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ELECTRIC FIELDS OF NEUTRON STARS

A. 1. TSYGAN
A. F. loffe Institute of Physics and Technology, 194021, St. Petersburg, Russia
(17 July 1988)

Theoretical aspects of the electric fields of magnetized neturon stars are reviewed. A fundamental role
of the General Relativity effect of dragging inertial reference frames in generating electric fields and
accelerating relativistic particles by neutron stars (pulsars) is emphasized. An allowance for this effect
in the framework of the Goldreich-Julian model (for the regime of free plasma ejection from the
neutron star surface) leads to the electric field enhancement by two orders of matnitude, as compared
to the flat space-time case.

KEY WORDS Neutron stars, electric fields, general relativity.

1. ELECTRIC FIELD NEAR A ROTATING NEUTRON STAR IN
VACUUM

A model of a rotating conducting sphere with a dipole magnetic field B =
[37i(miri) — m}/r® (where i1 is the magnetic dipole moment, 7/ = F/r) is commonly
used for a study of an electric field of a neutron star (NS). Deutsch (1955)
calculated the electric and magnetic fields in the rest frame at any distance from
the rotating sphere. However, it is convenient to have a solution in a NS
corotating frame in order to study charged particle acceleration or their filling the
NS magnetosphere. In the quasistatic region (Qr <<c) of the corotating frame,
the electric field is time-independent and possesses an electrostatic potential that
obeys the following equation (Goldreich and Julian, 1969):

Ap=—4n(p +p.s); E=-—grad¢,
1 . QB (1
=—div(§ X B)=—
Pen =4 divE X B)=>—,
where g = (@ x7)/c and Q is the angular velocity of the sphere. If the sphere
rotates in vacuum, then p =0 outside the sphere, and the electric field vanishes
inside the conducting sphere, E =0, ¢ = ¢, =const. A solution of Eq. (1) that
satisfies the boundary conditions ¢|,_, = ¢1; ¢|,_...=0 is (Tsygan, 1980)
a  3(Qi) (i) — G [g B (5)3]

=¢, -+
¢ ¢lr 3ca r r

@

where a is the sphere radius. The surface charge density induced on the sphere is
oo lp| —_13¢| _ ¢ 3Qi)wi) - Qrm
Az "\, _, 4x 3r |,., 4ma 6mca’ )
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The absence of the electric field inside the sphere means that the electric charge is
induced within the sphere, with the charge density of p=—p.=—
(1/4x) div(g x B). The total charge of the sphere equals

Q=JodS—4—1];fdiv(§x§)dV=fods—%rf(g’xﬁ)ﬁds. (4)

For an uncharged sphere (Q =0), one obtains ¢, = —2(s)/3ca. The electric
field in the rotating reference frame is

E = é"r—j (Q(AR) + m(QA) + A[(QA) — 5(Qn)(mi)]}
- é {Q(mA) + m(QA) + A[(Qm) — 3(Qi)(mA)]). (5)

The transition to the inertial (laboratory) reference frame is performed via the
transformation

-

E=E+-Bx0; 0=QXxF (6)

)=

In this case 7 =7’ (below we shall omit prime assuming 7 to be the radius vector
in the lab reference frame):

E= z"r—i {QeAvi) + v () + A[(Sin) — 5(Q) (i) ])
+ i {Qrmii) — ()} ™)
cr

This expression for E coincides with the expression given by Deutsch (1955) in
the quasistatic region. For a NS with B~ 10" G, Q ~10s, a ~ 10 km, we obtain
E~(Qa/c)B ~3 x 10° CGSE. This electric field is capable of ejecting charged
particles from the NS surface. The ejected particles will form a NS magneto-
sphere even if it was absent earlier.

2. NS ELECTRIC FIELD IN THE PRESENCE OF THE
MAGNETOSPHERE

Let us consider a NS surrounded by a corotating magnetosphere. The magneto-
sphere was introduced into the physics of radiopulsars by Goldreich and Julian
(1969). .

