl) —secB(asinl + Scosl) 2.1)

(here and below we use the notation a = Q¢, f = Qy, v = Q).

Hereafter we will often use various simplifications and reductions of the exact
equations (2.1) on the basis of some additional assumptions.

To concentrate our attention on the effects pointed out in this section we will
suppose that the angular moment of the relative motion of the body particles is
equal to zero (P = Q@ = R = 0). Assuming now that the body is weakly deformable
and using representations of the main characteristics of the body (1.58)—(1.60),
instead of equations (2.1), we will consider their simplified version (see (1.102)):

%% = Gsine{% [2};——31;+%—%]Sin21+.4§;0 cole}
+ Cgocose(%cosl——g—séinl) ,
—g—i = Gcose{al-;—%—(Alo—i—%)sinzl-—(é—o—%)coszl
- Aleo sin 21} - —Cc—z-sececos 20 (%’- sinl + %ﬁ‘ cos l) .
%(t]_ = G [(;11; - %%) sin®l + (Bio- - %) cos?l — A?Bo sin2l]
+ —qu- cot @ (% sinl + g—: cosl) . (2.2)

In the case considered, the first three equations of (2.2) are separated from the
general set and give three first integrals:

G=Gy, p=po, h=hg (2.3)

implying that the angular momentum vector of the rotational motion of deformable
celestial bodies is a constant. Gg,po and ho are initial values of the corresponding
Andoyer variables.

We use equations (2.2) for an analysis of the most important effects of elasticity
and inelasticity in the Earth’s rotation. If the body in its undeformed state is
axisymmetric (in this case A9 = Byp), equations (2.2) are simplified:

dg
dt

= Gsin@{ A cole}+ cos@(E; cos! — Dy sinl),

G
Ao Bo CO AO
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L L Geosfd =— - 22— 422 “Lginal
cos {Co 00 Ao A% Ags

dt
- G sec§ cos 20(E; sin! + D, cosl)
COAO 1 1 ]
dg 1 Al F1 . G .
= = _— ==z I+D ). (24
3 G (Ao YRy sm2l> + Cod cotO(Ey sinl + D; cosl). (2.4)

Other modifications of equations (2.2), (2.4) are possible.

2.2 Variations of the Components of the Earth’s Tensor of Inertia due to its Ro-
tation

In accordance with the well-known classical approach, the Earth’s rotation generates
some additional variations of the components of the tensor of inertia, depending on
the orientation of the angular velocity vector (on its components p, g, r). More
simply, these variations are defined in the reference system Cuw;waws, connected
with the angular velocity vector w. The axis Cws is directed along w, the axis Cw;
is directed along the line of intersection of the plane orthogonal to the vector w and
of the main coordinate plane C'zy, and the axis Cws completes the reference system
to the right.

In the reference system Cwjwsws, the components of the tensor of inertia of the
Earth’s equatorial bulges (caused by its rotational deformation) are defined by the
formulae (Munk and MacDonald, 1960):

4 —p - ke _ 2kaiwd
(34 w 9f Y w 9f b
F,=0, E,=0, D,=0, (2.5)

where a. is the equatorial radius of the Earth, wg is the angular velocity of the
Earth’s rotation, k is Love’s number, and f is the gravitational constant.
Here we use the following values of the Earth’s parameters (Getino and Ferran-
diz, 1991)
maZ = C/0.3307, w="7.292x 107°1/s,
fm =3986 x 10~** m3/s%, a,=6.378 x 10°m, k=0.29 (2.6)

and the corresponding representations:
Ay =B, =-pC, C,=2uC, (2.7)

where u = 0.00116%k = 0.3364 x 10~3.
The components of the inertia tenser (axial and centrifugal moments of inertia)
in the C¢n( reference system are defined in terms of the moments (2.5):

2 2 2

Ar = wllAw + w21Bw + OJ3ICw - 2LU110J21Fw - 2w11w31Ew - 2(.021&)31Dw ,
— 2 2 2

B, = quw + wzsz + w320w — 2wyawan Fy — 2wiswis By, — 2waswsa Dy, ,
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wi A, + wi B, + w2;C, — 2wi13was Fy, — 2wiswss B, — 2wagwsz D, ,
wnw12(Co — Ay) + wa1w22(Cy — Bu) + (wrywaz + waiwia) Fy,

