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�Q_:�"��
"����$��(��
�����%&��_ �a��
"�

%���fr�
v2

ϕ ∂f0/r ∂vr <∼ c f0/r
�
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f0 = f0,−3 + f0,−2 + f0,−1 + ... , Φ0 = Φ0,0(r) + Φ0,2(r, z) + Φ0,4(r, z) + ... ,Y	�aV ����^
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(
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Y	�aV ����^� ��
5[�������f 

���

∆∗(r0) =
√

c2z(r0)/2 π Gρ∗0(r0, z = 0) =
c2z(r0)

π Gσ∗0(r0)

Y	�aV �L��^

	��=;Y]_V
��$4,WV
�6 �;��6 K,[U)$�� U@D+; U[XZU=U)��: VYU);��/;��6 �� 02;�:�8�����\Y])��? \��4^
�4V
��;��6 K$/,)�/$4^C? U U����_]��WU)*�;�<=� ��: U[\ U�G
���� 
�:U)�*]�;���$ZU)�W\ U)?�; U[XZU ��]�:6��,)�4V VYU),���: U[XZU=;Y]�XZ\Y]�,)���_]�8�� U);�;�021 0����WU).�*���,[U�����' $/,)�/$4^
; U[XZU�^
�
��: ] ? \ U),)�4^
�/;
, ?9H � H � H � H



� � ������� � � � � � �
� � a �
��f 



� ���&
�$��p��%�M:N ��frM:�"� na�������&��
���%&��N [&����!a����� � ��%�M c�$�
�c���%&�����O�����
�a�&_ �
$�
���������%��

σ∗0(r0) =
∫ ∞

−∞
ρ∗0(r0, z) dz = 2 ∆∗(r0) ρ∗0(r0, z = 0)

Y	�aV ����^
[��&
"�����(��$(��k�

� ����g���N+����$�%&��$�
��
%a!&� [&��$�
���n�%&������%a!&� [a������%&������� c�$�
�c���%&�����
�����
�a�&V

9 !�f fr���a!�
�f [&����! �&
�%�%�M-
'�&
�c
!������(�(��M<V ; ��$�%&��$�
��
%��ek>�/!&%���L��ak �����
[��&
"�
��
���
�%��akHc�$�
�c�� $O� ����$�%&�Sf [&����ka����
 [&� f �e���SfA!H[�������f 

���a!

ε = ∂e/ωz � 1� $ ��[���L����a�����&
��
���Sf+[����&g����!�1
�%����Q_C��[��&
"��
���k�
�f �SfU%&
�����$�
�%�����$��Sf Y	�aV ����^`_
��f 



� $��p�

f0 =
ρ∗0(r0, z)

(2 π)3/2cr(r0) cϕ(r0) cz(r0)
exp

{

− v2
r

2 c2r(r0)
− v2

ϕ

2 c2ϕ(r0)
− v2

z

2 c2z(r0)

}

,
Y	�aV �p��^

� ��

ρ∗0(r0, z) =

σ0∗(r0)

2 ∆∗(r0)
ch−2





z

∆∗(r0)



 ,
Y	�aV � ��^

� �����
[��&
"��
���
�%��&
 ����$�%&��$�
��
%&����� �
����$��&�(��L��&��%�%&����� [&����
�%�L����e��� [&��[&
��&
��
[a�����
�S������� �����
�a�'��[����
M:$��(

��� kO��������%&��R 
�%��&
�f

Φ0(r0, z) = Φ0(r0, z = 0) + 2 π Gσ∗0(r0) ∆∗(r0) ln
{

ch
( z

∆∗(r0)

)}

.
Y	�aV ���p^

�<��� $��p��%&�/�ac8Y	�aV �p��^ )#Y	�aV ���p^`_�����$�%&��$�
��
�&
r�����
�a�:��[��&
"��
���k�

��� k �����
[��&
"��
���
�%��p�
k�fr�5�"��
"��!&� � �pn [�������f 

���&��$�P Ω(r0)

_
∂e(r0)

_
cr(r0)

_
cϕ(r0)

_
cz(r0)

_
σ∗0(r0)

_
∆∗(r0)

V�TK��%����S� %&
 $���
Z�ac %��pn %&
�ce��$����
��frM<V > ���Q_3$�
���������%��
∂e(r0)

����%&�(�
c�%��"��%&� ��[��&
"��
���k�

��� k��&
��&
�c5!&� ����$(!&� �
�S���&�������

Ω(r0)
��������%&��R 
�%��&
�f Y���VW��^`_

�1[�������f 

����M
cr
_
cϕ
_��1�(���!� 


cz
_
σ∗0
_
∆∗

�
$(k&ce��%�M !&����$�%&
�%��ak�fr� Y	�aV � �p^��
Y	�aV �L��^ ��������$�

������$�
�%�%&��V 0 � 
5����%a!Z�
$(k&c"� f 
��'��!Z����$�%&��$�
��
%�M fr�O[�������f 

�������
fr� c�$�
�c���%&�����8�����
�a� f ��� ��� g�M �#�(��� !&����$�%&
�%��&
1Y	�aV ���p^"_�
��"��� g�M f ���
���/�����
�p�
$ [a�����
���pn �"�e�����&�����a��n $���
�� �#� g�M ��� fr%&����� g�������R 
1f ���
�
M �I�8
��&���p�#�e����%�MCn
[&�����
������
�f-V�� �
���Sfj�"��! ���(
<frM f ��� ��� g�M �
$(k&ce�(���

Φ0,0(r0, 0)
� ���&
��&
�cX!&����$e�

%&
�%��&
 iX!p���
����%�� �
σ∗0(r0)

	�� !&� ����$���N �
�S���&��������� $���� � 
�%��ak �����
�a� Ω(r0)
V

�����"� �e��
�%���� _�!&[&�SfAk�%a!a����
 !S�"����$��&
 %&
 $�M:[&����%ak�

��� k _��O[&���
���SfA!O$ ����fr�a��n
���ec�$��&����NO$�M:R 
<��

�������O��f 
��K��� k��&

��M:�&
 %&
�ce��$����
��frMCnb[�������f 

�����&_���[����
MC�
$���� � �pn c�$�
�c���%�M:N �����
�QV��<��� g�!���

� $��p��%&� �ac/�#�e����%&
�N�R 
�����_p
 � 
K��$�
<�
$(k&c��
f 
��'��! ����$�%&��$�
��
%�M fr� [�������f 

������fr� c�$�
�c���%&����� �����
�a� f �"� %&��_C$ [�����%�L��p�
[&
�_�[&����! ���&��� �ac<!S�"����$���Nb
���� f �����
��%��e����%&��N a !S������N�����$��������Z����%&���
�&��
�����%&�
�ac��
�&g�%�MCn $���cefA! � 
�%���N'�'$���cefA! � 
�%���N'$8
����<[a�����
�S�������QV > ��� �#�/%&
�ce��$����
��frMC�
fr� �Q_]�"��
"����$��(��
�����%&��_ ���&

g�!&� � ��fr� ��[��&
"��
���
�%��ak �ac �#��%�%�MCn %��(g�������
�%���N
�����(��%a!a��� kb����R&�1��$�� [�������f 

�����&V#TK��%���f �ac %��pnZ��g�M���%&� [&�������"���K� !&$�
��&
�%p�
%&� %��(g����C�#�(
�fA!&� !&� ����$(!&� �
�S���&������� $���� � 
�%��ak �����
�a� Ω

V B �a!&�
��f f �"� 

�
g�M-��� ���&g�� ����%�� �ac �����
[&
����
��Nj�
�S���&������
�N c�$�
�c�� Y

cr, cϕ, cz
^ $O�����
�S
�_ ���&g��

����U+������' ;Y]"5bU ^� �!4�/.
�  ;Y]HXZ\Y]�;���8�� 0����WU).�*���,[U������9H



a?� � ��� � � � �	� �	�����$� � � ��� 
 � ����� 
 ���	�$�

����H[&��$�
���n�%&������%��ek [a������%&�������

σ∗0
V���
���������%�� [&���"��
"��%&
�N �ac %��(g�������
�%���N

!&$�
��&
�%�%&� %&
 ��[��&
"��
���k�

��� k _&����%����S� �ac5�#��%�%�MCnO[&� fr%&������L�$�

��%&��N��8�����Sf 

�e�
����� c�$�
�c���%�MCn �����
�S��$ �ac�$�
�����%&��_��&���

σ∗0 ∝ exp{−r/Lσ}
ce�m[��&
"��
�����fr�

L&
�%&�����e����%&��N Y
r >∼ Lσ

^ ��������� �����
�a� �
�L���&_������ 	 V
� �
���Sf ���ec���
���
/frM<_S�"��
"��!�k � ��%p��
���$������&�(! � ����� 	 _�[&�������&���a��� ����$�������%&�

[��&�����(!&� f ����
����/c�$�
�c���%&�����X�����
�a�&V * ����


 �"���"� %�M-
Xf ����
���� �����a!&�&�(!&��M �����`�
�a�<[&��[&
��&
�� 
����5[a�����
�S������� f �"� %&� %���N&���Q_S%���[�����f 
��Q_S$8!&[&�Sfr��%���$�R 
�N�� k'!��1

���(g�����
O� ��%p��
���$������&�(� � ���(g�����
 * ���S����� � �	���
	 V ��[&���"��
"��%&
�NQ_A$ ��������%&�������Q_
! �&��
�% $��a����� ��g�� 
�fr%&��NZ[a������%&������� c�$�
�c�� �I�8
��&���p�#�e����%&��N [&�
���
������
�frM+Y\��f-V
�(���!�1
<���(g����(! �����L�
	 ^`V 
ZM �pnQ_p����%�������_p��[����
M:$��(���1%&
Xg�!���
�f-V&���(� [&
���$�MCnQ_S[&�(�
���SfA!�_ �&��� ����$�������%&�Z����%����&
 ��

�(�e��� f ����
���
�N $�
��I��f � ���a!���%&� �
����$�%���$��(���Z�
�#��%�%�M fr� %��(g����C��
�%���NQVS���(� $�������MCnQ_�[&�����SfA!�_��&���<ce���#�����8[&�������&��
�%��ak ��

�������
!S������N�����$�������� �
���pn f ����
���
�N c�$�
�c���%�MCn �����
����$ ����%&���
�&��
�����%&�'�a��� �ac��
�&g�%�MCn
$���cefA! � 
�%���NQ_A�(��� �m$���cefA! � 
�%���Nj$ �pn [a�����
��������� [&���a� %&
Z�&
�R 
�%��&_ �j��
�f
����frM f L&
���������%&�����1[&��%���f ��%��ak ����%���fr����� c�$�
�c���%&�����8�����
�p� $ ����fr�a��n �(�����pn
f ����
���
�Nb%&
 $���c�%����a�(

��V

����� � � 
������ 
�$ � � �(" � ��� 
���
�� � % �	� ��$=� �%��
 ��
���$ �

� [��&
"��MC��! � 
�f ���ec���
���
 [&�������&��
�%��bf ����
����b���(��L��&��%�����%&�����Z����$�%&��$�
��`�
%&����� c�$�
�c���%&�����-�����
�a�&V(T/���a����%&
�%��ak'[�������f 

���&��$:�����
�a� Y �X!&%���L����'�����
[��&
"��
"�
��
�%��ak _�[&����
�%�L����e��� �b���QVW^ ��� ����$�%&��$�
��
%�MCnbc�%��"�&
�%���NZg�!���
�f %��ec�M:$��(��� JKH����
� 

&('*)�+-,	� +b����N �a��� ��%&��N $�
���������%�M<V i8�&
"��[&�������1
�%��&
'�Zf �e����N $�
���������%&

��fr[a���&�(!��m�����a����%&
�%���N ��� ����$�%&��$�
��
%&����� ����������k�%��ak $�
��I��f �Z[�����$(��
��a�(��
����e�
%&� ����kH��

���&

�����&
��
�S����� �����
��f �����&
�%��ak _Q[&���
�S�������a! ���I�&
�ce�(

�b����%��b�ac � ����$e�
%�MCn'[��&��g���
�f [����'�&
�R 
�%����'����%&

�����&
��
�������/!&����$�%&
�%��ak � 
����8%&
�����%&
�N�%&��������V
, c
! �&
�%��&
 $���cef �"� %�MCn [��&����������%�����$�
�%�%�MCn �����a!&�&�(!&� %�� �8��%&
 ����
��
��frf 

�e�
������%&����� ���(��L��&��%�����%&����� ����������k�%��akb$�
��I��f �1[&��[a!e��k���%&��V�� ��� �1
5$��&
�fAk ����k
�&
��e����%�MCn �
������
�f [��&
"��[&�����"�1
�%��&
 � f �e����N $�
���������%&
 ��fr[a���&�(!�� $���cefA! � 
"�
%���N ��������� %����a!&R'�(

��� k V B �������!�1
�%��akm$ [&�������&��
�%����j%&
�����%&
�N�%�MCnmf ����
���
�N
Y\�&
����<%&
 �p��

�5�'�����"��
�%�%�MCnQ_���f-V�� � V ��^A%&
�$�
��������QVSTK��%����S�8����%&
�N�%�M:N [&����nS���
[&��c�$�����k�

�5$�
��I��f �/!S�
[&
�R1%&�5�&
�R'�(��� �a�����
�
���&
��
�a!&� ce���#�"�a! ��g<!S������N�����$��������
����$�%&��$�
��
%&��N �
������
�frM<_�����$�
����ekH%�� $���[��&���1�b[���������%���n �&�����(� ���b$��&
�f 
�%&
�f
��
"n �a��� ��%�M�n [&
���$���%��"���e����%&� �
�S�����b!&���
��%&� f �e��MCn [&� ��fr[a���&�(!���
 $���cefA!S�
� 
�%���NQVA� ���
%&��$�
 ��%��e���ace�b����%&
�N�%&��NH!S������N�����$�������� ��
�� �&�O�����
[&
����
�&��%�%&��

!&����$�%&
�%��&
�_���[��&
"��
���k�� � 


:$��&
�f 
�%�%a!&� ����%���fr���a! f �e��MCn $���cefA! � 
�%���N'$/ce���
$����
��f ������� ��� �pn [��&����������%�����$�
�%�%&��N �����a!&�&�(!&��M<V , c��	ce�8���(��L��&��%�����%&������� ���`�
nS����%&�����Z�����
�a� $���cefA! � 
�%��ak [��&��[&����L��&��%��e����%�M e−iωt � g�!���! � 


 �
������
�frM
��[��&
"��
���k�

��� k %��e�������&
�f �Hc�%����S�Sf fr%���f ��N ���������-������������M

ω
Y\��%����&
�f 
�%p�

���Sf3^`V ; ����� ��� $��&
�f 
�%&
�f ��fr[a���&�(!���M $ �"��! ���(

Im(ω) > 0

�
$��p��

��
���������$(!�

�



� ��� ��� �	� �	�����$� � � � � ��� ���$�	� � 
 ���
�	���
� �	� 
 ���	�$� aW�
� %&
�!S������N�����$��������O�
������
�frM<V

� �#��%�%&�Sf [��������
�����8
8frM [&����! ����f �����
[&
����
�&��%�%&��
K!&����$�%&
�%��&
�_�! ���&��MC�
$���� � 


 %&

����%&���&����%&������� �����
[��&
"��
���
�%��ak ����$�%&��$�
��
%�MCnj[�������f 

���&��$ c�$�
�c����
%&�����1�����
�a�&V

= S = S ( S�k_[/Z� :Y!+F[9\9{OY�p:Y �vY����

9 ��
"��!�k � ��%p��
���$������&�(! � �����
	 _�[&����! ����f ����%&

�����&
��
�S��
 !&����$�%&
�%��&
�_���[��p�
�
M:$���� � 


1����%���fr���a!H$���cefA! � 
�%���NHf �e����N ��fr[a���&�(!���M $Z[a�����
�S�������H����%����(�
��� c�$�
�c���%&�����1�����
�p�&V B ��k �
������� [��&
"�����e��$���f [&����%�M-
��/!&%���L���� �����
[��&
"��
���
"�
%��ak1c�$�
�c�� � �
����$��&�(��L��&��%�%�M:N [&����
�%�L����e�'�����
�a�8$8$��p��
:�"!�f frMm����$�%&��$�
��
%�MCn
Y
f0, Φ0

^-�Z$���cefA! � 
�%�%�MCnHY f1, Φ1
^ $�
���������%QP

f = f0 + f1 , |f1| � |f0| , Φ = Φ0 + Φ1 , |Φ1| � |Φ0| .
Y	�aV �p��^

. ��%&
������ac���$���%�%&��
�[&� $���cef]! � 
�%�%�M:f $�
���������%���f
f1
_

Φ1
����%&

�����&
��
�S��


!&����$�%&
�%��&
 Y	�aV ��^ $ ��[���L����a�����&
��
�S�Sf [����&g����!�1
�%���� ��f 



� $��p�

∂f1

∂t
+ vr

∂f1

∂r
+
(

Ω +
vϕ

r

) ∂f1

∂ϕ
+ 2 Ω vϕ

∂f1

∂vr
−
(

∂e2

2 Ω
vr + vzr

∂Ω

∂z

) ∂f1

∂vϕ
+

+vz
∂f1

∂z
− ∂Φ0

∂z

∂f1

∂vz
=
∂Φ1

∂r

∂f0

∂vr
+
∂Φ1

r∂ϕ

∂f0

∂vϕ
+
∂Φ1

∂z

∂f0

∂vz
.

Y	�aV �L��^
B ��kO$�M������"��
�%��ak $���cefA! � 
�%�%�MCnO$�
���������% f1

_
Φ1
�(���+�1
�_��p��� �O[����O��[��&
"�

��
���
�%����
f0
_
Φ0
_eg�!���
�f ���
[&�����(c���$��(���X[����&g����!�1
�%��&
 �����
�p�/f �e����N ����� � ��%�M

Y
∂e � ωz

^`V T �&
�$��p��%&��_ �&����_ �a���H�H����$�%&��$�
��
%��ek
σ∗0
_ $�
���������%��b$���cefA! � 
�%p�

%&��N [&��$�
���n�%&������%&��N [a������%&�������
σ∗1 ∝ ε0 V&i/���
���SfA! $���cefA! � 
�%�%��ek ��g�� 
�fr%��ek

[a������%&�������
ρ∗1 ∼ σ∗1/∆∗ ∝ ε−2 _ f1 ∝ ε−3 � ce��$���� k � �ek ��� z � �S����������%��(��M���������

δΦ1
$���cefA! � 
�%�%&�����5�
����$��&�e��L��&��%�%&����� [&����
�%�L����e���5[��&��[&����L��&��%��e����%��

ε2 V�� ��������$�

������$����Z� �
����f ���ec
���"� ��f f1
_
Φ1
$ ��ka��M [&� ����
�[&
�%ak�f f �e�������

[�������f 

�����
ε
Y\�
�QV�� Y �aV ����^ ^`P

f1 = f1,−3 + f1,−2 + ... , Φ1 = Φ1,0(r, ϕ) + Φ1,2(r, ϕ) + ... ,
Y	�aV �M��^

� ��

f1,n ∝ εn � Φ1,n ∝ εn V > ��� �#� $ ����fr�p��n ��$(!Snj� ����$�%�MCnj[&����ka���S��$ [&�

[�������f 

���a!
ε
!&����$�%&
�%��&
bY	�aV �L��^ f �"�1

� g�M-��� ����� � 
�[a��
�%&� %�� �
������
�fA! ��$(!Sn

!&����$�%&
�%���N

L̂0f1,−3 =
∂Φ1,2

∂z

∂f0,−3

∂vz
≡ δL̂ f0,−3,

Y	�aV � ��^

∂f1,−3

∂t
+
(

Ω +
vϕ

r

) ∂f1,−3

∂ϕ
+ D̂0f1,−3 + L̂0f1,−2 =

=
∂Φ1,0

∂r

∂f0,−3

∂vr
+
∂Φ1,0

r ∂ϕ

∂f0,−3

∂vϕ
+ δL̂0f0,−2,

Y	�aV � ��^



a � � ��� � � � �	� �	�����$� � � ��� 
 � ����� 
 ���	�$�

� ��
X��[&
����(������M L̂0
� D̂0

��[��&
"��
���
�%�M ��������%&��R 
�%��ak�fr� Y	�aVW����^3� Y	�aV �N��^ �������e�
$�

������$�
�%�%&��V

B ��k �&
�R 
�%��ak �
����N �
������
�frM �(��� �1
�_1�a���+�+$ [QV �aV ��VW�a_ [&
��&
�Np��
�f
� [&
��&
�f 
�%�%�M f ��
�N�����$��&
"�	!&�����

J
_
w
Y	�aVW�
�p^`V8i/���
�S�������a!

J = τEz
_X� ��


τ =
∮

dz/vz
_&���

δL̂ = τ
∂Φ1,2

∂w

∂

∂J

Y	�aVW�	��^
� !&����$�%&
�%��&
 Y	�aV � ��^ [����&��g��&

�e�(

� $��p�

∂f1,−3

∂w
= τ

∂f0,−3

∂J

∂Φ1,2

∂w
.

Y	�aVW����^
T/g � 


 �&
�R 
�%��&
 �
������� !&����$�%&
�%��ak $j�"��! ���(
�_C
��"��� ����$�%&��$�
��
%��ek �/!&%���L��ak
�����
[��&
"��
���
�%��ak

f0,−3
��[��&
"��
���
�%��1��������%&��R 
�%��&
�f Y	�aV �p��^`_�fA�"� %&�'ce��[������(��� $

$��p��


f1,−3 = (〈Φ1,2〉 − Φ1,2)
f0,−3

c2z
+ g1(t, r, ϕ, vr, vϕ, J),

Y	�aVW����^

� ��
5�
��fr$���� 〈. . .〉 ��c�%��"���(

�'!S�
�&
"��%&
�%��&
5[&� �5�ec�
 z � ��$��!�1
�%��ak P

〈Q〉 =
1

τ

∮

Q
dz

vz
.

Y	�aVW����^

B ��k ��[��&
"��
���
�%��ak $�
���������%�M
g1 = 〈f1,−3〉

!S�
�&
"��%���f Y	�aV � ��^ [&� �5�ec�

z
� ��$��!�1
�%��akO$ ��������$�

������$���� �<[�����$��a���Sf Y	�aVW����^"V�� �&
�c
!e�����(�(��
 [&����! ����f

dg1

dt
≡ ∂g1

∂t
+ vr

∂g1

∂r
+
(

Ω +
vϕ

r

)∂g1

∂ϕ
+ 2 Ω vϕ

∂g1

∂vr
− ∂e2

2 Ω
vr
∂g1

∂vϕ
=

=
∂〈Φ1,0〉
∂r

∂f0,−3

∂vr
+
∂〈Φ1,0〉
r ∂ϕ

∂f0,−3

∂vϕ
.

Y	�aVW�
�p^
9 ���a!&�&��!&��� �
�������'!&����$�%&
�%��akb%&
<��[����
M:$��(

� ��� �8
��&��M<_��
$(k&ce��%�%�M-
<�K��$��!�1
"�
%��&
�f c�$�
�c�� [&�

z
� �S����������%��(��
�V > 
�fZ����frM f !��#�(

��� k5�I�8����fA!e�����&��$��(��� ������% �ac

�
�(��[&��$O�&
�R 
�%��ak ce���#�"��� �a��� ce���#�"�a! ��[��&
"��
���
�%��ak $���cefA! � 
�%�%&��N �/!&%���L����
�����
[��&
"��
���
�%��ak

g1
$ f ����
���� ����%��S����� Y

∆∗ → 0
^Ac�$�
�c���%&�����8�����
�a�&V 9 ������$�

�e�

����$(!&� � 


O$�M������"��
�%��&
 $�
���������%�M g1
_3� ce�(��
�f � $���cefA! � 
�%�%&��Nj��g�� 
�fr%&��N

[a������%&�������b�����
�a� �S��%&
���%&��Nb����� � ��%�M [��&��$�
"��
�%&� $ �"��
"��!&� � 
�fm[a!&%��&��
�V

= S = S = S�T�[�p�? 
 ��y�+�+FY�� x5�z[� !+F[/Z� 
��p:\9yDp��	+F[�@�[A�	�zZ	{OY

@ ����$�%&
�%��&
/Y	�aVW�
�p^�k�$(��k�

��� k8����%&
�N�%�M f ����� �8
��&
�%�L����e����%�M fZ!&����$�%&
�%��p�

�fO$���������%�MCn1[��&���ac�$�����%�MCnQV 0 ��� np�������&��
��������������Q_e��[��&
"��
���k�� � �&
 %&
�$���cef]!S�
� 
�%�%�M-
:�����(
��&��������� c�$�
�c�� $8[a�����
�S�������1�����
�a�&_���[����
M:$����K��� k !&����$�%&
�%��ak�fr�QP

dr

dt
= vr ,

dϕ

dt
= Ω(r) +

vϕ

r
;
dvr

dt
= 2 Ω(r) vϕ ,

dvϕ

dt
= − ∂e2(r)

2 Ω(r)
vr .

Y	�aVW����^



� ��� ��� �	� �	�����$� � � � � ��� ���$�	� � 
 ���
�	���
� �	� 
 ���	�$� a[a
� ����fr�a��n ��[���L����a�����&
��
�S�����1[����&g����!�1
�%��akb�&
�R 
�%��&
D�
���pn !&����$�%&
�%���N ��f 



�
$��p�

vr = v⊥ , cos(α) , vϕ = v⊥
∂e

2 Ω
sin(α) ,

r = r0 −
v⊥
∂e

sin(α) , ϕ = Ω t+
v⊥
r

2 Ω

∂e2
cos(α) ,

Y	�aVW�	��^
� ��


r0
_
v⊥

� [&��������k�%�%�M-
 ��%&��
��
�����&��$���%��ak _
Ω = Ω(r0)

_
∂e = ∂e(r0)

_
α = α0 − ∂e t

� �5�ece� ��$��!�1
�%��ak c�$�
�c���M�[&�>��[���L����a�����&
��
�S��N �����(
��&���������
Y
α0

� %������e����%��ek%�5�ece��^`V , cbY	�aVW�	��^K%&

���a!���%&�Z$��p��

����_R�&���b%&
�$���cefA! � 
�%�%&��

��$��!�1
�%��&
Hc�$�
�c���M $$��[���L����a�����&
��
�S�Sf [����&g����!� 
�%���� [��&
"�����(��$(��k�

� ����g���N
��$��!�1
�%��&
X[&� ��������[��"!ZY ��[���L����a��!�^`_�����%��<�acX[&����!�����
�N �S�������&������_������&
�%&�����&�(�
$���%�%��ek %��8L&
�%&���1�����
�a�&_�����$�%��

v⊥/∂e
_��K���a!&�`�ek _������&
�%&�����&��$���%�%��ek $5�ec���fA!S�

�(�e����%&�SfH%���[�����$(��
�%����Q_�����$�%��
2 Ω v⊥/∂e2 V��/
�%&��� �
������� ��������[���� Y ��[���L����a����^

��$��!�1

��� k1$������a!&�CL&
�%&�����-�����
�a�K[&�/���a!&����$���N ���&g��&��
 �������a!S���Sf
r0
� !&� ����$���N

�
�S���&���������
Ω(r0)

V
B ��k $�M������"��
�%��ak $���cefA! � 
�%�%&��N �X!&%���L���� �����
[��&
"��
���
�%��ak g1

ce��[���R 
�f
!&����$�%&
�%��&
 Y	�aVW�
�p^:$ $��p��
�_�!�����g�%&�Sfm����k [�����f 
�%&
�%��ak $'�#�e����%&
�N�R 
�f f 

�����#�
��%&��
��
�����&��$���%��ak [&� �����(
��&�������ak�f ������� 	 P

g1(t) =
t
∫

−∞
dt′
{2 Ω

∂e2

∂f0,−3

∂I2

∂〈Φ1,0(t
′)〉

r0 ∂ϕ(t′)
+
∂f0,−3

∂I1
×

×
[

vr(t
′)
∂〈Φ1,0(t

′)〉
∂r(t′)

+
4 Ω2

∂e2
vϕ(t′)

∂〈Φ1,0(t
′)〉

r0∂ϕ(t′)

]}

,
Y	�aVW����^

� ��

I1 = v2

⊥/2
"
I2 = r0

� ��%&��
��
���e��Mm��$��!�1
�%��ak c�$�
�c���M $5[a�����
�S�������'�����
�p�
$ ��[���L����a�����&
��
�S�Sf [����&g����!�1
�%���� � ! �&��
�%&��_��&��� � ��f-V Y	�aVW����^ 	

∂f0,−3

∂vr
= vr

∂f0,−3

∂I1
,

Y	�aVW����^

∂f0,−3

∂vϕ
=

4 Ω2

∂e2
vϕ
∂f0,−3

∂I1
+

2 Ω

∂e2

∂f0,−3

∂I2
.

Y	�aVW����^

i8�&
"�����(��$(��
�%��&

g1(t)

$ $��p��
ZY	�aVW����^K[��&
"��[&�������"�(

��_ �&���Z$���cefA! � 
�%��&
'$��a���:�
���(

��� k $ fA�Sf 
�%&� $��&
�f 
�%��

t = −∞ � ��fr[a���&�(!�����Nj[��&
�%&

g��&
�� ��f � f �e����N
[&� �
����$�%&
�%���� �<


8!&�&��$�%&
�fm$ f �Sf 
�%&� $��&
�fA
�%��

t
V

�/����� �<��L��&
�%&��M !&����$�%&
�%��ak Y	�aVW�
�p^3$1�
$(k&c�� ���'���(��L��&��%�����%&��������� � ����
"�
�
��f f 

��������%&��������� ����$�%&��$�
��
%&�����1����������k�%��ak �����
�a� %&
/ce��$���� k�� k�$�%&�1���'$��&
"�
f 
�%�� � �ec���fA!a�(�e����%&��N �S����������%��(��M<V (C���j[&��c�$�����k�

� [��&
"�����(��$��&��� ce��$����
�p�
f ������� $���cefA! � 
�%�%�MCn $�
���������% f1

_
Φ1
��� $��&
�f 
�%��

t
� !&� ���

ϕ
$ ���p�
[&��%&
�%p�

L����e����%&�Sf $��p��

f1,Φ1 ∝ exp{−iωt+ imϕ} _�� ��
 ω � �����������(�5$���cefA! � 
�%���NQ_

m = 0, 1, 2, ...
� %&�Sf 
�� f ����M [&�1�ec���f]!a��!�_

kϕ = m/r
���ec���fA!a�(�e����%&��
D�����`�

����V > ���S��
 [��&
"�����(��$(��
�%��&
�_]$>��������%&�������Q_]��c�%��"���(

�e_ �&��� [��&
"��[&�������`��$�R1��N�� k



a � � ��� � � � �	� �	�����$� � � ��� 
 � ����� 
 ���	�$�
$�M:R 
:[���� [&
��&
"nS����
-��� Y	�aVW�
�p^A�ZY	�aVW����^]�&�����5��fr[a���&�(!���M $���cef]! � 
�%���N1$��5$��&
"�
f 
�%�� ����$���$��e��
�%&��
�% %��e��������� ! ������������M

ω
f �e����N [&�����"� �&��
�����%&��N fr%���f ��N

��������� � ��%����&
�f 
�%&�(�&V
�l���������e����%&�Sf %���[�����$(��
�%����+����$�%&��$�
��
%�M:NUc�$�
�c���%�M:N �����
�+%&

����%&�(�

�&����
�%QV TK��%����S� frM f ���1
�f ���
����%������&����� k �����
��f �����&
�%��&
�f �����&�����S��$����&�
%&��$�MCn $ �
���Sfl%���[�����$(��
�%���� $���cefA! � 
�%���N � �(�����pnQ_1na�������&��
���%�M:N f ���`�
R �(�(g �acef 
�%&
�%��ak �S��������MCn f �e� [&� �
����$�%&
�%���� � fr��%���f �e����%�M f f ���
R �(���
g��Sf ���������e����%&��N %&

����%&���&����%&������� �����
�a�&V ; ����� [&���"��
"��%&
���� $ �"�e�����&���p�
�a��n ce� [��&
"��
�����fr� �pn L&
�%&�����e����%�MCn ��g���������
�N ��g�M���%&� ���
���(

� $�
���������%��
Lσ = |d ln(σ∗0)/dr|−1 V B ��kZ�ac
! �&
�%��akZ�
$���N�����$ �(�����pnO$���cefA! � 
�%���Nb���
[&�����e�
c
!&�K�Z�-� * � [����&g����!� 
�%��&
�_#$ �S�������&�Sf ���������e����%��ek ce��$����
��f ������� $���cefA! � 
�%p�
%�MCn $�
���������% [&�������"�(

��� k ∝ exp(ikrr)

_�� ��

k−1

r

� !&[&�Sfr��%���$�R1��N�� k $�M:R 

na�������&��
���%�M:N f ���
R �(�(g �acef 
�%&
�%��ak $���cefA! � 
�%�%�MCn $�
���������% $ ���������e����%&�Sf
%���[�����$(��
�%���� Y

kr
� ���������e����%&��
 $�����%&��$���
 �����"���p^`V > ������f ��g����ec��Sf-_��I�8���p�

fA!e�����&��$���%�%&��
j$�M:R 
 !S�"����$��&
 [�����f 
�%���f ������� �-� * � [����&g����!�1
�%��ak f �"� %&�
ce��[������(��� $ $��p��
 �

krLσ � 1.
Y	�aV ����^

> ���S��NZ[&����n���� [&��c�$�����k�

�'[��&

��g����ec���$��(���'$���
X����� �8
��&
�%�L����e����%�M-
 ��[&
����(���(�
��M $K[&����M:%&��
��
���e����%&�Sf $�M:�����1
�%����1$ Y	�aVW����^ $X�e����

g��������&
��
���&
�� ��
�fO����frM f
�
$(k&ce�(��� $�
���������%�M

ω
_
m
_
kr
�e����

g��������&
��
����f !&����$�%&
�%��&
�f

F (ω, kr,m) = 0,
Y	�aV � ��^

��g�M���%&� %��ec�M:$��(
�frM f �����
[&
����
�&��%�%�M f-V ; 
�c
!e�����(�(��M 
���� �&
�R 
�%��ak f �"�'�
%&�E�������&����$��(��� �"��
"��!&� � ��f ��g����ec��Sf-V ����cefA! � 
�%��ak _ na�������&��
����ac
!�
�frM-

�S��%����&

��%�M fr�

m
_
kr
_$��$������XL��&��%����a!&�K� [&� ce���S��%a!

exp{−iωt} _m� ��

ω = ω(m, kr)

� $�����g � 
 ����$�����k _]�S�Sfr[a��
��p�
%��ekm$�
���������%��&V , 
��"���j�S����%��
ω
�����
[&
����
�&��%�%&����� !&����$�%&
�%��ak Y	�aV � ��^3[���� %&
��S��������MCn c�%��"�&
�%��akan

m
_
kr
�(���

�S��$�M<_!�&���
Im(ω) > 0

_p��� ��fr[a���&�(!��#�1�(�����pn $���cefA! � 
�%���N ���p�
[&��%&
�%�L����e����%&�
��������

� ��� $��&
�f 
�%&
�f Y\$�����g � 
 ����$�����k _�%&

��g�k&ce�(��
�����%&� $ �p���'����N �������S
1[��&�(�
��������%�����$���^`VL�Q��fA

����f �(���!�1
�_��&����_(c�%��ek1�&
�R 
�%��akbY	�aV � ��^`_�frMm$X��g � 
�f �"��! ���(

f �"�1
�f �ac
! ���(���O� ��$������XL���� [��&���ac�$�������%�M�n $���cefA! � 
�%���NQ_ 
��"���H$Z%��"���e���e�
%�M:N f �Sf 
�%&� $��&
�f 
�%�� %���f g�!���

� �ac�$�
�����
�%>�/!&����
"� �
[&
��&��� �(���S����� $���cefA! � 
"�
%��akO$

m− kr
� [��&����������%�����$�
�V

�)�/\� ^
� \Y]�%[U)�7, \Y])�>: ]"5 \Y]�$4V
��*6;�<L5 �(U ^
�4V
�/. XZ\Y]�,)����� \�0213!4�ZXZU ^
�
��: ]7%)<
VYU#? U): ]�$ ]�; U
��*��WU:�
����G
? \���%WV
�6D&�/;6���,^ ]��/��\��/$/0 V
'"� ]��)<��/,)����'���]M%WV
��$/:�����: �WU)*�;�<=�L����^ V� : \�02?�; U���])��(4�_]�%);�<L5��(U ^ H ��]�:9�@;Y]�? \��6G
�>�Z\9�"? U*��]_V
;Y]�.
��0 � a?� � � � �
����G \��/(4�/;�����0 \Y]�,);��/;��6 � 0b])�/�4U);Y]
^ V� �(U ^
<

m = 2
�

krL ' 1
U)� V
��*Y]��/�)�A �U)�

�WU)*�; U[XZU ;��M%[UWV
�/�)�"*����K;Y] � � �[] ,�\Y]�%[U)��� � � � � � �WU)*�;�<M�M$/;Y]@*��/;��6 &*Y])���WU)� : UWV
�/%b]�;���.�^
�
��: ] ? \Y]�:�����*�����:��
�4U),)?Y]_^ ]�13�&�3,)<M*��
� V
�/;�;�<=�>� ,&: U[\ U)��: U),[UWV
; U),WU��E? \���%WV
�6D4�/;����7,)? VYU)��'�^YU �Z])�><L5-: \�02?�; U���])��(4�_]�%);�<L5
�(U ^C,): V
13*������4V
'); U
H �*U)J/�WU��>0 �
��? UWV
')$ZU),b]";������
����G ? \���%WV
�6D&�/;6�6 #,)? UWV
;��4�(U�D&�/�-? \���,[U ^
����'-: \��/$/0 V
'�G
�_]�� ])�I0 ^YU),WV
�/��,[U[\������4V
'); U). �WU)*�; U������ ,)? VYU)��':^YU

krLσ ' 1
H����WU
�(U ^
;Y]�: U
�N$ ]�,)�4^YU��(UC;�� U)��; U������)�A :U): \�������; U����� 
�.^
��;Y])�>��*�����:��65 \��/$ZU);Y]�;
�4U),&�_]�:��657�(U ^ �YX ^
�

(Reω − mΩ)2 ' n2
∂e2, n = ±0, 1, 2, ...

