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A multidimensional cosmological model describing the evolution of n Einstein spaces in the pres- 
ence of a multicomponent perfect fluid is considered. When vectors corresponding to the equations 
of state of the components are orthogonal with respect to the minisuperspace metric, the Einstein 
equations are integrated and a Kasner-like form of the solutions is presented. For special sets of 
parameters the cosmological model is reduced to the Euclidean Toda-like system connected with 
some Lie algebra. 

PACS numbers: 04.20.5, 04.60.+n, 03.65.Ge 

1 INTRODUCTION 

We study integrable pseudo-Euclidean Toda-like systems appearing in multidimen- 
sional cosmology [l, 2, 4-9, 14 and references therein]. This direction in the modern 
theoretical physics has appeared within the new paradigm based on unified theories 
and the hypothesis of additional space-time dimensions. According to  this hypoth- 
esis, the physical space-time manifold has the topology M4 x B,  where M4 is a 
4-dimensional manifold, and B is the so-called internal space (or spaces). Nonob- 
servability of additional dimensions is attained in multidimensional cosmology by 
spontaneous or dynamical compactification of internal spaces to  the Planck scale 

cm). Integrable cosmological models are of great interest, because the ex- 
act solutions allow to study dynamical properties of the model, in particular the 
compactification of internal spaces, in detail. 

In the Section 2, as in [9], we consider the Einstein equations for a cosmolog- 
ical model where the D-dimensional space-time manifold M is a direct product 
of the time axis R and n Einstein spaces M I  , . . . , M,,. We recall that  any mani- 
fold of constant curvature is an Einstein one. The source is chosen in the form of 
a multicomponent perfect fluid. To integrate the resulting equations we develop 
an n-dimensional vectors formalism in Section 3. Section 4 is devoted to explicit 
integration, in particular, by reduction to  Toda lattices. 
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2 THE METRIC AND EQUATIONS OF MOTION 

We consider Einstein equations RZ - $5gR = u2T$ for the metric 

n 

g = - exp[2y(t)] dt 8 dt + exp [2xi(t)] gi ,  n 2 2, (1) 
n=l 

defined on the D-dimensional space-time manifold M = R x MI x . . . x Mn, where 
the manifold Mi is an Einstein space of the dimension Ni with the metric g(,), i.e., 

The energy-momentum tensor is taken in the following form: 

m 

We m u m e  that for any cr-th component of the perfect fluid the pressures in all 
spaces are proportional to density 

p!"'(t) = (1 - h y ) ) p ( Q ) ( t ) ,  (5) 

where hi") = const. 
The conservation law constraints, VwT;(') = 0, lead to  the relations 

n 

~ ' " ' ( t )  = A(") exp [-2.y0 + Nihia)xi], 
k l  

n 

i=l  
where A" = const and yo = C Nix'. 

Einstein equations for the scale factors exp [xi] are equivalent to the Langrange- 
Euler equations for the Lagrangian 

n 

(7) 
1 L = 2 exp [-y + yo] C ~ i j i ' i j  - exp [y -  yo]^ 

with the zero-energy constraint imposed. Here G,, = Ni6ij - NiNj are the compo- 
nents of the minisuperspace metric. This metric has a pseudo-Euclidean signature 
(-, +, . . . , +) [5 ,  61. The potential V contains the terms induced by the curvature, 
perfect fluid and cosmological constant A: 

i ,j=l 



D
ow

nl
oa

de
d 

B
y:

 [B
oc

hk
ar

ev
, N

.] 
A

t: 
14

:5
7 

18
 D

ec
em

be
r 2

00
7 

MULTIDIMENSIONAL COSMOLOGY 335 

n .  n 
1 

V = x ( - T X k N t ) e x p [  Gijvfk)+J 
k = l  i,j=l 
m n n 

+ c rc2A(a)exp [ c Gijuf,,)zJ] + Aexp [ Giju'zj], (8) 
a=l i,j=l i , j = 1  

where G'j = bij/Ni + 1/(2 - D) are the components of the matrix inverse to (Gij). 