(w11ws2 + wa1wi2) B, + (ws1wsz + waiws2) Dy,

w11w13(Cy — Aw) + w21w23(Cy — By,) + (wi1was + waywiz) Fy,

(wiwss + wa1wi3) By + (warwss + waiwss) Dy,

w12w13(Co — Ay) + waaw23(Cy — By) + (wiz2was + waswi3) F,

(w12w33 + wazwi3) B, + (waawszs + weawss) Dy, , (2.8)

where w;;, are the direction cosines of the axes Cw;wpws with respect to the C&n¢
reference system.

If gu, l, and 6., are Euler’s angles (precession, own rotation and nutation),
determining the orientation of the Cw;waws reference system in the C¢n( reference
system, then:

wyy = cosg,cosl, —sing, cosb, sinl, ,
wyy = sing, cosl, + cosg, cosb, sinl, ,
w3y = sin 9‘,, sin lw s
wyp = —COsg,sinl, —sing, cosé, cosl,,
wes = ~—sing,sinl, + cosg, cosb, cosl, ,
w3z = sind, cosl,,
wis = sinf,sing,,
we3 = —sinf,cosg,,
w3z = €osf,. (2.9)
With the help of (2.5), (2.7), formulae (2.8) are significantly reduced:
A, = pC(-1+3uw}),
B, = uC(-1+3w},),
C, = pC(-1+3wh,),
F. = -3uCuwsws;,
E. = -3uCuwswss,
D,- = —3[!.00.}320.)33 . (2.10)

Here the direction cosines are expressed in terms of the components of the an-
gular velocity w and are presented in the following form:

w31

w32

W33

w

p a(Gsinfsinl — P) f(Gsinfcosi—Q) e(Gcosf — R)

; = w - w - w )

g —f(Gsinfsinl—P)  b(Gsinfcosl-Q) d(Gcosé - R)
-‘; = w + w - w ’
7 _ —¢(Gsinfsinl — P)  d(Gsinfcos! ~ Q) + ¢(G cos8 — R)

w

w w w

VPR + g +r2. (2.11)
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In the case of small values of the angle 6, moments F', E, D and relative angular
momentum components P, @, R, we obtain reduced expressions of the moments
(2.10), (2-11). In this variant, having an important meaning in the Earth’s theory
of rotation,

0,0, l,=I (2.12)
and the formulae (2.10) can be written in the following way:
A, = pC(-1+ 3sin®0sinl),
B, = uC(—1+ 3sin®@cos®l),
Cr = pC(=1+3cos?6),
F, = —3uCsin®fsinlcosl,
E. = -3uCsinfcosfsinl
D, —3uC sinf@cosf cosl. (2.13)

In this paper, we will consider a simplified variant of the problem. In expressions
(2.13), we neglect small terms of order pusin?f. In this simplified variant of the
problem, we have:

Ay =~pC, B,=-upC, C,=2uC,

F.=0, E,=-3uCsinfcosfsinl,
D, = —3uC'sinf cosé cosl. (2.14)

2.8 Chandler’s Unperturbed Motion and its Properties

Substituting formulae for variations of the components of the inertia tensor due to
rotational deformation (2.14) into equations (2.2), we retain me main terms in the
right-hand sides of these equations. Let us conserve the terms of the first order
with respect to u, but neglect the terms of the third order with respect to small
parameters:
Ao — By
u, AO ?

(in reality, we add these small terms to the perturbing terms in the right-hand sides
of the equations (1.102)).

As a result of simple transformations, the equations of the rotational motion of
the isolated celestial body can be presented in the following form:

0

dé . . 1 1

& - Gsinfsinlcosl (Ao - Bo) (1-2u),

dl 1 sin?l  cos?!

pri Gcosb [a)‘—( Ay + Bo )] (1-2p),

dg sin?l  cos?!

il (Ao + 5 )(1—2u)- (2.15)
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Note that here Ag, By and Cp are principal central moments of inertia of the body
in the undeformed state.