� �/�LH
;��6D&� � � H � � � H



� ��� ��� �	� �	�����$� � � � � ��� ���$�	� � 
 ���
�	���
� �	� 
 ���	�$� a �
B ��k �#�e����%&
�N�R 
����H$���� %&� ����f 

���&����_1�&��� frM %&
Z�
$(k&c�M:$��(
�f �&
�R 
�%��&


�����
��f �(������$��(
�f ��Njc���
��I� ce���#�"��� �ac
! �&
�%��akj����%���fr����� f �e��MCn $���cefA! � 
�%���N
$ c�$�
�c���%&�Sf �����
��
 � ���
�"��
"����$���%��&
�f [&��$�
"��
�%��ak �a�����pnp�	���&g�� � ����gS�e����%�MCn
�����a!&�&�(!&��%�M n ������g�
�%�%&������
�N1�����
�a� Y\%���[�����f 
��Q_S�
[������e����%&�����5!pc�������^`Vai/���
���(�
fA!j$ �����������&
O���H[&����nS���#� . ��%�� � q ! � �����a_3�����
	 %&
bg�!���
�f [��&
�%&

g��&
��"�(���
$ Y �aVW�
�p^ � Y	�aVW����^ $���cefA! � 
�%�%�M fr� �ec���fA!a�(�e����%�M fr� �
�a����fr�QV > ���S��N [&����nS���
[&��c�$�����k�

�/%���f �ac
! ���&���X�����
[&
����
�&��%�%�M-
-�
$���N�����$��/%&

����
��
��f f 

��������%�MCn1$���c��
fA! � 
�%���NZ$ %&

����%&���&�
��%&�Sfmc�$�
�c���%&�Sf �����
�S
 �O[&����! ���&��� !S�"����$��&
5
����'!S������Np�
����$��������H����%&���
�&��
�����%&� %&

����
��
��f f 

��������%�MCn $���cefA! � 
�%���N $b
����Z[a�����
�S�������
�����	�&_ �����
	 V

�CM������"����f$�5�ec
! $���cefA! � 
�%���N mϕ+ krr
V B ��k �
������� [&
��&
�Np��
�fm$ ��$(!S�

f 
���%&�Sf [��&����������%�����$�
 $�����%&��$�MCnZ$�
��&�����&��$OY
kr
_
kϕ
^ �Z$�
���������%���f

k̃ =

√

√

√

√k2
r +

(

2Ω

∂e
kϕ

)2

, β = arctg

{

2 Ω kϕ

∂ekr

}

;
Y	�aV ����^

c���
��I�
kϕ = m/r0

V > ��� �#� � [&�Sf � � ��� !&����$�%&
�%���N+Y	�aVW�	��^`_:��[����
M:$���� � �pn
%&
�$���cefA! � 
�%�%�M-
<�����(
��&���������Zc�$�
�c��]_&%&

���a!���%&� [&����! ���&���

krr(t) +mϕ(t) = mΩ t+ k̃

[

r0 cos(β) − v⊥
∂e

sin(α− β)

]

.
Y	�aV ����^

, �
[&�����(c
!�k �
����� �&
�c
!������(�(��_�[�����$�������f Y	�aVW����^C�O$��p��!

g1 = i k̃ 〈Φ1,0〉
t
∫

−∞
dt′







v⊥ cos(α′ − β)
∂f0,−3

∂I1
+

sin(β)

∂e

∂f0,−3

∂I2







×

× exp{i ω̂ (t− t′) + i ξ [sin(α− β) − sin(α′ − β)]}, Y	�aV � �p^
� ��


ω̂ = ω − mΩ(r)
"
ξ = k̃ v⊥/∂e

"
α′ = α(t′) = α + ∂e(t − t′)

V7�Q�(��
�f �
[&�Sf � � ��� ���ec
���"� 
�%��ak [��&���ac�$�����k � 
�N �/!&%���L���� � ���
	

exp{i ξ sin(δ)} =
∞
∑

n=−∞
Jn(ξ) exp{inδ} Y	�aV ����^

$ ��ka� [&� �/!&%���L��ak�f * 
��
��
���k [&
���$������ �&���#�
Jn(ξ)

��%&��
��
�����a!�
�f Y	�aV � �p^<[&�
$��&
�f 
�%��

t′
V�� �&
�c
!e�����e�(��
 [&����! ���(
�f

g1 = −〈Φ1,0〉
∞
∑

n=−∞

Jn(ξ)

ω̂ − n ∂e
exp[i ξ sin(α− β) − i n (α− β)]×

×






n ∂e
∂f0,−3

∂I1
+
k̃ sin(β)

∂e

∂f0,−3

∂I2







.
Y	�aV ����^

T/g�� 
�fr%��ek�[a������%&������� �����
�p�&_5����c��#��$��(
�f �ek�$���cefA! � 
�%�%&��N �/!&%���L��&
�N
�����
[��&
"��
���
�%��ak Y	�aVW����^<� ��[��&
"��
���k�
�f ��N [&�mY	�aV ����^<$�
���������%&��N

g1(t)
_Af �"�1

�

g�M-���X[&����! �&
�%�� ��%&��
��
�����&��$���%��&
�fO[&���"��
"��%&
�N [&�K[��&����������%�����$(! �
�S���&������
�NQVe�



a � � ��� � � � �	� �	�����$� � � ��� 
 � ����� 
 ���	�$�
�"��! ���(
:����$�%&��$�
��
%&�����K�����
�a� � ��f-V&Y	�aV �p��^ 	 �
�(�/��[&
�����L��ak �C! �&

���Sf ���ec
���"�1
�%��ak
Y	�aV ����^ [�����$��
���&� �Z�"��
"��!&� � 
�fA!b$�M:����� 
�%���� P

ρ1 =
∫

f1,−3dvrdvϕdvz =
ρ∗0(r0, z)√

2πcz

∞
∫

−∞
(〈Φ1,0〉 − Φ1,0)×

× exp{−v2
z/2 c

2
z}dvz −

2 π ∂e

2 Ω

∞
∑

n=−∞

∞
∫

−∞
dvz

∞
∫

0

dI1
J2

n(ξ)

ω̂ − n ∂e
〈Φ1,0〉×

×






n ∂e
∂f0,−3
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ρ∗0(r0, z)dz
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−∞
Φ1,0 exp{−v2
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0
dEz
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∫ ∞

0
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2(z/∆∗)
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∞
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ω̂

ω̂ − n ∂e
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ω̂

(

1 + ξ + 2 η z̃
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)

]

In(z̃) exp{−z̃}
}
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∞
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�� � -�c#-ed(f�� P:���  �  � " ���  >�� U�0�#" ,�2#m#��$�4&�k� "�% ��,�<�5{� "�" �����)����������$�$ " � " ��$ " N�  ����,GF�$ "+* �����)� "+*z8 �:, " µ = 2, 3  µ = 1, 5 ��$�2�� �� r < Rmax = 8, 15 � � � -
/ ���k�  S%' �oX�� "+8 ,'���  �o�o$(� 7 ,Gy % �3���r4�� � ��� ��� � % ��,(��$  ���E��� � �  ���:,GF�$ "+*�I ����N,G4  ���)���T�|�1,�2#m(�3� µ >∼ 2, 3 -�A � "�% ��,  � µ = 2, 3 % ,�<E�����)�p� " � �#" $#��$#� " �
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�SR�IBTVU�W.X'Y�Z&[LR<\L]�XQ^�T7_a`KZ&[�W7b.c.[Lb.W.XdTzVST P T�c�X�È�R"]�R<c.[�T�c�T>e�XQ^7_ y [�Z�_aU.`
e�XQW.XGb7[<` m ^.XQ^�T7_¤V%`�[<`1e�XC[�W�T m XQZCc�T�fgTgc�T�^.XIehRL[�T m XQZCc�T�fiY
R<^�^�j+f X U.`<]�b m RLX N
ekj+flT P ^�RLm<] y YnXQ^�T�o prq m T�Z']�bgXCXs\�R � ^.XQo�IBT�ftf7R<W�R<c.[<XQW�T�Z&[�T�cu`�[�^.`�ZCT.[�Z�_
c�W�T�\�R"_V\�W�R s XQ^�T7_vp   e�XCXC[�Z�_ P ^�R m T.[<X&] F ^.`�X m T�Z']�`wW�RLm�`�[ X \xc1`�[<`�W�j+f,`�U�W.X'YnX N
]�_�XC[�Z�_PW�RIY�T�R"] F ^�R"_ P R<\�T�ZCT�e�`�Z&[ F ZCc1`�W.`�Z&[�TP\�W�R s XQ^�T7_VY�T�^�R�ekT m XQZCc�Taf�`<]�`QY N
^.`�oyc1`1ekU.`�^.XQ^.[�j b C f ����X c+w�¡ X c3dS¡ X ¡ � ¡ X{z fQ| D T}Y�W p¢i�p�~�R P ^�jrXV�'R"]�R<c.[�T m XQZCc�T.X
U.`QY�ZCT�Z&[<XIekjuT�e�X y [KW�R P ^7b y ZCc1`�W.`�Z&[ F \�W�R s XQ^�T7_ C w z d D p7�(\<X P Y�^�j�o�Y�T�ZCcG\�W�R Ns RLXC[�Z�_a\tK.X&]�`1e�e�X'Y�]�XQ^�^.XCX��'R P `�\<`�oVc�`1ekU.`�^.XQ^.[�j b V < Vgas

X ��YnX Vgas(r) Z
ZCc1`�W.`�Z&[ F \�W�R s XQ^�T7_��'R P RiT�e�`<]�`QY�j+f P \<X P Y X R V (r) f7R<W�R<c.[<XQW�T P b�XC[�Z&[LR N
W.`�X P \<X P Y�^.`�X�^�R<Z&X&]�XQ^�T.X:i�p��%W�TaU.`�Z&[�W.`�XQ^�T�TGe�`QYnX&]nT�È7R"]�R<c.[�T�c�TG\�R � ^.XQo�IBT�e
U�R<W�R�e�XC[�W.`1e�_�\L]�_�XC[�Z�_>c�W7b.�&`�\�R"_>ZCc1`�W.`�Z&[ F \�W�R s XQ^�T7_ Vc(r)

X c1`�[<`�W�R"_>`�U�W.X N
YnX&]�_�XC[,U�W.`�Z&[�W�R<^�Z&[�\<XQ^�^.`�XwW�R<ZCU�W.X'YnX&]�XQ^�T.Xx�CW�R<\�T.[LR�K�T.`�^�^.`��&`aU.`�[<XQ^�K�T�R"]�R,T X
Z']�X'Yn`�\�RL[<X&] F ^.` X ehR<ZCZCjSp6�SR<W�_7Y�btZ&` P \<X P Y�^�j�e�Tl�'R P `�\�j�e�Y�T�ZCc7R�ekT X Z'b s X N
Z&[�\<XQ^�^7b y W.`<] F T��CW�RLXC[�T�Z)V%XQW.`�T�Y
R"] F ^�R"_�U.`CY�ZCT�Z&[<XIehR X ` m XIe�ZC\�T�YnXC[�X&] F:N
Z&[�\Lb y [wU.`�Z&[�W.`�XQ^�^�jrX�c,^�R<Z&[<`I_ s XIe�b�\�W.XIe�XQ^�T,e�`QYnX&]nT{È7R"]�R<c.[�T�c�T C c�c3d X c u ¡ Xu�z w X�� d(f X���� � D pYjwT�ZCc1`�\�R"_�T�Z)V%XQW.`�T�Y
R"] F ^�R"_iU.`CY�ZCT�Z&[�XIe�j�T�e�X y [sZ']�` � ^7b y
Z&[�W7b.c.[Lb.W7b X�m [<`B\�j�W�R � RLXC[�Z�_a\w\�j
YnX&]�XQ^�T�T,`�[CYnX&] F ^�j+fac1`1ekU.`�^.XQ^.[ X W�R P ]nT m R Ny�s T�f�Z�_�U.`wZC\<`�T�e>VST P T m XQZCc�T�e�ZC\<`�o�Z&[�\�R�erpxA P \<X P Y�^.`1e�Y�T�ZCc1X�e�` � ^.`w\�j+YnX N
]nT.[ F [<`�^�c7b y TK[�`<]nZ&[Lb y c1`1ekU.`�^.XQ^.[�j C w z d D X R%\SZ)V%XQW.`�T�Y
R"] F ^.`�o�U.`QY�ZCT�Z&[<XIe�X
Z���R"]�` X m1R"].Y � TP_7Y�W.`�p

��Y�^7b�Ts[Lb � X�c�W�T�\Lb y \�W�R s XQ^�T7_}e�` � ^.`>U.`�Z&[�W.`�T.[ F U�W�T�ZCT7] F ^.`GW�R P�N
]nT m R y�s T�f�Z�_�U�R<W�R�e�XC[�W�RIf�Y�T�ZCc1`�\�j+fuTuZ)V%XQW.`�T�Y
R"] F ^�j+f�c1`1ekU.`�^.XQ^.[Ip0�kZ']nT
U�W�T�\L]�XQc7RL[ F W.X P b"] F [LRL[�j�`�U�W.X'YnX&]�XQ^�T�o>U.`�\<XQW�f�^.`�Z&[�^.`�o�U7]�`�[�^.`�Z&[�Ts\<X s XQZ&[�\�R
\x`�c�W.XQZ&[�^.`�Z&[�T>�+`<]n^�K�R σ� X W�RIY�T�R"] F ^.`�o L Ta\<XQW.[�T�c�R"] F ^.`�o h IBc7R"],Y�T�ZCc7R
T P Y
R<^�^�j+f�^�RLm<] y YnXQ^�T�o X [<`db.c�R P R<^�^�R"_,^.XC`QY�^.` P ^�R m ^.`�Z&[ F b�e�XQ^ F IKRLXC[�Z�_vp:jx` N
U.`<]n^�T.[<X&] F ^�jrX�`��CW�R<^�T m XQ^�T7_�^�R<c7]�RIY�j�\�RLXC[x^�RSe�`QYnX&] F È7R"]�R<c.[�T�c�T,T�ZCU.`<] F3P ` N
\�R<^�T.X�Y
R<^�^�j+fV`xY�T�ZCU.XQW�ZCT�TaZCc1`�W.`�Z&[<XQo P \<X P Y{p�A�`�ZC^.`�\<X�[LR<c1`�oG\<` P e�` � ^.`�Z&[�T
]�X � T.[BXQZ&[<XQZ&[�\<XQ^�^.`�X�U�W.X'Y�U.`<]�` � XQ^�T.X%`w[<`1e XSm [<`xY�T�ZCc X `�m�W�R P b�XIekj�oVZ&[LR<W�j�eP \<X P Y�^�j�e�^�R<Z&X&]�XQ^�T.XIe X \�c1`�[<`�W.`1e�Z&`�ZCW.X'Yn`�[<` m XQ^�R>`�ZC^.`�\�^�R"_iehR<ZCZQR X �CW�R<\�T N
[LR�K�T.`�^�^.`�b1Z&[<`�o m T�\�pnq�Yn`�U.`<]n^�T.[<X&] F ^�j�et`��CW�R<^�T m XQ^�T7_nei^�RKW�R<ZCU�W.X'YnX&]�XQ^�T7_
�'R"]�R<c.[�T m XQZCc1`��&`�\<X s XQZ&[�\�R�U�W�T�\<`QY�T.[%[�W.XCm�`�\�R<^�T.X+b1Z&[<`�o m T�\<`�Z&[�TB`�[�^.`�ZCT.[<X&] F:N
^.`xT P �CT.m�^�j+f�\<` P e�b s XQ^�T�o X U.`�ZCc1`<] F c7b�^�R<c7]�RIY�j�\�RLXC[%b1Z']�`�\�T7_,^�R�Y�T�ZCU.XQW�ZCT y
\<XQW.[�T�c7R"] F ^�j+f�ZCc1`�W.`�Z&[<XQo cz T>\<XQW.[�T�c7R"] F ^7b y Z&[�W7b.c.[Lb.W7bGY�T�ZCc7R C ¡�c X f � w D p

�%W�TlU.`�Z&[�W.`�XQ^�T�Tue�`QYnX&]�XQo�c�W�T�\<`�ou\�W�R s XQ^�T7_ X c�R<clU�W�R<\�T7]�` X U�W.X'Y�U.` N
]�R<�'RLXC[�Z�_�\�j�U.`<]n^.XQ^�^�j�e�b1Z']�`�\�T.X Vc = Vgas

X [<`�XQZ&[ F U�W�T�^�R"]nT m T�Ty[<`<] F c�`
c�W7b.�&`�\�j+fiY�\�T � XQ^�T�olU�W.XQ^.XCm�W.XQ�'R y [��CW�RIY�T.XQ^.[<`1e�Y
R<\L]�XQ^�T7_�\�W�RIY�T�R"] F ^.`1e
m1R"]�R<^�Z&X>ZCT7]�pq��Y�^�R�T P U.XQW�\�j+fge�`QYnX&]�XQoTÈ7R"]�R<c.[�T�c�T X U.`�Z&[�W.`�XQ^�^�R"_l��ekT�Y N
[<`1e C���� � D X m�j�]�RSW�R P \�T.[LRdT�Z'b s XQZ&[�\<XQ^�^.`Sb7[<` m ^.XQ^�Rd\xe�`QYnX&]�_7f C f�c�� X f z�z#X w u ¡ X
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R� = 8, 5
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R� = 8, 5
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c�c3d X c u ¡ X(u�z w X(� d(f XG� ¡�¡ D pF�+[�TP`�Z&XQZCT�ehe�XC[�W�T m ^�jrXxe�`QYnX&]nTP\�W�_7YnXdZ']�b m RLXQ\ P R N
e�XC[�^.`aW�R P ]nT m R y [�Z�_}ehR<ZCZ&`�o�ZC\<`�T�f�`�ZC^.`�\�^�j+f�c1`1ekU.`�^.XQ^.[Ip.�%W.X'Y�]�` � XQ^�^�R"_s\
W�RLm�`�[<X C f z | D Z&XIekT�c1`1ekU.`�^.XQ^.[�^�R"_ye�`QYnX&] F È7R"]�R<c.[�T�c�T�\�j�_�\�T7]�RPW.`<] F �CW�RIY�T N
XQ^.[<`�\�Y
R<\L]�XQ^�T7_KY�]�_,c�W�T�\<`�o,\�W�R s XQ^�T7_�\S`�[&YnX&] F ^�j+f,`�m<]�R<Z&[C_7f pS��`�Z&[�W.`�XQ^�T.X
^.XC`�Z&XQZCT�ehe�XC[�W�T m ^�j+f�e�`QYnX&]�XQo X \ m R<Z&[�^.`�Z&[�T X \�c7] y�m R y�s T�fym1R<W X \<` P e�` � ^.`
[<`<] F c1`ae�XC[<`QYn`1e�Y�T�^�R�ekT m XQZCc1`��&`,e�`QYnX&]nT�W.`�\�R<^�T7_ C dSw<| X dxc�� D p

q%W�T�\�R"_,\�W�R s XQ^�T7_KY�]�_ae�`<]�`QYn`��&`x^�R<Z&X&]�XQ^�T7_zÈ7R"]�R<c.[�T�c�T,`�U�W.X'YnX&]�_.]�R<Z F
\<`>ek^.`��CT�f�W�RLm�`�[LRIf b ^�RGW�T�Z�p·c.pedSwVU�W�T�\<X'YnXQ^�j�Y
R<^�^�jrX�^�RLm<] y YnXQ^�T�o}W�R P ^�j+f
R<\<[<`�W.`�\xi�p��%W�T U.`�Z&[�W.`�XQ^�T�T��'R"]�R<c.[�T m XQZCc�`�o�c�W�T�\<`�o \�W�R s XQ^�T7_�T�ZCU.`<] F3P b y [
c�T�^.XIehRL[�T m XQZCc�T.XrY
R<^�^�jrX�^.X�[<`<] F c1`w�'R P `�\<`�o�c�`1ekU.`�^.XQ^.[�j X ^.`xTBY�W7b.�CT�f�`�m�¥ N
XQc.[<`�\ b���� N P \<X P Y X U7]�R<^.XC[LR<W�^�j+f�[Lb�ehR<^�^.`�Z&[<XQo X K.X�V%XQT�Y X��T� T �T�`� `�m<]�R<Z&[<XQo X
b.��]�XQW.`QY�^�j+f P \<X P Y·i�p�A+Z&X R [�Tyc�W�T�\�jrXV\�W�R s XQ^�T7_ X \�`�ZC^.`�\<X,c1`�[<`�W�j+f ]�X � RL[



����� �����
	��
���
���
�����������
����������� �"!�#"�����%$&!��'$��(��)+*,�(�
��-.�"!

Y
R<^�^�jrXx^�RLm<] y YnXQ^�T�o�e�`<]�`QYn`��&`�^�R<Z&X&]�XQ^�T7_ X m<bIYnXIei`�m�` P ^�R m RL[ F Vgas p
��[�e�XC[�T�e�Y�\<X+f7R<W�R<c.[<XQW�^�jrX�`�Z&`�m�XQ^�^.`�Z&[�T�^�R�^�RLm<] y Y
RLXIe�`�o�c�W�T�\<`�o�\�W�R Ns XQ^�T7_ È7R"]�R<c.[�T�c�T b ZQerpSW�T�Z�p�c.pedSw�i��lf�i�]�`�c7R"] F ^�j�o�e�T�^�T�e�b�e b U�W.`��CT.mSi}\

`�c�W.XQZ&[�^.`�Z&[�Ta`�W.m�T.[�j��+`<]n^�K�R b r ' 6÷ 11 c�U�cGi��(w�ik]�`�c�R"] F ^�j�oG\�^7b7[�W.XQ^�^�T�o
ehR<c�ZCT�e�b�e�\�^7b7[�W�T�K.XQ^.[�W�R"] F ^.`��&`,c�T7]�`�U�R<W�Z&XQc7R.pG��m�Z'bIY�T�e X c>c7R<c�T�etU.`�Z']�X'Y N
Z&[�\�T7_ne U�W�T�\<`QY�T.[yb m XC[ R [�T�fl`�Z&`�m�XQ^�^.`�Z&[<XQo�U�W�TlU.`�Z&[�W.`�XQ^�T�T�e�`CYnX&]nTlc�W7b N
�&`�\<`�ouZCc1`�W.`�Z&[�Tu\iU�W.X'Y�U.`<]�` � XQ^�T�T Vc = Vgas pqjd]�_u`�U�W.X'YnX&]�XQ^�^.`�Z&[�Tu\�j N
m�XQW.XIe�c�W�T�\�jrXG\�W�R s XQ^�T7_�T P W�RLm�`�[ �+`+VST C z fQ| X�z w�� D b ZQerp�[<`<]nZ&[Lb y ZCU7]�`+I N
^7b y T>Iw[�W�T�f1`�\Lb y ]nT�^�T�T ^�RPW�T�Z�pYc.pedSw�i�pv� YnX&]�R<^�^�jrX,\VY
R<^�^.`�o W�RLm�`�[<X�\�j N
\<`QY�j ^.X P R<\�T�Z�_�[>`�[�^.XQc1`�[<`�W.`��&`sW�R P ]nT m T7_�\�c�W�T�\�j+f�\�W�R s XQ^�T7_ b W�R P ^�j+f
R<\<[<`�W.`�\ X c1`�[<`�W�jrX�T�ZCU.`<] F3P b y [�W�R P ^�jrX P ^�R m XQ^�T7_ R� TlW�R P ^�jrX�`�m�¥vXQc.[�j
^�RLm<] y YnXQ^�T�o p � R<c X ^�R<U�W�T�e�XQW X U�W�T�T P e�XQ^.XQ^�T�Tg\<X&]nT m T�^�j R� \ U�W.X'YnX&]�RIf
7, 5 ÷ 9, 5 c�U�c ZCc1`�W.`�Z&[ F \�W�R s XQ^�T7_ \PW�RLm�`�[<X C c+w�¡ D e�XQ^7_�XC[�Z�_ ^.X P ^�R m T.[<X&] F:N
^.`�p(�%W�TG\�R<W F T�W.`�\�R<^�T�TPU�R<W�R�e�XC[�W.`�\ R� T Vgas� T P e�XQ^7_ y [�Z�_>RLm�Z&`<] y [�^�jrXP ^�R m XQ^�T7_aU�W.`�Z&[�W�R<^�Z&[�\<XQ^�^�j+fHIBc7R"]PW�R P ^�j+fac�`1ekU.`�^.XQ^.[KTaT�fGehR<ZCZCjl\dY�T�^�R N
ekT m XQZCc�T�f�e�`QYnX&]�_7f X ^.`�`�[�^.`�ZCT.[<X&] F ^�jrXw\<X&]nT m T�^�j e�XQ^7_ y [�Z�_>Z']�RLm�`�p

��m�Z'bIY�T�e�b.c7R P R<^�^�jrXd`�Z&`�m�XQ^�^.`�Z&[�TPc�W�T�\<`�o�\�W�R s XQ^�T7_�È7R"]�R<c.[�T�c�T p���	� g�

���
������� ����� ��^�R c�W7b.�&`�\<`�o ZCc1`�W.`�Z&[�T�\�W�R s XQ^�T7_�\ Z&`<]n^.X m ^.`�o
`�c�W.XQZ&[�^.`�Z&[�T}e�` � XC[am�jr[ F `�m<b1Z']�`�\L]�XQ^�`�Z&`�m�XQ^�^.`�Z&[ F�y W�R<ZCU�W.X'YnX&]�XQ^�T7_sU7]�`�[ N
^.`�Z&[�T�\lY�T�ZCc1`�\<`�o c1`1ekU.`�^.XQ^.[<X Cvu�u | XWu+� � D X ]nT.m�`�\��'R"]�`�ppA U.XQW�\<`1e Z']�b Nm RLX�e�` � ^.`BU�W.X'Y�U.`<]�` � T.[ F�X�m [<`BW�RIY�T�R"] F ^.`�X�W�R<ZCU�W.X'YnX&]�XQ^�T.X�U.`�\<XQW�f�^.`�Z&[�^.`�o
U7]�`�[�^.`�Z&[�T�`�U�T�ZCj�\�RLXC[�Z�_ X ^�R<U�W�T�e�XQW X Z'b�ehe�`�oxY�\Lb1f R c�ZCU.`�^.XQ^�K�T�R"] F ^�j+f P R<c1` N
^.`�\�Z%W�R P ^�j�ekTPW�RIY�T�R"] F ^�j�ekT}IBc�R"]�R�ekT Lσ1 T Lσ2

X U�W�T m XIeyY�T�ZCcPZSc�`�W.`�[ N
c1`�ozIBc7R"]�`�o�Yn`<] � XQ^GW.X P c�`B`�m�W�j�\�RL[ F Z�_G\x`�m<]�R<Z&[�T r ' 6÷ 7 c�U�c X Rw\<[<`�W.`�o
Y�T�ZCc[Z�^�R%W�RIY�T7b1Z&X r ' 12÷15 c�U�c p1q%W7b.�&`�\�R"_KZCc1`�W.`�Z&[ F Y�]�_�[LR<c�`�o,e�`QYnX&]nT
ZdYn`�Z&["RL[<` m ^.`�ehR<ZCZCT�\�^�j�e�Y�T�ZCc1`1e b Z'b�ehehR<W�^�R"_}ehR<ZCZQR Md = 7 · 1010M� i�\
Z']�b m RLX�m�XQZCc1`�^.X m ^.`P[<`�^�c1`��&`PY�T�ZCc�R b z0 = 0 i�U.`�c7R P R<^�RP^�R>W�T�Z�pYc.pedxcJgLp�jd]�_
R�ekU7]nT.[LbIY�j�U�W.`��CT.m1R ∆V = 15 c�e � ZP^.XC`�mCf1`QY�T�e�` X�m [<`�m�j�Z'b�ehehR<W�^�R"_�U.` N
\<XQW�f�^.`�Z&[�^�R"_�U7]�`�[�^.`�Z&[ F \�b P c�`�o P `�^.X r = (6 ÷ 6, 4) c�U�clb�e�XQ^ F IKR"]�R<Z F
U�W�T�e�XQW�^.`�\�wwW�R P R b W�T�Z�p#c.pvdxc��1i�p�È W�R<\�T.[LR�K�T.`�^�^�j�o>\�c7]�RIY�`�[�\<X s XQZ&[�\�RSY�T�Z N
c7RP_�\L]�_�XC[�Z�_ Yn`1e�T�^�T�W7b y�s T�e�\�`�m<]�R<Z&[�T 3 c�U�c <∼ r <∼ 15 c�U�c�pYjBR<^�^�R"_ie�` N
YnX&] F _�\L]�_�XC[�Z�_�e�`QYnX&] F�y ehR<c�ZCT�ehR"] F ^.`��&`�Y�T�ZCc7R X'm [<`Gc7R<c�m<bQYnXC[aU.`�c7R P R<^.`G\
U p6c.p u p�c X ^.XsU.` P \<`<]�_�XC[yU.`<]�b m T.[ F Z&`���]�R<ZCT.X�Z�^�RLm<] y Y
RLXIekj�ekT P ^�R m XQ^�T7_nekT
Y�T�ZCU.XQW�ZCT�T>ZCc1`�W.`�Z&[<XQo P \<X P Y{p� m XC[Gc1`�^.X m ^.`�os[<`<] s T�^�j Y�T�ZCc�R,b�e�XQ^ F IKRLXC[a\<X&]nT m T�^7b ∆V Yn` u c�e � Z
U�W�T z0 = 500 U�c b W�T�Z�p�c.pedxc���� � i�p ��b.\<X&]nT m XQ^�T.XIelehR<ZCZCj �'R"]�` b b�e�XQ^ F IwXQ^�T N
XIe�ekR<ZCZCj�Y�T�ZCc7R+i�\<X&]nT m T�^�R ∆V b�e�XQ^ F IKRLXC[�Z�_ X U.`�ZCc1`<] F c7b�`�[�^.`�ZCT.[<X&] F ^�j�o
\�c7]�RIYiY�T�ZCc1`�\<`�oic1`1ekU.`�^.XQ^.[�j \�c�W7b.�&`�\Lb y ZCc1`�W.`�Z&[ F \�W�R s XQ^�T7_i\�Z&`�`�[�\<XC[ N
Z&[�\�T�TlZ b c.p�f z i�Z&[LR<^.`�\�T.[�Z�_�e�XQ^ F IwX�pqA Z']�b m RLX�m�XQZCc1`�^.X m ^.`�[<`�^�c1`��&`�Y�T�ZCc�R
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#%$'&�(e)*( +.)*(�� � A'/*H��:G�1.5?;h&:A�G�/'G�&YB�� Vc