We also introduce the following notation: 

We usually employ the harmonic time gauge: 7 E 70. 

3 THE N-DIMENSIONAL VECTOR FORMALISM 

To develop the integration procedure for the equations of motion following from the 
Lagrangian (7), we introduce the n-dimensional real vector space R". By e l ,  . . . , en 
we denote the canonical basis in R"(e1 = ( l , O ,  . . . ,O), etc.). 

Let (., .) be asymmetrical bilinear form on R" such that (ei, ej) = Gij. We recall 
that this form has a pseudo-Euclidean signature (-, +, . . . , +). Then, by definition, 

z E z le l  + . . . + + " e n ,  vi 3 vfi)el + . . . + v;)e,,, (11) 
u, E u[a)el + . . . + ura)en, (12) u E u 1 el + . . . + unen, 

and we present the Lagrangian (7) (for the harmonic time) in the form 

1 " 1  L = -(k,k) - ~ ( - - ~ k N k ) e x P [ ( v k , + ) ]  
2 

k = l  
2 
m 

- rc2A(a)exp [(ua,  z)] - Aexp [(u, z)]. (13) 
a=l 

A vector y E R" is called time-like, space-like or isotropic, if (y, y) is negative, 
positive or zero, respectively. Vector y and z are called orthogonal if (y, z )  = 0. 

In Table 1 we present the values of the bilinear form (., .) for vectors V i ,  ua and 
u induced by the curvature of the space Mi, a- th  component of the perfect fluid and 
A-term, respectively. 
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Table 1. 

4($ - 1) -4 

U -4 -4 L k i  
D -2 

4 INTEGRABLE MODELS 

We are interested in the integrability of dynamical systems described by the La- 
grangian of the form 

where b, = bt,)el  + . . . + By en E R”. Such systems are algebraic generalizations 
of the well-known Toda lattices [13] in the case of indefinite bilinear form of the 
kinetic energy. We call such systems pseudo-Euclidean Toda-like systems. 

It is quite obvious that integrability depends on the set of vectors b l ,  . . . , b ,  E 
R”. For rn = 1 the system with the Lagrangian (14) is always integrable [5-9, 141. 
In the present paper we consider, as in [4], a multicomponent case: m 2 2. 

:) 

4.1 

We obtain the class of the exact solutions provided vectors b l ,  . . . , b, satisfy the 
following conditions: 

(1) they are linearly independent; (2) ( b a ,  b p )  = 0 for all cr # p, i.e., the set of 
vectors is orthogonal. 

It is not difficult to  prove 
Proposition 1.  The set of vectors b l ,  ..., b ,  may contain a t  most one isotropic 

Proposition 2. The set of vectors b l ,  ..., b ,  may contain at most oiie time-like 

These propositions allow to divide the class of exact solutions under considera- 

A. There are one time-like vector and at most (n - 1) space-like vectors. 
B. There are at most (n - 1) space-like vectors. 
C. There are one isotropic vector and at  most (n - 2) space-like vectors (this 

The orthogonal set of vectors 

vector. 

vector and, if i t  holds, the other vectors must be space-like. 

tion into the following subclasses: 

subclass arises for n 2 3). 
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To integrate the equations of motion for all subclasses, we construct an or- 
thonormal basis el,, . . . , e; using the vectors b l  , . . . , b,. These vectors are such that 
(e! ' 1  e'.) 1 = q i j ,  where qij  are components of the matrix ( q i j )  = diag(-1, +1,. . . , +l). 
It is clear that the Lagrangian (14) has a more convenient form, in particular, with 
diagondized kinetic energy form (i, i) in terms of coordinates Xi of the vector t 
in such a basis (z = X'ei + ... + Xnek). 