Equations (2.15) fully coincide with the equations of the Euler-Poinsot problem
described in the Andoyer variables (Beletskij, 1965; jBarkin, 1975) for an absolutely
rigid body with principal moment of inertia:

A=Ao(1+2u), B=By(1+2u), C=Co(l+2p). (2.16)

We remark that in the deformed state (in the observed rotational motion of the
Earth) the axial moments of inertia are

A=Ao(1-p), B=Bo(1-p), C=Co(l+2u). (217)

This means that the moments of inertia (2.16) are different from the real values
(2.17) and are connected with them by simple relationships:

A=Ay(1+3p), B=By(1+3u), C=0Co (2.18)
As a result, we come to the following important theorem (Barkin, 1998b).

Theorem. The rotational motion of an elastic body deformed by its own rotation
is executed according to the Euler-Poinsot laws for an equivalent rigid body with
changed principal central moments of inertia:

A=A(1+3p), B=Ba+3u, C=C, (2.18%)

where p is the coefficient of elasticity, and A, B and C are average values of the
principal moments of inertia of the rotating body.

This means that the elastic body rotates as an absolutely rigid body with equa-
torial moments of inertia increased by 3uCy. The polar moment of inertia of the
model body is equal to the mean moment of inertia of the deformable body.

This theorem was proved for the first time on the basis of the Hamiltonian for-
malism by means of a study, of the unperturbed Chandler-Euler rotational motion
(Barkin, Getino, and Ferrandiz, 1995b; Barkin. 1996a; 1998b). In these papers,
the rotation equations in ‘the elastic Andoyer variables’ (in the Ferrandiz, Getino
terminology) have efficient applications in Earth rotation studies.

Equations (2.15) let us make another interpretation of the deformable body
rotation.

The motion of a body deformed by its own rotation, which is described by differential
equations (2.15), is executed according to the Euler-Poinsot laws for some fictitious
rigid body with undeformed principal moments of inertia Ao, By and Cp in the
‘slowed’ time 7 = (1 — 2u)t.
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This interpretation is very important and lets us write the expressions of the
two frequencies of the Euler—-Chandler motion:

WCH = wE(l - 2#), QCH = QE(l - 2#), (219)

where wg, Qg are frequencies of the Euler—Poinsot motion of a rigid body with the
principal moments of inertia Ag, By and Cy (Sadov, 1970; Barkin, 1992):

g_ l_AO"'CO H(W/z’kga)‘O))
C Ao K(Xo) ’
G(Ao — Co) nK
Qy = . 2.20
° = o4 V(1 R)R KO0 (220

It

Wo

Here K (\o) and II(r/2, k2, Xo) are complete elliptical integrals of the first and third
kinds. The module X of these integrals and the parameter ko are defined by the
initial conditions of the problem:

Aisd . Coldo— Bo)
CEr3’ ™ Ao(Bo—Co)’

22 = k2 (2.21)

where po, ro (go = 0) are initial values of the components of the angular velocity p,
r and (g), respectively.
For the adopted values of the parameters of the problem (Barkin, 1996a):

Ap = 8.086206 x 10** g cm?, B, = 8.086380 x 10** g cm?,
Co = 8.104309 x 10** g cm?,
ko = 0.981975 x 10™, )¢ = 0.120103 x 10~° (2.22)
the values of the frequencies (2.19), (2.20) are
wer = 0.997774wy, Qcg = —2.2263 x 10 3wy,

where wyp is the mean diurnal velocity of the Earth’s rotation.
If the body in its undeformed state is axisymmetric (in this case, 4¢ = By),
equations (2.15) are simplified:

dé

a -0

dl 1 1

il Q-GcosG(C—o—A—o)(l——2p),

9 _ -G -

il w—AO(l 2u). (2.23)

If the angle 0 is neglected the velocity of rotation of the deformable body is

G G
wo-—Q+w—Eo'(1—2p,)—5. (2.24)
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Thus, in this case the elastic properties of the body do not influence the value
of its angular velocity, but they influence the Chandler—Euler frequencies of the
motion. The modulus of both frequencies are reduced, but their sum (2.24) remains
the same.

Let us point out some of the main properties of the Chandler—Euler motion of
the Earth (Barkin, 1998b).