For Qr « ¢, the magnetospheric electric charge density is p = —p.g = —QB/27c.
The charge density defined in such a way cancels the electric field in the rotating
reference frame in a closed magnetosphere. Ruderman and Sutherland (1975)
assumed that the work of exit of ions (e.g., of iron) off the NS surface is about
10keV. If the temperature of the NS polar caps is lower than 1keV, then the
thermoemission of ions in the regions of open magnetic field lines is suppressed,
and these regions are not filled with the plasma. For simplicity, one assumes that
magnetic field lines at the cone bottom are perpendicular to the stellar surface.
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Consider the case of 6= 0(,\/r_/5 <1 (6p=VQa/c~1.4x107% for the pulsar
period of P ~ 15). Inside the region of study, Eq. (1) holds, with p =0 and with
the boundary condition ¢| s = ¢, =const at the surface and the cone bottom; it is
convenient to choose ¢, =0. The above boundary conditions are fulfilled owing
to the presence of charged particles that fill the magnetosphere, and a finite
stellar conductivity. For (r —a) >R, or (n —1)> 8, (Ry,= af, is the radius of
the cone bottom), the electrostatic potential ¢(n, &, ¢) and the electric field
component E, along the magnetic field are

d(n, & ) = 1¢o63[(1~ &) cos x + 16,V E(1 — &) sin x cos @),

3¢y . 1 ,

Ey==1gq Oymsl-E)sinycosg, ®
QB, 1

Per =5 — {cos x +3&6(n) sin x cos @}

21c ?
where n=r/a; E=9/0(n)=98/(6,Vn) (§ is constant along magnetic lines);
¢o=(Qa/c)Bya; B, is the magnetic field at the NS pole, y is the angle between
Q and 7.

The solution near the stellar surface ((r —a) <a or (n — 1) <1) satisfying the
boundary conditions ¢|,-; = ¢ |-, =0 can be written as

800, & 0) = 40u63{cos 1 3 [1-exp( - (- 1) | 2K

where k; are positive solutions of the equation Jy(k;) =0, k; are positive solutions
of Ji(k;)) =0, and J,(z) is the Bessel function.
Solutions (8) and (9) are matched at 6,<«<(n — 1)« 1. To prove this, one
should take into account the relationships
s Jotki&) _ n, = hkE) _ 2
Let us notice that the electric field E ~ (Qa/c)*?B, reaches maximum in a small
region (r —a) <R, near the neutron star, and the maximum magnitude differs
from that in the absence of the magnetosphere by a factor of VQa/c. For a
puslar with P <15, the magnitude of this electric field is sufficient to generate an
electron-positron avalanche (Ruderman and Sutherland, 1975, Sturrok, 1971).
This produces a “vacuum” electric discharge whose top edge is formed by the
electron-positron plasma, and the bottom edge is the neutron star surface. The
electrostatic potential and electric field within the discharge of the height
azg=a(n,—1) are

z .
¢ =2¢,z (a, — E)(cos x + 350, sin x cos ¢),

2
E,=- % (2o — 2)(cos x + 36, sin x cos @),

(11)

with z = (7] - 1) < 1; (& - 1) >}Z(), E|||z=zu=0'
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Recent calculations (Jones, 1985, Neuhauser er al., 1987) yield a rather low
work of exit of ions off the NS surface, about 200-300 keV. For a surface
temperature of ~10° K in the polar regions, thermoemission of ions occurs, and a
“free-emission” regime of charged particles becomes possible (Arons and
Scharlemann, 1979). In the latter regime, the charged particle ejection rate in the
region of open magnetic lines is close to that corresponding to the total screening
of the electric field near the surface (E,|,~,=0). Since charged particles near the
NS surface are accelerated to relativistic energies and move along magnetic field
lines, the electric current density can be written as

-

- B - ~
f=erg divj=cBgradg-=0. (12)
For (n — 1) > 0, the electrostatic potential is given by
o(n, £, 9) =3¢B3(Vn — DEQ — £ sin x cos @, (13)
and
QB 1
p= —E;ci);g(cosx +360,Vn E sin x cos ).