1�\%G`Z�3s>�$hL�3:&:A�G�9'3:I'9'GtB�G�9'A�G��:GJZ�$'&:A�5jW�&:E�>�G�X8965!;>�$'9'$*;��`Rs(�-0/'3:&YB�$'A'$ � &:A�G�/'G�&YB��l1�/65!783Y9'$*;4E'Gb/65�L�G�B�5�\rS ^.,�d*C�^*Pi_!VFW�&:\�(�/'$'&�(*)*( +.).Rs(
	0G�A*5?u�i5�9'2 1�A�>@5?Z�2m1TA'/*H��:G�1�H�� &:A�G�/'G�&YB��'N@G�B�PYu��:GlZ�$'&:A�5KW
Lσ1 = 3

A'E'ADC'Z�$'&:A�G�L�/'2�1.5�3YB�& ;�965�pA'E'ADC!A'/'$'1.5!;
�iRs]�,iu��:G	Z�$'&:A�5�W
Lσ2 = 6

A'E'ADC?Z�$'&:AlG�L�/'2�1.5�3YB�&�;l965bP`+pA'E'ADC�A'/'$'1.5!;��!Rs]��s5?>�GW�A'/'$'1.5!;��?Rs]�L.5?>'Z6k�54W�A'/'$'1.5!;���Rs]�&YH�\%\%2rZ�1�H.McZ�$'&:A�G�1�W�A'/'$'1.5!;��iRs]�� � E'/'G�o[$�>�$ E'G�1�3:/�M�u9'G�&YB�9'G�~JE�>�G�B�9'G�&YB�$
σ
S
M�/

E'A 2 V�Z�$'&:A�G�1�2QM A�G�\%E'G�9'3:9*B8Z'>6;4\%GiZ�3s>�$DC*$*�`G�L�/65!kl3:9'9'G�~ 965/'$'&�(e)*( +.)���]�� � /65?Z�$65?>���965!;q�i5�1�$'&:$'\%G�&YB���A'/*H��:G�1�G�~h&:A�G�/'G�&YB�$ Vc

$h&:G�G�B�1�3YB�&:B�1�H*��78$'31�A�>@5?Z�2jZ�$'&:A�G�1�2QMlA�G�\%E'G�9'3:9*BcW Z�$'&:A��Q$bZ�$'&:A��!RsC!L.5?>'Z6k�5*C��Y5?>�Gg1g&s>6H�I65�3�Z�$'&:A*5gA�G�9'3:I'9'G�~B�G!>678$'9'2 &c1�3:/*B�$'A�5?>���9'G�~hX8A�5?>�G�~
z0 = 0, 5

A'E'AD(��pB�9'G�&:$*B�3Y>���965!;j\x5�&:&`5��s5?>�Gt1�9*H�B�/'$P?,lA'E'A
µ = 0, 51

(��gL�G��`965iI'3:9'$*;�5�965?>�G��:$'I'9'2 /'$'&�(O)*( +.)���] � � /65?Z�$65?>���9'2�3b/65�&:E'/'3sZ�3s>�3su9'$*;4E'G�1�3:/.M*9'G�&sB�96G�~JE�>�G�B�9'G�&sB.$JG�B Z�1�H.McZ�$'&:A�G�18$ &YH�\%\x5"!YB�$�M /65�&:E'/'3sZ�3s>�3:9'$6~J18\%G`Z�3s>�$DC$*�`G�L�/65!kl3:9'9'G�~�9650/'$'&�(�)*( +.)#�!(%$ � A'/*H��:G�1.5!;c&:A�G�/'G�&YB�� 1[\%G`Z�3s>�$c&	L�G!>�3:3�\x5�&:&:$'1�9'2�\&�Y5?>�G
µ = 1, 9

W�1�9*H�B�/'$mP?,�A'E'A�R8$=L�3:&:A�G�9'3:I'9'G
B�G�9'A'$'\ Z�$'&:A�G�\�((' � /65?Z�$65?>���9'2�3�E'/'G�o[$�>�$E'G�1�3:/�M*9'G�&YB�9'G�~�E�>�G�B�9'G�&YB�$JZ'>6;�\%G`Z�3s>�$DC�$*�`G�L�/65?k�3:9'9'G�~J965�/'$'&�(�)*( +.)�$

Y�]�_sU.`<]�b m XQ^�T7_�U�W.`��CT.m1R ∆V = 9 c�e � Zw\ae�`QYnX&]nTsZxm�`<]�XCXBehR<ZCZCT�\�^�j�e��'R"]�`
µ = Mh(4L)/Md = 1,9 b W�T�Z�pqc.pedxc*)�iK^.XC`�mQf1`QY�T�e�U.XQW.XQU�RIYuU.`�\<XQW�f�^.`�Z&[�^.`�o
U7]�`�[�^.`�Z&[�T σ(r = 5,8 c�U�c )/σ(r = 7 c�U�c ) >∼3 b,+ i b W�T�Z�p�c.pedxc"-=i�p��%W�TzVST�c�ZCT�W.` N
\�R<^�^.`1egU.XQW.XQU�RIYnXxU.`�\<XQW�f�^.`�Z&[�^.`�o�U7]�`�[�^.`�Z&[�T�ZSb.\<X&]nT m XQ^�T.XIet\<XQW.[�T�c7R"] F ^.`�o
IBc7R"]nj�Yn`x^�RLm<] y Y
RLXIekj+f P ^�R m XQ^�T�o z0 ' 500 U�c,\<X&]nT m T�^�RdU�W.`��CT.m1R%b�e�XQ^ F:N
IKRLXC[�Z�_aYn` P ^�R m XQ^�T�o ∆V = 3 c�e � Z�p

�kZ']nT�`�m�W�RL[�T.[ F Z�_�cPY�W7b.�CT�e S N �'R"]�R<c.[�T�c7R�e X [<` P R�e�XC[�^�jrXx`�[�c7]�`�^.XQ^�T7_
`�[ R c�ZCU.`�^.XQ^�K�T�R"] F ^.`��&`tV%`�[<`1e�XC[�W�T m XQZCc�`��&`KU�W.`+VST7]�_G^�RLm<] y Y
R y [�Z�_V]nT.m�`B^�R
c�W�R y �'R"]�R<c.[�T�c�T C ¡ u f X ¡ u d D X ]nT.m�`�\?K.XQ^.[�W.X}\�\�T�YnX>K.XQ^.[�W�R"] F ^.`�o�YnXQU�W.XQZ N
ZCT�T P \<X P Y�^.`��&`SY�T�ZCc7R C f�w D p���Y�^�T�e�T P `�m�¥ _�ZC^.XQ^�T�o�b.^�T�\<XQW�ZQR"] F ^.`��&`df7R<W�R<c.[<X N
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#%$'&�( )*( +�+'(��[>6; A'/'$'1�G�~ 1�/65!783:9'$*;
V =

rΩ � >�3:1.5?; 1�3:/*B�$'A�5?>���965!; G�&:� W�S ^*Pi_!V C�&:\�(A'/'$'1�H�� � 965y/'$'&�(t)*( +�,�RsC E'/'$'1�3sZ�3:9'2 /65?uZ�$65?>���9'2�3 �i5�1�$'&:$'\%G�&YB�$ E65�/65�\%3YB�/'G�1
2Ω/∂e$

n = −d ln Ω/d ln r
W�E'/65�1.5!;=1�3:/*B�$'A*5?>���965!;G�&:��Rs(��t5�A�&:$'\FH�\%2 H�1�3s>�$'I'$'9

n
$

2Ω/∂e
1G�L!>@5�&YB�$

r ' 8
A'E'AtG�L�H�&s>�G�1!>�3:9'2 >�G�A*5?>���9'2�\E'/'G��:$'L�G�\ A'/'$'1�G�~J1�/65!783:9'$*;

V

W�R R c�ZCU.`�^.XQ^�K�T�R"] F ^.`��&`�W�R<ZCU�W.X'YnX&]�XQ^�T7_G_�W�c�`�Z&[�TaY�T�ZCc1`�\<`�o>c�`1ekU.`�^.XQ^.[�j e�` N
�'b7[�_�\L]�_�[ F Z�_�`�Z&`�m�XQ^�^.`�Z&[�T R \<`<] y K�T�T�\L_ P c1`��&`,�'R P R�Z&`�\�e�XQZ&[�^.`,ZdU�W.`+K.XQZCZ&`1eP \<X P Yn`�`�m�W�R P `�\�R<^�T7_ C c�|3d D p{~�R<Z m XC[�j�U.`�c7R P j�\�R y [ X�m [<`�b.c7R P R<^�^�jrX{VdR<c.[<`�W�jP Ry^.XQZCc1`<] F c1`�ekT7]�]nT�R<W�Yn`�\y]�XC[?V%`�W�ekT�W7b y [ R c�ZCU.`�^.XQ^�K�T�R"] F ^�j�ouU�W.`+VST7] FP \<X P Y�^.`��&`�Y�T�ZCc7R X ^.X P R<\�T�ZCT�e�`�`�[�U.XQW�\<`�^�R m R"] F ^.`��&`�W�R<ZCU�W.X'YnX&]�XQ^�T7_x�'R P R.p��SR N
]nT m T.Xd`�m<]�R<Z&[�T>W.X P c1`��&`Kb�e�XQ^ F IBXQ^�T7_PU.`�\<XQW�f�^.`�Z&[�^.`�o>U7]�`�[�^.`�Z&[�T�^�R�W�R<ZCZ&[<` N
_�^�T�T 6÷7 c�U�c�`�[�K.XQ^.[�W�R[È�R"]�R<c.[�T�c�Ta^.X�^�RIf1`QY�T.[wU�W�_ne�`��&`xU.`QYn[�\<XQW � YnXQ^�T7_
U.`KY
R<^�^�j�eg^�RLm<] y YnXQ^�T�o p

�%W.`��CT.m Vc(r)
X \,U�W�T�^�K�T�U.X X e�` � ^.`aU.`<]�b m T.[ F T P R�Z m XC[,`�Z&`�m�XQ^�^.`�Z&[<XQo

\PW�R<ZCU�W.X'YnX&]�XQ^�T�T�U7]�`�[�^.`�Z&[�T�\P�'R"]�` X `CY�^�R<c1` X·R [<`>U.`�[�W.XCm<b�XC[Pm�`<]�XCX�W.X P c1`��&`
b�e�XQ^ F IwXQ^�T7_�`�m�¥vXIek^.`�o�U7]�`�[�^.`�Z&[�T�\<m<]nT P T r ' 6 c�U�c X�m XIe byY�T�ZCc7R b ZQerp
W�T�Z�p�c.pedxc+i�p��kZ']nT�b}Y�T�ZCc7RPY�T�R�e�XC[�W R U�T�K�T�c7]nT m XQZCc1`��&`�Y�\�T � XQ^�T7_i\�`�c�W.XQZ&[ N
^.`�Z&[�T�`�W.m�T.[�j �+`<]n^�K�R�Z&`�Z&[LR<\L]�_�XC[ ∆r = 2cr/∂e ' 2 c�U�c X6m [<`�^.XQZCc1`<] F:N
c1`�e�XQ^ F IwXK`�m<]�R<Z&[�T�U�W.`��CT.m1R X T X \>U�W�T�^�K�T�U.X X U.`�Z&[�W.`�XQ^�T.X�[LR<c1`��&`�ZCc7R m c7RP\
W�R<ZCU�W.X'YnX&]�XQ^�T�T�U7]�`�[�^.`�Z&[�T�\<` P e�` � ^.` X [<`a\V�'R"]�` X ��YnXx[�T�U�T m ^�jrXxY�T�ZCU.XQW�ZCT�T
ZCc1`�W.`�Z&[<XQoxT�e�X y [�U.`�W�_7Yn`�c|f�����c�e � Z X U�W.`�Z&[�W�R<^�Z&[�\<XQ^�^.`�b P c�T�ox\�W�RIY�T�R"] F ^.`1e
^�R<U�W�R<\L]�XQ^�T�TKU.XQW.XQU�RIY�\�W�R<ZCU�W.X'YnX&]�XQ^�T�TB\<X s XQZ&[�\�R�^.X�e�` � XC[�m�jr[ F Yn`<]n�&` � T N
\Lb s T�erp  e�XCXC[�Z�_�Yn`�U.`<]n^�T.[<X&] F ^�j�o Yn`�\<`QY�U�W.`�[�T�\�W.XIR"] F ^.`�Z&[�T�ZCT7] F ^.`��&`�]�` N
c7R"] F ^.`��&`�U�W.`��CT.m1R�b�c�W7b.�&`�\<`�oiZCc�`�W.`�Z&[�Ti\�W�R s XQ^�T7_ Vc(r)

X Z']�X'Y�b y�s T�oiT P
c�T�^.XIehRL[�T m XQZCc�T�f�Y
R<^�^�j+f pqjd]�_lm�XQZCZ&[<`<]nc�^.`�\�T.[<X&] F ^.`�o�ZCT�Z&[<XIekj Y�\�T � XQ^�T.Xm R<Z&[�T�K�U�W.`�T�Z�f1`QY�T.[yU.` R U�T�K�T�c7]nT m XQZCc�T�e�`�W.m�T.[LR�e XJm [<`iU�W�T�\<`QY�T.[�c�b1Z']�` N
\�T y b c.p�fQ|+i cr/cϕ = 2Ω/∂e p

�SR W�T�Z�p�c.ped�d U.`�c7R P R<^�j W�RIY�T�R"] F ^�jrX P R<\�T�ZCT�e�`�Z&[�T U�R<W�R�e�XC[�W.`�\
S ≡ 2Ω/∂e T n ≡ −d ln Ω/d ln r Y�]�_xc�W�T�\<`�ox\�W�R s XQ^�T7_B�+`+VST C z fQ| D p�As`�m<]�R N
Z&[�T r = 8÷10 c�U�cBT�e�XCXIe P ^�R m T.[<X&] F ^.`�XrT P e�XQ^.XQ^�T.X+U�R<W�R�e�XC[�W�R S ' 1÷2,1 p
�%W�T m XIe X \,`�c�W.XQZ&[�^.`�Z&[�T��+`<]n^�K�R 2Ω/∂e ' 1,7 XGm [<`G\,Z&`�`�[�\<XC[�Z&[�\�T�TsZ b c.p�fQ|+i
Y
RLXC[ cr/cϕ ' 1,7 p'��m�W�RL[�T�ekZ�_�cGY
R<^�^�j�eg^�RLm<] y YnXQ^�T�o p�jd]�_>Z&[LR<W.`��&` P \<X P Y N
^.`��&`�^�R<Z&X&]�XQ^�T7_�\g`�c�W.XQZ&[�^.`�Z&[�T��+`<]n^�K�Rt`�[�^.`+IwXQ^�T.X cr/cϕ ' 1,55 C c u | D X
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m [<`�Y
RLXC[ n = 1, 15 ppA W.X P b"] F [LRL[<XgT�e�XCXIe U�W�R<c.[�T m XQZCc�T�U7]�`�ZCc7b y c�W�T N
\Lb y \�W�R s XQ^�T7_ V ∝ r−0,15 pYjd]�_ie�`<]�`QY�j+f P \<X P Y X U.`�Y
R<^�^�j�e�W�RLm�`�[�j C d(f D
cr/cϕ = 8,2/5,8 = 1,41 XYm [<`�[LR<c � XaU�W�T�\<`QY�T.[�c V ' const p���^�R"]nT P W�R<Z N
U�W.X'YnX&]�XQ^�T7_>ZCc1`�W.`�Z&[<XQoPm<]nT � R<o�IKT�f P \<X P Y�T P m1R P jlY
R<^�^�j+f��������
	�� `�
+] Y
RLXC[ Xm [<`V]nT�^.XQo�^�R"_sZCc1`�W.`�Z&[ F \�W�R s XQ^�T7_s\VZ&`<]n^.X m ^.`�o�`�c�W.XQZ&[�^.`�Z&[�TsU�W�R<c.[�T m XQZCc�T
^.XxT P e�XQ^7_�XC[�Z�_PZdW�RIY�T7b1Z&`1e V ∝ r−1/9 C c � � D p

AuW�RLm�`�[<X C f ��� D `�U�W.X'YnX&]�XQ^�j�Y�T�ZCU.XQW�ZCT�T>ZCc1`�W.`�Z&[<XQo�e�`<]�`QY�j+f P \<X P Y b K.X N
V%XQT�Y�TPe�`<]�`QY�j+f P \<X P Y�^�j+faZCc�`�U7]�XQ^�T�oGi (cr, cϕ, cz) = (15,0; 10,3; 8,5) c�e � Z�p
A
` P W�R<Z&[ R [�T�f,`�m�¥vXQc.[<`�\xZ&`�Z&["R<\L]�_�XC[x\xZCW.X'Y�^.XIe
f��de�]n^�]�XC[Ip��%Z&`�m�j�o�T�^.[<XQW.XQZ
U�W.X'Y�Z&[LR<\L]�_�XC[Vm<]nT P `�Z&[ F U�R<W�R�e�XC[�W�R cr/cϕ = 1,46 c�`�[�^.`+IwXQ^�T y 2Ω/∂e X XQZ N
]nT�Z m T.[LRL[ F n = 1,06 b V ∝ r−0,06 i�px�+[<`V` P ^�R m RLXC[ X(m [<`�f7R<W�R<c.[<XQW�^.`�Xw\�W.XIe�_
\�j�Z&[�W�R<T�\�R<^�T7_ R U�T�K�T�c7]nT m XQZCc1`��&`�Y�\�T � XQ^�T7_�Z&`�Z&[LR<\L]�_�XC[ P R<\<X'Yn`1e�`}e�XQ^ F IwX
`QY�^.`��&`�U.XQW�T.`QY
R���R"]�R<c.[�T m XQZCc1`��&`,\�W�R s XQ^�T7_vp� R<c�T�e�`�m�W�R P `1e X T�e�X y [�Z�_tR<W��'b�e�XQ^.[�j�\�U.`<] F3P b�[<`��&` X�m [<`}^�RLm<] y Y
RLX N
ekj�oPU�W.`��CT.m�c�W�T�\<`�o>\�W�R s XQ^�T7_P�'R P `�\<`�oGc1`1ekU.`�^.XQ^.[�j�T>e�`<]�`QY�j+f P \<X P Y X U.` N
\�T�Y�T�e�`1e�b X `�m<b�Z']�`�\L]�XQ^w^.X+`�Z&`�m�XQ^�^.`�Z&[Q_nekTwW�RIY�T�R"] F ^.`��&`�W�R<ZCU�W.X'YnX&]�XQ^�T7_B�CW�R N
\�T.[�T�W7b y�s XQ�&`�\<X s XQZ&[�\�R X RV_�\L]�_�XC[�Z�_sY�T�^�R�ekT m XQZCc�T�e;V%XQ^.`1e�XQ^.`1e X T�e�` � XC[
m�jr[ F ZC\L_ P R<^ Z,^.XQc�W7b.�&`�\�j�ekT}Y�\�T � XQ^�T7_nekTy\�Z']�X'Y�Z&[�\�T�TyU�W.`Qf1` � YnXQ^�T7_iZCU�T N
W�R"] F ^.`�o�\<`<]n^�j�U7]�`�[�^.`�Z&[�T p�q�`�^�c�W.XC[�^�j�euY�T�^�R�ekT m XQZCc�T�e�U�W.`+K.XQZCZ&`1e X U�W�T N
\<`QY�_ s T�e�c�^.XQc�W7b.�&`�\�j�euY�\�T � XQ^�T7_ne X U.` N \�T�Y�T�e�`1e�b X _�\L]�_�XC[�Z�_��CT��'R<^.[�ZCc�T�o
R<^.[�T�K�T�c7]�`�^ X Z&`�Z&[<`I_ s T�oPT P �'R P RKT�e�`<]�`QY�j+f P \<X P Y C d(f � D p

��[�e�XC[�T�e X�m [<`KT P b m XQ^�T.X�c�T�^.XIehRL[�T�c�T ��� N P \<X P YGTVc7]�R<ZCZCT m XQZCc�T�f{K.X�V%X N
T�Yi\�T�^.[<XQW�\�R"]�X r = 6 ÷ 12 c�U�cy^.X,U�W.`�[�T�\<`�W.X m T.[s\�j�\<`QY�b}`�U.`�Z&[<`I_�^�Z&[�\<X
ZCc1`�W.`�Z&[�TG\�W�R s XQ^�T7_HÈ7R"]�R<c.[�T�c�TP\ R [<`�oa`�m<]�R<Z&[�T C dSw�c D p�At[<` � XS\�W.XIe�_ac�T�^.X N
ehRL[�T�c7RaU7]�R<^.XC[LR<W�^�j+fs[Lb�ehR<^�^.`�Z&[<XQo X'P \<X P Y ` U�j�]�XQ\�j�ekTs`�m�`<]�` m c7R�ekT X b.��]�X N
W.`QY�^�j+f P \<X P Yw`�m�^�R<W7b � T�\�RLXC[�ekT�^�T�e�b�e�ZCc�`�W.`�Z&[�Tw\�W�R s XQ^�T7_x^�R r = 8, 5 c�U�c
\wZ&`<]n^.X m ^.`�oV`�c�W.XQZ&[�^.`�Z&[�T C w:d u D b [�W.X&b.�&`<] F ^�T�c�TG^�RwW�T�Z�p�c.pedSw�i�p��kZ']nTaU�W.X'Y�U.` N
]�` � T.[ F�X�m [<`�]�`�c7R"] F ^�j�oBU�W.`��CT.m%\�j P \�R<^wZCU�T�W�R"] F ^.`�oKZ&[�W7b.c.[Lb.W.`�o X [<`S\ R [<`1e
Z']�b m RLXxR�ekU7]nT.[LbIY
R�[LR<c�T�f�\<` P e�b s XQ^�T�oVYn`<] � ^�R�m�jr[ FlP ^�R m T.[<X&] F ^.`�o C w:d u D p
/103210��{0��%D.;.A��k8"J"D.918��.AC;.J"?.8IH��<;.:<OP:��LH�8LM'J"D��91:<;��.AC;.J"?.D.?.:<=<8";.;��rO��<8IH��� �D!�<8"?

�%W�T�^7_�[<`iZ m T.[LRL[ F�X6m [<`iZCc1`�W.`�Z&[ F \�W�R s XQ^�T7_�f1`<]�`QY�^.`�olU.`CY�ZCT�Z&[<XIekj \
K.XQ^.[�W�R"] F ^.`�o�`�m<]�R<Z&[�T r <∼ 1 c�U�c�T�e�XCXC[>_�W�c1`�\�j�W�R � XQ^�^�j�o�ehR<c�ZCT�e�b�e�^�R
W�RIY�T7b1Z&X r ' 0, 3 c�U�c C c3dS¡ XSz fQ| XSz w�� D pp�kZ']nT�U�W.X'Y�U.`<]�` � T.[ F W�R<\<XQ^�Z&[�\<`
Vc = Vgas

X [<`aY�]�_�`�m�¥ _�ZC^.XQ^�T7_EK.XQ^.[�W�R"] F ^.`��&`�ehR<c�ZCT�e�b�ehR,b�c�W7b.�&`�\<`�o�ZCc1` N
W.`�Z&[�T�^.XC`�mQf1`QY�T�e�`ib m T.[�j�\�RL[ F ehR<ZCZCT�\�^�j�o�m1R"].Y � Z}c1`�^�K.XQ^.[�W�T�W.`�\�R<^�^�j�e
_7Y�W.`1e X Y�]�_VU�R<W�R�e�XC[�W.`�\wc1`�[<`�W.`��&`w\Be�`CYnX&]nTVW�R<ZCU�W.X'YnX&]�XQ^�T7_,\<X s XQZ&[�\�Rwq%T�^ N
�'RVZ']�X'Y�b�XC[GU�W�T�^7_�[ F an ' 100 U�c X Mb ' 0,6 · 1010M� T rmax

b ' 0,8 c�U�c p
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#%$'&�( )*( +�U�(��D5�1�$'&:$'\%G�&YB�� G�B 1�/'3:\%3su9'$c$'9*B�3,�:/65?>���9'2�M45�\%E�>�$*B�HiZ o0H�/'��3su
�s5�/'\%G�9'$'AlZ'>6;T5!�`$'\FH�B!5?>���9'2QMTI'$'&:3s>
m = 1, 2, . . . , 6

1J\%G`Z�3s>�$
&l\x5�&:&:$'1!u9'2�\ A�G�9'n'3:9*B�/'$'/'G�1.5�9'9'2�\ ;�Z�/'G�\�(
	0/'G�$'&�M.GiZ�$*BqG�L�/65!�`G�1.5�9'$'34L.5�/65*CeA�G!uB�G�/'2�~ �i5!B�3:\ /65!�`/*H�Xl5�3YB.&�;DC�965
I*B�GH�A�5!�`2�1.5�3YB�H�\%3:9'��X83:9'$'3b5�\%E�>�$*B�H`Z�2Z'>6; �s5�/'\%G�9'$'A'$

m = 2
( ��G�\%3:9*B1�/'3:\%3:9'$

t = 30
&:G�G�B�1�3YB�&YB.1�H�3:B,�C ^l\f>�/�Z�>�3YB

#%$'&�(O)*( +.�*(��g�`G!>�$'9'$'$�E'G�1�3:/�M*9'G�&YB�9'G�~KE�>�G�B�9'G�&YB�$K1T\%G`Z�3s>�$DC@$*�`G�L�/65!kl3:9'9'G�~t965c/'$'&�(O)*( +�U�C1J/65!�`9'2�3�\%G�\%3:9*B�2 1�/'3Y\x3Y9'$rW�&:\�(DE'G!>�Gikl3:9'$*;q&YB�/'3s>�G�Ah965 /'$'&�(�)*( +�U�Rs( 	0G�A�5!�i5�9654B�G!>���A�Gn'3:9*B�/65?>���965!;tG�L!>@5�&YB��8Z�$'&:A*5

��XQ^.[�W�R"] F ^�R"_BU7]�`�[�^.`�Z&[ F Z)V%XQW.`�T�Y
R"] F ^.`�owU.`QY�ZCT�Z&[<XIekj ��� \ R [<`1e�Z']�b m RLX�U�W.X N
\�j�IKRLXC[ 400 M�/ U�c 3 p

��Y�^�R<c1`Sc�`�^�K.XQ^.[�W�T�W.`�\�R<^�^�j�o�TKehR<ZCZCT�\�^�j�oBm1R"].Y � ^.X�U.` P \<`<]�_�XC[�Z)V%`�W N
ekT�W.`�\�RL[ F Yn`<]n�&` � T�\Lb s T�oVm1R<W,\%Y�T�^�R�ekT m XQZCc�T�fGe�`CYnX&]�_7f C w�f�c D pS�%W.`�T�Z�f1`QY�T.[
XQ�&`�\<XQc1`�\<`�XGW�R P W7b#IwXQ^�T.X X e�X'f7R<^�T P e c1`�[<`�W.`��&`�R<^�R"]�`��CT m XQ^�YnXQo�Z&[�\�T y ehR<Z N
ZCT�\�^.`�o{K.XQ^.[�W�R"] F ^.`�o m XQW�^.`�o�Y�j�W�j C d u c D p � W.`�\<XQ^ F ^.XC`�Z&XQZCT�ehe�X&[�W�T m ^.`�Z&[�Ta\
W�R<ZCU�W.X'YnX&]�XQ^�T�Ty\<X s XQZ&[�\�R>\>Y�T�ZCc�Xa\sc�R � Y�j�o�e�`1e�XQ^.[s\�W.XIe�XQ^�T bQYn`�m�^.`�f7R N
W�R<c.[<XQW�T P `�\�RL[ F R�e�U7]nT.[<bQYn`�oUV�b.W F X N �'R<W�e�`�^�T�c b c.p¢w:dSi�pY�SRGW�T�Z�pYc.pedS¡VU.`�c7R P R N
^�RP\�W.XIe�XQ^�^�R"_ P R<\�T�ZCT�e�`�Z&[ F T�^.[<XQ�CW�R"] F ^�j+fyR�ekU7]nT.[LbIY Â b c.p¢w:dSi�phA
X&]nT m T�^�R
Â(2, t) `�U�W.X'YnX&]�_�XC[�R�ekU7]nT.[LbIY�b}Y�\Lb1f�W7b.c7R<\�^.`�o�e�`QY�j�T X \ m R<Z&[�^.`�Z&[�T X m1R<W�Rb W�T�Z�p6c.ped u i�pq�SW.`�T�Z f1`QY�T.[ Y�T�ZCZCT�U�R�K�T7_gm1R<W�R X U�W�T m XIe�ZCT�ehe�XC[�W�T P R�K�T7_lT�YnXC[
`�[tZQR�ekj+f;K.XQ^.[�W�R"] F ^�j+f�`�m<]�R<Z&[<XQo�^�RiU.XQW�T�V%XQW�T y Y�T�ZCc�R Xom [<`t`�m<b1Z']�`�\L]�X N
^.`�e�X'f7R<^�T P e�`1eyW�R P W7b#IBXQ^�T7_am1R<W�R.p���[�e�XC[�T�e X#m [<`�c�\�R P T�U.XQW�T.`QY�T m XQZCc�T�o,f7R N
W�R<c.[<XQW P R<\�T�ZCT�e�`�Z&[�T Â(m = 2, t) ^�RaW�T�Z�p.c.pedS¡,ZC\L_ P R<^sZB`�m1e�XQ^.`1e R ^.XQW��CT�T
e�X � Y�b�m1R<W N e�`QYn`�o b A(p = 0,m = 2) idTyZCU�T�W�R"] F ^�j�ekT�\<`<]n^�R�ekT p��+`s\�W.X N
e�XQ^.XIeg\VU�W.`+K.XQZCZ&X R \<`<] y K�T�T>Y�T�^�R�ekT m XQZCc�`�o�e�`QYnX&]nT�U�W.`�T�Z�f�`QY�T.[Vb�e�XQ^ F IwX N
^�T.X R [<`��&`�U�R<W�R�e�XC[�W�R XJm [<`yb.c7R P j�\�RLXC[�^�R�Y�T�ZCZCT�U�R�K�T y \<`<]n^gZ m = 2 b \m R<Z&[�^.`�Z&[�T X m1R<W�R+i�T�b�Z&[LR<^.`�\L]�XQ^�T.XKT�Z�f1`CY�^.`��&`V`�Z&XQZCT�ehe�XC[�W�T m ^.`��&`aW�R<ZCU�W.X'YnX N
]�XQ^�T7_i\<X s XQZ&[�\�R�\>Y�T�ZCc1X�p�qSR<c�U.`�c7R P R"]nTie�`QYnX&]nT�ZaW�R P ]nT m ^�j�ekTiU�R<W�R�e�XC[ N
�
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#%$'&�(?)*( +���( � $'&:E'3:/'&:$'$b/65?Z�$65?>���9'2QM[&:A�G�/'G�&YB�3:~ �:1�3Y�YZ
cr(r)

( 	0G=Z@5�9'9'2�\ 965�L!>��QZ�3:9'$'~DN • � S )���_*CgU���U?V ]
◦ � Z�$'&:E'3:/'&:$*; &:A�G�/'G�&YB�3:~��:$��s5�9*B�G�18E'G��YZ�9'3,�:G8B�$'E651�9*H�B�/'$�d*C )�A'E'A S )*P`d*C )*P�P:V ]

∆ � S ��).,?V ] ut � S ��)�_!V ( 	0G/'3Y�:Hi>��iB�5!B�5!\ \%G`Z�3s>�$'/'G�1.5�9'$*;=W�\%G`Z�3s>�$K/65?�Y>�$'I65���B!u& ;[E65�/65�\%3YB�/65�\%$ �Y5?>�G	$[L.5?>'Z6kc5*C
µ = Mh/Md

G�E'/'3suZ�3s>6;'3YB�& ; 1�9*H�B�/'$
4L = 12

A'E'A�RsN � � µ = 0, 95
]� � µ = 1, 42

]"� � µ = 1, 5
] � � µ = 1, 6

(	03:/'1�2�3�B�/'$r\%G`Z�3s>�$ 1�A�>��pI65���BjA�G�9'n'3:9*B�/'$'/6G�1.5!9�u9'G�3	;�Z�/'G[&:G[X8A�5?>�G�~
an ≤ 100

E'ADC.1 I'3YB�1�3:/*B�G�~4\%G!uZ�3s>�$c;�Z�/'G[G�B�&YH�B.&YB.1�H�3:B8$�X8A�5?>@5[L.5?>'Z6k�50&:G�&YB!5�1!>6;�u3YB
ab = 200

E'AD(�� /'G�&YB�G�\ \x5�&:&:2 �s5?>�G
cr
H�\%3:9'�!uXl5�3YB�& ;D(����'3:9*B�/65?>���9'G�~ G�L!>@5�&YB�$

r <
∼ 2

A'E'A Z'>6;H�\%3:9'��X83:9'$*;cZ�$'&:E'3:/'&:$'$ /65?Z�$65?>���9'2QMc&:A�G�/'G�&YB�3:~TZ�G�`965?I'3:9'$'~
100 ÷ 120

A'\��!&[9'3:G�L`M.GiZ�$'\%G�/65�&:&:\x5!B�/'$�u1.5!B��cL.5?>'Z6k &:GlX8A*5i>�G�~
ab

>
∼ 200

E'A

W�R�ekT}m1R"].Y � R X U�W�T�b�e�XQ^	��IwXQ^�T�T ehR<ZCZCj»K.XQ^.[�W�R"]
��^.`�o�Z)V%XQW�T m XQZCc1`�o U.`CY�ZCT N
Z&[<XIekj b m1R"].Y ��� _7Y�W.`Si�T b T7]nTGi�b.\<X&]nT m XQ^�T�TEIBc7R"]nj�_7Y�W�RVm1R"].Y � R an \�W.X N
e�_ � T P ^�Tym1R<W�RPb.\<X&]nT m T�\�RLXC[�Z�_vpg�+[<`�^�R<c7]�RIY�j�\�RLXC[s`��CW�R<^�T m XQ^�T7_�^�R�U�R<W�R N
e�XC[�W�j m1R"].Y � R.p � R<c�T�e�`�m�W�R P `1e X c�`�^�K.XQ^.[�W�T�W.`�\�R<^�^�j�ouehR<ZCZCT�\�^�j�o�m1R"].Y �b an <∼ 100 U�c X %b0 >∼ 400M�/ U�c 3 i�`�c�R P j�\�RLXC[�Z�_�^.XQ\<` P e�` � ^.`GZ&`���]�R<Z&`�\�RL[
�
ZS^�R"]nT m T.XIeiYn`<]n�&` � T�\Lb s XQo�K.XQ^.[�W�R"]
��^.`�o�U.XQW.XIekj m c�T p� j�\<`QYu`i\<`��"e�` � ^.`1e�W�R��IW7b��BXQ^�T�Tgm1R<W�RyU�W�Tl^�R"]nT m T�Tuc1`�^	�.XQ^.[�W�T�W.`��
\�R<^�^.`��&`x_7Y�W�RSb�m1R"].Y � R X U.`<]�b m XQ^�^�j�oaU�W�TaU.`�Z&[�W.`�XQ^�T�TGe�`QYnX&]�XQo�È7R"]�R<c.[�T�c�T� w�f�c�� X ZCU�W�R<\<X'Y�]nT�\>T�\G`�m s XIe�Z']�b m RLX�p � R<c�T�e�`�m�W�R��Q`1e X \�W.XIe�_ � T��I^�T�m1R<W�R
e�` � XC[��"R<\�T�Z&XC[
�K`�[��Bc7R"]nj�_7Y�W�R�T�ehR<ZCZCj�m1R"].Y � R.p