1. The projection of the trajectory of the end of the angular velocity vector
w on the equatorial plane of the body Czy is an ellipse with excentricity
e = 0.095835 and with the minor semi-axis directed parallel to the principal
central axes of inertia of the Earth, corresponding to the moment of inertia A
(this axis is located 14.5° west from the Greenwich meridian).

2. The mean Chandler frequency of the motion of the ellipse = —2.308643 x
1073wp (wo is the mean value of the angular velocity of the Earth) defines the
straight polar motion (in the counter clockwise direction, if viewed from the
end of the Earth’s polar axis (Cz)) with a period of 433.154 days.

3. The polar motion along the ellipse is executed with a variable velocity. The
maximal velocity is achieved at the moment of crossing of the smallest of the
equatorial axes of the Earth’s ellipsoid of inertia (the corresponding Chan-
dler’s period is 433.079 days), and the minimal velocity is achieved at the
moment of crossing the major of the equatorial axes (the corresponding value
of Chandler’s period is 437.112 days). This means that the corresponding
variation of the Chandler period is 4.033 days.

These numerical values of the Earth’s rotation parameters have been obtained
for the model values of the main parameters (2.22).

Due to the results of this section by the construction of the perturbation the-
ory of rotation for a weakly deformable body we can use Euler-Chandler motion
of the axisymmetric body with the frequencies from (2.23). This means that in
unperturbed motion we take into account the more important elastic properties of
the body and their influence on the body rotation. In this sense we talk about
Euler-Chandler motion.

3 VARIATIONS OF THE DEFORMABLE BODY ROTATION DUE TO
CYCLIC PROCESSES OF THE MASS REDISTRIBUTION

8.1 Perturbations of the Andoyer Variables

We will assume that in the external envelope of the body cyclic displacements of
masses (for example, analogous to the seasonal mass redistribution of the hydro-
sphere, atmosphere, ice envelope of the Earth, etc.) are executed. In the general
case this mass redistribution has a conditionally periodic character and is charac-
terized by definite frequencies: €;,Q3,...,0N.
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Let us suppose that, as a result of a study of the corresponding characteristics
of these processes, the components of the tensor of inertia and the components of
the angular moment of the relative motion of the redistributed masses were defined
in the main body reference system and were presented by definite Fourier series by
the arguments U, = Q,t + Uéo) (0 =1,2,...N).

Let these series be constructed for the parameters

Z = (a,b,c1f,e,d,a,ﬁ,’)’) (31)
and have the following form:

Z = Zo+ Z Z,c080, + Z,sin®,,

JIvli>1
0, = ntUy+wrl+...+vNUn. (3.2)
The summation in (3.2) is produced by corresponding numerical values of the indices
vi1,Vs,...,VN. &p are constant components of these parameters. In accordance with
the representation (1.58), (1.59) we have:
f0=0) eOA=0)dO=O) a0=0,ﬂ0=0770=0 (33)

and we refer periodic components (3.2) to perturbations of the first order with
respect to the small parameter p.

Taking into account these assumptions, the equations of rotational motion in
the variables 8, I and g can be written in the standard form of a two-frequency
oscillating system with a small parameter:

d
Ti = N 4 A,(0,t)cos2l + B,(8,t)sin2l + C.(8,1t) cosl
+ D.(6,t)sinl+ E,(6,1), (3.4)
where z = (6,1, g), and the coeflicients A,,..., E, and frequencies N, are known

functions of the variable 8 and of time:

Ay = —fGsiné,

By, = %(a —b)Gsinb,
Coy = —eFcosb -,
Dy = dGcosf — «,
Ne = 0,

Ey = 0,

A = -;—(a —b)Gcos ¥,
B, = fGsind,

C, = dGsecfcos26 + Bcotéd,
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D; = eGsechcos26+ acoth,
El = =7
Ny = Gcosf [c—-;-(a+b)] ,
1
‘AQ = E(b - G)G )
B, = -fG,
Cy = —dGcotd — fBsech,
D, = -—eGcotd — asech,
E, 0,
1
N, = GE(a +b). (3.5)