For (n—1)«1, using for the boundary conditions @|,-;=¢|:=,=0;
(3¢/8m)|,=1 =0, we obtain the solution

¢(n, &, @) =3¢,0sin x cos ¢
< k; ki(n—1) Ji(k:E)
X [ex <—~ —1)—1+ ]~ = 14
2 |ewl=,(1=D RIS (9
Solutions (13) and (14) match at 6,<< (7 — 1) < 1. Near the star, the longitudinal
electric field component is given by
3 ¢
16 a
and E, =0 at the surface. For typical parameters P ~1s and B,~ 102G, this
field is insufficient for generating an electron-positron avalanche.

1
E,~— 9?)711 E(1 — E%)sin x cos @, (15)

3. NS ELECTRIC FIELDS WITH ACCOUNT FOR GENERAL
RELATIVELY EFFECTS

In the polar coordinate frame ' =r; £>=§; £> = @ (with the polar axis directed
along €2) corotating with the neutron star the gravitational field is described by
the metric

dr?

ds’ = (1 - ’7&')& dr? - + rA(d9? + sin® § d9) +2845¢ dt d,

LT
.

— 3 2
8os =[9—£i(-rl]r2 sin® & = ——[1 - K(?) ]Q—Cr—sin2 8,

(16)
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where o(r) = 2GIc?rQ; Qrkc; k=¢p, r;=2GM/c* is the gravitational
radius, M is the stellar mass, € =r, /a is the compactness parameter, g =1/1, is
the stellar moment of inertia in umts of I, = Ma?, and a is the radial coordinate of
the stellar surface. The nondiagonal component §,; of the metric tensor contains
the term (—Qr? sin? #)/c associated w1th the transition to the corotating reference
frame, and also the term [w(r)r sin? #]/c that describes the drag of inertial
reference in the linear approximation. The dragging leads to the well known
Lense—Thirring effect. The metric (16) can easily be obtained by linearizing the
Kerr metric with respect to the angular drag velocity w, and by subsequent
transition to the corotating reference frame. Notice that in the linear approxima-
tion in Q, the rotating star can be considered as being spherical (the rotational
oblateness is an effect of second order).

Let us perform the transformation to the polar coordinate frame with the polar
axis z directed along the magnetic moment . The x-axis will be chosen to lie in
the (2, m)-plane. The relationship between the angles 9 and ¢ and new angles ¢

and @ is given by
cos & = cos y cos ? + sin x sin & cos ¢,
sin & sin & = sin ¥ sin @,

17)

where y is the angle between Q and 7. In the new reference frame, the metric
(16) is

ds’> = (1 ——)C dr* —
r

x#_)(ry 19, ‘P), ley 2’ 31 xo=Ct; g()1=0r
a\1Qr* . )
802 = [1 - K(-) —sinysing,

r

2

+r*(d9? +sin* # de?) | +2gg,c df dx¥,

1-2 (18)
r

3 Q 2
8= —[1 —K<‘;l) ]—CLsin # (cos x sin ¥ — sin x cos ¢ cos @).

Maxwell’s equations for electromagnetic field read (Landau and Lifshitz, 1975)