��[�e�XC[�T�egX s Xd`QY�^.`�Yn`�U.`<]n^�T.[<X&]
��^.`�XBZ&`�`�m�W�R � XQ^�T.XBU�W.`�[�T�\,` m XQ^	�,c1`�^��
�.XQ^.[�W�T�W.`�\�R<^�^.`��&`PW�R<ZCU�W.X'YnX&]�XQ^�T7_�ehR<ZCZCj�\Vm1R"].Y � X�p·�%^.`GZC\L_��"R<^.`VZw^�RLm<] y �
Y
RLXIekj�ekT�\"Yn`<]
�>]�b m R��IW.XQ^�T7_��I^�R m XQ^�T7_nekT�Y�T�ZCU.XQW�ZCT�T�ZCc1`�W.`�Z&[<XQoy�CT���R<^.[<`�\
U.`��&Y�^.XQ�&`�[�T�U�R�\�^7b7[�W�Tw`�m<]�R<Z&[�T 0, 3 c�U�c cobs = 128±14 c�e � Z � c#f�� X c#f�f���p���\��
[<`�W�jtU.`<]�R<�'R y [ X�m [<` �C[LR�\<X&]nT m T�^�R�f7R<W�R<c.[<XQW�T��Cb�XC[!�I\<X"�&Y�jym1R"].Y � R X Z']�X'Yn`�\�R#�
[<X&]
��^.` X Y�T�ZCU.XQW�ZCT7_�ZCc1`�W.`�Z&[<XQo}Y�T�ZCc1`�\<`�o�c1`1ekU.`�^.XQ^.[�j�Yn`<] � ^�R�m�j�[$��e�XQ^	���
�wX�p � jrm�`�W�c7R&%'� �CT��'R<^.[<`�\i\�`�m<]�R<Z&[�T ¡�����U�cu`�[&�.XQ^.[�W�R�f7R<W�R<c.[<XQW�T��Cb�XC[�Z�_
cobsr = 104 ± 10 c�e � Z � � c+w#��p)(dXQ\�T�Z�T+*BW�T�ehR<^ � ¡ � ¡#��U.`<]�b m T7]nT�Y�]�_,�.XQ^��
[�W�R"]
��^.`�o,Y�T�ZCU.XQW�ZCT�TaZCc�`�W.`�Z&[<XQo��I\<X"�&Y,Y�T�ZCc7R-�I^�R m XQ^�T.X cobsr = 106 c�e � Z�p#�SR
W�T�Z�p�c.ped � U.`�c7R��"R<^�j�W�RIY�T�R"]
��^�jrX>W�R<ZCU�W.X'YnX&]�XQ^�T7_�Y�T�ZCU.XQW�ZCT�T�ZCc1`�W.`�Z&[<XQo cr

Y�]�_��I\<X"�&Y,Y�T�ZCc7RxT���Y
R<^�^�j+fa^�RLm<] y YnXQ^�T�oaTVU.`KW.X"�CbI]
�I[LRL[LR�e Y�T�^�R�ekT m XQZCc1`��&`
e�`QYnX&]nT�W.`�\�R<^�T7_PY�]�_�W�R��I^�j+f>`�[�^.`�ZCT.[<X&]
��^�j+f�ekR<ZCZ�Y�T�ZCc7R.p � `�^�c�T�ekT>]nT�^�T7_��
ekTGT��Q`�m�W�R � XQ^�j�e�`QYnX&]nTGZSehR<ZCZCT�\�^�j�e�c1`�^	�.XQ^.[�W�T�W.`�\�R<^�^�j�e b an ' 100 U�cGi
m1R"].Y � XIe X c1`�[<`�W�j�o�`�m�XQZCU.X m T�\�RLXC[>c�W7b.�&`�\Lb y ZCc1`�W.`�Z&[
��\�W�R s XQ^�T7_�\.�.XQ^.[�W.X
\VZ&`�`�[�\<XC[�Z&[�\�T�T�ZwW�T�Z�p�c.pedSw7p��kZ']nTs\V`�m<]�R<Z&[�T r >∼ 3 c�U�csU�W�T�`�U�W.X'YnX&]�XQ^�^.`�o
ehR<ZCZ&X
Y�T�ZCc7R�bIY
RLXC[�Z�_�Z&`���]�R<Z&`�\�RL[
�%^�RLm<] y Y
RLXIekjrX�T,e�`CYnX&]
��^�jrX/�I^�R m XQ^�T7_ cr X
[<`,\0�.XQ^.[�W.X%Y�T�ZCc�RxY�T�ZCU.XQW�ZCT7_>ZCc�`�W.`�Z&[�XQo X U.`<]�b m XQ^�^�R"_>\wY�T�^�R�e�T m XQZCc�T�f�e�`��
YnX&]�_7f X U�W.XQ\�j1�KRLXC[|f�c��Sc�e � Z b c�W�T�\�jrX02 �43�^�RSW�T�Z�pxc.ped � i�p1�+`���]�R<Z&`�\�R<^�T.XrY�T�Z5�
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#%$'&�(�)*( +.^*(�� � /65�&:E'/'3sZ�3s>�3:9'$'3
1wE�>�G�&:A�G�&YB�$rZ�$'&:A�5wE'G�1�3:/.M*9'G�&YB�9'G�~ E�>�G�B�9'G�&YB�$ σ(x, y)
(

�O1�3Y�YZ�G�I'A�5 G�B�\%3:I65�3YBtE'G!>�Gik�3:9'$'3��QG!>�9��65*(�� �:G!>j\%3Yk�Z6H�L�G!>���X8G�~qG�&:��� L.5�/654$qE'/.;'\xG�~DCE'/'G`M�G`Z6;*783:~lI'3:/'3Y���'3:9*B�/bZ�$'&:A*5p$8G�A'/'3:&YB�9'G�&YB.���QG!>�9��65*C!&:G�&YB�5�1!>6;'3YB
ϕbar = 20◦

] � ��� A�G!u/'G�&YB�� 1�/65!783:9'$*;c1�3Y783:&YB.1.50Z�$'&:A�5
V
A�5�Aco0H�9'A��'$*;c/65�&:&YB�G?;'9'$*;cG�B)�'3:9*B�/65 1!Z�G!>��[/65!�`9'2QM965�E'/65�1!>�3:9'$'~DN © � V (x)

] 4 � V (y)
( 	0G�A�5!�i5�965cB�5�A*kl3bH�&:/'3sZ�9'3`9'965!;qE'GJ5!�`$'\FH�B!5?>��!u9'G�\FH4H���>6HJ&:A�G�/'G�&YB��T1�/65!783:9'$*;jW • R

U.XQW�ZCT�T�ZCc1`�W.`�Z&[<XQo�\ �.XQ^.[�W.XrY�T�ZCc7R�`�c7R��Ij�\�RLXC[�Z�_�\<`��"e�` � ^�j�e}[<`<]
��c1`x\de�`QYnX��
]�_7fBZ+m�`<]
�
�wXQo �Bc7R"]�`�oBm1R"].Y � R an >∼ 200 U�c b [<`<]nZ&[LR"_B]nT�^�T7_�^�R�W�T�Z�p�c.ped � i�p� �C[<`1e Z']�b m RLX,`�m�¥vXIek^�R"_ �.XQ^.[�W�R"]
��^�R"_iU7]�`�[�^.`�Z&[
�sm1R"].Y � R�^.XVU�W.XQ\�j1�KRLXC[
100M�/ U�c 3 X R�ehR<ZCZQRBm1R"].Y � R�Z&`�Z&[LR<\L]�_�XC[ <∼ 1010M� p

~�RIY�T7b1Z m1R<W�R X U.` Y
R<^�^�j�e W�R��I^�j+f R<\<[�`�W.`�\ X ]�X � T.[ \ U�W.X'YnX&]�RIf
rbar = 2÷4, 5 c�U�c X `�[�^.`$�wXQ^�T.X�U.`<]�b�`�Z&XQo�m1R<W�RS\dU7]�`�ZCc1`�Z&[�TBY�T�ZCc7R%`$�.XQ^�T�\�R#�
XC[�Z�_B\ 1, 6÷3 X b.�&`<]�e�X � Y�bxm�`<]
�
�w`�ox`�Z � y m1R<W�R�TB^�R<U�W�R<\L]�XQ^�T.XIe�^�R%�+`<]n^	�.X
Z&`�Z&[LR<\L]�_�XC[ ϕbar = 15◦ ÷ 35◦

� dxc�| X z c+¡ X z |#f���pY�%W�T}ZCW�R<\�^.XQ^�T�T}W.X"�Cb"]
�I[LRL[<`�\
e�`QYnX&]nT�W.`�\�R<^�T7_PZ%^�RLm<] y YnXQ^�T7_nekTPU�W�T�e�XIe ϕbar = 20◦ X rbar = 3, 2 c�U�c pG��`��
�C[<`1e�b,Y�T�^�R�ekT m XQZCc7R"_>e�`QYnX&]
�xYn`<] � ^�RxYn`�U7b1ZCc7RL[
��Z'b s XQZ&[�\<`�\�R<^�T.X�Yn`<]n�&` � T��
\Lb s XQ�&`�m1R<W�R%Z�`�[�^.`$�wXQ^�T.XIe�U.`<]�b�`�Z&XQoK^.X�e�XQ^	�
�wX 1, 6 p�� �C[<`�oK[<` m c�T0�IW.XQ^�T7_
e�`QYnX&]nTyZaehR<ZCZCT�\�^�j�e�Tyc1`�^	�.XQ^.[�W�T�W.`�\�R<^�^�j�e m1R"].Y � XIe Z ab ' 100 U�cy^.X
`�m�¥ _�ZC^7_ y [y^�RLm<] y Y
RLXIekj�o�m1R<W p6�kZ']nT�Y
R � X�^�R�^�R m R"]
��^.`�olZ&[LRIY�T�T �Q\<`<] y �
��T�T>f1`<]�`QY�^.`��&`�Y�T�ZCc7R,^�R m T�^�RLXC[�V%`�W�ekT�W.`�\�RL[
��Z�_sm1R<W X [<`G\�Y
R"]
��^.XQo	�BXIet`�^
W�R��IW7b��KRLXC[�Z�_>T��"� �"RKW�R<ZCZ&X&_�^�T7_>^�R��.XQ^.[�W�R"]
��^.`1egU.`�[<XQ^	��T�R"]�Xd_7Y�W�RKm1R"].Y � R.p� W�R�ekc7RIf�e�`QYnX&]�XQo}Z an >∼ 200 U�c T Mb ' 1010M� ^.XKbIY
RLXC[�Z�_}`�m�¥ �
_�ZC^�T.[
��W.X"�Ic�T�o��.XQ^.[�W�R"]
��^�j�o�ehR<c�ZCT�e�b�eub c�W7b.�&`�\<`�o ZCc1`�W.`�Z&[�T Vc

X `QY�^�R<c1`
\<`��"e�` � ^.`PZ&`���]�R<Z&`�\�R<^�T.XB^�RLm<] y Y
RLXIekj+f�T e�`QYnX&]
��^�j+f �I^�R m XQ^�T�o�Y�T�ZCU.XQW�ZCT�T
ZCc1`�W.`�Z&[<XQoV\ �.XQ^.[�W.X�T{V%`�W�ekT�W.`�\�R<^�T.X�Yn`<]n�&` � T�\Lb s XQ�&`xm1R<W�R.p#�SRdW�T�Z�pSc.ped z g	�
� � �rU.`�c7R��"R<^�j�T��Q`<]nT�^�T�T,U.`�\<XQW�f�^.`�Z&[�^.`�oVU7]�`�[�^.`�Z&[�TVTKY�T�ZCU.XQW�ZCT�T,ZCc�`�W.`�Z&[<XQo
U�W�T�^�R"]nT m T�T �.XQ^.[�W�R"]
��^.`�o�U.XQW.XIekj m c�T p   �"� �"RB`�Z&`�m�XQ^�^.`�Z&[<XQoaY�\�T � XQ^�T7_�\<X��s XQZ&[�\�RG\P`�m<]�R<Z&[�T}m1R<W�R X ZCc1`�W.`�Z&[
�>\�W�R s XQ^�T7_ �I\<X"�&Yy\>e�`QYnX&]nT \ �.XQ^.[�W.X��"R#�
e�XC[�^.`xW�R��C]nT m RLXC[�Z�_,\"Yn`<]
�Sm�`<]
�
�w`�o�T,ehR"]�`�o�`�Z&XQoKm1R<W�R b W�T�Z�ptc.ped z � i�p � Yn`<]
�
x � c1`�`�W�Y�T�^�RL[�j�ZCc�`�W.`�Z&[
�K\�W�R s XQ^�T7_��I\<X"�&Y V \Ke�`QYnX&]nTaT�e�XCXC[df7R<W�R<c.[<XQW�^�j�o
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#%$'&�( )�( +._*(
	0/'G�o[$�>�$ G�L���3:\%9'G�~ E�>�G�B!u9'G�&YB�$ �'3:9*B�/65?>���9'G!uv&:$'\%\%3YB./'$'I69'G��:GL.5?>'Z6k�5 1 E�>�G�&:A�G�&YB�$
z = 0

N � �E'G Z@5�9'9'2�\ o[G�B�G�\%3YB�/'$'I'3:&:A'$*M 965?uL!>��QZ�3:9'$'~ E'GiZ �:G�9*;�>@5�&:� �i5�1�$'&:$'\%G�&YB��
∝ exp(−(r/1,9

A'E'A
)2)/(1 + r/0,1

A'E'A
)1,8)S ,�_�^!V ] � � 1c&:G�G�B�1�3YB�&YB�1�$'$�&0�i5�A�G�9'G�\ -0$'9��s5W�)*( U�ROZ'>6;

b = 0,1
A'E'AD] � � Z'>6; b = 0,2

A'E'AD(
�0G�/'\%$'/'G�1�A�5

% � E'/'G�$*�`1�G!>���965!;

ehR<c�ZCT�e�b�e�\<m<]nT��IT �.XQ^.[�W�R b c1`�[<`�W�j�o `�[�Z'b7[�Z&[�\Lb�XC[�\P^�R<U�W�R<\L]�XQ^�T�Ty�+`<]n^	�.X��
�'R"]�R<c.[�T m XQZCc�T�o.�.XQ^.[�W X \"Yn`<]
� y � c1`�`�W�Y�T�^�RL[�j~i�p� R<c�T�e�`�m�W�R��Q`1e X `�[�c7R��V`�[>U�W.X'Y�U.`<]�` � XQ^�T7_ Vc = Vgas \P`�m<]�R<Z&[�T �.XQ^��
[�W�R"]
��^.`��&`>U�T�c7RP^�Rac�W�T�\<`�o \�W�R s XQ^�T7_ X \<`�� U.XQW�\�j+f X U.`��I\<`<]�_�XC[GZ&`���]�R<Z&`�\�RL[
�
Zx^�RLm<] y YnXQ^�T7_nekTPY�T�ZCU.XQW�ZCT y ZCc1`�W.`�Z&[<XQo��I\<X"�&Ys\��.XQ^.[�W.X X R�\<`�� \<[<`�W�j+f X Y
RLXC[
\<`��"e�` � ^.`�Z&[
��`�m�¥ _�ZC^�T.[
��Z'b s XQZ&[�\<`�\�R<^�T.XKYn`<]n�&` � T�\Lb s XQ�&`�m1R<W�R.p��%W�T��C[<`1e
]�`�c7R"]
��^�j�o�ehR<c�ZCT�e�b�e�ZCc1`�W.`�Z&[�T�e�` � XC[Sm�jr[
�%`�m<b1Z']�`�\L]�XQ^xY�\�T � XQ^�T.XIe}\<X s X��
Z&[�\�Rd\w^.XQZCT�ehe�XC[�W�T m ^.`1e�U.`�[<XQ^	��T�R"]�X%\d`�m<]�R<Z&[�T,m1R<W�R X ]nT.m�`B^�R"]nT m T.XIey\�^7b7[��
W.XQ^�^.XQ�&`�Y�T�ZCc7R�T7]nTdc1`<]
�
��R � dx��|���pQ� R�e�XC[�T�eP[LR<c � X X�m [<`�T�ZCU.`<]
���Cb�XIehR"_de�`QYnX&]
�
q%T�^��'R%Y�]�_a`�U�T�ZQR<^�T7_GU7]�`�[�^.`�Z&[�TP\<X s XQZ&[�\�Rx\xm1R"].Y � XS\BZ']�b m RLX b ' 0, 2 c�U�c
]�b m �wX�Z&`���]�R<Z'b�XC[�Z�_�Z}T�^�VSW�R<c�W�R<ZC^�j�e V%`�[<`1e�XC[�W�T m XQZCc�T�e�U�W.`+VST7]�XIe m1R"]��
Y � R b U.`PY
R<^�^�j�e\� ����� �
	���
 ��� i%\>`�m<]�R<Z&[�T 100 U�c <∼ r <∼ 0, 5 c�U�c � w<| z � Xm XIetU�W�T b ' 0, 1 c�U�c b W�T�Z�pGc.ped1|+i�p
/1032103/{0���8LM��.?.A ��A&H�AC;.D.Ax=<AC@BAQM'J"=<8w= ��D�M'91A

� Z&`�`�[�\<XC[�Z&[�\�T�T ZgU ptc.p u p�ftm<bIYnXIe Z m T.[LRL[
� Xtm [<`�^�R�U.XQW�T�V%XQW�T�T�È7R#�
]�R<c.[�T�c�T c�W7b.�&`�\�R"_�ZCc1`�W.`�Z&[
�g^.XyT�e�XCXC[&�"R�e�XC[�^.`��&`gU�W.`��CT.m1R.p���`
�C[<`1e�b�m<b �
YnXIe�W�R<ZCZQehRL[�W�T�\�RL[
���Qc�ZCU.`�^.XQ^	��T�R"]
��^�jrX�U�W.`+VST7]nTgU.`�\<XQW�f�^.`�Z&[�^.`�otU7]�`�[�^.`��
Z&[�T σ(r) = σ0 exp(−r/L) Z L = `�
���]�� p��SRLm<] y YnXQ^�T7_�^.XaU.`��I\<`<]�_ y [s^�R#�
YnX � ^.`�`�U�W.X'YnX&]nT.[
��W�RIY�T�R"]
��^7b y �Bc7R"]�b L X `$�.XQ^�c�Tgc�`�[<`�W.`�o�^�RIf1`QY�_�[�Z�_�\
�BT�W.`�c�T�f,U�W.X'YnX&]�RIf L = 2÷5 c�U�c b � w<| z#X dx� z#X dx��| X dxc+w X dxc�| X dS¡ z#X ¡�w�c X ¡�c u ��T
ZCZCj�]nc�Ta\ �C[�T�faW�RLm�`�[LRIfGi�p��
`<]�XCX�^�RIYnX � ^�j�ekT,Y�]�_a`�U�W.X'YnX&]�XQ^�T7_GW�RIY�T�R"]
��^.`�o
�Bc7R"]njiY�T�ZCc�RSZ m T.[LR y [�Z�_KY
R<^�^�jrX X `�ZC^.`�\�R<^�^�jrX�^�R%^�RLm<] y YnXQ^�T7_7f�\Sm<]nT � ^.XIe  q'� Y�T�R<U�R��Q`�^.X b L = 2 ÷ 3, 5 c�U�cGi�p � `��#��e�XIe�\sc7R m XQZ&[�\<XVm1R��Q`�\<`�o�e�`QYnX&]nT
Y�T�ZCc�Z L = 3 c�U�c p'jd]�_sm1R"].Y � RVm<bIYnXIelT�ZCU.`<]
���Q`�\�RL[$�Ge�`QYnX&]
�>q%T�^���R b c.p¢c+i
Z ab = 0, 2 c�U�c>T %b0 = 72M�/ U�c 3 p

� �.XQ^�c�T (hexp)� Y�]�_�Z&[LR<W.`��&`uY�T�ZCc�Rl]�X � RL[�\�U�W.X'YnX&]�RIf�`�[nw����uU�c
Yn`
c+¡���U�c � d u | Xo� c�� Xrz�u f���po�%W�T m XIe�\<`��"e�` � XQ^uU.`<]�` � T.[<X&]
��^�j�o��CW�RIY�T.XQ^.[
\<XQW.[�T�c7R"]
��^.`�o �Bc7R"]nj ZsW.`�Z&[<`1e W�RIY�T�R"]
��^.`�ouc1`�`�W�Y�T�^�RL[<`�o � dxc+w X ¡�c u ��p@��`
Y
R<^�^�j�e � w<| z � X \��.XQ^.[�W�R"]
��^.`�o�`�m<]�R<Z&[�T hexp < 210 U�c p � W�RLm�`�[<X � w z d��
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#%$'&�(Q)*( U�d*(��D5�1�$'&:$'\%G�&YB��jE65�/65!\x3sB�/'G�1j\%GiZ�3s>�$ G�BjE'G!u1�3:/�M*9'G�&YB�9'G�~�E�>�G�B�9'G�&YB�$ Z�$'&:A�5h965h/65?Z�$*H�&:3
R� =

^A'E'ADNcW �iR � Z�$'&:E'3:/'&:$*; /65?Z�$65?>���9'2QM &:A�G�/'G�&YB�3:~ E'/'$/65!�Y>�$'I'9'2QMw/65?Z�$65?>���9'2QMhX8A*5?>@5?M
Z�$'&:A�5
L =

,�CF)�Cf+A'E'AD(@<�G�/'$*�`G�9*B!5?>���965!;J>�$'9'$*; � 965�L!>��QZ@5�3:\%G�3[�`965iI'3su9'$'3
cr = 38

A'\��!&�( �Q3:/*B�$'A�5?>���965!;K>�$'9'$*; � E'G�1�3:/�M�u9'G�&YB�965!;KE�>�G�B�9'G�&YB���1�3Y783:&YB�1.5
σ� = 71 ± 6M�/

E'A 2 CA�G�B�G�/65!;w�i5�A�>��pI'3:965q1qE'/'3sZ�3s>@5?M |z| < 1, 1
A'E'ADCFE'GZ@5�9'9'2�\�S U��.U?V ]OW �:R � X8A�5?>@5"�s5?>�G a 1b&:G�G�B�1�3YB�&YB.1�$'$ &W�)*( ).RFZ'>6;4&:3:/'$'$J\%G`Z�3s>�3:~J&p/65?Z�$65?>���9'G�~4X8A�5?>�G�~TZ�$'&suA�5

L = 3
A'E'AD]�W �`R � \x5�&:&`5 �s5?>�G Mh

$jG�B�9'G�X83:9'$'3\x5�&:&:2 �Y5?>�G8A \x5�&:&:3�Z�$'&:A*581�9*H�B�/'$J/65!�Y>�$'I'9'2QMJ/65?Z�$�uH�&:G�1�W
r = 6

A'E'A
= 2L

C
8
A'E'ADC

12
A'E'A

= 4L
R

U.`�Z']�X�\�j m T.[LR<^�T7_�\�c7]�RIY
Rl`�[ �I\<X"�&Y�[<`<]nZ&[<`��&`uY�T�ZCc7Ru\<XQW.[�T�c�R"]
��^�R"_ �Bc7R#�
]�RgZ&[LR<W.`��&`�Y�T�ZCc7RgZ&`�Z&["R<\L]�_�XC[ hexp ' 330 U�c p � XQW.[�T�c7R"]
��^.`�X�W�R<ZCU�W.X'YnX��
]�XQ^�T.X�� � c7R<W7]nT�c1`�\V]�b m �wX�R<U�U�W.`�c�ZCT�ekT�W7b�XC[�Z�_}c1`1e�m�T�^�T�W.`�\�R<^�^�j�e �"R<c1`�^.`1e
% ∝ 0, 8 · `Oa −2(z/323 U�c ) + 0, 2 · exp(−|z|/656 U�c ) � c+¡ � � X@m [<`gU�W�T.m<]nT��IT��
[<X&]
��^.`iZ&`�`�[�\<XC[�Z&[�\Lb�XC[ �I^�R m XQ^�T7_ne z0 = 400 U�cl\�`�m<]�R<Z&[�T |z| < 1 c�U�c p
��Y�^�R<c1`�U.`�\<XQW�f�^.`�Z&[�^�R"_iU7]�`�[�^.`�Z&[
��� � c�R<W7]nT�c1`�\�^.XGU�W.XQ\<`�Z�f1`QY�T.[.�I^�R m XQ^�T.X
σ = 14M�/ U�c 2 TyZ&`�Z&[LR<\L]�_�XC[se�XQ^	�
�xb y m R<Z&[
��`�[sZ'b�ehehR<W�^.`�oyU7]�`�[�^.`�Z&[�T
Y�T�ZCc7R � c+¡ � ��p���Y�^�R<c1`xY
R<^�^�jrXW� ����� �
	���
 ��� � c � ¡#�
THw�� ����� � ¡<|3d��
U�W�T�\<`QY�_�[
c>\<XQW.[�T�c7R"]
��^.`1e�b�ehR<Z �w[LRLm<bVY�T�ZCc�R|È7R"]�R<c.[�T�c�T�`�c1`<]�`{� X w z c�U�Z�p

~�R<ZCZQe�`�[�W�T�e ��� ��g�� �	� - � ��
 �Gg � � � - ���
� ��
�� �	��� � 
 ��� � ��
�� �>\�Z&`<]n^.X m �
^.`�o>`�c�W.XQZ&[�^.`�Z&[�T σ� p'��`�� \�T�Y�T�e�`1e�b X c m T�Z']�b>^�R<T.m�`<]�XCXd[<` m ^.`,b1Z&[LR<^.`�\L]�XQ^��
^�j+fxU�R<W�R�e�XC[�W.`�\�\�Z&`<]n^.X m ^.`�od`�c�W.XQZ&[�^.`�Z&[�TSY�T�ZCc7R�`�[�^.`�Z�_�[�Z�_SY�T�ZCU.XQW�ZCT�TxZCc1`��
W.`�Z&[<XQo �I\<X"�&Y{p��
]�X'Y�b�_ � c u |�� X Y�]�_�^�R<T.m�`<]�XCX�Z&[LR<W.`��&` �I\<X"�&Y�^.`��&`�^�R<Z&X&]�XQ^�T7_
U�W�T�e�XIe (cr, cϕ, cz) = (38, 24, 20) c�e � Z�p

�SRPW�T�Z�pYc.p¢¡��JgBU.`�W.X"�CbI]
�I[LRL[LR�euY�T�^�R�ekT m XQZCc1`��&`�e�`QYnX&]nT�W.`�\�R<^�T7_�U�W.X'Y	�
Z&[LR<\L]�XQ^�R �"R<\�T�ZCT�e�`�Z&[
�wY�T�ZCU.XQW�ZCT�TPW�RIY�T�R"]
��^�j+f�ZCc�`�W.`�Z&[<XQo �I\<X"�&Y X `�m�XQZCU.X m T��
\�R y�s R"_�U�W�T �"RIY
R<^�^.`�oiehR<ZCZ&XV�'R"]�`s�CW�R<\�T.[LR���T.`�^�^7b y b1Z&[<`�o m T�\<`�Z&[
��Y�T�ZCc7R X
`�[PU.`�\<XQW<f�^.`�Z&[�^.`�o}U7]�`�[�^.`�Z&[�T \a`�c�W.XQZ&[�^.`�Z&[�T��+`<]n^	��R σ� p ~�X"�Cb"]
�I["RL[�j�e�`��
YnX&]nT�W.`�\�R<^�T7_�\�Z']�b m RLX L = 3 c�U�c>U.`�c7R��"R<^�j �I^�R m c1`1e�� ? � pG�%W�TGm�`<]
�
�BT�f
�I^�R m XQ^�T7_7fPU.`�\<XQW�f�^.`�Z&[�^.`�o>U7]�`�[�^.`�Z&[�T σ� >∼ 70M�/ U�c 2 \<X&]nT m T�^�R cr �"R<\<X��
Yn`1e�`sU�W.XQ\�j1�KRLXC[�^�RLm<] y Y
RLXIe�`�X��I^�R m XQ^�T.X cr = 38 c�e � Z�p � Z']�b m RLXaehR"]�`�o
U.`�\<XQW�f�^.`�Z&[�^.`�osU7]�`�[�^.`�Z&[�T σ� <∼ 40M�/ U�c 2 T�e�XCXC[�Z�_ �I^�R m T.[<X&]
��^�j�o.�"R<U�R<Z
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b1Z&[<`�o m T�\<`�Z&[�T p(�SR<T7]�b m �wXCX%Z&`���]�R<ZCT.X%e�X � Y�bGe�`QYnX&]
� y TG^�RLm<] y YnXQ^�T7_nekT�Yn`��
Z&[�T��'RLXC[�Z�_lU�W�T σ� ' 58M�/ U�c 2 p � �C[<`1e Z']�b m RLX �Bc7R"]�R��'R"]�`�U�W�T�e�XQW�^.`
\PY�\�R�W�R��"R�U�W.XQ\�j1�KRLXC[sW�RIY�T�R"]
��^7b y �Bc7R"]�b�Y�T�ZCc7R ah/L = 6, 3 c�U�c /3 c�U�cb W�T�Z�pSc.p¢¡����1i X TV\�^7b7[�W�TaZ)V%XQW�j�W�RIY�T7b1ZQR R� = 8 c�U�c�Y�]�_aehR<ZCZCj���R"]�`wT�e�XCXIe
Mh = 3 ·1010M�

X�m [<`�Z&`�Z&["R<\L]�_�XC[ z+� ��`�[�ehR<ZCZCjsY�T�ZCc7R b W�T�Z�p�c.p¢¡�� ��i�p:��m s R"_
ehR<ZCZQR�Y�T�ZCc7Rd\S[LR<c1`�oae�`QYnX&]nTKYn`�Z&[�T��'RLXC[ 4, 4 ·1010M� b \xU�W.X'YnX&]�RIf}f�wSc�U�cGi X
R �.XQ^.[�W�R"]
��^�R"_�U.`�\<XQW�f�^.`�Z&[�^�R"_yU7]�`�[�^.`�Z&[
�sZ&`�Z&[LR<\L]�_�XC[ σ0 = 840M�/ U�c 2 p� c7]�RIYPY�T�ZCc7RB\Kc�W7b.�&`�\Lb y ZCc1`�W.`�Z&[
��^�RBW�RIY�T7b1Z&X r = 2, 2L X ��YnX�Yn`�Z&[�T���RLXC[�Z�_
ehR<c�ZCT�e�b�e V disk

c Y�]�_0�Qc�ZCU.`�^.XQ^	��T�R"]
��^.`��&`%U�W.`+VST7]�_�U.`�\<XQW�f�^.`�Z&[�^.`�oKU7]�`�[�^.`��
Z&[�T X Z&`�Z&[LR<\L]�_�XC[ (V disk

c /Vc)| r=2,2L
= 0, 73 p � c7]�RIY�m1R"].Y � R�\�c�W7b.�&`�\Lb y ZCc1`��

W.`�Z&[
�d\ �C[<`�oVe�`QYnX&]nT�Z&`�Z&[LR<\L]�_�XC[d^�RSW�RIY�T7b1Z&X r = 2, 2L (V bulge
c /Vc)| r=2,2L

=

0, 43 p'��[�e�XC[�T�e XGm [<`,m<]nT��Ic�T�o�W.X"�Cb"]
�I[LRL[ (V disk
c /Vc)| r=2,2L

= 0, 76 U.`<]�b m XQ^
\,e�`QYnX&]nT � dSw<|��v\�Z']�b m RLX L = 3 c�U�c p� U�W.X'YnX&]�RIf r = 4L = 12 c�U�cPY�]�_�`�[�^.`�ZCT.[<X&]
��^.`�o�ehR<ZCZCj��'R"]�`VT�e�XCXIe
µ = Mh/Md = 1, 6 X�m [<` Z&`���]�R<Z'b�XC[�Z�_�ZGW.X"�Cb"]
�I["RL[<`1e R<^�R"]nT��"Rs\<XQW.[�T�c�R"]
���
^.`�o Z&[�W7b.c.[Lb.W�j Y�T�ZCc�R b µ = 1, 8 i � w u+� ��pY�SR��xb�È7R"]�R<c.[�T�c7b�e�` � ^.`�Z m T.[LRL[
�
[�T�U�T m ^.`�oiZCT�Z&[<XIe�`�o X b�c1`�[<`�W.`�oy[<XIek^.`�Xa\<X s XQZ&[�\<`��'R"]�`�^.XV[<`<]
��c1`s`�U�W.X'YnX��
]�_�XC[>c�T�^.XIehRL[�T�c7b�\�^.X �B^�T�f}`�m<]�R<Z&[<XQo r > 12 c�U�c X ^.`�T T��CW�RLXC[��"R�e�XC[�^7b y
Y�T�^�R�ekT m XQZCc7b y W.`<]
�P\G`�m<]�R<Z&[�T �I\<X"�&Y�^.`��&`,Y�T�ZCc7R b r < 4L = 12 c�U�cGi�ph��`��
]�b m XQ^�^�R"_�`$�.XQ^�c7Ry^�R�U.`�\<XQW�f�^.`�Z&[�^7b y U7]�`�[�^.`�Z&[
��Y�T�ZCc7R σ� = 58M�/ U�c 2

ZC\�T�YnXC[<X&]
��Z&[�\Lb�XC[a`a[<`1e X�m [<`>\�c7]�RIYsY�T�ZCc7RV\a\<XQW.[�T�c7R"]
��^�j�o�m1R"]�R<^�ZBZCT7]s_�\��
]�_�XC[�Z�_�`�U�W.X'YnX&]�_ y�s T�erp � [<` � X,\�W.XIe�_�Y
R<^�^�jrX�^�RLm<] y YnXQ^�T�osY
R y [aYn`�Z&[LR#�
[<` m ^.`�m�`<]
�
�w`�oPW�R��Qm�W.`�ZSU.`�\<XQW�f�^.`�Z&[�^.`�o>U7]�`�[�^.`�Z&[�T�\�Z&`<]n^.X m ^.`�oG`�c�W.XQZ&[�^.`��
Z&[�T σ� = 39 ÷ 71M�/ U�c 2 X f1`�[C_g^�R<T.m�`<]�XCX>^�RIYnX � ^�j�ekTgU�W.X'Y�Z&[LR<\L]�_ y [�Z�_
�I^�R m XQ^�T7_ 50 ÷ 60M�/ U�c 2