All coefficients (3.5) (except for the frequencies N;, N,) are small in first order
with respect to a small parameter which we don’t introduce here for simplicity.
Perturbations of the first order of the problem are defined by simple quadratures:

i

Y] /[Aa (8,t) cos 21 + Bg(0,t)sin 2l + Cy(0,t) cosl + Dg(0,t) sinl]dt,

ON
8l = /(-6—056) dt

/ [4:(6, 1) cos 21 + By(6, £)sin 21 + C1(6, t) cos + Dy(6, ) sinl + E(6, £)] i,

-+

og = /[Ag (6,t) cos 21 + B,(0,t)sin 2l + Cy(6,t) cosl + Dgy(6,t) sinl] dt. (3.6)

In (3.6), the variables § and [ in the integrands take the following unperturbed

values: .
@ =6y = const, [= Nit+lp, 3.7

where 6y and lp are initial values of the variables 8 and l.

For the problem considered, the integrands in (3.6) are presented by condition-
ally periodic functions of time in the form (3.1), (3.2). Therefore, the integrals are
readily calculated. As a result, we find the perturbations of the first order:

6Z = Z Z Z,,sc08(0, + al) + Z , sin(©, + ol), (3.8)

v lol=1,2
where Z = (4,1, g), and the coeflicients are defined by the formulae:

(I —ed,)Gcosl +a;, —ef,
2(Q, +€Q) ’
(l, +ed})GcosO +eB; + a,

Oe = - 2(Q, +¢9) :

eu,e =
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@u,2e =

¥*
v,2¢e

LU,ZE
L*

v,2¢e

Lv,s

*
Ly,
Gy

G*

v,e

Gv,2€ =

*
v,2¢e

Formulae (3.7)—(3.9) present the approximate solution of the problem of rotation
of an isolated deformable celestial body. The unperturbed motion is Euler rotation
of an axysimmetric body with an arbitrary value of angle § = 8, (between the
angular momentum vector and the body axis of symmetry), although in accordance
with the remark in Section 3.1, formulae (3.8), (3.9) retain their form for Chandler—
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elb, —a,)+2f; ., .
Gsin®,
(Q, +2e0) ~on
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(@, 1 oe) O

bt —a} — 2€fy 2 Qe >
9y — Gy T 2y 1+tan®d——1),
a(, +2e0) C cos? ( ey, T 2en

ay — b, — 2 f* L. Qe )
Pl AN SEabd"A 2 t g———— R
40, + 2e0) © S (1 Sl D

—~(ely + d}) 20, + Qe 20)
50, +e0) > 1~ g, 7200

(B + ey )sect Q, .o )
- 6
20 +eQ)cosd \C T o1 ?)

—(ely +dy) 20, + Qe , )
——‘———2(Qy+eﬂ)Gsec9 1 —_Q,,+2eﬂsm 8

B, —ea)sech v .

2(((2” ¥ eQ) cosf ( T O, +eQ sin® 6) ’
(ely + d;)G cot 0 + (By + ey )secd ey
‘ 2(Q, + Q) N ve?

(el; — dy)Gcotf + (eay — B, )sechd o
2(Q +£9) = Ewes

2 f, +a} — B .
2@, +2e0) C = %

(b —a) +2ef2 .
40, +2e0) C =

secd,

secd.

Euler unperturbed motion of the axisymmetric body.

3.2 Periodic Perturbations of the Components of the Angular Velocity

Now we present the solution of the problem in variables p, ¢, r (1.1). For this
purpose, we use the following expressions of the first-order perturbations of these

variables, which are obtained from formulae (1.31), (1.32):

_GsA
A3

ép

. G
Ao

oP oF OF
. — . I
sin@sinl —-—Ao + 2.5y Gsinfcosl + A

cos @ sin (60 + :f— sinfcosldl,

0

G cosb
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6q——Bg

sin8cosl—§9—+ oF D
Eﬁ Aof% E%C%

Gsinfsinl +

G G . ..
+ Bo cosf cosléf — EsmGsml&l,

GoC oR

or = ——5cosf - — +

o7 Co
éD
BoCy

+ Gsinfcosl —

0F
AoCo

G .
Co sin 868 .