. . 18B
div B =0, cur1E=———§;
c ot
13D
divD =4zp;  curl H=—"" e
i i (19)
D=—F+Hxg, B=—F<-Exg;
VAR Vi ©78
0 . dx* . pcdx! . -
—+divi=0; st=p—; ji="m—g; =Vh
a ° S TP F=Vha®  ° Vh]
In this case h =8w= 1-— (rg/r); g,,c = _g(),‘/g(m; or
. 1 AN P
g=[1-x(9 ]g><r. (20)
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In the problem of study, the electric field is generated from the magnetic one due
to the stellar rotation, E ~gB. The gE ~ ¢°B represents a second order term, or
B~ H/Vh. The electric and magnetic fields, E and H, are stationary in the NS
corotating reference frame. The term 4x5/c describes a magnetospheric current
of charged particles. It is small and can be neglected. Then we obtain:

divB=0, curl(VAD +hgxB)=0;

div D = 4zp, curl(VAk B) =0; div(Vhj) =0. @1
This allows us to introduce the electrostatic potential ¢:
E=VhD+hgxB=—grad ¢,
1
div( 7 erad ¢) = =4(p + pu),
(22)

Vh 3 99 1 d a¢ 1 ¢
P ar( ar) Vi 2 sin 99 (S‘“ 50) T Vi sintgagr P pen).

-

1 .
Per= o div(Vh g X B) = 2, curl g
Equations for the electrostatic potential have been studied by Muslimov and
Tsygan (1990a, 1990b, 1991). They generalize equations (1) to the case of a strong
gravitational field.
Notice that, in this section, vector operators are defined as

. e 1 a - 1 vA aA,\
leA=\/—)—/a—x‘-‘(\/)—/A“); (curlA)"=Te“ FE
o . v 99
(grad ¢), =—-%:  (grad ¢)" =y*" = 0 (23)
g()ug()v
v = T 8uv == v-
T : 8o g
unit length, the metric at a given point is Galilean: gyy=1; g, =8n=§:=—1;

g« =0 for i #k, and 9,, =9,,. In the Galilean frame with the metric_tensor
¥y = 6,,, the 3D vector components are “physical” quantities, e.g., E, = E¥
(E,‘:E”/\/)_/;). In the linear approximation in Qr/c (we are interested in),
stellar rotation does not affect the magnetic field. In the spherical coordinate
frame with the polar axis directed along the NS magnetic moment, the dipole
magnetic field B reads (Ginzburg and Ozernoy, 1964)

s _pfm1 o s _ o Vh J3t (A
B, = B()f(l) e os ¥; B, = B‘)f(l) f(m 21 i 7 sin ¥
. @4)

f(n)=~3<g)3[ln(l—§>+§(l+%>]; f(n)z1+i—:, EKL.
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This field corresponds to the effective charge density

_R8,_1 f(n)
Pes = Y 7C \/71113f(1)

X {(1 - ;;%) cos x + 3T (n)[sin x sin & cos & cos @ — sin? & cos x]},

o 5= -2
25)

Using (24), one can obtain an equation for the magnetic lines of the field B. The
equation for the outermost open line in the small-angle approximation is
(Muslimov and Tsygan, 1990b)

6(n) = 9(,(17;—(('1’—)))”2; 6, = (%—a f(il))m. (26)

Let us consider the electric field of a neutron star surrounded by the Goldreich-
Julian magnetosphere for the case of free emission of charged particles in the
region of open magnetic field lines. Then the boundary condition at the surface
and the cone bottom, ¢|s=0, should be supplemented by the condition
E\|,-.=0. Charged particles supplied at the hot NS surface are efficiently
accelerated up to relativistic energies and move at the speed of light along
magnetic field lines. The electric current density of these particles is

R H* B*
Hf=cp—= cf)? (in ZAMO);
1 . 1 . cp B* B*
= (" = Vhcpg*) = "= —=cp—, 27
V VY™ VY B B @n

p=p, j=cpB/B.