� � ¡�¡#��p  �"e�XQW.XQ^�T7_�W�RIY�T�R"]
��^.`�o �Bc7R"]nj Y�T�ZCc7R ]�X � RL[i\yU�W.X'YnX&]�RIf L = 3 ±
1 c�U�c � � ¡�¡#� X U�W�T m XIe�c7R<cSY�]�_w[<`�^�c1`��&` X [LR<cBTSY�]�_w[<`<]nZ&[<`��&` �I\<X"�&Y�^�j+f%Y�T�ZCc1`�\�p
~�R<ZCZQe�`�[�W�T�e�e�`QYnX&]nTVZ�m�`<]
�
�wXQo��Bc7R"]�`�oKY�T�ZCc7R L = 4 c�U�c b ZQerp1W�T�Z�pSc.p¢¡���g)i�p� �C[<`1e�Z']�b m RLX X�m [<`�m�j�Y�T�ZCcg^�RIf1`QY�T7]nZ�_�^�R �CW�R<^�T	�.X>b1Z&[<`�o m T�\<`�Z&[�T X U7]�`�[��
^.`�Z&[
� σ� Yn`<] � ^�RGZ&`�Z&[LR<\L]�_�[
� ' 80M�/ U�c 2 X�m [<`PU�W.`�[�T�\<`�W.X m T.[aY
R<^�^�j�e
^�RLm<] y YnXQ^�T�o � dxc�| X d�d z#X ¡ u ¡#��pk�+`���]�R<Z&`�\�RL[
�}U.`�\<XQW<f�^.`�Z&[�^�jrX>U7]�`�[�^.`�Z&[�Tt\<`��"�
e�` � ^.`�[<`<]
��c1`%\�U�W.X'Y�U.`<]�` � XQ^�T�T X�m [<`�Y�T�ZCcwT�e�XCXC['�I^�R m T.[<X&]
��^�j�o �"R<U�R<Z+�CW�R#�
\�T.[LR���T.`�^�^.`�o�b�Z&[�`�o m T�\<`�Z&[�T ∆cr = cobsr − cr = (38 − 26) c�e � Z = 12 c�e � Z�p
�kZ']nTxU�W�T�^7_�[
��\<`�\�^�T�ehR<^�T.X+\<XQZ �+Y�T�ZCc X R�^.X [<`<]
��c1`�Z&`<]n^.X m ^7b y `�c�W.XQZ&[�^.`�Z&[
� X
[<`%`�c7R��Ij�\�RLXC[�Z�_ X:m [<`SZ&`���]�R<ZCT.Xre�X � Y�bBW�RIY�T�R"]
��^�j�ekT�W�R<ZCU�W.X'YnX&]�XQ^�T7_nekT cr T
cobsr \�e�`QYnX&]�_7fdZ L = 4 c�U�cxZ'b s XQZ&[�\<XQ^�^.`�f7b � X X�m XIe>\�Z']�b m RLX L = 3 c�U�c � � p
����� � (%" . $%"� %
���"���������"�� ��& $%�-(���� "������� ������
	���
)(%� $%"%�����

L
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�%��& .��-�
.�01.�& $%0 &��-�)
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µ = Mh/Md
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#%$'&�(t)*( U�P�( ��A�G�/'G�&YB�$ 1�/65!783:9'$*; �:1�3Y�YZZ�$'&:A�5
V obs

E'GbZ@5�9'9'2�\ S U���U?V%W ut RsCDS ,�^�+�VW ⊕ Rs(��fG!>�&YB!5!;y>�$'9'$*; G�E'$'&:2�1.5�3YB \%G!uZ�3s>�� &
µ = 1, 6

C 5 E*H�9'A*B�$'/'965!; �
µ = 0, 9

(�-0/*H��:G�1.5!;r&:A�G�/'G�&YB�� $*�`G�L�/65?ukl3:9658�`965iI'A�G�\
∆

� Z']�b m RLXPc1`�W.`�[�c1`�o �Bc7R"]nj L = 2 c�U�ctU�W�T�VST�c�ZCT�W.`�\�R<^�^.`1e �I^�R m X��
^�T�T R� = 8 c�U�c�Y
R � X�\le�`CYnX&]nT ehR<c�ZCT�ehR"]
��^.`��&`�Y�T�ZCc7R X Y�]�_ c1`�[<`�W.`�o
(V disk

c /Vc)| r=2,2L
= 0, 89 X ^�RG�CW�R<^�T	�.XKb�Z&[<`�o m T�\<`�Z&[�T�T�e�XCXIe cr = 32 c�e � Z X

T,U.`�\<XQW�f�^.`�Z&[�^�R"_VU7]�`�[�^.`�Z&[
�KehR"]�R σ� = 33M�/ U�c 2 b ZQerp�W�T�Z�pSc.p¢¡���g)i�p � R<Z5�
ZQR Z)V%XQW.`�T�Y
R"]
��^.`�o�U.`QY�ZCT�Z&[<XIekj \ `�m<]�R<Z&[�T r < 4L = 8 c�U�c�Z&`�Z&[LR<\L]�_�XC[
\�Z&XQ�&` u c�� `�[iehR<ZCZCj�Y�T�ZCc7R.p � R<c�T�e�`�m�W�R��Q`1e X T�e�XCXC[�Z�_ �"R<U�R<ZPb1Z&[<`�o m T�\<`��
Z&[�T X U.`�ZCc1`<]
��c7bsb.\<X&]nT m T.[
��\<X&]nT m T�^7b σ� Yn`��I^�R m XQ^�T�o 50M�/ U�c 2 b Z&`�`�[��
\<XC[�Z&[�\<XQ^�^.` X Y�T�ZCU.XQW�ZCT y W�RIY�T�R"]
��^�j+f�ZCc1`�W.`�Z&[<XQoxYn`S^�RLm<] y Y
RLXIe�`�oK\<X&]nT m T�^�j
cobsr = 38 c�e � Z.id^.X,bIY
RLXC[�Z�_�\�W�R�ekc7RIf��"RIY
R<^�^.`�o�c�W�T�\<`�o�\�W�R s XQ^�T7_vp   [LR<c X
e�`QYnX&]nTaZ L = 3 c�U�cV]�b m �wX�bQYn`�\L]�XC[�\<`�W�_ y [�Z&`�\<`�c7b.U�^.`�Z&[�T,Y
R<^�^�j+fG^�RLm<] y �
YnXQ^�T�o X(m XIe�Y�T�ZCc�T>Z&` �Bc7R"]�`�o L = 2 c�U�c>T7]nT L = 4 c�U�c p� Y�T�^�R�ekT m XQZCc1`�o e�`QYnX&]nT X c1`�[<`�W�R"_ Z&`���]�R<Z'b�XC[�Z�_ Z ^�RLm<] y Y
RLXIekj�ekT
c�W�T�\<`�o�\�W�R s XQ^�T7_lf1`<]�`QY�^.`�o�c�`1ekU.`�^.XQ^.[�j X ZCc�`�W.`�Z&[
� y \�W�R s XQ^�T7_ �I\<X"�&Y�T
Y�T�ZCU.XQW�ZCT7_nekT�ZCc1`�W.`�Z&[<XQo�Z&[LR<W.`��&`iY�T�ZCc7R X U.`<]�b m RLXIe Y�]�_�`�m s XQo�`�m�¥vXIek^.`�o
U7]�`�[�^.`�Z&[�T ^�R W�RIY�T7b1Z&X R� = 8 c�U�c X %� = 0, 068M�/ U�c 3 b ^�R�Yn`��
] y Y�T�ZCc1`�\<`�o�c1`1ekU.`�^.XQ^.[�j�U�W�T�f1`QY�T.[�Z�_ %disk

� = 0, 058M�/ U�c 3 i�p�~�R��I^.`�Z&[
�
%s
� = %� − %disk

� = 0,01M�/ U�c 3 `�[�^.`�ZCT.[�Z�_sc�Z)V%XQW.`�T�Y
R"]
��^.`�o�c1`1ekU.`�^.XQ^.[<X
Z �'R"]�`PT�[�`<]nZ&[<`1e�b�Y�T�ZCc7b�ph��`<]�b m XQ^�^�R"_}`�m�¥vXIek^�R"_}U7]�`�[�^.`�Z&[
�>^.X�U�W.`�[�T�\<`��
W.X m T.[gU.`�Z']�X'Y�^�T�e�Y
R<^�^�j�e�^�RLm<] y YnXQ^�T�o %�,obs = 0, 076 ± 0, 015M�/ U�c 3� c u ����p'�kZ']nT�U.`�\<XQW�f�^.`�Z&[�^�R"_sU7]�`�[�^.`�Z&[
�,Y�T�ZCc7R,\,Z&`<]n^.X m ^.`�o�`�c�W.XQZ&[�^.`�Z&[�TsZ&`��
Z&[LR<\L]�_�XC[�\�Z&XQ�&` σobs

� = 40M�/ U�c 2
� c+¡ � � X [<`���Y
R �C[<`�b.c7R��Ij�\�RLXC[�^�R �"R<U�R<Z

�CW�R<\�T.[LR���T.`�^�^.`�oab1Z&[<`�o m T�\<`�Z&[�T �I\<X"�&Y�^.`��&`xY�T�ZCc7RwTP^�Rxm��`<]
�
�xb y ehR<ZCZ'bV�'R"]�`
U.`,ZCW�R<\�^.XQ^�T y Z�Y�T�ZCc1`1e�\�^7b7[�W�T r = 8 c�U�c p
/103210���0��%D.;.A��k8"J"D.918KM'JC8"?.:���:
	C=<A�	 ��;.:���:���D�M'91810

� H.H�D ��M':�D���M'91:<?.:�M'J"ACO
	C=<A�	 ���
cr, cϕ, cz �

jwT�^�R�ekT m XQZCc�T.X�e�`QYnX&]nT ^�R<��]�_7Y�^.`uU.`�c7R��Ij�\�R y [ X�m [<`�Z�b�e�XQ^	�
�wXQ^�T.XIe
ehR<ZCZCj ��R"]�`�b.\<X&]nT m T�\�RLXC[�Z�_�W�R��I^�T	��Rye�X � Y�bgc�W7b.�&`�\<`�ogZCc1`�W.`�Z&[
� y \�W�R s X��
^�T7_ Vc TVZCc1`�W.`�Z&[
� y \�W�R s XQ^�T7_V\<X s XQZ&[�\�Rx\SY�T�ZCc�X b �I\<X"�&Y·i V pe�+[<`�[ ��VWV%XQc.[
Z']�X'Y�b�XC[�T�� b c.p�f � i+TP`�m<b�Z']�`�\L]�XQ^ab.\<X&]nT m XQ^�T.XIe�\�c7]�RIY
RB[�XQU7]�`�\<`��&`BY�\�T � XQ^�T7_
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#%$'&�(�)*( U�,�(.#F5?Z�$65i>���9'2�3	�i5�1�$'&:$'\%G�&YB�$TE65!/65�\%3YB�/'G�10Z�$'&:A�G�1�G�~�A�G�\%E'G�9'3:9*B�2=Z'>6;cG�E*B�$'\x5?>��!u9'G�~ Z�$'965�\%$'I'3:&:A�G�~l\%GiZ�3s>�$l<*5?>@5�A*B�$'A'$l1p&:/65�1�9'3:9'$'$l&xZ@5�9'9'2�\%$l965�L!>��QZ�3:9'$'~D(���Z�3:&:��W �iR �A'$'9'3:\x5!B�$'I'3:&`A'$'3gE65�/65�\%3YB�/'20N�A'/'$'1.5!;T1�/65!783:9'$*;KW�&YE�>�G�X8965!;c>�$'9'$*;�RsC�A'/*H��:G�1.5!;T&:A�G�/'G�&YB��
Vc

Ce&:A�G�/'G�&YB��K1�/65!783:9'$*;
Z�$'&:A*5t1t\%G`Z�3s>�$
V
C�965�L!>���Z@5�3:\x5!;qZ�$'&:E'3:/'&:$*; &:A�G�/'G�&YB�3:~

cobs
r

C\%G`Z�3s>���9'2�3qZ�$'&:E'3:/'&:$'$m&:A�G�/'G�&YB�3:~
cr
C
cϕ
C
cz
] W �:R � /65?Z�$65?>���9'2�3
�i5�1�$'&:$'\%G�&YB�$mG�B�9'G!uX83:9'$*;

cz/cr
W�/'G�\%L�R0$hE65�/65�\%3YB�/65

Qc

W
+
RcW >�3:1.5!;jG�&:��RsC�E'G�1�3:/�M*9'G�&YB�9'G�~wE�>�G�B�9'G�&YB�$

σW�&:E�>�G�X8965!;�$�E*H�9'A*B�$'/'965!;J>�$'9'$'$DC�E'/65�1.5!;JG�&:��R

�I\<X"�&Yl\ W�RIY�T�R"]
��^.`1e�m1R"]�R<^�Z&X�ZCT7]�p � R<c�T�e `�m�W�R��Q`1e X W�R��I^�T	��R�e�X � Y�btc�W7b �
�&`�\<`�oPZCc�`�W.`�Z&[
� y TPZCc1`�W.`�Z&[
� y \�W�R s XQ^�T7_PZ&[LR<W.`��&`�^�R<Z&X&]�XQ^�T7_PU�W.X'Yn`�Z&[LR<\L]�_��
XC[i\<`��"e�` � ^.`�Z&[
��^.X"�"R<\�T�ZCT�e�`�o�`$�.XQ^�c�T�ehR<ZCZCj�Y�T�ZCc7R.p���`�Y
R<^�^�j�e�^�RLm<] y �
YnXQ^�T�o � ¡ � ¡#� X ZCc�`�W.`�Z&[
��\�W�R s XQ^�T7_�Z&[LR<W.`��&` �I\<X"�&Y�^.`��&`�^�R<Z&X&]�XQ^�T7_i\�`�m<]�R<Z&[�T
r > 5 c�U�cVU�W.XQ\�j1�KRLXC[[w����dc�e � Z�p � W�RLm�`�[<X � w z d���\d`�c�W.XQZ&[�^.`�Z&[�TG�+`<]n^	��R�Y�]�_
ZCc1`�W.`�Z&[�T}\�W�R s XQ^�T7_ �I\<X"�&Y�\GU7]�`�ZCc1`�Z&[�T z = 0 U.`<]�b m XQ^.`�w����ac�e � Z�p � R<c�T�e
`�m�W�R��Q`1e X W�R��I^�T	��RS\dZCc1`�W.`�Z&[�T�\�W�R s XQ^�T7_Ve�X � Y�b�^�R<T.m�`<]�XCX�e�`<]�`QY�j�ekT�T�Z&[LR#�
W�j�ekT��I\<X"�&Y
R�ekTP^.XwU�W.XQ\�j1�KRLXC[ 20 c�e � Z�p'��`�Z']�X'Y�^.XCXS`�m�Z&[<`I_�[<X&]
��Z&[�\<`�_�\L]�_��
XC[�Z�_�Yn`�U.`<]n^�T.[<X&]
��^�j�e�VdR<c.[<`�W.`1ei\wU.`<]
���Cb,^.X�` m XQ^	�wehR<ZCZCT�\�^.`��&`-�I\<X"�&Y�^.`��&`
Y�T�ZCc7R b W�T�Z�pYc.p¢¡�f�i�p.�kZ']nT}\�^7b7[�W�T}`�W.m�T.[�j �+`<]n^	��RG^�R�Yn`<] y Y�T�ZCc7RGU�W�T�f1`QY�T��
]�`�Z ��m�j�m�`<]
�
�BX � �{� ehR<ZCZCj X [<`aW�R��I^.`�Z&[
�Ve�X � Y�b�c�W7b.�&`�\<`�o�ZCc1`�W.`�Z&[
� y Vc

TyZCc1`�W.`�Z&[
� y \�W�R s XQ^�T7_yZ&[LR<W.`��&`.�I\<X"�&Y�^.`��&`PY�T�ZCc7R V m�j�]�R>m�j�^.XGe�XQ^	�
�wX
c+¡Kc�e � Z b e�`QYnX&]
��Z µ = 0, 9 ^�R�W�T�Z�p(c.p¢¡�f�i�p

�SRKW�T�Z�pGc.p¢¡�wrg%U.`�c7R��"R<^�j�W�RIY�T�R"]
��^�jrX-�"R<\�T�ZCT�e�`�Z&[�TPU�R<W�R�e�XC[�W.`�\KY�T�^�R#�
ekT m XQZCc1`�oie�`QYnX&]nT X c1`�[<`�W�R"_t^�R<T7]�b m �BT�e `�m�W�R��Q`1e Z&`���]�R<Z'b�XC[�Z�_�Za^�RLm<] y Y
R#�
XIekj�e�W�R<ZCU�W.X'YnX&]�XQ^�T.XIe�Y�T�ZCU.XQW�ZCT�o�ZCc1`�W.`�Z&[<XQo �I\<X"�&Yl\�`�c�W.XQZ&[�^.`�Z&[�T��+`<]n^��
��R (cr, cϕ, cz) = (38, 24, 20) c�e � Z � c u |��rT X Z']�X'Yn`�\�RL[<X&]
��^.` X cr/cϕ = 1, 58 �
cz/cr = 0, 53 p

�SRyW�T�Z�poc.p¢¡�w#�PU.`�c7R��"R<^�j Y�]�_ �C[<`�o�e�`QYnX&]nTuU�W.`+VST7]
��U.`�\<XQW�f�^.`�Z&[�^.`�o
U7]�`�[�^.`�Z&[�T σ(r) X Qc ≡ cr∂e/2Ωcϕ

X cz/cr X �w[�W�T�f1`�\<`�o�]nT�^�T.XQoiT��Q`�m�W�R � XQ^
�Qc�ZCU.`�^.XQ^	��T�R"]
��^�j�o�U�W.`+VST7]
�aZ&`��Bc7R"]�`�o L = 3 c�U�c p(jd]�_�\�Z&XQ�&`BY�T�ZCc7R�\�j �
U.`<]n^7_�XC[�Z�_ Qc ' 1 p.��[�^.`$�wXQ^�T.XxY�T�ZCU.XQW�ZCT�o αz = cz/cr e�`�^.`�[<`�^�^.`ab�e�XQ^	���
�KRLXC[�Z�_}ZwbQY
R"]�XQ^�T.XIeu`�[��.XQ^.[�W�R X ��YnX αz(r = 0) ' 0, 7 pY�SRaU.XQW�T�V%XQW�T�TMÈ�R#�
]�R<c.[�T�c�T��"R%W�RIY�T7b1Z&`1e�`�W.m�T.[�jl�+`<]n^	��RST�e�XCXIe}\�Z&XQ�&` αz(r > 10 c�U�c ) ' 0, 4 p
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� W�_7Y
R��'R"]�R<c.[�T�c�U.`��&Y�^�T�f�[�T�U.`�\gZ�`�[ m XC[Q]nT�\<`l\�j�W�R � XQ^�^�j�e�m1R<W.`1e
^�RLm<] y Y
RLXC[�Z�_�ZQe�X s XQ^�T.X�m1R<W�R>`�[�^.`�ZCT.[<X&]
��^.` �.XQ^.[�W�RPY�T�ZCc7R.p�q�]�R<ZCZCT m XQZCc�T�e
U�W�T�e�XQW.`1e�_�\L]�_�XC[�Z�_ �
`<]
�
�w`�X � R<�&X&]�]�R<^.`�\<`?��m<]�R<c1` X btc1`�[<`�W.`��&` �.XQ^.[�W�j
W�R<ZCU�W.X'YnX&]�XQ^�T�ow_�W�c1`�Z&[�TwY�T�ZCc7R X U7]�R<^.XC[LR<W�^�j+f�[Lb�ehR<^�^.`�Z&[<XQo X ZC\<XQW�f��CT���R<^.[<`�\ X
HI TPm1R<W�RK^.XxZ&`�\�U�RIY
R y [ � z+� w#��p�q%T�^.XIehRL[�T m XQZCc�T�o �.XQ^.[�WaY�T�ZCc7R�ZQe�X s XQ^a`�[��
^.`�ZCT.[<X&]
��^.`ym1R<W�R \ � � � U�W�T�e�XQW�^.`�^�R 0, 7 ÷ 1, 2 c�U�c � ¡:d�d X z f z ��p � R<c7R"_
c7R<W.[�T�^�Rd_�\L]�_�XC[�Z�_KYn`�Z&[LRL[<` m ^.`KW�R<ZCU�W.`�Z&[�W�R<^.XQ^�^.`�o,b��'R"]�R<c.[�T�caU.`��&Y�^.XQ�&`d[�T��
U�R.p��%W�T�e�XQW�R�ekTP_�\L]�_ y [�Z�_����p�n¡�¡ � d1|�| X'� c z � X ���p�Lf�c#f�c X d�d1|�� X d u w�¡ X dx�+w �� c3d ��X dx�+¡ X�u �#f�� X ���p��f � d�d � c z f X�� � � ��p��%W�T m XIe X XQZ']nTS^�RLm<] y Y
RLXC[�Z�_%Y�\Lb1f�W7b.c7R<\��
^�R"_�ZCU�T�W�R"]
��^�R"_�Z&[�W7b.c.[Lb.W�R X [<`V`�^�R X c7R<c�U�W�R<\�T7]�` X ^.XQZCT�ehe�XC[�W�T m ^�RlZ `QY�^�R
\<XC[�\
� �"R�e�XC[�^.`am�`<]�XCXwW�R��I\�T.[LRVU.`aZCW�R<\�^.XQ^�T y Z%Y�W7b.�&`�o p.�SR<U�W�T�e�XQW X �%T�ZQR<^.`
TsY�W p � � � � �h`�[�e�X m R y [ X�m [<`>b����p��|+w�¡GT�e�XCXC[�Z�_ `QY�^�R>e�` s ^�R"_ ZCU�T�W�R"]
��^�R"_
\<XC[�\
� X RK\<[�`�W�R"_P_�\L]�_�XC[�Z�_�VSW�R<�Qe�XQ^.[LR<W�^�j�et`�m�W�R��Q`�\�R<^�T.XIerp

�re�X s XQ^�^�j�olm1R<W�T�ZCU�T�W�R"]
��^�R"_�`CY�^.`�W7b.c7R<\�^�R"_�Z&[�W7b.c.[Lb.W�Ri_�\L]�_ y [�Z�_
[�T�U�T m ^�j�ekTK`�[C]nT m T.[�X&]
��^�j�ekT m XQW.[LR�ekT � � `�� Z � ��� � �'R"]�R<c.[�T�c b�� � R<�&X&]�]�R#�
^.`�\�Rx[�T�U�R+i � z+� w#��p��+[�TPZC\<`�o�Z&[�\�Rx^�R<T.m�`<]�XCX�_�W�c�`xYnXIe�`�^�Z&[�W�T�W7b y [ X ^�R<U�W�T�e�XQW X
� � ��T����p�\d u f z#X b��'R"]�R<c.[�T�c�T����p� |+w�¡ b � � ��b ] i � i�`�^�T}U�W.`I_�\L]�_ y [�Z�_�\
e�XQ^.XCXx_�W�c1`�oEV%`�W�e�X X TsU�W�T�^7_�[<`PZ m T.[LRL[
� X.m [<`>Z&[<XQU.XQ^	�GR<ZCT�ehe�XC[�W�T�T}^.XQU�W.X��
W�j�\�^.`ye�XQ^7_�XC[�Z�_�U�W�TtU.XQW.X'f1`QYnX>c��'R"]�R<c.[�T�c7R�e�m�`<]�XCX>U.`��&Y�^.XQ�&`�[�T�U�R � � � z ��p
*wXQo.[��IT�^��&XQW � c�|�c��v`�[�e�X m RLXC[ XGm [<`a\<X&]nT m T�^�R�ZQe�X s XQ^�T7_ �.XQ^.[�W�R�m1R<W�R�\<`aek^.`��
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Â
Z'>6;4/65!�Y>�$'I'9'2QM5!�`$'\FH�B!5?>���9'2QMbI'$'&:3s>

m
]�W �:R � �i5�1�$'&:$'\%G�&YB��pG�Bp1�/'3:\%3:9'$ A�G�G�/�Z�$'965!BlW • � x

uvA�G�G�/�Z�$'965!B!5*C
+ � y

uvA�G�G�/�Z�$'965!B!5.R �'3:9*B�/658L.5�/65*(��03:9*B�/ &:$'&YB�3:\%2 A�G�G�/�Z�$'965!Bl&:G�1�E65?Z@5�3YB8&4�'3:9*B�/'G�\wBi;*ukl3:&YB�$t1�&:3,�:GlZ�$'&:A�5

Y�T�ZCc1`�\<`�o>T>Z)V%XQW.`�T�Y
R"]
��^.`�o�U.`CY�ZCT�Z&[�XIe b U pGc.p¢w7p¢w�i'p
� � ) - 
 � � -D� 
�� - � �	� )3g�

��� � � � � ) 
 � 
�� -�� �hp � Y
R<^�^.`1elU7b.^�c.[<XKW�R<ZCZQe�`�[��

W�T�eiT��Q`<]nT�W.`�\�R<^�^�j�o>ZQR�e�`��CW�R<\�T.[�T�W7b y~s T�oVY�T�ZCcam�X"��b m XC[LRKZ)V%XQW.`�T�Y
R"]
��^.`�o
U.`QY�ZCT�Z&[<XIekjSp   f1`�[Q_ub�W.XIR"]
��^�j
f��'R"]�R<c.[�T�c�^�R"]nT m T.X �'R"]�`i_�\L]�_�XC[�Z�_ X U.`��
\�T�Y�T�e�`1e�b X `�mI_��"RL[<X&]
��^�j�esc1`1ekU.`�^.XQ^.[<`1e b ZQerp X ^�R<U�W�T�e�XQW X ��c.ped X c.p¢¡�i X ^�R'�C[<`1e
U�W�T�e�XQW.Xd`�m�Z'bIY�T�e�^.XQc1`�[<`�W�jrXx`�Z&`�m�XQ^�^.`�Z&[�THV%`�W�ekT�W.`�\�R<^�T7_�m1R<W�R.p� ` � ^.`�\�j+YnX&]nT.[
��Y�\�R�c7]�R<ZCZQR�e�`QYnX&]�XQo X W�R��C]nT m R y�s T.XQZ�_�^�R m R"]
��^.`�o
[<`<] s T�^.`�ogY�T�ZCc7R.p � `�ZC^.`�\<X.�C[�T�ftY�\Lb1fue�`QYnX&]�XQot]�X � RL[iW�R��I^�jrXsZ �.XQ^�R<W�T�T
V%`�W�ekT�W.`�\�R<^�T7_l�'R"]�R<c.[�T�c p � U.XQW�\<`1e�Z']�b m RLX�\yW.X"�Cb"]
�Q[LRL[<X�c�`<]�]�R<U�ZQR�U�W.`��
[<`��'R"]�R<c.[�T m XQZCc1`��&`G`�m<]�R<c�RaU.XQW�\<`�^�R m R"]
��^.`G`�m�W�R��Cb�XC[�Z�_sc�\�R��IT�Z&[LR���T.`�^�R<W�^�j�o
Yn`�Z&[LRL[<` m ^.`Bf1`<]�`QY�^�j�oP�'R��Q`�\�j�o�Y�T�ZCc X \Kc1`�[<`�W.`1eyY
R"]�XCX%\<`��I^�T�c7RLXC[ �I\<X"�&Y�^.`�X
^�R<Z&X&]�XQ^�T.X�p � `�\<[<`�W.`1e�Z']�b m RLXsU�W.`�T�Z�f1`QY�T.[�m�j�Z&[�W.`�Xs`�m�W�R��Q`�\�R<^�T.X�[<`<]nZ&[<`��
�&` �I\<X"�&Y�^.`��&`�Y�T�ZCc7R,\�f1`CYnXBZ � RL[�T7_��'R��"R�c�U7]�`�ZCc1`�Z&[�T��'R"]�R<c.[�T�c�T X T �I\<X"�&Y�j
T��I^�R m R"]
��^.`,T�e�X y [�m�`<]�XCXd\�j�Z&`�c7b y Y�T�ZCU.XQW�ZCT y \<XQW.[�T�c7R"]
��^�j+f�ZCc�`�W.`�Z&[<XQo p

� � ) - 
 � 
 � � � ��� � �Gg � g�

� �
��� ) � 
 � � �Sp��kZ']nT \ ^�R m R"]
��^�j�o e�`��
e�XQ^.[�\�W.XIe�XQ^�T��.XQ^.[�W�R"]
��^�R"_P`�m<]�R<Z&[
�wY�T�ZCc7Rw_�\L]�_�XC[�Z�_,Yn`�Z&[LRL[<` m ^.` � � 
 � ) � � �b QT (r ≤ 2L) = 0, 7 i%T � � � � � � cz/cr <∼ 0, 4 b Y�T�ZCU.XQW�ZCT7_�\<XQW.[�T�c7R"]
��^�j+f
ZCc1`�W.`�Z&[<XQoaZC\L_��"R<^�RxZ�\<XQW.[�T�c7R"]
��^.`�o��Bc7R"]�`�oaZ&`�`�[�^.`$�wXQ^�T.XIe ∆ ' c2z/πGσ \b c.p�f�c+i_i X [<`K^�R<W�_7Y�b,Z�W.`�Z&[<`1e Y�\Lb1f�W7b.c7R<\�^.`�oGe�`QY�j X U�W�T�\<`QY�_ s XQoVc,`�m�W�R��Q`�\�R#�
^�T y m1R<W�R X V%`�W�ekT�W7b�XC[�Z�_�`QY�^.`�W7b.c�R<\�^.`�Xw\<`��"e�b s XQ^�T.X!�I^�R m T.[<X&]
��^.`�o�R�ekU7]nT��
[LbIY�j b W�T�Z�pSc.p¢¡�c[g)i�p   ^.[<XQ�CW�R"]
��^�R"_VR�ekU7]nT.[LbIY
R�V�b.W	�<X�� �'R<W�e�`�^�T�c�T Â(m = 1)

Yn`1ekT�^�T�W7b�XC[l^�RgU�W.`�[Q_ � XQ^�T�T \�Z&XQ�&`�W�R<Z m XC["R X �"RtT�ZCc7] y�m XQ^�T.XIe ZQR�e�`�o�^�R#�m R"]
��^.`�o�Z&[LRIY�T�T b t <∼ 4 i�p � j m T�Z']�XQ^�T.XB\<X&]nT m T�^ b c.p¢w�c+i X b c.p¢w:dSirU�W.`�\<`QY�T7]�`�Z �
\xZCT�Z&[<XIe�X�c1`�`�W�Y�T�^�RL[ �.XQ^.[�W�Rd[Q_ � XQZ&[�T�Y�T�ZCc7R X ZQe�X s XQ^�T.X�c1`�[<`�W.`��&`wcae�`1e�XQ^��
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[Lbu\�W.XIe�XQ^�T t = 10 ^.X}U�W.XQ\�j1�KR"]�`�\iU7]�`�ZCc1`�Z&[�T�Y�T�ZCc7R (x, y) �I^�R m XQ^�T7_
|~ξdisc| < 0, 002 X�m [<`�f7R<W�R<c.[<XQW�T��Cb�XC[�[<` m ^.`�Z&[
��T�^.[<XQ�CW�T�W.`�\�R<^�T7_�b.W�R<\�^.XQ^�T�o
Y�\�T � XQ^�T7_vp��SW�c1`P\�j�W�R � XQ^�^�R"_�U.XQW�T.`CY�T m ^.`�Z&[$� Â(m = 1, t) X Ra[LR<c � X,�'R<W��
e�`�^�T�cgZ�^.`1e�XQW�R�ekT m = 3, 4, 5, 6 X _�\L]�_�XC[�Z�_tZ']�X'Y�Z&[�\�T.XIe�\�W�R s XQ^�T7_tm1R<W�R
`�[�^.`�ZCT.[<X&]
��^.`�ZC\<`�XQ�&`��.XQ^.[�W�R X c1`�[<`�W�j�o�^.X�Z&`�\�U�RIY
RLXC[�Z �.XQ^.[�W.`1e�Y�T�ZCc7R X Z
U.XQW�T.`QYn`1e τbar ' 2, 3 p� R<c�T�e `�m�W�R��Q`1e X \�U�W.`$�.XQZCZ&X�ZC\<`�XQ�&` V%`�W�ekT�W.`�\�R<^�T7_�T���`�Z&XQZCT�eke�XC[��
W�T m ^.`�o�ZCT�Z&[<XIekj�m1R<W�`�c7R��Ij�\�RLXC[�Z�_gZQe�X s XQ^�^�j�e�`�[�^.`�ZCT.[<X&]
��^.` �.XQ^.[�W�R [Q_��� XQZ&[�T \�Z&XQ�&` Y�T�ZCc7R.pE�SR W�T�Z�p�c.p¢¡�c���U.`�c7R��"R<^�R�Y�T�^�R�ekT�c7R �.XQ^.[�W�R m1R<W�R
(xbar(t), ybar(t)) p4*w`�W�ekT�W.`�\�R<^�T.Xac�\�R��IT�Z&[LR���T.`�^�R<W�^.`��&`�m1R<W�R �"R<c7R<^ m T�\�RLXC[�Z�_
c e�`1e�XQ^.[Lb}\�W.XIe�XQ^�T t ' 10 b Y�T�^�R�ekT m XQZCc1`�X�\�W.XIe�_}\>e�`QYnX&]�_7f�W�R<\�^.` T0 =
2π
√

R3/GMd = 2π i�p'��`�Z']�X �C[<`��&`KY�\�T � XQ^�T.X �.XQ^.[�W�R�m1R<W�R�\�T�^.XQW	��T�R"]
��^.`�o
ZCT�Z&[<XIe�XPc1`�`�W�Y�T�^�RL[ U�W�R<c.[�T m XQZCc�TtU�W.XQc�W�R s RLXC[�Z�_ b ZQerp�W�T�Z�prc.p¢¡�c�� X c.p¢¡:dSi�p �
Y
R<^�^.`1euW�R<Z m XC[�X�ZQe�X s XQ^�T.X �.XQ^.[�W�Ram1R<W�RV`�[�^.`�ZCT.[<X&]
��^.`.�.XQ^.[�W�RPehR<ZCZCj�\�Z&XQo
Y�T�ZCc1`�\<`�o�c�`1ekU.`�^.XQ^.[�j Z&`�Z&[LR<\�T7]�` ξbar =