G sin@sinl
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(3.10)

Substituting formulae (3.8), (3.9) into (3.10) after some algebra we obtain the
following formulae for perturbations of the first order of the angular velocity com-

ponents.
Perturbations of component p:

3
dp= Z z {pv,c c0s(©, + ol) + ¢} , 5in(©, + ol)},

v o=-3
where
Dvo = 2 + wCoe, cos b
Ao _
wG(e, +d3) (3% +20 _, )
T 200, +9) (1 20, + ) ?
wG(e, — d2) 30, -2 ., )
vl (1 9
T 20, -0 (1 50, — ) o
w(a, + B}) 20, +Q ., )
- y - 0
2c0s0(%, + O) (1 2, +0) "
w(a, — BE) 20, -Q ., )
v - 9
t 2cest( @ — Q) (1 20, —0) )
Po = —-A—" + wCpe;, cos §
0
wG(el +dy) (. 30, —20 )
T T2, -0) ( a0, —q) o ?
wG(es —dy) [, 390 +20 _ , )
S0+ 9) (1 O Rl
w(ot + B,) _20,-0 )
T 2cosd(SL, - Q) (1 2@, —oy o ?
wlay = By) 20, +Q ., )
v - 9
* Scos (2, + Q) (1 2(Q, + Q) s ’

_ EwA,", sinf
Dve = 2A0

— e%Cof,, sin 8
wG sinf cos 8(b:, — a> — 2¢f,)

4(Q, + 2e9)

(1 * oM, 1 200

fle tan? 9) ,

(3.11)
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+ %Cof.f sin

- 2efy)

49, +2eQ)

wsin® @

Qe 2
tan? 8
(” 2Oy + 2:0) 20 ) )

[(ee, + d2)GR, cos b — QB +eay)]

Pu.2e 49, + )2

wsin? @

cosf ’

[(ee, — d,)GR, cosb + Q(—a} +€B,)]

Pu2e 4(Q, +e0)2

Guwlle

" 8cos (2, + 2e90)2
GuwlQle

8cosB(Q, + 2e0)

Puv,3¢

*
pu,35

Perturbations of component g:

3

cos @

sin® (al + b} + 2¢f.),

3 sin® 8(b, — a, + 2¢f.).

3
g = Z Z {qv,c cos(©®, + ol) + q; , sin(©, + ol)},

v o=-3
where
Qo = —%ﬁ + wCod, cosd
e ()
(- )
@Go = - B;*I + wCod;, cosd
s B
(-
- 2—5‘%—% (1— %E%)sinze)
Qe = ________sz,;i)ne — &5 Cof; sinf

(3.12)

(3.13)
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_ e&wGsinfcosf(b, —a, — 2 f; (1 + Qe tan?
4(Q, + 269) 2(Q, +2:q) 2R 0)
.« wB}sin6 w .
Qe = 2Bo +e 2 C() f,, sin @
ewGsinf cos#(a} — b — 2¢f,) Qe
+ v v 2
4(Q, + 2:0) (1 * 3@, f2e0) 20 9) ’
_ wsin®@  [(e} — ed, )G, — Q(B, — eal)]
w2 4Q, +eQ)? cos 6 :
. __ w?sin®@  [—(ee, +d3)GQe + QB +ea,)]
Dze = 4(Q, + Q)2 cosf ’
_ Guw) .3 *
Wi = goosa, + 2oy o Oby —as+26f),
* . GUJQ =3 * *
Gse = 8cosB(0, + 2e0)° sin® 8(a}, — b + 2¢£,) . (3.14)
Perturbation of component r:
3
sr=Y 3" {r,ocos(0, +ol) +r},sin(®, +0l)}, (3.15)
v o=-=3
where
T = —wgl cosf — Ry
v0 = CO CO ]
T,o = —-w—é; cos@ — G
_ 1 . . ewcosd | o ef, — a
Tve = 2wsm0 [C'o(d,, gey) (1 + —ﬂu ) tan 0) + 010 +€Q] )
« 1 . . ewcosd ., By +ea,
Toe = 2wsm€ [Co(d,,+ee,,) (l-i- Q, 10 tan 9) + Q,,+€Q] )
— 1 o.2 [e(b, —a.) +2£)]
Tvze = 4w sin® @ 0+ 2:0 )
e 1o 2, [e(6) —a)) —2f]
To2e = — W sin 0 QL +2:00 . (3.16)