From the continuity equation, one obtains an equation for the charge density p of
relativistic particles:

div(VA]) = div(\/ﬁ cp —g) =0, B grad(\/:l; p ) =0. (28)

The solution of Eq. (28) compatible with the boundary condition for the
potential can be written as
=QB() 1 f(n)
27c Va1 f(1)

where A(§) and D(&) are functions of £ =¢/6 (0=<E=1) to be determined
together with ¢. A general Eq. (22) for the electrostatic potential in the

pr(n, & @) [A(&) cos x + 3D (&) sin x cos ¢), (29)
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small-angle approximation is

{\nfaiy(" ) Vh n362(n)§[a§(§a§)+é§%]}=_4ﬂ(p+peﬁ)’

QB, h , -
Pt = e \/_177 ;El)) [(1 _;]3) cosx +37(n)6(n)& sin x cos (p].

The solution of Eq. (30) at (n — 1) << 1 which satisfies the boundary conditions is
o(n, & @)

= ki(n — ki(n — ol K;
=12¢yV1—¢ KB?){COS X IZI [exp<*—_‘—en(n,——l __2) -1+ 90(\/711 —12]1;145{((/%))}
+6¢,V1— € 8T(1)6(1)
. = Ei(’l -1) 15.-(11 —1) JI(EIE)
% {sm X cos ¢ ,; [exp(— 6,V1 — £> -+ 6,V1— 8}/2?]2(/2,-)}' (31)

For (n — 1) > 6,, one gets

(30)

o(n, 5 @)= %¢()K9(2)(1 - %)(1 — &) cos y

6(mT(n)

8,701 1]5(1—52)51'11 Ecos @,

+ %¢>093T(1)[
§¢()
2 a

- —ﬁ 026(n)T(1)8(n)E(1 — &) sin y cos @, (32)

Ey=- 65 4(1 52) Cos x

1 K
3(n) = E In[8(m) T (n)] = —T—m{ ~ (2645

+f(n)(?1 —e) E<€ ‘n£> -( ‘%’Li%)

x(;j‘%‘%)(l—%)-l]}; 5(71)**% at n>1.

Solutions (31) and (32) coincide at 6, << (1 — 1) < 1. The first terms in (31) and
(32), which are proportional to k= (r,/a)(I/Ma®), are associated with the
dragging of inertial reference frames. The effect of the Schwarzschild spacetime is
included in T(n) and O(n). The second terms in (31) and (32) transform into
Eqgs. (14) and (13) (which describe the effect of unipolar induction in the presence
of plasma) at £ =(r,/a)—>0 (T(n) =1; 6(n)=1/2n when £—0). Near the NS
surface, the electric field generated by the drag effect,

3¢)()
2a

EJR=— 03 4 (1 — &Y cos g, (33)
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appears to be a factor of

(11 _emx )
By E 17 sin x cos @

larger than the field (15) produced by the unipolar induction. For y =0.16,
6,=0.014 (P =1s) and § X 0.5, the enhancement term is ~160. The electric field
(33) is high enough to generate an electron-positron avalanche for pulsars with
P <P(B./10"*G)"’, where P.~0.5s (Muslimov and Tsygan, 1990b). Let us
consider the solution for the case when the electron-positron avalanche occurs
and the discharge height z, is small, z,= 74— 1< 6,, in comparison with the
polar cap radius. This case has been considered by Beskin (1990). Then the
boundary conditions ¢|,_, = ¢|z—; = 0 should be supplemented by the condition
3¢/3n|,=n, =0 at the discharge top. In Eq. (30), one can keep the derivatives
with respect to n only. For z =17 — 1<« 6,, we obtain the following equation:

d? 2

£= —¢0;{[1 — Kk +3kz + A(E)] cos x

+3[£6,T(1)(1 + 8(1)z) + D(&)] sin x cos (p}. (34)
For (1 — &) > z,, its solution is
2
¢= ¢0ﬁ (EZ‘—)— §>{3K cos x +3E0,T(1)8(1) sin x cos ¢},

1 z
E,= -‘¢(,:; (20— z){Bk cos x + 3E0,T(1)8(1) sin y cos @},  (35)

A©=-(-x+Ikm),  DE=-E0,T[1+250)]

The first term in Eq. (35), which is proportional to the relativistic parameter k, is
again essential.
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