√

x2
bar + y2

bar = 0,17 = 0,7L p�q%T�^.X��
ehRL[�T m XQZCc�T�o.�.XQ^.[�W�\�Z&XQ�&`wY�T�ZCc7R�Z&`�\�U�RIY
RLXC[�Z-�.XQ^.[�W.`1etXQ�&`�T�^.XQW	��T�T p� T��Q`<]nT�W.`�\�R<^�^.`1egY�T�ZCc1XKXQ�&` �.XQ^.[�Ws[Q_ � XQZ&[�T ~ξdisk T�c�T�^.XIehRL[�T m XQZCc�T�o
�.XQ^.[�W ~ξkc ^.XwYn`<] � ^�j e�XQ^7_�[
��Z�_}\GU�W.`$�.XQZCZ&X0�Q\<`<] y ��T�T ZCT�Z&[<XIekj%ph��`
�C[<`1e�b
U�W.`�\<XQW�c7RV\�j�U.`<]n^.XQ^�T7_ �C[�T�f�b1Z']�`�\�T�ose�` � XC[V_�\L]�_�[
��Z�_�[<XQZ&[<`1euU�W�TsU.`�Z&[�W.`��
XQ^�T�T m T�Z']�XQ^�^�j+f�e�`QYnX&]�XQo p��%W�Ty\�j m T�Z']�XQ^�T�T��CW�R<\�T.[LR���T.`�^�^.`�oiZCT7]nj�e�XC[<`��
Yn`1e��������	��

����U�W�T Θ = 1 c c1`�^	�7b}W�R<Z m XC[LR b ' 10 U.XQW�T.`QYn`�\P\�W�R s XQ^�T7_�i
T��"� �"R m T�Z']�XQ^�^�j+f ��VWV%XQc.[<`�\ �.XQ^.[�W�T�^.XQW	��T�T}Y�T�ZCc7R�ZQe�X s RLXC[�Z�_�^�R�\<X&]nT m T��
^7b ξdisk ' 0, 03 � ξbar b ξdisk b�e�XQ^	�
�KRLXC[�Z�_uU�W�Tu\�jrm�`�W.X}e
�XQ^	�
�BT�f Θ i�p
jd]�_�U�W.`�\<XQW�c�T�Z&[<XQU.XQ^�T�\L]nT7_�^�T7_PY
R<^�^.`��&` ��VWV%XQc.[LRV^�R��Q\<`<] y ��T y ZCT�Z&[<XIekj
bIYn`�m�^.`>T�ZCU.`<]
���Q`�\�RL[
�>e�`QYnX&]nT X \Pc1`�[<`�W�j+f �CW�R<\�T.[LR���T.`�^�^�R"_�ZCT7]�RP\�j m T�Z']�_��
XC[�Z�_ U�W�_nekj�e�Z'b�ehekT�W.`�\�R<^�T.XIe�\�c7]�RIYn`�\G`�[�\�Z&X'f m R<Z&[�T	� b e�XC[<`QY ���¤Z ZQerp
U pGc.p�f�p�f�i�p � XC[<`QY�����U.`��I\<`<]�_�XC[�Z'b s XQZ&[�\<XQ^�^.`�b�e�XQ^	�
�BT.[
��\<X&]nT m T�^7b>ZQe�X s X��
^�T7_tY�T�ZCc1`�\<`�ogc1`1ekU.`�^.XQ^.[�j ~ξdisc b [<`�XQZ&[
�UVdR<c.[�T m XQZCc�Tl`$�BT.m�c7b X `�m<b1Z']�`�\��
]�XQ^�^7b y m T�Z']�XQ^�^�j�e W.X �wXQ^�T.XIeJi�Yn`.�I^�R m XQ^�T�o ξdisk < 10−5 p��%W�T �C[<`1e�\�Z&X
W.X"�Cb"]
�I["RL[�j X ZC\L_��"R<^�^�jrX�Z&`wZQe�X s XQ^�T.XIe}m1R<W�Rd\we�`QYnX&]�_7f��������	��

��� X `�Z&[LR y [��
Z�_>ZCU�W�R<\<X'Y�]nT�\�j�ekT p� X&]nT m T�^�R�ZQe�X s XQ^�T7_Pm1R<W�RKb�e�XQ^	�
�KRLXC[�Z�_�ZdW.`�Z&[<`1eg^�R m R"]
��^.`�oPY�T�ZCU.XQW��
ZCT�TyZCc1`�W.`�Z&[<XQo cr p � m�`<]�XCXa�&`�W�_ m XIe�\�^�R m R"]
��^�j�oie�`1e�XQ^.[s\�W.XIe�XQ^�T}Y�T�ZCc1X
ZCc1`�W.`�Z&[
�B`�m�W�R��Q`�\�R<^�T7_am1R<W�R �"R�e�X'Y�]�_�XC[�Z�_ b \B` m XQ^	�K�&`�W�_ m XQoaZCT�Z&[<XIe�X%m1R<WG^.X
`�m�W�R��Cb�XC[�Z�_ X ZQerpnU p�c.p¢w7p¢w�i�T�`QY�^.`�\�W.XIe�XQ^�^.`,b1f7bIY �KR y [�Z�_�b1Z']�`�\�T7_>Y�]�_sW.`�Z&[LR
e�`QY�j m = 1 p � W.X"�Cb"]
�I[LRL[<Xwb � XKU�W�T QT (r ≤ 2L) ≥ 1, 05 ZQe�X s XQ^�T.Xdm1R<W�R
`�c7R��Ij�\�RLXC[�Z�_>^.X"�I^�R m T.[<X&]
��^�j�erp

��[�e�XC[�T�e X�m [<`�\KZ']�b m RLX%m�`<]�XCX%�&`�W�_ m XQ�&`K\�e�`1e�XQ^.[ t = 0 Y�T�ZCc7RKek^.`��&`��
W7b.c7R<\�^�jrX�\<`<]n^�j b m > 3 i{T�e�X y [!�"R�e�XC[�^.`de�XQ^	�
�xb y R�ekU7]nT.[LbIY�b�U.`SZCW�R<\�^.X��
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#%$'&�(.)*( U!+'(��g�`G!>�$'9'$'$�E'G�1�3:/�M*9'G�&YB�9'G�~cE�>�G�B�9'G�&YB�$T1g\%GiZ�3s>�$lL�3Y�	&:o[3:/'G�$�Z@5?>���9'G�~�E'G`Z�&:$'&YB�3su\%20C�E'G�A�5!�i5�9'9'G�~
965J/'$'&�(e)*( U�)*C 1�/65!�`9'2�3c\%G�\%3:9*B�2 1�/'3:\%3:9'$D(e-0$'9'3:\x5!B�$'I'3:&:A'$'~ �'3:9*B�/j$�'3:9*B�/hBi;*kl3:&YB�$j1�&:3,�:G Z�$'&:A*5J965?M.GiZ6;*B�&�;h1 �'3:9*B�/'3TA�G�G�/�Z�$'965!BwW�A�G�G�/�Z�$'965!B�9'2�3TG�&:$
$*�`G�L!u/65!kl3:9'2 E*H�9'A*B�$'/69'2�\%$h>�$'9'$*;6\%$�Rs(�� A'1.5!�`$'&YB�55�'$'G�965�/'9'G�\ &:G�&YB�Gi;'9'$'$w1�G�L!>@5�&YB�$
r < 1G�&YB!5�3YB�& ; ' 70 � \x5�&:&:2�Z�$'&:A�5

^�T y Z m = 1, 2, 3 p � `�m�W�RL[�^.`1elU�W.X'YnX&]
��^.`1e�Z']�b m RLXx` m XQ^	��f1`<]�`QY�^.`��&`�Y�T�Z5�
c7R b QT ≤ 0, 2 i%U.`1ekT�e�`�`�ZC^.`�\�^.`��&`>m1R<W�R>e�`��'b7[}V%`�W�ekT�W.`�\�RL[
��Z�_yX s X�`QY�^.`
T7]nT ^.XQZCc1`<]
��c1`Gm�`<]�XCX,e�X&]nc1`1ehR<Z �w["RLm�^�j+f \<`��"e�b s XQ^�T�o�^�RGU.XQW�T�V%XQW�T�T�Y�T�Z5�
c7R X U.`�ZCc1`<]
��c7bPY � T�^�Z&`�\�ZCc�T�o}ehR<Z �w[LRLm %J = cr/∂e `�c7R��Ij�\�RLXC[�Z�_�` m XQ^	�GehR"]
%J � L pp�+[�T�`�m<]�R<Z&[�TyU.`�\�j1�wXQ^�^.`�oyU7]�`�[�^.`�Z&[�T�_�\L]�_ y [�Z�_y�CW�R<\�T.[LR���T.`�^�^.`
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ZC\L_��"R<^�^�j�ekTK^�R%U�W.`�[Q_ � XQ^�T�T�^.XQZCc1`<]
��c�T�fK`�m�`�W.`�[<`�\S\�W�R s XQ^�T7_�ZCT�Z&[<XIekj b ZQerp
ehR<c�ZCT�e�b�ekj�U7]�`�[�^.`�Z&[�T�^�R>W�T�Z�phc.p¢¡:d X U.`1ekT�e�`�m1R<W�R�Z ZQerp �I^�R m `�c ? \�e�`��
e�XQ^.[�\�W.XIe�XQ^�T t = 4 i�pn��W.`�Z&[<`1e�^�R m R"]
��^.`�oaY�T�ZCU.XQW�ZCT�TPZCc1`�W.`�Z&[<XQo cr `�Z&[LR#�
XC[�Z�_K[<`<]
��c1` �.XQ^.[�W�R"]
��^�R"_�m1R<W�� Z&[�W7b.c.[Lb.W�R.p � Z']�b m RLXr` m XQ^	��f1`<]�`QY�^.`��&`�Y�T�ZCc�R
V%`�W�ekT�W.`�\�R<^�T.Xam1R<W�R�Z&`�U�W.`�\<` � Y
RLXC[�Z�_�ZCT7]
��^�j�e ZQe�X s XQ^�T.XIe�`�[�^.`�ZCT.[<X&]
��^.`
Y�T�^�R�ekT m XQZCc1`��&` �.XQ^.[�W�R.p � X&]nT m T�^�RsZQe�X s XQ^�T7_ ξbar e�` � XC[}U�W.XQ\�j1�KRL[
��^�R#�m R"]
��^7b y W�RIY�T�R"]
��^7b y �Bc7R"]�bVY�T�ZCc7R L = 0, 25 p
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 � � �Sph�kZ']nT}\G^�R m R"]
��^�j�o e�`1e�XQ^.[
\�W.XIe�XQ^�TyY�T�ZCci_�\L]�_�XC[�Z�_�m�`<]�XCXP[<`<]nZ&[�j�e X [<` XQ�&` �Q\<`<] y ��T7_�e�XQ^7_�XC[�Z�_vp�jBR#�� X�XQZ']nTl`�^l`�[�^.`�ZCT.[<X&]
��^.`if1`<]�`QY�^�j�o�\iU7]�`�ZCc1`�Z&[�T b x, y i X@m [<`�Yn`�U7b1ZCc7RLXC[
V%`�W�ekT�W.`�\�R<^�T.X�m1R<W�� e�`QY�j X [<`KZQe�X s XQ^�T.X�m1R<W�RSb�e�XQ^	�
�KRLXC[�Z�_ b W�T�Z�p�c.p¢¡�¡�i Xxm [<`
U�W.`I_�\L]�_�XC[�Z�_�\Sb�e�XQ^	�
�wXQ^�T�T�R�ekU7]nT.[LbIY�jl�'R<W�e�`�^�T�c�T m = 1 T�XCX�m�`<]�XCX�e�X'Y	�
]�XQ^�^.`1e�W.`�Z&[<XGU.`}ZCW�R<\�^.XQ^�T y ZGe�`QYnX&]
� ytX \�c1`�[<`�W.`�o�Y�T�ZCcy_�\L]�_�XC[�Z�_ym�`<]�XCX
[<`�^�c�T�eg\�^�R m R"]
��^�j�o�e�`1e�XQ^.[�\�W.XIe�XQ^�T b W�T�Z�p(c.p¢¡�¡��1i�p

�re�X s XQ^�T.Xam1R<W�RsU�W�R<c.[�T m XQZCc�TtT�Z m X"�"RLXC[�^�R m T�^�R"_tZ&` �I^�R m XQ^�T�o�\<XQW.[�T��
c7R"]
��^.`�o �Bc7R"]nj ∆/L >∼ 0, 4 \�`�[�Z'b7[�Z&[�\�T.XP�'R"]�`�p � `<]nZ&[�jrX,Y�T�ZCc�Ty_�\L]�_ y [��
Z�_P�CW�R<\�T.[LR���T.`�^�^.`�m�`<]�XCX�b1Z&[<`�o m T�\�j�ekT b ZQerp b c.p�c+¡�i_i�p(��`
�C[<`1e�b,f�R<W�R<c.[�XQW�^�j�X
\�W.XIe�XQ^�RS`�m�W�R��Q`�\�R<^�T7_,] y m�j+faZ&[�W7b.c.[Lb.W X `�m<b1Z']�`�\L]�XQ^�^�j+fVZQR�e�`��CW�R<\�T.[LR���T.XQo X
b.\<X&]nT m T�\�R y [�Z�_>ZSW.`�Z&[<`1ei[<`<] s T�^�juY�T�ZCc7R X R�R�ekU7]nT.[LbIY
R0�C[�T�fP`�m�W�R��Q`�\�R<^�T�o
b�e�XQ^	�
�KRLXC[�Z�_vp � `<] s T�^�R�Y�T�ZCc7R�`�U�W.X'YnX&]�_�XC[�Z�_>Y�T�ZCU.XQW�ZCT.XQo z � ZCc1`�W.`�Z&[<XQo cz p� R<c�T�e�`�m�W�R��Q`1e X Z'b s XQZ&[�\Lb y [�c�W�T.[�T m XQZCc�T.X�^�R m R"]
��^�jrX �I^�R m XQ^�T7_tY�T�ZCU.XQW��
ZCT�TwW�RIY�T�R"]
��^�j+fKTw\<XQW.[�T�c7R"]
��^�j+fKZCc1`�W.`�Z&[<XQo X c�`�[�`�W�j�X+Yn`�U7b1ZCc�R y [ �"R�e�XC[�^.`�X
ZQe�X s XQ^�T.X%m1R<W�R.p
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 � 
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~�R<ZCZQe�`�[�W�T�e �Q\<`<] y ��T y Y�T�ZCc7R�ZVb m XC[<`1e�Yn`�U.`<]��
^�T.[<X&]
��^.`��&`��CW�R<\�T.[LR���T.`�^�^.`��&`iU.`<]�_�Z&[LR���T.`�^�R<W�^.`��&`�m1R"].Y � R X c1`�[<`�W�j�otf7R#�
W�R<c.[<XQW�T��Cb�XC[�Z�_t`�[�^.`�ZCT.[<X&]
��^.`�olehR<ZCZ&`�o Mb/Md TtW�RIY�T�R"]
��^.`�o �Bc7R"]�`�o b p� R"]�`1ehR<ZCZCT�\�^�j�ogm1R"].Y � b Mb/Md = 0,1 X b/L = 0,2 i�\ `�[�Z'b7[�Z&[�\�T.X���R"]�`
^�R�^�R m R"]
��^.`�o�Z&[LRIY�T�T �Q\<`<] y ��T�TtYn`�U7b�ZCc7RLXC[�W�R��I\�T.[�T.Xsc�R<cgm1R<W�� e�`QY�j X [LR<c
T `CY�^.`�W7b.c7R<\�^.`�o��'R<W�e�`�^�T�c�T p � �C[<`1e�Z']�b m RLX��.XQ^.[�W m1R<W�RGm<]nT��Q`�c�c��.XQ^.[�W7b
m1R"].Y � R b U�W�T m T�^�RPZC\L_��"R<^�RVZ&`PZ&[LRL[�T m ^.`�Z&[
� y m1R"].Y � R+i X ^.`PZQe�X s XQ^�`�[�^.`�ZCT��
[<X&]
��^.`xc�T�^.XIehRL[�T m XQZCc1`��&`-�.XQ^.[�W�RST �.XQ^.[�W�R%[Q_ � XQZ&[�TKY�T�ZCc�`�\<`�o�c1`1ekU.`�^.XQ^.[�jSp
��`<]�XdZCc1`�W.`�Z&[<XQo>\�`�m<]�R<Z&[�TPm1R<W�R�T�e�XCXC[�ZCT7]
��^.`,^.XQZCT�ehe�XC[�W�T m ^�j�o�\�T�Y{p

È1XQ^.XQW�R���T7_�e�`QY�j Z�R��IT�e�b7[LR"]
��^�j�e�^.`1e�XQW.`1e m = 1 \<`��"e�` � ^�R�Tu\
Z']�b m RLXGm�`<]�XCXPehR<ZCZCT�\�^.`��&`�m1R"].Y � R b Mb/Md > 0, 1 i X XQZ']nT�`�^i^.XV_�\L]�_�XC[�Z�_
` m XQ^	�%c�`�^	�.XQ^.[�W�T�W.`�\�R<^�^�j�erpx�%W�T�ehR"]�`�o0�Bc�R"]�Xrm1R"].Y � R b� 0, 1L b1Z']�`�\�T7_
Y�]�_�W�R��I\�T.[�T7_>`QY�^.`�W7b.c7R<\�^�j+f�\<`��"e�b s XQ^�T�oPT�Z m X"�"R y ["p

�%W�T ^�R"]nT m T�T m1R"].Y � RPZQe�X s XQ^�T.XKm1R<W�RG`�c7R��Ij�\�RLXC[�Z�_ U�W�T U�W.` m T�f�W�R<\��
^�j+fyb1Z']�`�\�T7_7f�e�XQ^	�
�wX X Ti`�^.`}Z&`�\�W.XIe�XQ^.XIe�e�X'Y�]�XQ^�^.`sb�e�XQ^	�
�KRLXC[�Z�_iT��"� �"R
\��"R<T�e�`QYnXQo�Z&[�\�T7_,R<ZCT�ehe�XC[�W�T m ^.`��&`%Y�T�ZCc7RSZ&`dZ&[LRL[�T m ^�j�e m1R"].Y � XIerp �+[<`�[-��V �
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#%$'&�(4)*( U�U�( �[5?I65?>���965!;�&YB!5?Z�$*; !:1�G!>��4�'$'$ 1 \%G`Z�3s>�$ E'3:/'1�G�965iI65?>���9'G B�G!>�&YB�G��:G Z�$'&:A�5W
∆/L ' 0,25

R4L�3Y�
&:o[3:/'G�$�Z@5?>���9'G�~ E'G`Z�&:$'&YB�3:\%2 W
N = 106 Rs( ��Z�3:&:� W �iR � $*�`G!>�$'9'$'$>�G��s5�/'$'o[\x5 E'G�1�3:/�M*9'G�&YB�9'G�~hE�>�G�B�9'G�&YB�$h1 /65!�`9'2�3�\%G�\%3:9*B�2 1�/'3:\%3:9'$D(��Q3s>�$'I'$'965J&:\%3Y783su9'$*; L.5�/658E'/'$'L!>�$*�`$*B�3s>@��9'G�1bZ�1.58/65!�i5l\%3:9'��X83�C'I'3:\=1l&s>6H�I65�30\%GiZ�3s>�$ 965l/'$'&�(6)*( U�)�C')*( U!+']W �:R � �i5�1�$'&:$'\%G�&YB�$rG�Bw1�/'3:\%3:9'$r$'9*B�3,�:/65?>���9'2QM�5�\%E�>�$*B�HiZ o0H�/'��3su��Y5�/'\%G�9'$'A W�)*( ,!+�R8Z'>6;/65!�Y>�$'I'9'2QMt5!�`$'\FH�B�5?>���9'2QMtI'$'&:3s>

m = 1, 2, 3, 4, 5, 6

V%XQc.[�R<^�R"]�`��CT m XQ^ \L]nT7_�^�T y �'R"]�` b ZQerpv^�T � X:i X `QY�^�R<c1`�\>Z']�b m RLX�m1R"].Y � RP`�^
m�`<]�XCX
W.X"�Ic�`�\�j�W�R � XQ^ p � e�XQ^	�
�wXQ^�T.X
\<X&]nT m T�^�j ξbar Z&`�\�W.XIe�XQ^.XIePU.`<]n^.`�Z&[
� y
`�m<b1Z']�`�\L]�XQ^.`w\��"R<T�e�`QYnXQo�Z&[�\�T.XIe � XQZ&[�c1`�oaZ)V%XQW.`�T�Y
R"]
��^.`�oVc1`1ekU.`�^.XQ^.[�juZ�m1R#�
W.`1erp � R<W�R<c.[<XQW�^.`�X,\�W.XIe�_ �C[<`��&`>U�W.`$�.XQZCZQRGZ&`�Z&[LR<\L]�_�XC[P^.XQZCc1`<]
��c1`PU.XQW�T.`QYn`�\
`�m�W�R s XQ^�T7_�\�^.X �B^.XQ�&`,c�W�R"_PY�T�ZCc7R.p � m XC[ � � T�\<`��&` � m1R"].Y � RVe�` � XC[��"R�e�XC[�^.`



	����Q���d�����h�
�������	�L��)����C#I�
#"-��Q��-��y�����C���i�	��
��
���C#I�
#"-��Q��-�� " � � �

#%$'&�(@)*( U��*( ��G`Z�3s>��T& �s5?>�G'N6\x5�&:&`5
Mh = Md

C�X8A�5?>@5
a = 2L

C@I'$'&su>�GcI65�&YB�$��
N = 2, 5 · 105 ( 	0G�A�5?u�i5�9'2 $*�`G!>�$'9'$'$yE'G�1�3:/.M*9'G�&YB�9'G�~E�>�G�B�9'G�&YB�$ 1 /65!�`9'2�3 \%G�\%3:9*B�21�/'3:\%3:9'$

T��"e�XQ^�T.[
�dY�T�^�R�ekT�c7b �C[<`��&`BU�W.`$�.XQZCZQR X Z&`Qf�W�R<^7_._aU�W�T�^	��T�U�T�R"]
��^�j�oP\�j�\<`QYP`�m
b�e�XQ^	�
�wXQ^�T�TPZQe�X s XQ^�T7_Pm1R<W�R�Z&`�\�W.XIe�XQ^.XIerp

��`�� \�T�Y�T�e�`1e�b X Z&["RLm�T7]nT��"R���T7_ `CY�^.`�W7b.c7R<\�^�j+f \<`��"e�b s XQ^�T�osm1R"].Y � XIe�T
b�e�XQ^	�
�wXQ^�T.X�ZQe�X s XQ^�T7_Vm1R<W�RwZ&`K\�W.XIe�XQ^.XIe�Z�b m XC[<`1e��CW�R<\�T.[LR���T.`�^�^.`��&`�U.`<]�_
m1R"].Y � RV_�\L]�_�XC[�Z�_}U�W�T m T�^.`�o}[<`��&` X·m [<`�ZQe�X s XQ^�T.XBm1R<W.`�\G^�RLm<] y Y
RLXC[�Z�_ U�W.X��
T�e�b s XQZ&[�\<XQ^�^.`>b��'R"]�R<c.[�T�c�U.`��&Y�^�T�f�[�T�U.`�\ X ^�R m T�^�R"_�ZVe�`�W�V%`<]�`��CT m XQZCc1`��&`
[�T�U�R Scd X b�c1`�[<`�W�j+f X c7R<c}U�W�R<\�T7]�` X `�[�Z'b7[�Z&[�\Lb y [�ZCc1`<]
��c�`�� ^�T.m<bIY � �"R�e�XC[��
^�jrX �.XQ^.[�W�R"]
��^�jrXwZ)V%XQW�T m XQZCc�T.XdU.`QY�ZCT�Z&[<XIekjSp

�
� � 
	��� � 
 ) � 
 � g � � � - � � � � g�
 � p � R<ZCZQRP�'R"]�`�\�U�W.X'YnX&]�RIf}`�U.[�T m XQZCc�T

^�RLm<] y Y
RLXIe�`��&`xY�T�ZCc7RBe�` � XC[�U�W.XQ\�j1�KRL[
��ehR<ZCZ'bKY�T�ZCc1`�\<`�oGc�`1ekU.`�^.XQ^.[�j b ZQerp
�[c.ped X c.p¢¡�i�ph��`
�C[<`1e�b}W�R<ZCZQe�`�[�W�T�e�m�`<]�XCX,W.XIR"]nT�Z&[�T m ^�jrXae�`QYnX&]nT X \�c7] y�m R y �s T.Xd�'R"]�`,\�Z&`�`�[�\<XC[�Z&[�\�T�T�Z b c.p¢c+i�p� j�\<`QYs`,[<`1e X'm [<`a\,Z']�b m RLXwU.XQW�\<`�^�R m R"]
��^.`,[<`�^�c1`��&`�f1`<]�`CY�^.`��&`�Y�T�ZCc�R
ZQe�X s XQ^�T.XPm1R<W�R ξbar `�c7R��Ij�\�RLXC[�Z�_t\<`��"e�` � ^�j�e X Z&`Qf�W�R<^7_�XC[�Z�_gTtU�W�T�b m XC[<X
�'R"]�`�p � [LR<c�T�f�e�`QYnX&]�_7fuZ�^�R m R"]
��^�j�e QT (r ≤ 2L) = 0,6 ÷ 0,8 X c7R<c�T
\>Z']�b m RLX�m�X"�V�'R"]�` X f7R<W�R<c.[<XQW�^.`�o `�Z&`�m�XQ^�^.`�Z&[
� y �Q\<`<] y ��T.`�^�T�W7b y�s XQ�&`PY�T�Z5�
c7RP_�\L]�_�XC[�Z�_y\<`��"e�` � ^.`�Z&[
�s^�R<W�R<Z&[LR<^�T7_ Yn`�m�`<]
�
�BT�f�R�ekU7]nT.[LbIYt�'R<W�e�`�^�T�c�T
m = 1 X�m [<`�e�` � XC[�^�R}^�R m R"]
��^.`�ogZ&[LRIY�T�TgU�W�T�\<`QY�T.[
�yctZQe�X s XQ^�T y m1R<W�R.p
jBR<^�^�jrX ��VWV%XQc.[�j�^�R<T.m�`<]�XCXdZCT7]
��^�j�U�W�TaYn`�Z&["RL[�` m ^.`,W�j+f7]�`1et�'R"]�` X �Bc7R"]�R
a bBc1`�[<`�W.`��&`d\ 2 ÷ 4 W�R��"R�U�W.XQ\<`�Z f1`QY�T.[SW�RIY�T�R"]
��^7b y �Bc7R"]�bxY�T�ZCc�R.p � �C[<`1e



� � � �����
	��
���
���
�����������
����������� �"!�#"�����%$&!��'$��(��)+*,�(�
��-.�"!

Z']�b m RLX Y�T�^�R�ekT�c7R�Y�T�ZCc7R�\�`�m<]�R<Z&[�T r ≤ 2L `�U�W.X'YnX&]�_�XC[�Z�_B\�U.XQW�\Lb y ` m XQW.X'Y �
W�R<ZCU�W.X'YnX&]�XQ^�T.XIesehR<ZCZCjy\�Y�T�ZCc1`�\<`�oBc�`1ekU.`�^.XQ^.[<X�p��SR�W�T�Z�p3c.p¢¡ u U.`�c7R��"R<^�R �Q\<`��
] y ��T7_�Y�T�ZCc7R�\se�`QYnX&]nT�Z Mh = Md

X a = 2L p�qSR<cyT�\�Z']�b m RLXVm�X"�a�'R"]�` X
^�Ra^�R m R"]
��^.`�o�Z&[LRIY�T�T}U�W.`�T�Z�f�`QY�T.[HV%`�W�ekT�W.`�\�R<^�T.X�R<ZCT�ehe�XC[�W�T m ^.`��&`VY�T�ZCc7R X
\Gc1`�[<`�W.`1eum1R<Ws`�c7R��Ij�\�RLXC[�Z�_�ZQe�X s XQ^�^�j�e�`�[�^.`�ZCT.[<X&]
��^.`.�.XQ^.[�W�Ra[Q_ � XQZ&[�T}T
c�T�^.XIehRL[�T m XQZCc1`��&` �.XQ^.[�W�R�\�Z&XQ�&`�Y�T�ZCc7R.ph� RL[<XIe�T��"� �"R�Z&[LRL[�T m ^.`�Z&[�TgZ)V%XQW.`�T��
Y
R"]
��^.`�oyU.`QY�ZCT�Z&[<XIekj�ZQe�X s XQ^�T.X�m1R<W�RGb�e�XQ^	�
�KRLXC[�Z�_vph�%W�Tye
�XQ^	�
�BT�f �I^�R m X��
^�T7_7f �Bc7R"]nj ��R"]�` a ZQe�X s XQ^�T.XPm1R<W�R�b�e�XQ^	�
�KRLXC[�Z�_gT�Y�T�^�R�ekT�c�R�ZCT�Z&[<XIekj
`�c7R��Ij�\�RLXC[�Z�_tU.`Qf1` � R}^�R Z']�b m R<oge�`QYnX&]nTtZ>c1`�^	�.XQ^.[�W�T�W.`�\�R<^�^�j�e�m1R"].Y � XIe
m�X"�x�'R"]�`�p

�kZ']nT}W�R<ZCZQe�`�[�W.XQ^�^�j�o�e�X'f�R<^�T��"el_�\L]�_�XC[�Z�_�`�[�\<XC[�Z&[�\<XQ^�^�j�e,�"RzV%`�W�ekT��
W.`�\�R<^�T.X X U.`,c�W�R<o�^.XQo�e�XQW.X X�m R<Z&[�T � 
 � ] � �#^�� � �'R"]�R<c.[�T�c X [<`�bG[LR<c�T�f��'R"]�R<c.[�T�c
U.`��&Y�^�T�f>e�`�W�V%`<]�`��CT m XQZCc�T�fG[�T�U.`�\�\�^7b7[�W�T>`�U.[�T m XQZCc1`��&`�W�RIY�T7b1ZQRB\�ZCW.X'Y�^.XIe
`�[�^.`�ZCT.[<X&]
��^�R"_sehR<ZCZQRK�'R"]�`,e�XQ^	�
�wX X#m XIeibPZCT�ehe�XC[�W�T m ^�j+f��'R"]�R<c.[�T�c p

� � - � ) � �Gg�� �
� � �Og�
 )��ng � � g�
 � p � m [<XIei\KU.XQW�\<`1eiU�W�T.m<]nT � XQ^�T�TaY�\�T��� XQ^�T.XrZ)V%XQW.`�T�Y
R"]
��^.`�oKU.`QY�ZCT�Z&[<XIekjSp�� m T.[LRLXIe X3m [<`%m1R"].Y � T7]nTB�'R"]�`�`�U�W.X'YnX��
]�_ y [�Z�_��"R<c1`�^.`1e�U7]�`�[�^.`�Z&[�T�Z&`�`�[�\<XC[�Z&[�\<XQ^�^.` b c.p¢¡�i+T7]nT b c.p�c+i X ^.`,U.`<]�` � XQ^�T.X
�.XQ^.[�W�R � XQZ&[�c1`�o�U.`QY�ZCT�Z&[<XIekj `�U�T�ZCj�\�RLXC[�Z�_�Yn`�U.`<]n^�T.[<X&]
��^�j�e�b.W�R<\�^.XQ^�T.XIe
Y�\�T � XQ^�T7_s\�ZCT�Z&[<XIe�XSb.W�R<\�^.XQ^�T�o b c.p¢w�i�p � [LR<c�`�ose�`QYnX&]nT ` ^.XQZ&["R���T.`�^�R<W�^�j�e
�'R"]�`dT7]nT�m1R"].Y � XIe �.XQ^.[�WVehR<ZCZr\�Z&XQo�e�`CYnX&]nT�W7b�XIe�`�o�ZCT�Z&[<XIekj�`�Z&[LRLXC[�Z�_�^.XQU.`��
Y�\�T � ^�j�erp *w`�W�ekT�W.`�\�R<^�T.X�m1R<W�R}\sf1`<]�`QY�^.`1e Y�T�ZCc1X�c7R m XQZ&[�\<XQ^�^.`�^.X>`�[C]nT��m RLXC[�Z�_�`�[ Z']�b m R"_�^.XQU.`QY�\�T � ^.`�ogZ)V%XQW.`�T�Y
R"]
��^.`�o�U.`QY�ZCT�Z&[<XIekj b W�T�Z�prc.p¢¡ � i�p
��Y�^�R<c1`s\<`��I^�T�c	�wXCXVZQe�X s XQ^�T.X�m1R<W�R>`�[�^.`�ZCT.[<X&]
��^.` �.XQ^.[�W�RPY�T�ZCc7R�Z&`Qf�W�R<^7_��
XC[�Z�_vp'�%W�T m XIegW�R<ZCZ&[<`I_�^�T.XBe�X � Y�b.�.XQ^.[�W�R�ekT>Y�T�ZCc�R,T��'R"]�`,\,^.XQZCc1`<]
��c1`VW�R��
e�XQ^	�
�wX X#m XIe ξbar =

√

x2
bar + y2

bar p
�
� -D� ) � ��� � g�� � � �"- � � ) - 
 � p � R<W�R<c.[<XQW�^.`�o,`�Z&`�m�XQ^�^.`�Z&[
� y �'R"]�R<c.[�T�cVU.`��&Y	�

^.XQ�&`y[�T�U�R�_�\L]�_�XC[�Z�_�m��`<]
�
�KR"_�`�[�^.`�ZCT.[<X&]
��^�R"_�Yn`<]�_u�'R��"R�U.`iZCW�R<\�^.XQ^�T y Z
`�m�¥vXQc.[LR�ekTPW�R<^�^.XQ�&`K[�T�U�R.p'��`
�C[<`1e�bGW�R<ZCZQe�`�[�W�T�e�U�W�T�^	��T�U�T�R"]
��^.`�Xw\L]nT7_�^�T.X
�'R��Q`�\<`�olc1`1ekU.`�^.XQ^.[�j ^�R ��VWV%XQc.[tZQe�X s XQ^�T7_�m1R<W.`�\iT�\ �.X&]�`1e�U.`I_�\L]�XQ^�T.X
R<ZCT�ehe�XC[�W�T�T�\�Z&[�W7b.c.[Lb.W�XSY�T�ZCc7R � ¡:dSw#��p� c7R m XQZ&[�\<X�^�R m R"]
��^.`��&`�Z&`�Z&[<`I_�^�T7_dY�]�_ �I\<X"�&Y�^.`�oxc1`1ekU.`�^.XQ^.[�ji\�jrm�XQW.XIe
Y�T�ZCc X m<]nT��Ic�T�owcw�CW�R<^�T	�.X��CW�R<\�T.[LR���T.`�^�^.`�owb�Z&[<`�o m T�\<`�Z&[�TK\�`�[�Z'b7[�Z&[�\�T.Xr�'R��"R.p� R<c�T�el`�m�W�R��Q`1e X ^�R m R"]
��^�jrXKW�R<ZCU�W.X'YnX&]�XQ^�T7_>Y�T�ZCU.XQW�ZCT�osZCc1`�W.`�Z&[<XQo�[LR<c1`�\�j Xm [<`�m�X"�,b m XC[LR��'R��Q`�\<`�o c1`1ekU.`�^.XQ^.[�j�R�ekU7]nT.[LbQY
R�`QY�^.`�W7b.c7R<\�^.`�oy�'R<W�e�`�^�T�c�T
m = 1 ` m XQ^	�GehR"]�R X TEV%`�W�ekT�W.`�\�R<^�T.X,R<ZCT�ehe�XC[�W�T m ^.`��&`VY�T�ZCc�Ra^.X�U�W.`�T�Z�f�`��
Y�T.[ X f1`�[Q_�^�R m R"]
��^.`�XxZ&`�Z&[<`Q_�^�T.XdTVYn`�U7b1ZCc7RLXC[�e�X'Y�]�XQ^�^.`�XS`�m�W�R��Q`�\�R<^�T.X%m1R<W�R.p� ehR<ZCZCT�\�^.`�o�f1`<]�`CY�^.`�oG�'R��Q`�\<`�o,U.`QY�ZCT�Z&[<XIe�X%\<`��"e�` � ^.`kV%`�W�e�T�W.`�\�R<^�T.XS�'R<W��
e�`�^�T�c�T m = 1 X c�`�[�`�W�R"_ ^�RG^.X&]nT�^.XQo�^.`�o}Z&[LRIY�T�T U�W�T�\<`QY�T.[�c R<ZCT�ehe�XC[�W�T�T
T �I\<X"�&Y�^.`��&`PY�T�ZCc7R.pr�SR�W�T�Z�p�c.p¢¡ � U.`�c7R��"R<^�j�W.X"�CbI]
�I[LRL[�j�[LR<c1`��&`�W�R<Z m XC[LRs\
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#%$'&�( )*( U���( ��G`Z�3s>��J&89'3:&YB!55�'$'G�965�/'9'2�\ �s5?>�G
W
Mh = Md

C
a = 2L

RsNOE'G�A�5!�i5�9'2 $*�`G!>�$'9'$'$E�>�G�B�9'G�&YB�$
σ
$0Z�$'965�\%$'A�5	A�G�G�/�Z�$'965!B4�'3:9*B�/65�L.5�/65 W �iRs( ��G`Z�3s>��	�`1�3Y�YZ�9'G!u��s5!�`G�1�G��:G	Z�$'&:A�5*N$*�`G!>�$'9'$'$8E'G�1�3:/�M*9'G�&YB�9'G�~8E�>�G�B�9'G�&YB�$ �s5!�`G�1�G�~4W �:R $ �`1�3Y�YZ�9'G�~bA�G�\%E'G�9'3:9*B�2 W �`Rs( �Q\%3Y783:9'$'3�'3:9*B�/65pL.5!/65	G�B�9'G�&:$*B�3s>���9'G �'3:9*B�/65	Z�$'&:A�5�$ &YB�3:E'3:9'�05�&:$'\%\%3YB�/'$'$8&:E'$'/65?>���9'G�~b&YB�/*H�A*B�H�/'2H�&:$�>�$'1.5���B�& ;t&0H�1�3s>�$'I'3:9'$'3:\rG�B�9'G�&:$*B�3s>���9'G�~t\x5�&:&:2 �s5!�i5
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#%$'&�(.)*( U�_*(��[>6;l\%G`Z�3s>�$�&
µ = 1,9

$
L = 1,6

A'E'AlE'G�A*5!�i5�9'20N6W �iR � 1�A�>@5?Zc10A'/*H��:G�1�H��r&:A�G!u/'G�&YB�� �s5?>@5�A*B�$'A'$�W�&:E�>�G�X8965!;bB�G!>�&YB�5!; >�$'9'$*;�R�G�B�Z�$'&:A�5*C �Y5?>�G*C!L.5?>'Z6k�5�$ ;�Z�/65*]*W �:R � /65?Z�$�u5?>���9'G�3g/65�&:E'/'3sZ�3s>�3:9'$'3[965�L!>��QZ@5�3:\%2QM $ \%G`Z�3s>���9'2QM &:A�G�/'G�&YB�3:~D( �x&s>�G�1�9'2�30G�L�G��`965iI'3:9'$*;DN
� � &:A�G�/'G�&YB���1�/65!783:9'$*; HI

]
? � &:A�G�/'G�&YB��J1�/65!783:9'$*;K�`1�3Y�YZ�W�L�G!>���X8$'3b�`1�3Y�YZ�G�I'A'$ �S ,!+.)!V CF\x5?>�3:9'��A'$'3J�:1�3Y�YZ�G�I'A'$ � S U���_!VaRs] & � 965�L!>���Z@5�3:\x5!;jZ�$'&:E'3:/'&:$*;=&:A�G�/'G�&YB�3:~=�`1�3Y�YZ�]

• � \%G`Z�3s>���9'2�3�G��'3:9'A'$ &:A�G�/'G�&YB�$ 1�/65!783:9'$*;=�`1�3Y�sZ�] � � \%G`Z�3s>���9'2�3�G��'3:9'A'$ Z�$'&:E'3:/�u&:$'$K&:A�G�/'G�&YB�3:~K�`1�3Y�YZh14E'/'G�3:A��'$'$q965c>6H�I��`/'3:9'$*;D]xW �`R � B�G4k�3[Z'>6;K\%G`Z�3s>�$K& µ = 1,1
$

L = 1,6
A'E'AD]eW ��R � B�G�kl3pZ'>6;�\x5�A�&:$'\x5?>���9'G��:GlZ�$'&:A�58Z'>6; V S

gas(r) � L = 1
A'E'A

c.p u �+i�p���`�c7R��"R<^�j�[LR<c � X�ZCc1`�W.`�Z&[�TK\�W�R s XQ^�T7_ V? TxY�T�ZCU.XQW�ZCT�TKZCc1`�W.`�Z&[<XQo cobs
�I\<X"�&Y{pI����]�R � XQ^�^�R"_xc�W�T�\�R"_w\�W�R s XQ^�T7_x�'R��"RrU�W�T�^�T�ehR"]�R<Z ��\�c7R m XQZ&[�\<X+c�W�T�\<`�o
c�W7b.�&`�\<`�o>ZCc1`�W.`�Z&[�T>\�W�R s XQ^�T7_ Vc(r) p

q%T�^.XIehRL[�T�c7R �I\<X"�&Y�Y�T�ZCc7RV\ � � ��T��Cb m XQ^�R�Yn`�Z&[LRL[<` m ^.`Vf1`�W.`$�w`�p(q y ^��
c1X&]
�wT�Y�W p � ¡ u |���U.` � ¡<|Sb.��]�XQW.`QY�^�j�e �I\<X"�&Y
R�e U.`�Z&[�W.`�T7]nTac�W�T�\Lb y \�W�R s XQ^�T7_
\�`�m<]�R<Z&[�Td`�[�c+Yn`tf�w�c�U�c p � j�XCX
T�ZCU.`<]
���Cb�XIePZhb m XC[<`1ePb.��]�R�^�R<c7]�`�^�R i = 33◦

b ZQerp�W�T�Z�p(c.p¢¡<| X c.p u �+i�pSjwT�ZCU.XQW�ZCT7_PZCc1`�W.`�Z&[<XQo��C[�T�f �I\<X"�&Y�\"Yn`<]
��W�RIY�T7b�ZQR�Z']�R#�
m�`�e�XQ^7_�XC[�Z�_ T�Z&`�Z&[LR<\L]�_�XC[ cobs = 12 ÷ 16 c�e � Z XYm [<` X U.`�� ek^.XQ^�T y R<\<[<`�W.`�\
Y
R<^�^.`�o�W�RLm�`�[�j X b.c7R��Ij�\�RLXC[%^�R�T�fB`�[�^.`�ZCT.[<X&]
��^.`we�`<]�`QYn`�oK\<`��IW�R<Z&[Ip � Yn`�U.`<]��



	����Q���d�����h�
�������	�L��)����C#I�
#"-��Q��-��y�����C���i�	��
��
���C#I�
#"-��Q��-�� " � ���

#%$'&�(f)*( ��d�( �Q/65�1�9'3:9'$'3T965�L!>��QZ@5�3:\%2QMh$h\%G`Z�3s>���9'2QMhE65�/65�\%3YB�/'G�1JZ'>6;hA'/'$'1�G�~h1�/65!783:9'$*;
V K

gas(r)
Z'>6;4\%GiZ�3s>�$ &g\x5�&:&:$'1�9'2�\ �Y5?>�G

µ = 1,3
W��iRx$ \x5�A�&Y$'\�5i>���9'G��:GbZ�$'&:A*5JW

µ = 0,74
RW �:Rs( �x&s>�G�1�9'2�3[G�L�G��`965iI'3:9'$*; � B�3[kl3�C6I*B�GlZ'>6;J/'$'&�(@)*( U�_

^.XQ^�T.Xwc �C[�T�eiY
R<^�^�j�eg^�R�W�T�Z�p'c.p¢¡<| X c.p u ��U.`�c7R��"R<^�j�W�RIY�T�R"]
��^�jrX-�"R<\�T�ZCT�e�`��
Z&[�TsZCc1`�W.`�Z&[�T�\�W�R s XQ^�T7_sT>Y�T�ZCU.XQW�ZCT�T�ZCc1`�W.`�Z&[<XQo.�I\<X"�&Y�Y�T�ZCc7R X U.`<]�b m XQ^�^�jrX
\�W�RLm�`�[<X � w:d�d���p

��^�R"]nT��xc�T�^.XIehRL[�T�c�T � dS¡����(m�`<]�XCXSU7_�[�T�Z&`�[Kb.��]�XQW.`CY�^�j+f �I\<X"�&Y>U.`��I\<`<]nT7]
\�j�_�\�T.[
�B^�R<W�_7Y�b,Z�m�`<]�XCX�e�`<]�`QY�j�ey^�R<Z&X&]�XQ^�T.XIe X b,c1`�[<`�W.`��&`dY�T�ZCU.XQW�ZCT7_aZCc1`��
W.`�Z&[<XQo�`�c1`<]�` z c�e � Z X T�Z&[LR<W7b y Y�T�ZCc1`�\Lb y c1`1ekU.`�^.XQ^.[Lb�Z+Y�T�ZCU.XQW�ZCT.XQo�ZCc1`�W.`��
Z&[<XQo ' 22 c�e � Z�p � W�RLm�`�[<X � |#f�����U.`zfQ|�� � 
 � b � ^ � � � ` 	 � 
o^�� � ��� � �Gi4�I\<X"�&Y
R�e
`�U�W.X'YnX&]�XQ^�R�Y�T�ZCU.XQW�ZCT7_lZCc1`�W.`�Z&[<XQo 18, 4 ± 2, 8 ��� �3] prjBR<^�^�jrX�U.`ic�T�^.X��
ehRL[�T�c1X,U7]�R<^.XC[LR<W�^�j
f [Lb�ehR<^�^.`�Z&[<XQo�\PW�RLm�`�[<X � u f z � cobs = 19, 1 ± 1 c�e � Z
Z&`���]�R<Z'b y [�Z�_�Z�\�j1�wXQU�W�T�\<X'YnXQ^�^�j�ekT�W.X"�Cb"]
�I["RL[LR�ekT p�jw\�T � XQ^�T.X�| � ¡�b.��]�XQW.`QY	�
^�j+f.�I\<X"�&Y}U.`��I\<`<]nT7]�`a`$�.XQ^�T.[
�PehR<c�ZCT�ehR"]
��^7b y c�W7b.�&`�\Lb y ZCc1`�W.`�Z&[
�a\�W�R s X��
^�T7_ ' 80 c�e � Z+^�R�W�R<ZCZ&[<`I_�^�T�Tkc X d�c�U�cB`�[!�.XQ^.[�W�R�TdY�T�ZCU.XQW�ZCT y W�RIY�T�R"]
��^�j+f
ZCc1`�W.`�Z&[<XQoaY�T�ZCc1`�\<`�o>c1`1ekU.`�^.XQ^.[�j cr = 28 ± 14 c�e � Z � w:dxc���p

��[�e�XC[�T�e X6m [<`iW�RIY�T�R"]
��^�R"_ �"R<\�T�ZCT�e�`�Z&[
�yZCc1`�W.`�Z&[�Tl\�W�R s XQ^�T7_lTtY�T�Z5�
U.XQW�ZCT�T�ZCc1`�W.`�Z&[<XQo �I\<X"�&YlZ&[LR<^.`�\�T.[�Z�_l^.XQZCc1`<]
��c1`�T�^.`�o X XQZ']nTgT��"e�XQ^�T.[
�yU.`��
]�` � XQ^�T.X�c�T�^.XIehRL[�T m XQZCc1`��&` �.XQ^.[�W�R X Z']�X'Y�b<_�W�RLm�`�[<X��+`+V y � z f z ��p���Y�^�R<c1` X
U.`�ZCc1`<]
��c7baY�T�ZCU.XQW�ZCT7_�ZCc1`�W.`�Z&[<XQo cobs ` m XQ^	�,Z']�RLm�`��"R<\�T�ZCT.[,`�[VW�RIY�T�R"]
��^.`�o
c1`�`�W�Y�T�^�RL[�j X f1`CY�Y�T�ZCU.XQW�ZCT�T�Z�W�RIY�T7b1Z&`1e `�Z&[LRLXC[�Z�_�U�W�R<c.[�T m XQZCc�T�[<XIe � X X
R�T��"e�XQ^.XQ^�T7_��I\<X"�&Y�^.`�oyc�W�T�\<`�o�\�W�R s XQ^�T7_ V? \<`��"e�` � ^�j [<`<]
��c1`�Y�]�_ �.XQ^��
[�W�R"]
��^.`�o `�m<]�R<Z&[�T r <∼ 1 c�U�c p���` �C[<`�o U�W�T m T�^.X X \ m R<Z&[�^.`�Z&[�T X c�T�^.XIehRL[�T��m XQZCc�T.X�U�R<W�R�e�XC[�W�j �I\<X"�&YG\<m<]nT��IT �.XQ^.[�W�R � � ��Z']�X'Y�b�XC[BU�W�T��I^�RL[
�B^�R<T�e�XQ^.XCX
^�RIYnX � ^�j�ekT p
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��X&]
� y Y�T�^�R�e�T m XQZCc1`��&`}e�`QYnX&]nT�W.`�\�R<^�T7_y_�\L]�_�XC[�Z�_yU.`<]�b m XQ^�T.XG`��CW�R<^�T��m XQ^�T�o X U.`��I\<`<]�_ y�s T�fPU�W.`�T��I\<`QY�T.[
�,\�jrm�`�W>e�X � Y�bPc�W�T�\�j�ekT>\�W�R s XQ^�T7_�q%T��
ehRBT,Y�W p � ¡:d�d�� T>�+`+V y � z f z � T X [<XIeiZQR�ekj�e X U�W.`�\<XQW�T.[
��\<`��"e�` � ^.`�Z&[
��Z'b s X��
Z&[�\<`�\�R<^�T7_�\ � � ��[<XIek^.`��&`>m1R"].Y � R � u c���pY�%ZC^.`�\�^.`�o \�j�\<`CY �"R<c7] y�m RLXC[�Z�_�\
[<`1e X�m [<`�c�W�T�\�R"_P\�W�R s XQ^�T7_P\KW�RLm�`�[<X � ¡:d�d�� b ZQerp7W�T�Z�p�c.p¢¡ z �1ih]�b m �wXSZ&`���]�R<Z'b �
XC[�Z�_aZ�Z&`�\<`�c7b.U�^.`�Z&[
� y ^�RLm<] y Y
RL[<X&]
��^�j+fVY
R<^�^�j+f�Y�]�_ � � � X TaU�W�T�Z'b7[�Z&[�\�T.X
�I^�R m T.[<X&]
��^.`�o>[<XIek^.`�o�ehR<ZCZCj�\�^7b7[�W�T � � ��^.Xd[�W.XCm<b�XC[�Z�_vp

��m�Z'bIY�T�e�Y�T�^�R�ekT m XQZCc�T.X>e�`CYnX&]nTiZGW�R��I^�j�ekTiW�R<ZCU�W.X'YnX&]�XQ^�T7_nekT�\<X s X��
Z&[�\�R>\�U.`QY�ZCT�Z&[<XIehRIf p���`�ZCc�`<]
��c7b \�W�RLm�`�[<XG�+`+V y Y�]�_�`�m�¥ _�ZC^.XQ^�T7_�c�W�T�\<`�o
\�W�R s XQ^�T7_ V S

gas W�R<ZCZQehRL[�W�T�\�R"]�`�Z ��W�R<ZCU�W.X'YnX&]�XQ^�T.X}\<X s XQZ&[�\�R X `�[Q]nT m ^.`�X}`�[
`�m�j m ^.`lT�ZCU.`<]
���Cb�XIe�`��&`�W�R<ZCU�W.X'YnX&]�XQ^�T7_�_�W�c1`�Z&[�T X Z']�X'Y�b�XC[�U�W.`1R<^�R"]nT��IT�W.`��
\�RL[
�>Y�T�^�R�ekT m XQZCc�T.XPe�`QYnX&]nT�ZVW�R��C]nT m ^�j�e �I^�R m XQ^�T.XIe�W�RIY�T�R"]
��^.`�o �Bc7R"]nj
Y�T�ZCc7R L = 1 ÷ 1, 6 c�U�c X `�U�W.X'YnX&]�_._PXCXd\�c7R m XQZ&[�\<XxZC\<`�m�`CY�^.`��&`�U�R<W�R�e�XC[�W�R.p

f�i � � �Gg�� �	� - 
 ��� - � � ) - 
 � 
 � � � � � � ����g � - � � 
 V S
gas pP~�R<ZCZQe�`�[�W�T�e

Z']�b m R<o�c�W�T�\<`�o�\�W�R s XQ^�T7_ V S
gas(r) Z L = 1,6 c�U�c�T�ehR<ZCZCT�\�^�j�e �'R"]�`

Mh/Md = 1,8 p+jd]�_V`�m�¥(_nZC^.XQ^�T7_��.XQ^.[�W�R"]
��^.`��&`�ehR<c�ZCT�e�b�ehRx^�Rxc�W�T�\<`�oa\�W�R#�s XQ^�T7_xe�`QYnX&]
��\�c7] y�m RLXC[�^�R<W�_7Y�b%Z ehR<ZCZCT�\�^�j�eGm1R"].Y � XIe b Mb/Md = 0, 22 i(T
c1`1ekU�R<c.[�^.`�X�_7Y�W.`BZ bc/L = 0,036 p#�SRdW�T�Z�pSc.p¢¡<|Jg�U.`�c7R��"R<^�jl\�c7]�RIY�jl`�[BW�R��"�
]nT m ^�j+fGc1`1ekU.`�^.XQ^.[K\Bc�W7b.�&`�\Lb y ZCc1`�W.`�Z&[
�B\�W�R s XQ^�T7_ Vc(r)

X Rw^�RwW�T�Z�p�c.p¢¡<|J�
U�W�T�\<X'YnXQ^�j�W�R<ZCU�W.X'YnX&]�XQ^�T7_�^�RLm<] y Y
RLXIekj+fy\<X&]nT m T�^ cobs

X Vgas
X V? T�Z&`�`�[��

\<XC[�Z&[�\Lb y�s T�fse�`QYnX&]
��^�j+f>\<X&]nT m T�^ cs X Vc T V p'�SR�U.XQW�T�V%XQW�T�T��'R"]�R<c.[�T�c�T
Z&[LR���T.`�^�R<W�^.`�X�Z&`�Z&[<`Q_�^�T.XhY�T�ZCc7R�Yn`�Z&[�T��'RLXC[�Z�_wU�W�Tx` m XQ^	��ehR"]�XQ^	��c�T�f �I^�R m XQ^�T��
_7f%Y�T�ZCU.XQW�ZCT�TwZCc1`�W.`�Z&[<XQo-�I\<X"�&Y�Z \�`�m<]�R<Z&[�T r > 3L Y�T�ZCU.XQW�ZCT7_wW�RIY�T�R"]
��^�j+f
ZCc1`�W.`�Z&[<XQo cr = 10÷ 14 c�e � Z X�m [<`�ZCW�R<\�^�T�e�`�Z�Y�T�ZCU.XQW�ZCT.XQoGZCc1`�W.`�Z&[<XQoG�'R��"R.p
�+[LRae�`CYnX&]
�VU�W.X'Y�U.`<]�R<�'RLXC[ �I^�R m T.[<X&]
��^�j�o.�"R<U�R<ZSb1Z&[<`�o m T�\<`�Z&[�T � cs < cobs \
�'R"]�R<c.[�T�c1X X ��YnX cs T cobs Z Y�T�ZCU.XQW�ZCT�T�\"Yn`<]
��]�b m R��IW.XQ^�T7_sU.` b c.ped(f�i�p
��c1`��
W.`�Z&[
��\�W�R s XQ^�T7_ �I\<X"�&Y V \�W�R<ZCZQehRL[�W�T�\�RLXIe�`�oBe�`QYnX&]nTwZCW�R<\�^�T�ehR�Z+c�W7b.�&`�\<`�o
ZCc1`�W.`�Z&[
� y Vc

X T�\ �.XQ^.[�W�R"]
��^.`�o�`�m<]�R<Z&[�T0�I^�R m T.[<X&]
��^.`xU�W.XQ\<`�Z f1`QY�T.[d^�RLm<] y �
Y
RLXIekjrXdZCc1`�W.`�Z&[�T>\�W�R s XQ^�T7_ �I\<X"�&Y V?

X(m [<`�_�\L]�_�XC[�Z�_>^.X'Yn`�Z&[LRL[�c�`1e�e�`QYnX&]nT p� \<X&]nT m XQ^�T.X µ U�W�T�\<`CY�T.[}cyX s XVm�`<]
�
�wXIe�b�W�R<Z�f1` � YnXQ^�T y ZV^�RLm<] y Y
RLXIe�`�o
Y�T�ZCU.XQW�ZCT.XQo>ZCc�`�W.`�Z&[<XQo p

q%W.`1e�X�[<`��&` X Y�]�_�e�`CYnX&]�XQo�Z�\�j�Z&`�c�T�e µ Yn`<]n�&` � T�\Lb s T�o�m1R<W�^.X�bQY
R#�
]�`�Z ��Z)V%`�W�ekT�W.`�\�RL[
�V^�T>U�W�T�c�R<c�T�f�^�R m R"]
��^�j+f�W�R<ZCU�W.X'YnX&]�XQ^�T7_7fVY�T�ZCU.XQW�ZCT�T
ZCc1`�W.`�Z&[<XQo �I\<X"�&Y{p��+`�\�e�XQZ&[�^.`�X�YnXQo�Z&[�\�T.X,Y�\Lb1f�VdR<c.[<`�W.`�\�Z ^�R"]nT m T7_i`�[�^.`��
ZCT.[<X&]
��^.`,ehR<ZCZCT�\�^.`��&`B�'R"]�`�TGc1`�^	�.XQ^.[�W�T�W.`�\�R<^�^.`��&`K_7Y�W�R X U�W�T�\<`QY�T.[�cG[<`1e�b Xm [<`�\PU�W.`$�.XQZCZ&X�W�R��Q`��CW.XQ\�RaZCT�Z&[<XIekj �.XQ^.[�W�R"]
��^�R"_�U.XQW.XIekj m c7RG`�c�R��Ij�\�RLXC[�Z�_
^.X'Yn`<]n�&` � T�\Lb s XQo X ` m XIe�ZC\�T�YnXC[<X&]
��Z&[�\Lb�XC[�b�e�XQ^	�
�wXQ^�T.X+Z&`�\�W.XIe�XQ^.XIe�R�ekU7]nT��
[LbIY�j�\�Z&X'f�V�b.W	�<X�� �'R<W�e�`�^�T�cyTy\>[<`1e m T�Z']�XGe�`QY�j m = 2 b U p�c.p � p�f�i�p��kZ']nT



	����Q���d�����h�
�������	�L��)����C#I�
#"-��Q��-��y�����C���i�	��
��
���C#I�
#"-��Q��-�� " � ���

Y
R � X0�"RIY
RL[
�G\Gc7R m XQZ&[�\<X�^�R m R"]
��^�j+fsb1Z']�`�\�T�os` m XQ^	�,f1`<]�`QY�^�j�o�Y�T�ZCc X b�c1`��
[<`�W.`��&`�\��I^�R m T.[<X&]
��^.`1e�T�^.[<XQW�\�R"]�XVW�RIY�T7b1ZQR>U�R<W�R�e�XC[�W � `�`1ekW.X QT < 0,5 X
[<`wU.`�Z']�X�m<b.W�^.`��&`xW�R��Q`��CW.XQ\�RST|V%`�W�e�T�W.`�\�R<^�T7_a^�Rd^�R m R"]
��^.`1e��C[LR<U.X�m1R<W.`�U.`��
Yn`�m�^.`�o�Z&[�W7b.c.[Lb.W�j \�Z&XVW�R<\�^.`�b1Z&["R<^�R<\L]nT�\�RLXC[�Z�_�`�Z&XQZCT�ehe�XC[�W�T m ^.`�XaW�R<ZCU�W.X��
YnX&]�XQ^�T.X�U7]�`�[�^.`�Z&[�T U.`�Z']�X ∼ 12 U.XQW�T.`CYn`�\G`�m�W�R s XQ^�T7_}U.`P\�^.X �B^.XIe�bsc�W�R y
Y�T�ZCc7R.p

��]
�I[<XQW�^�RL[�T�\�^.`�oae�`QYnX&]
� y Y�]�_�\�jrm�W�R<^�^.`��&` �I^�R m XQ^�T7_ L _�\L]�_�XC[�Z�_,e�`��
YnX&]
� ehR<c�ZCT�ehR"]
��^.`��&`sY�T�ZCc�R b � � jki X Y�]�_gc1`�[<`�W.`�o µ = 1,1 b W�T�Z�p�c.p ¡<| ��i�p
jwT�ZCU.XQW�ZCT7_�ZCc1`�W.`�Z&[<XQo cs \ �C[<`1e�Z']�b m RLX�^�RSU.XQW�T�V%XQW�T�TKY�T�ZCc7R%]�b m �wX�Z&`���]�R#�
Z'b�XC[�Z�_aZ�^�RLm<] y Y
RLXIekj�e�W�R<ZCU�W.X'YnX&]�XQ^�T.XIerp#��Y�^�R<c1`B\ �.XQ^.[�W�R"]
��^.`�o �Q`�^.X�Y�T�Z5�
U.XQW�ZCT7_aZCc1`�W.`�Z&[<XQoa\"Yn`<]
�x]�b m R-�IW.XQ^�T7_ cs ' 40 ÷ 50 c�e � Z XSm [<`�U�W.`�[�T�\<`�W.X��m T.[K^�RLm<] y YnXQ^�T7_nerp	*w`�W�ekT�W.`�\�R<^�T.X%m1R<W�Rx\BZ']�b m RLX�U.XQW�\<`�^�R m R"]
��^.`wf�`<]�`QY�^.`��
�&`BY�T�ZCc7RK`�c7R��Ij�\�RLXC[�Z�_>\<`��"e�` � ^�j�e X ^.`�`�^P[LR<c � Xx`�c7R��Ij�\�RLXC[�Z�_>c1`�W.`�[�c�` � T��
\Lb s T�erp:��`�Z']�Xk`�c1`�^ m RL[<X&]
��^.`��&`�V%`�W�ekT�W.`�\�R<^�T7_xm1R<W�R b t ' 5÷6 i(^�R m T�^�RLXC[�Z�_
XQ�&`PW�R��IW7b��wXQ^�T.X�T��"� �"RaW�R<ZCZ&X&_�^�T7_}^�RPc1`�^	�.XQ^.[�W�T�W.`�\�R<^�^.`1e�_7Y�W.X�p � W.X"�Cb"]
���
[LRL[<X�`�c7R��Ij�\�RLXC[�Z�_ X'm [<`>\�W.XIe�_sXQ�&` � T��I^�Ts`��CW�R<^�T m XQ^.` ∼ (2 ÷ 3) · 109 ]�XC[ Xm [<`�]nT	� �}^.X"�I^�R m T.[<X&]
��^.` U�W.XQ\�j1�KRLXC[}^�T � ^ y~y `$�.XQ^�c7bi\<`��IW�R<Z&[LR�m1R<W�RsU.`
R<^�R"]nT��CbGXQ�&` �I\<X"�&Y�^.`��&`�Z&`�Z&[LR<\�R.p(�%W�T m T�^�RK[�`��&` X�m [<`,\�U�W.X'Y�j+Y�b s XIe�Z']�b m RLXb µ = 1,9 i \�W.XIe�_ � T��I^�TVm1R<W�Rx`�c7R��Ij�\�RLXC[�Z�_Ge�XQ^	�
�wX Xxm XIey\BZ']�b m RLX µ = 1,1 X
U.`1ekT�e�`dW�R��C]nT m T7_�\dehR<ZCZ&X��'R"]�` X `�m<b1Z']�`�\L]�XQ^�R�[<XIe X�m [<`%Y�T�ZCc�\SZ']�b m RLX � � j
_�\L]�_�XC[�Z�_�m�`<]�XCXx[<`<]nZ&[�j�erp.��`
�C[<`1e�b�c1`1ekU�R<c.[�^.`�Xw_7Y�W.` X f�R<W�R<c.[<XQW�^�j�o�W�RIY�T��
b1Zrc�`�[<`�W.`��&`dZ'b s XQZ&[�\<XQ^�^.`Se�XQ^	�
�wXrU.`<]�b m XQ^�^.`�o�\<XQW.[�T�c7R"]
��^.`�o��Bc7R"]nj�Y�T�ZCc�R
360 U�c X ^.Xd`�m�XQZCU.X m T�\�RLXC[�m�j�Z&[�W.`��&`,W�R��IW7b��wXQ^�T7_Pm1R<W�� e�`QY�j X T>U�W.`$�.XQZCZ�Y�T�Z5�
ZCT�U�R���T�T>m1R<W�R �"RL[Q_��CT�\�RLXC[�Z�_>^�R ∼ 10 `�m�`�W.`�[<`�\�m1R<W�R.p� `QYnX&]nT�Zwm�`<]�XCXKc�`�^	�.XQ^.[�W�T�W.`�\�R<^�^�j�e�Y�T�ZCc1`1e b L = 1 c�U�cGi�Ts[<`�o � X
c�W�T�\<`�o,\�W�R s XQ^�T7_ V S

gas X s X�f7b � X�Z&`���]�R<Z'b y [�Z�_,Z�^�RLm<] y Y
RLXIe�`�oKY�T�ZCU.XQW�ZCT.XQo
ZCc1`�W.`�Z&[<XQo ��U�W�R<c.[�T m XQZCc�Tt\<XQZ ��Y�T�ZCci`�m<]�RIY
RLXC[�m�`<]
�
�BT�e �"R<U�R<Z&`1e�b1Z&[<`�o m T��
\<`�Z&[�T X \�[<`�\�W.XIe�_�c7R<c�\tZQR�e�`1e �.XQ^.[�W.Xy\�j�U.`<]n^7_�XC[�Z�_�`�m�W�RL[�^.`�X}b1Z']�`�\�T.X
cobs < cs p

w�i � � �Gg�� �	� - 
 ��� - � � ) - 
 � 
 � � � � � � ����g � - � � 
 V K
gas ph�%U�T	�wXIeu[<XQU.XQW	�

W.X"�Cb"]
�I["RL[�j�Y�T�^�R�ekT m XQZCc1`��&` e�`QYnX&]nT�W.`�\�R<^�T7_tZPc�W�T�\<`�o�\�W�R s XQ^�T7_ V K
gas(r)

X
Y�]�_�T�^.[<XQW�U�W.XC[LR���T�T�c1`�[<`�W.`�o�^.Xd[�W.XCm<b�XC[�Z�_>m1R"].Y � R�TG_7Y�W�R.p� e�`QYnX&]nT�Zr�'R"]�` µ = 1,3 Y�]�_BY�T�ZCU.XQW�ZCT�T�ZCc�`�W.`�Z&[<XQo0�I\<X"�&Y0�"R%T�ZCc7] y�m X��
^�T.XIe}ZQR�e�`��&`-�.XQ^.[�W�RS\�j�U.`<]n^7_�XC[�Z�_Kb1Z']�`�\�T.X cs < cobs TBYn`�Z&[�T��'RLXC[�Z�_KbIYn`�\L]�X��
[�\<`�W�T.[<X&]
��^.`�XwZ&`���]�R<ZCT.XSZ&`�ZCc1`�W.`�Z&[
� y \�W�R s XQ^�T7_ �I\<X"�&Y�\K`�m<]�R<Z&[�T r > 1,5L
b W�T�Z�p�c.p u ��g)i�p � e�`QYnX&]nTKehR<c�ZCT�ehR"]
��^.`��&`�Y�T�ZCc7R b µ = 0,7 i Y�]�_ V K

gas(r) bIY
RLXC[��
Z�_GU.`<]�b m T.[
��^�R<T7]�b m �wXCXSZ&`�\�U�RIYnXQ^�T.XSe�X � Y�bGW.X"�Cb"]
�I["RL[LR�ekT�e�`CYnX&]nT�W.`�\�R<^�T7_
Tg^�RLm<] y YnXQ^�T7_nekT�Y�T�ZCU.XQW�ZCT�TgZCc1`�W.`�Z&[<XQo&�I\<X"�&YuTgZCc1`�W.`�Z&[
� y T�fg\�W�R s XQ^�T7_b W�T�Z�phc.p u ���1i�p��+[<`�[sW.X"�CbI]
�I[LRL[�U.`QYn[�\<XQW � Y
RLXC[s\�j�\<`QYy`�ehR"]�`�oyehR<ZCZ&X��'R"]�`Gb
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r
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V S
gas(r)W �iRsC

V K
gas(r)

W �:Rs( �fG!>�&YB!5!;h>�$�u9'$*; � E'G!>�965!; \x5�&:&`5*C�B�G�9�uA*5!;=>�$'9'$*; � Z�$'&:A�G�1.5!;rA�G�\fuE'G�9'3:9*B�5*C�XbB�/'$�M�G�1.5!; � &:o[3su/'G�$�Z@5?>���965!;�E'G`Z�&:$'&YB�3:\x5