3.3 Variations of Earth Rotation due to Lunar-solar Tidal Variations of its Tensor
of Inertia

For the unperturbed rotational motion of the Earth, the angle § has a very small
value of ~ 107%. Therefore, neglecting the second and higher order terms with
respect to 6, we write formulae (3.11)-(3.16) in the following reduced form:

op = Zp,,cos@u+p;sin6.,,
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éq = Zq,,cos@,,-i-q,",‘sin@u,
or = > r,cos0,+7,sin0,. (3.17)
where
Py = Puvo
= —&-i-wCoe +——w———[(Qe,,—Q,,d*)G+Qa,,—-Q,,5*],
4o ez v v
P, = Plo
= —P:+ Ce‘+——f——[(ﬂe*+9d)G+Qa*+Qﬁ]
T T T T e T v WP
v = Qquo
= _9v + wCod, + ——L—[(Qe* + Qd,)G + Qe + Q,8.]
Ap Y2 02 v v ’
&% = Qo
= _9 + wC d*+——w———-[(—ﬂe + Qd2)G ~ Qa, + 2,8
4o TN T gr _ga e T v+ LB,
T = T &_wcu
YT TG TG
. . R, C
r, = r,,,0=—-—é;—w6;. (3.18)

In this paper, we will use formulae (3.17), (3.18) for the determination of the
variations in the Earth’s polar motion, caused by lunar—solar tidal deformations. For
this purpose, we use tidal variations of the second-harmonic coefficients, presented
in the form of the following series (Ferrandiz and Getino, 1993):

87 = Y Ki(i)cos®;,

6Ca22

> Kpaa(i) cos(2l + 29 — ©;) + > Konp(i) cos(2l + 29+ 05)
68y = — Z Kzza(i) sin(ZI + 2g — @,) — Z Kzzb(i) sin(2l + 2g + @;) s

6Co = Y Kao(i)sin(l+ g—0;) + > Koup(i)sin(l + g + ©5),

653 = Z KZla(i) COS(l +g- @,) -+ Z Kzu,(‘i) COS(l +g+ @,) s (319)

where Koo, (i), - - ., K215(1) are numerical coefficients, the values of which are given
in Table 1 of Ferrandiz and Getino (1993).
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Argument ©; is the linear combination with numerical coefficients of the argu-
ments of the Moon’s orbital theory:

B: = myly+mpls+ msF +myD +msQ,
F = Iy+gum,

D = Ily+gu+hy—Ils—gs—hs,

i = (mi,mz,m3,mg,ms).

Here Ips, gm, hmand ls, s, hs are the Delaunay variables for the Moon and the
Sun. I + g is the angle of the Earth’s rotation.

Variations of the components of the Earth tensor of inertia are connected with
variations (3.19) by simple relationships:

%‘ - —%5022—5%5J2,
%B = %5022-517&2,
5—5— - %5521, (3.20)

where J = C/(mR?) is a non-dimensional moment of inertia, and m, R are the
mass and the radius of the Earth.

Substituting (3.18) into equations (3.20), we obtain analogous trigonometric
series for the variations of the axial and the centrifugal moments of inertia:

% = Z{A,, cos O, + A, _2cos(—2S + ;) + Ay 2 cos(O, + 25)},
6B
T Z{B” cos @, + B, _2 cos(—25 + ©,) + B2 cos(0, + 25)},
oc

G Z{C, cosO,},

%F = ST{F;,sin(®, +25) + Fr_,sin(0, - 25)},

oF . . " .

< = Z{E‘,,1 sin(©, + §) + E; _; sin(@, — 5)},

oD

T = Z{D”vl cos(©, + S) + Dy -1 cos(©, — S)}. (3.21)
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Table 1. Coefficients of the main periodic tidal variations of the axial and centrifugal
moments of inertia of the Earth (1 unit = 10~%)