For the subclass A when, for instance, bl is a time-like vector and other vectors 
are space-like, we choose the orthogonal basis as e: = bd/l(bs, bs)I1/', s = 1,. . . , m 
(if m < n, then the necessary number of vectors are added). It is not hard to  
check that the equations of motion are easily integrable for the new coordinates 
X i .  After the inverse linear transformation, we obtain the coordinates ti in the 
canonical basis and present the exact solution in the Kasner-like form: 

m 
exp [ti] = n [ F : ( t  - t o , ) ] - b ~ * ) / ( b s l b ' )  exp [a't + p'], i = 1 , .  . . , n, (15) 

s=l 

where we have denoted 

= dl(b, ,  b,)a(s)l/2(t - t o , ) ,  qrsa(') < 0, E8 = 0, (19) 

and t o s  and Eo, (s = 1,. . . , m) denote arbitrary integration constant. The Kasner- 
like parameters satisfy the relations 

i , j = l  
n n 

C ~ ~ ~ a ~ + ~ )  = C G~~c?+, )  = 0, s = 1,. . . , m, 
i , j = l  i , j = l  

where Eo is the total energy of the system (14). 
In the same manner we obtain the exact solutions in the subclasses B and C [4]. 
Let us consider cosmological models corresponding to  the integrable pseudo- 

Euclidean Toda-like systems considered. As follows from the Table 1, the vectors 
vi and u induced by the curvature of the space Mi and A-term are time- like. So, 
the subclasses B and C correspond to  the models with all Ricci-flat spaces without 
the A-term for an m-component perfect fluid, when the components induce an 
orthogonal set of the vectors. 

Within the subclass A, we are able to construct a model with one Einstein space 
of non-zero curvature. Let (n - 1) Einstein spaces be Ricci-flat and one, for instance 
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MI, have a non-zero Ricci tensor. Then we put bl u1. To get the orthogonality 
with bl for at most (n - 1) available components of the perfect fluid (b(,+1) yQ) 
for a 5 n - 1) we put: h y )  = 0 (see Table 1). Then these components appear to 
be in the manifold MI in the Zeldovich matter form (or, equivalently in the form 
of a minimally coupled real scalar field [12]). In the same way a model with all 
Ricci- flat spaces and A-term arises. In this case we put bl  E u. The orthogonality 

condition reads C hiQ)Ni = 0 for all a 5 n - 1. 
n 

i=l  

4.2 The set of collinear vectors 

It is not difficult to prove that, if all of the vectors b l ,  . . . , b, are collinear, the 
system with the Lagrangian (14) is integrable by quadratures. We obtain a two- 
component model of such type when Ricci-flat spaces M2, . . . , Mn are filled with 
superradiation (in the equations of state, we have hi = 1 - 1/Ni) and the space MI 
with a non-zero Ricci tensor is filled with dust (hl = 1). This model was integrated 
in [l]. Another two-component model with collinear vectors arises for all Ricci-flat 
spaces in the presence of the A-term and dust (hi = 1, i = 1, .  . . , n) as a source. 

The subclasses A, B and C can be easily extended. It is clear that the addition 
of a new component inducing a vector collinear to  that from the orthogonal set 
b l ,  . . . , bm leads to a model integrable by quadratures [4]. 

4.3 Models reducible to Toda Lattices 

Let us assume that the vector b l ,  . . . , bm themselves and their arbitrary combina- 
tions are space-like vectors. Then the first components of these vectors must be zero 
in a suitably chosen orthonormal basis, i.e., b, = Oei + Bts,eh + ... + Bi,,ei. This 
implies that, in this basis, we obtain the Lagrangian (14) in the following form: 

The coordinate variable X1 satisfied the following equation: X1 = 0. The equations 
of motion for X 2 ,  . . . , X" follow from the Euclidean Toda-like Lagranginn 

Thus, a pseudo-Euclidean Toda-like system has been reduced to an Euclidean 
one. 

Nearly nothing is known about Einstein Toda-like systems with arbitrary sets 
of vectors ( B t ) ,  . . . , Bn )(s = 1 , .  . . , m). But, if they form the set of admissible 
roots of a simple complex Lie algebra, then the system is completely integrable 

(3) 
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and possesses a Lax representation [3]. An explicit integration procedure of the 
equations of motion was developed in [10,11]. In [4] we presented an explicit solution 
for the two-component cosmological model in the case when it is reducible to a n  
open Toda lattice connected with the Lie algebra Aa. 
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