N 1 I' F D Q Ap= Ap=F, Ay,a=F,_, Coo= E,;= E _,=

BV,O = Bv,2 = Bu,—2 "2Av,0 Du,l Du,-l
1. 10 0 -2 0 -0.2049 -0.0321 —0.0321 0.4098 0.1470 0.1470
2. 1 00 0 0 -1.0716 —0.1669 —0.1669 2.1433 0.7690 0.7690
3. 0 0 O 2 0 -0.1778 —0.0278 —0.0278 0.3556 0.1276 0.1276
4. 10 2 0 1 -0.1610 -0.0073 0.1681 0.3220 0.0517 —0.3529
5. 00 2 0 1 -—0.8409 —0.0381 0.8788 1.6818 0.2695 —1.8444
6. 00 © 01 0.8501 0.0381 —0.8885 —-1.7001 —-0.2725 1.8650
7. -1 0 2 2 2 -0.0738 -0.0018 —0.8570 0.1476  0.0154 —0.3556
8. -1 0 2 0 2 0.0574 0.0012 0.6665 —0.1147 -0.0118 0.2764
9. 1 0 2 0 2 -0.3885 —0.0085 —4.5131 0.7770 0.0804 -—1.8725
10. 00 2 2 2 -0.0620 —0.0012 —0.7209 0.1240 0.0130 -0.2991
11. 0 0 2 0 2 -—2.0286 —0.0436 -23.5732 4.0571 0.4207 -—9.7796
12. 010 0 0 -0.1499 —0.0236 —0.0236 0.2998 0.1077 0.1077
13. 0 1 2 -2 2 -0.0552 —0.0012 —0.6411 0.1105 -0.0027 -—0.2661
14. 0 0 2 -2 2 -0.9417 —0.0206 —10.9411 1.8834 —0.0484 —-4.5394

The coefficients of the series (3.21) and (3.19) are connected by simple relationships:

1
4 = Ba=—§7K2(a)?

C, = _2Ao' )
. 2
As2 = —Bya=F;,= 7K22b(0'),
. 2
Aa‘,—-2 = —Ba,z = Fg,_z = ‘szza(O') y

el = Da,1=-‘%K21b(0),

I

- 1
Eo',—l Dy 3 = —7K21a(‘7)- (3.22)

Numerical values of coefficients (3.22) are presented in the Table 1.

The tidal variations of the moments of inertia of the Earth lead to the following
perturbations in the poar motion:

&p = Y plisin(®, +8)+p,_,sin(®, - 5),

5g = 3 qu1c08(8, +S) + gy,-1c08(0, ~ 5), (3.23)

where p:'e =g, and

ve _ Ep v
Pre - {1+ w(fl + O +5“’)] : (3.24)

T Co (Q, + ew)? — Q2
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.’I‘able 2. Coeflicients of the periodic perturbations in the polar motion of Earth caused by
its tidal deformations (1 unit = 10~3 arcsec).

N l v F D Q Poa/w = gy fw P —1/w =g /w
1. 1 0 0 -2 0 0.062 —0.001
2. 1 0 0 0 0 0.311 —0.006
3. ] 0 0 2 0 0.051 -0.028
4. 1 0 2 0 1 0.098 0.009
5. 0 0 2 0 1 0.107 0.031
6. 0 0 0 0 1 —0.056 —0.001
7. -1 0 2 2 2 0.003 0.009
8. -1 0 2 [ 2 —0.005 —0.002
9. 1 0 2 0 2 0.015 0.049

10. 0 0 2 2 2 0.005 0.010

11. 0 0 2 ] 2 0.081 0.165

12. 0 1 0 0 0 0.0443 0.000

13. 0 1 2 -2 2 —0.001 0.001

14. 0 0 2 -2 2 —0.020 0.007

Using formulae (3.24) we find the corresponding coefficients of the tidal lunar-
solar variations in the polar motion of the Earth (Table 2).

Similar perturbations in the diurnal rotation of the Earth were described in
detail earlier (Yoder et al., 1981; Ferrandiz and Getino, 1993).

SUMMARY

In this paper new forms of the differential equations of the rotational motion of
weakly deformable bodies were obtained (1.98), (1.99), (1.102), etc. These equations
admit applications to various methods of celestial mechanics to study the rotational
motion of planets, satellites (natural and artificial), asteroids and others bodies of
the solar system. In next paper we will study secular effects in rotational motion of
an isolated deformable body with application to the Earth’s rotation and Venus’s
rotation.
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