� � � X \�U.XQW�\�jrX Z�YnX&]�R<^�^�j�o�\�W�RLm�`�[<X � ¡����SU.`�Y
R<^�^�j�e�`tc�T�^.XIehRL[�T�c1X �KR#�
W.`�\�j+f�ZCc1`�U7]�XQ^�T�o X U�W�T�^�RIY�]�X � R s T�f�Y�T�ZCc7b X T�Z�f1`QY�_�T��ab�Z']�`�\�T7_iU.`�W.`��&`�\<`�o
�CW�R<\�T.[LR���T.`�^�^.`�oPb1Z&[<`�o m T�\<`�Z&[�TPY�T�ZCc7R.p� e�`QYnX&]nT�Z�c�W�T�\<`�o�\�W�R s XQ^�T7_ V K

gas(r)
X XQZ']nTK^�R m R"]
��^�j�oBY�T�ZCc�^.X�` m XQ^	�

�&`�W�_ m T�o X \�Z&XQ��Y
R>V%`�W�ekT�W7b�XC[�Z�_tYn`<]n�&` � T�\Lb � T�o�m1R<W X c�`�[<`�W�j�olZ'b s XQZ&[�\Lb�XC[
' 4 · 109 ]�XC[Ip � ��]�`�\�R"_tZCc�`�W.`�Z&[
� \�W�R s XQ^�T7_�m1R<W�R�\ e�`QYnX&]nTtZ&`�Z&["R<\L]�_�XC[
Ωbar = 23 c�e � b Z · c�U�cGi�p

��[Q]nT m T.[<X&]
��^.`�o}`�Z&`�m�XQ^�^.`�Z&[
� y V%`�W�ekT�W.`�\�R<^�T7_}m1R<W�� Z&[�W7b.c.[Lb.W�j�\GZ']�b �m RLX�e�`CYnX&]�XQo,Z V K
gas(r) _�\L]�_�XC[�Z�_,U�W�T�`�U�W.X'YnX&]�XQ^�^�j+f�b1Z']�`�\�T7_7f�m�`<]
�
�KR"_VR�e �

U7]nT.[LbIY
RaU.XQW�\<`�o�e�`QY�j m = 1 X c1`�[<`�W�R"_s`�Z&[LRLXC[�Z�_ �I^�R m T.[<X&]
��^.`�o�^�RVU�W.`�[Q_��� XQ^�T�Tg\�Z&XQo&�Q\<`<] y ��T�TgTif7R<W�R<c.[<XQW�T��Cb�XC[y^�R<W7b��wXQ^�T.X�ZCT�ehe�XC[�W�T�Ttm1R<W�R}`�[��
^.`�ZCT.[<X&]
��^.` �.XQ^.[�W�R}�'R"]�R<c.[�T�c�T pq��`�Z']�X'Y�^.XCXVf1`�W.`$�w` Z&`���]�R<Z'b�XC[�Z�_�ZP^�RLm<] y �
Y
RLXIekj�euZQe�X s XQ^�T.XIe�c�T�^.XIehRL[�T m XQZCc1`��&`��.XQ^.[�W�Ra`�[�^.`�ZCT.[<X&]
��^.` �.XQ^.[�W�Ram1R<W�R.p
��`QY�W.`�m�^.`�V%XQ^.`1e�XQ^�ZQe�X s XQ^�T7_�m1R<W�R�W�R<ZCZQehRL[�W�T�\�R"]nZ�_�\�j1�wXa\sU p�c.p � p�f�p���`
`�Z&`�m�`�U.`QY m XQW�c�^.XIe X�m [<`�^�R<T.m�`<]�XCXhm<]�R<�&`�U�W�T7_�[�^�jrXhb1Z']�`�\�T7_d\<`��I^�T�c7R y [�\�Z']�b �m RLX��I^�R m T.[<X&]
��^.`��&`�U�W.XC`�m<]�RIY
R<^�T7_yehR<ZCZCj Y�T�ZCc7RP^�RIY��'R"]�`>U�W�R<c.[�T m XQZCc�Ty\<`
\�Z&XIeyY�T�ZCc1X�p

��c7R��"R<^�^.`�Xd\�j1�wXdT7]�] y Z&[�W�T�W7b�XC[�Z�_�^�RKW�T�Z�p(c.p u f X � YnXdU�W�T�\<X'YnXQ^�j�W�RIY�T��
R"]
��^�jrX �"R<\�T�ZCT�e�`�Z&[�T�ehR<ZCZGY�T�ZCc1`�\<`�ogT�Z)V%XQW�T m XQZCc�`�o�U.`CY�ZCT�Z&[<XIekj \�^7b7[�W�T
Y
R<^�^.`��&`�W�RIY�T7b1ZQR � � � Y�]�_uW�R��C]nT m ^�j+fue�`QYnX&]�XQo p � Z']�b m RLX�c�W�T�\<`�ou\�W�R#�s XQ^�T7_ V S

gas(r) ehR<ZCZQRPY�T�ZCc�R>Yn`1ekT�^�T�W7b�XC[}\s`�m<]�R<Z&[�T&f X ¡�c�U�c ≤ r ≤ 6 c�U�cb W�T�Z�p0c.p u f+g)i�p � `QYnX&]
� X m1R��IT�W7b y�s R"_�Z�_�^�Rtc�W�T�\<`�o�\�W�R s XQ^�T7_ V K
gas(r)

X Yn`��
U7b1ZCc7RLXC[ Xhm [<`s\aY�T�ZCc1`�\<`1e�c�`1ekU.`�^.XQ^.[<XaZ&`�ZCW.X'Yn`�[<` m XQ^�RGm��`<]
�
�KR"_ m R<Z&[
��ehR<Z5�
ZCj �'R"]�R<c.[�T�c�Tg^�R�\�Z&X'f�W�RIY�T7b1ZQRIf b W�T�Z�p�c.p u f+�1i�pJ�%W�T �C[<`1e \�^7b7[�W�Tt`�m<]�R<Z&[�T
r < 2L = 3,2 c�U�c ehR<ZCZQRV�'R"]�`PZ&`�Z&[LR<\L]�_�XC[G\�Z&XQ�&`�w��H� `�[>ehR<ZCZCj�Y�T�ZCc7R X [<`
XQZ&[
�BY�T�^�R�ekT m XQZCc7R"_>W.`<]
��[<XIek^.`�o�ehR<ZCZCj�ehR"]�R.p

��`�Z&[�W.`�T.[
��e�`QYnX&]
��Zae�XQ^.XCXVehR<ZCZCT�\�^�j�e���R"]�` b µ < 0,7 i X c1`�[<`�W�R"_ym�j
Z&`���]�R<Z&`�\�j�\�R"]�`�Z ��Z Vgas �"R�W�RIY�T7b1Z&`1e r > 4 c�U�c X ^.X�bIY
RLXC[�Z�_u\yW�R�ekc7RIf
W�R<ZCZQehRL[�W�T�\�RLXIe�`�ose�`QYnX&]nT�T��Q`�[<XQW�ekT m XQZCc1`��&`a�'R"]�` b c.p�c+i�p � U�W.` m XIe X XQZ']nT�^�R#�
m<] y Y
RLXIekj�oGW.`�Z&[Bc�W�T�\<`�o Vgas ^�RBU.XQW�T�V%XQW�T�T,Y�T�ZCc7Rd_�\L]�_�XC[�Z�_aW.X"�Cb"]
�I[LRL[<`1e
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YnXQo�Z&[�\�T7_�U�W�T7]nT�\�^.`��&`}\L]nT7_n^�T7_ X Rs^.XGW.`�Z&[LRsc�W7b.�&`�\<`�oiZCc1`�W.`�Z&[�T X [<`�ehR<ZCZQR
�'R"]�`,e�` � XC[�`�c7R��"RL[
��Z�_PX s XSm�`<]�XCXd^�T��Ic1`�o p

� µ���� ��µ�§ � c7R � XIe ^�Rs[<X>`�Z&`�m�XQ^�^.`�Z&[�T�e�`QYnX&]�XQo�ZGc�W�T�\<`�ot\�W�R s XQ^�T7_
V S

gas(r) b Z�[<XIek^�j�eim1R"].Y � XIeJi X c1`�[<`�W�jrX�YnX&]�R y [,e�`QYnX&]nTGZ V K
gas(r) b m�X"�%[<XIe �

^.`��&`�m1R"].Y � R+i�m�`<]�XCXwRIYnXQc�\�RL[�^�j�ekT�^�RLm<] y YnXQ^�T7_�e �
	+ive�`QYnX&]nTwZ V S

gas(r) ^.X+`�m�¥ _�ZC^7_ y [�^�RLm<] y Y
RLXIe�b y W�RIY�T�R"]
��^7b y �"R<\�T�ZCT�e�`�Z&[
�
ZCc1`�W.`�Z&[<XQo �I\<X"�&Y�\<`�\�^7b7[�W.XQ^�^.XQo>`�m<]�R<Z&[�T��'R"]�R<c.[�T�c�T r < 2L �
mSi!�C[�T�e�`QYnX&]nT}]nT.m�`�^.X�Yn`�U7b1ZCc�R y [�V%`�W�ekT�W.`�\�R<^�T.X,m1R<W�� e�`QY�j X ]nT.m�`�\�W.XIe�_� T��I^�T>m1R<W�RK`�c7R��Ij�\�RLXC[�Z�_>^.X'Yn`�Z&[LRL[<` m ^.`,m�`<]
�
�BT�e �
\xi{R�e�U7]nT.[<bQY
R�`QY�^.`�W7b.c7R<\�^.`�oKe�`QY�j m = 1 X f7R<W�R<c.[<XQW�T��Cb y�s R"_�R<ZCT�ehe�XC[�W�T y
\�W�R<ZCU�W.X'YnX&]�XQ^�T�T>\<X s XQZ&[�\�R X \,e�`QYnX&]�_7f>ZdehR<ZCZCT�\�^�j�eim1R"].Y � XIet` m XQ^	�,ehR"]�Rb ^�R,b.W.`�\�^.X0�xb�ehR+i�^�RaU�W.`�[Q_ � XQ^�T�T}\�Z&XQo �Q\<`<] y ��T�T�ZCT�Z&[<XIekj X \V`�[Q]nT m T.X�`�[
e�`QYnX&]�XQogZ V K

gas(r)
X Y�]�_lc1`�[<`�W.`�ouU�W�T¤V%`�W�ekT�W.`�\�R<^�T�T�m1R<W�Rye�`QY
R m = 1

`�m<]�RIY
RLXC[sm�`<]
�
�w`�o�R�ekU7]nT.[LbIYn`�o X Ti^�R�U�W.`�[Q_ � XQ^�T�T�\�Z&XQo �Q\<`<] y ��T�TiZCT�Z&[<X��
ekjgXCX�R�ekU7]nT.[LbQY
Rd]nT	� �x^.XQ^�R�ek^.`��&`db1Z&[Lb.U�RLXC[BR�ekU7]nT.[LbIYnX�\<[<`�W.`�oGe�`CY�jSp��+[<`
`�m�Z&[<`I_�[<X&]
��Z&[�\<`wU.`��I\<`<]�_�XC[SXQZ&[<XQZ&[�\<XQ^�^.`d`�m�¥ _�ZC^�T.[
�d^�RLm<] y Y
RLXIe�`�X�ZQe�X s XQ^�T.X
c�T�^.XIehRL[�T m XQZCc1`��&`0�.XQ^.[�W�R � � ��`�[�^.`�ZCT.[<X&]
��^.` �.XQ^.[�W�Rwm1R<W�RSY
R � X%m�X"��b m XC[LR
U�W�T7]nT�\�^�j+f ��VWV%XQc.[<`�\ �
��ih\<`B\�^7b7[�W.XQ^�^.XQoV`�m<]�R<Z&[�T�Y�T�ZCc7R b r < L ih\Be�`QYnX&]nTVZ V S

gas(r) Y�]�_,b1Z&[<`�o m T��
\<`�Z&[�TxY�T�ZCc7R�[�W.XCm<b�XC[�Z�_xY�T�ZCU.XQW�ZCT7_�ZCc1`�W.`�Z&[<XQo �I\<X"�&Y X U�W.XQ\�j1�KR y�s R"_[dx��c�e � Zb \�U�W.`�XQc	��T�TP^�Rx]�b m �IW.XQ^�T7_'i X#m [<`0�I^�R m T.[<X&]
��^.`�U�W.XQ\<`�Z�f1`QY�T.[�^�RLm<] y Y
RLXIe�b y
\<X&]nT m T�^7b cobs pG�%W�T �C[<`1ete�`QYnX&]nTPZS^.XCm�`<]
�
�w`�oGW�RIY�T�R"]
��^.`�o �Bc7R"]�`�oaY�T�ZCc�R
L ' 1 c�U�c�f7b � X�Z&`���]�R<Z'b y [�Z�_}ZB^�RLm<] y Y
RLXIekj�ekT�W�R<ZCU�W.X'YnX&]�XQ^�T7_nekT�ZCc1`�W.`��
Z&[�T>\�W�R s XQ^�T7_>TaY�T�ZCU.XQW�ZCT�TPZCc1`�W.`�Z&[<XQo �I\<X"�&Y X�m XIet\�Z']�b m RLXdZ L = 1,6 c�U�c p� R<c�T�e�`�m�W�R��Q`1e X c�W�T�\�R"_t\�W�R s XQ^�T7_�q%T�e�T�Y�W p � ¡:d�d���U�W.X'Y�Z&[LR<\L]�_�XC[�Z�_
m�`<]�XCX%U�W.X'Y�U.` m [�T.[�X&]
��^.`�o p'��`
�C[<`1e�baU�W.X'Y�U.`<]�` � XQ^�T.XS`�Z'b s XQZ&[�\<`�\�R<^�T�TV[<XIe �
^.`��&`�m1R"].Y � R�\ � � � ^�R�e�T�^.XdU.`QYn[�\<XQW � Y
RLXC[�Z�_vp

��`�Z&[�W.`�XQ^�^�jrX Y�T�^�R�ekT m XQZCc�T.Xie�`QYnX&]nT�Yn`�U7b�ZCc7R y [uU�W�T�e�XQ^�T�e�`�Z&[
�ue�`��
YnX&]nT ehR<c1ZCT�ehR"]
��^.`��&`�Y�T�ZCc7RuY�]�_ � � � X U�W�T �C[<`1e ehR<ZCZQR���R"]�`�\�U�W.X'YnX��
]�RIf r < 4L = 6,4 c�U�c�Z&`�Z&[LR<\L]�_�XC[�`�c1`<]�` � �n� `�[ ehR<ZCZCj Y�T�ZCc1`�\<`�o
c1`1ekU.`�^.XQ^.[�jSpk�SRLm<] y Y
RLXIehR"_�Y�T�ZCU.XQW�ZCT7_�ZCc1`�W.`�Z&[<XQo�^�R�U.XQW�T�V%XQW�T�T�Y�T�ZCc�R
cobs(r ≥ 3) ' 16 ÷ 20 c�e � Z � ¡ u | X w:d�d X w:dxc��S`��I^�R m RLXC[ Xom [<` �C[LR�`�m<]�R<Z&[$�
T�e�XCXC[ �"R<U�R<ZBb1Z&[<`�o m T�\<`�Z&[�T�Y
R � X,\�e�`CYnX&]nT�ehR<c�ZCT�ehR"]
��^.`��&`aY�T�ZCc7R.p��
]�X'Y�b �
XC[ U.`QY m XQW�c�^7b7[
� XJm [<`yU.`�Z&[�W.`�XQ^�^�jrXPY�T�^�R�ekT m XQZCc�T.X�e�`QYnX&]nTt^.X>T�ZCc7] y�m R y [
Z'b s XQZ&[�\<`�\�R<^�T7_�m�`<]�XCXVehR<ZCZCT�\�^.`��&`���R"]�`sZ µ ' 1 ÷ 2 X `QY�^�R<c1`s\.�C[<`1e�Z']�b �m RLX,Y�T�ZCU.XQW�ZCT7_iZCc1`�W.`�Z&[<XQo �I\<X"�&Y�^.`��&`>Y�T�ZCc7R>Yn`<] � ^�Rsm�jr[
�s`�m<b1Z']�`�\L]�XQ^�R�^.X
Y�T�^�R�ekT m XQZCc�T�ei^�R<�CW.XQ\<`1e�\BW.X"�Cb"]
�I[LRL[<XS�CW�R<\�T.[LR���T.`�^�^.`�oP^.X&b1Z&[<`�o m T�\<`�Z&[�T X R
T�^�j�ekT}VdR<c.[<`�W�R�ekT p
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� `tek^.`��CT�fu�'R"]�R<c.[�T�c7RIf,�.XQ^.[�W�R"]
��^�R"_ m R<Z&[
��\�j���]�_7Y�T.[�c7R<cuZ']�` � ^�R"_
ZCT�Z&[<XIehR X Z&`�Z&[<`I_ s R"_iT��>^.XQZCc1`<]
��c�T�fi\L]�` � XQ^�^�j+f�Y�W7b.�G\�Y�W7b.�'Rsc�`1ekU.`�^.XQ^.[b m1R<W�j X Y�T�ZCc�T X c1`<]
�
��R X Y�\<`�o�^�jrXa_7Y�W�R+i�pr��`�� \�T�Y�T�e�`1e�b X U.XQW�\�j�e�`�m�¥vXQc.[<`1e X
�"R<U.`QYn`��IW.XQ^�^�j�e�\S^�R"]nT m T�T�[LR<c�^�R��Ij�\�RLXIe�`��&` � Y�\<`�o�^.`��&`Sm1R<W�R � X Z&[LR"]�R%�'R"]�R<c��
[�T�c7R ���p�;f�w<|#f � z+� c���p+�%Z&`�m�j�oKT�^.[<XQW.XQZ�c,e�X&]nc�`1ehR<Z �w[LRLm�^�j�e}^.XQZCT�ehe�XC[�W�T m �
^�j�etZ&[�W7b.c.[Lb.W�R�eg\��.XQ^.[�W.X%Y�T�ZCc�`�\�ZC\L_��"R<^GZST��Cb m XQ^�T.XIe�V%XQ^.`1e�XQ^�RB_7YnXQW�^.`�o
�'R"]�R<c.[�T m XQZCc1`�oyR<c.[�T�\�^.`�Z&[�T p � R � ^.`�o�U�W.`�m<]�XIe�`�o}_�\L]�_�XC[�Z�_�\�j�_�\L]�XQ^�T.XVe�X��
f7R<^�T��"e�`�\ X `�m�XQZCU.X m T�\�R y�s T�f�U�W�T.[<`�cV�'R��"R%\dZQR�ekj�o �.XQ^.[�W,c,ZC\<XQW�f�ehR<ZCZCT�\�^.`�om XQW�^.`�oVY�j�W.X b <∼ 10 U�cGi�pn� m T.[LRLXC[�Z�_ X�m [<`BY�\<`�o�^�jrXSm1R<W�j�e�`��'b7[�U.`�Z&["R<\L]�_�[
�
�'R��x\,R<c.[�T�\�^.`�XS_7Y�W.` � � | � ��p

��U�T�Z&`�c�c7R<^�Y�T�Y
RL[<`�\��'R"]�R<c.[�T�c�ZPY�\<`�o�^�j�e�T�m1R<W�R�ekTg\�c7] y�m RLXC[ym�`<]�XCX� ��`�m�¥vXQc.[<`�\ � u dS¡#��pJ��` m [�Tg\<`y\�Z&X'ftZ']�b m R"_7f�`�ZC^.`�\�^�j�e�R<W��'b�e�XQ^.[<`1e�^�R"]nT��m T7_�\<[<`�W.`��&` � � \�^7b7[�W.XQ^�^.XQ�&`um1R<W�Rg_�\L]�_ y [�Z�_ V%`�[<`1e�XC[�W�T m XQZCc�T.XiY
R<^�^�jrX�p
~�R��&YnX&]�XQ^�T.Xw\�^7b7[�W.XQ^�^�T�f�Z&[�W7b.c.[Lb.W�^�RBY�\<`�o�^�jrXxm1R<W�j X \�^7b7[�W.XQ^�^�T.XxY�T�ZCc�T�T
_7YnXQW�^�jrX�c1`<]
�
��Rd\dW�R�ekc7RIf|V%`�[<`1e�XC[�W�T m XQZCc1`��&`BU.`CY�f1`QY
R � c z�u � X U.`�� \�T�Y�T�e�`1e�b X
^.XC`QY�^.`��I^�R m ^.`�p ��^�R"]nT��Sc�T�^.XIehRL[�T�c�T �.XQ^.[�W�R"]
��^�j+fa`�m<]�R<Z&[<XQo �C[�T�fa�'R"]�R<c.[�T�c
\<`xek^.`��CT�f�Z']�b m R"_7f�^.X�U.`QYn[�\<XQW � Y
RLXC[w\�j�\<`QY�jgT���V%`�[<`1e�XC[�W�T�TVT�ZC\�T�YnXC[�X&]
���
Z&[�\Lb�XC[%^.Xr\�U.`<]
���Cbxm�`<]
�
�w`�oBW�R<ZCU�W.`�Z&[�W�R<^.XQ^�^.`�Z&[�TwY�\<`�o�^�j+fBm1R<W.`�\ � f�f z#X3u dS¡ Xu d u ��ph~�R<ZCZQe�`�[�W�T�e f7R<W�R<c.[<XQW�^�jrX�`�Z&`�m�XQ^�^.`�Z&[�T�c�T�^.XIehRL[�T�c�T�Z&[�W7b.c.[Lb.Wt[�T�U�R
� Y�\<`�o�^�jrXVm1R<W�j ��b ZCc1`�W.`�Z&[�TyT}Y�T�ZCU.XQW�ZCT�TyZCc1`�W.`�Z&[<XQoGiS\�W�R�ekc�RIfyZQR�e�`�Z&`���]�R#�
Z&`�\�R<^�^�j+f�Y�T�^�R�ekT m XQZCc�T�fGe�`QYnX&]�XQo p � R � ^.`�oGU�W.`�m<]�XIe�`�o�Y�\<`�o�^�j+fam1R<W.`�\d_�\��
]�_�XC[�Z�_P[LR<c � Xw\<`�U�W.`�ZS`KY�T�^�R�ekT m XQZCc1`�oGb1Z&[<`�o m T�\<`�Z&[�T>[LR<c1`��&`,W.`QY
R�ZCT�Z&[<XIerp
/10��10��{0���8LM��.?.A ��A&H�AC;.D.A �.8"?.8 �kACJ"?.:<=�=K:��<H�8LM'J"D ��=<:<O.;.:���: �<8"?.8

�%U�T	�wXIePW.X"�Cb"]
�I[LRL[�j m T�Z']�XQ^�^.`��&`�e�`QYnX&]nT�W.`�\�R<^�T7_ �I\<X"�&Y�^.`��&`�Y�T�ZCc7R X Yn`��
U7b1ZCc7R y�s XQ�&`zV%`�W�ekT�W.`�\�R<^�T.XKm1R<W�R � w�f�f X ¡:dSw#��p·��m�W�R��Q`�\�R<^�T.XB\�^7b7[�W.XQ^�^.XQo�m1R#�
W.`�U.`QYn`�m�^.`�o�Z&[�W7b.c.[Lb.W�j \ m T�Z']�XQ^�^�j+f�e�`QYnX&]�_7fu`�c7R��Ij�\�RLXC[�Z�_�\<`��"e�` � ^�j�e
U�W�T�^�R"]nT m T�TtYn`�Z&["RL[<` m ^.`�ehR<ZCZCT�\�^.`��&` b ^.`�^.X�c1`�^	�.XQ^.[�W�T�W.`�\�R<^�^.`��&` + i�m1R"]��
Y � R.p��SRxW�T�Z�p�c.p u wdU.`�c�R��"R<^�juW�R<ZCU�W.X'YnX&]�XQ^�T7_ lg(σ) \wW�R��I^�jrXSe�`1e�XQ^.[�j�\�W.X��
e�XQ^�T,\we�`QYnX&]nT X \xc1`�[<`�W.`�oV^�Rd`�U�W.X'YnX&]�XQ^�^�j+f �C[LR<U�RIfV\<`��I^�T�c7R y [wZ&[�W7b.c.[Lb.W�j
[�T�U�RBY�\<`�o�^�j+f>m1R<W.`�\�p

�SR�^�R m R"]
��^.`1e.�C["R<U.X b 2�����iv`�m�W�R��Cb�XC[�Z�_%Y�\Lb1f�ZCU�T�W�R"]
��^�R"_w\<`<]n^�R X R�\'�.XQ^��
[�W.X ��ehR"]�XQ^	��c7R"_}m1R<W.`�U.`QYn`�m�^�R"_ Z&[�W7b.c.[Lb.W�R�ZKm�`<]
�
�w`�o U.`<]�b�`�Z � y ' 0,3L p
� RL[<XIeMV%`�W�ekT�W7b�XC[�Z�_a\�^.X �B^�T�oVm1R<W b ZQerp1W�T�Z�p�c.p u w X�� ����i X U.XQW�U.XQ^�Y�T�c7b"]�_�W�^�j�o
\�^7b7[�W.XQ^�^.XIe�b�p·jw\<X�ZCU�T�W�R"]
��^�jrX�\<`<]n^�j�`�[>\�^7b7[�W.XQ^�^.XQ�&`Pm1R<W�R � \�U�T�ZQR<^�j � \<`
�����#��� ����� �+�-&�&�� � �� �"�� & �-"%� �����,
 � � ����&�*� �0 ��" ��
��%
���" � � ����� 2
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Mh = Md

C
Mb = 0,6Md

C
b = 0,16L

C
rmax

b = 0,8L
(#	0G�A�5!�i5�965hB�G!>���A�G�'3:9*B�/65?>���965!;tG�L!>@5�&YB��8Z�$'&:A*5

r ≤ 2L

\�^.X �B^�T�oym1R<W p � R<c�R"_�Z&[�W7b.c.[Lb.W�Rs`�c7R��Ij�\�RLXC[�Z�_�^.X'Yn`<]n�&` � T�\Lb s XQo X U�W.`�T�Z�f1`��
Y�T.[wU.XQW.XQZ&[�W.`�o�c7R b ZQerp1W�T�Z�pxc.p u w X ��i X \xW.X"�Cb"]
�I["RL[<X�c1`�[<`�W.`�oV\�^.`�\
�d`�m�W�R��Cb�XC[�Z�_
� Y�\<`�o�^.`�o�m1R<W �{b�� ��
�����i�p � ^.`�\<`�o�c1`�^�VST��'b.W�R���T�T�W�R��"e�XQW�j�m1R<W.`�\,`�c7R��Ij�\�R#�y [�Z�_>m�`<]
�
�wX X `�Z&`�m�XQ^�^.`�\�^.X �B^.XQoPU.XQW.XIekj m c�T p'��Y�^�R<c�`,Z&`�\�W.XIe�XQ^.XIeiU�W.`�T�Z5�
f1`QY�T.[sW�R��IW7b��wXQ^�T.XKY�\<`�o�^.`��&`�m1R<W�R b ZQerp�W�T�Z�p�c.p u w X 2����!2$2�idT�`�Z&[LRLXC[�Z�_�`QY�T�^
��]�`�m1R"]
��^�j�oPm1R<W b 2�3:i�p

� R�e�XC[�T�e Xtm [<` U�W�T V%`�W�ekT�W.`�\�R<^�T�T�T�W�R��IW7b��wXQ^�T�T b ZQerp X ^�R<U�W�T�e�XQW X
W�T�Z�p@c.p u w X � i�\�^7b7[�W.XQ^�^.XQ�&`im1R<W�R�^�RLm<] y Y
R y [�Z�_�c1`�W.`�[�c1` � T�\Lb s T.X Z&[�W7b.c.[Lb �
W�j X ^�R<U.`1ekT�^�R y�s T.X � ^.XQU.XQW�U.XQ^�Y�T�c7bI]�_�W�^�jrXKY�\<`�o�^�jrX�m1R<W�j � � � ph�%W�T �C[<`1e�\
�.XQ^.[�W�R"]
��^.`�o�`�m<]�R<Z&[�Tl\<`��I^�T�c�R y [�]nT�Y�T�W7b y�s T.X�ZCU�T�W�R"]
��^�jrXs\<`<]n^�j X R `�[
c1`�^	�.`�\�\�^.X �B^.XQ�&`�m1R<W�RK`�["f�`QY�_�[,`�[�Z&[LR y�s T.XxZCU�T�W�R"]nT p

~�R<ZCZQe�`�[�W�T�e c�T�^.XIehRL[�T�c7b �.XQ^.[�W�R"]
��^.`�ot`�m<]�R<Z&[�TiY�T�ZCc�R b r ≤ 2L iB^�R
Z&[LRIY�T�T�Y�\<`�o�^.`��&`�m1R<W�R.p   �Q`<]nT�^�T�T�Y�T�ZCU.XQW�ZCT�T�W�RIY�T�R"]
��^�j+f ZCc1`�W.`�Z&[<XQo cr
T�e�X y [B`�\�R"]
��^7b y Z&[�W7b.c.[Lb.W.b b W�T�Z�p#c.p u c+i X Z&`�^�R<U�W�R<\L]�XQ^�^7b y Z�m�`<]
�
�w`�oV`�Z � y
\�^.X �B^.XQ�&`�m1R<W�R.p � `�m<]�R<Z&[�T X c1`�[<`�W7b y �"R<^�T�ehRLXC[�\�^7b7[�W.XQ^�^�T�oKm1R<W X `�m�^�R<W7b � T��
\�RLXIeVY�\�R�ehR<c�ZCT�e�b�ehR cr p:��Y�^�R<c1` �C[LR+f7R<W�R<c.[<XQW�^�R"_x`�Z&`�m�XQ^�^.`�Z&[
��^.Xh_�\L]�_�XC[�Z�_
��� � ���-C�"�� ����"%������0 ��& $%&��� �0 � �-����������� � ����"�.��-$%�� �0 . � � ��� � ��� ��� 2
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cr
C
cϕ
C
cz
W�1�1�3:/�M�H'RsC�/65iZ�$65?>���9'G�~�W�&:E�>�G�X8965!;>�$'9'$*; � U = 0

RQ$t5!�`$'\FH�B!5?>���9'G�~wW
V
RQA�G�\%E'G�9'3:9*BT&:A�G�/'G�&YB�$t965l&YB!5?Z�$'$JZ�1�G�~'9'G��:GcL.5�/65

U�W�T��I^�R<c1`1e�\�^7b7[�W.XQ^�^.XQ�&`>m1R<W�R X U.`�ZCc1`<]
��c7b�Z&`Qf�W�R<^7_�XC[�Z�_}U.`�Z']�X�W�R��IW7b��wXQ^�T7_
\�^7b7[�W.XQ^�^.XQo�U.XQW.XIekj m c�T p�~�R<ZCU�W.X'YnX&]�XQ^�T.X�Y�T�ZCU.XQW�ZCT�Ty\<XQW.[�T�c7R"]
��^�j+f�ZCc1`�W.`��
Z&[<XQo�^�R,Z&[LRIY�T�TPY�\<`�o�^.`��&`,m1R<W�R�ZCT7]
��^.XCXx`�[C]nT m RLXC[�Z�_s`�[VZ']�b m R"_>`QY�T�^.` m ^.`��&`
m1R<W�R.p   [<`<]
��c1`BY�T�ZCU.XQW�ZCT7_PR��IT�e�b7[LR"]
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Z�_�\�W �XIe�XQ^�^�j�ekTi`�m�W�R��Q`�\�R<^�T7_nekT�^�Rs`�U�W.X'YnX&]�XQ^�^.`�o�Z&[LRIY�T�T
V%`�W�ekT�W.`�\�R<^�T7_



	����1���k���
#"-��&# 	����"����)��J��� � 	��Q�C��)�!,$&!��'$��(���L� �(�
��-�� �����

m1R<W�R.pT�+[<`�[�\�j�\<`QY Z&`���]�R<Z'b�XC[�Z�_�Z ^.XCm�`<]
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�BT�e�\�W.XIe�XQ^.XIe � T��I^�T�\�^7b7[�W.XQ^��
^.XQ�&`>m1R<W�R�T�\�W�RLm�`�[<X � dSw�w#��p � �"R<c7] y�m XQ^�T.XV`�[�e�XC[�T�e�c�W�T.[�T m XQZCc�T�oiR<^�R"]nT��
�Bp � p � `�T�Z&XCXQ\�R � f�f � ��c�T�^.XIehRL[�T m XQZCc�T�fBY
R<^�^�j+f,^�RLm<] y YnXQ^�T�oKY�]�_,��R"]�R<c.[�T�c X \
c1`�[<`�W�j+f�U.`WV%`�[<`1e�XC[�W�T m XQZCc�T�e�Y
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R � XP^�R
c1`�W.`�[�c1`�oÇVdR��QX � Y�\<`�o�^.`��&`tm1R<W�R � \tU.`�Z&[�W.`�XQ^�^�j+f e�`QYnX&]�_7f�c�T�^.XIehRL[�T�c7Rg\
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[�T�c�T�\�^.X �B^.XQ�&`�m1R<W�R.p
¦h§��6§���°+¸r¬G¹��+¬ 	�®��G­�­�µ�°}²���� 	�°�� �+µ � ���'°�� �r­��'³ �r®���¹Y°
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RLXIe�b y
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^�T�c7R}T��
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W.X"�Cb"]
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��c1`�^.XQc1`�[<`�W�j+f m T�Z']�XQ^�^�j+f �Qc1ZCU.XQW�T�e�XQ^.[<`�\ X c�`�[<`�W�jrXde�`���]nT
m�jyU�W�T.m<]nT��IT.[
��^�R<Z cxU.`�^�T�ehR<^�T y U�W�T�W.`QY�j�ZC\L_��ITde�X � Y�bdc�T�^.XIehRL[�T m XQZCc�T�ekT
U�R<W�R�e�XC[�W�R�ekT�T>T�f��Q\<`<] y ��T.XQo p

�SRLm<] y YnXQ^�T7_�ZC\�T�YnXC[<X&]
��Z&[�\Lb y [x`�m �Q\<`<] y ��T�T|V�b.^�c	��T�T,W�R<ZCU�W.X'YnX&]�XQ^�T7_
ZCc1`�W.`�Z&[<XQo �I\<X"�&Y{p � [<` � X+\�W.XIe�_ �I\<X"�&Y�^.`�� �I\<X"�'Y�^�jrX Z&m<]nT � XQ^�T7_w\ �C[<`1e>ZQekj�Z5�
]�X �"R<\<X'Yn`1e�`l^.X ��VWV%XQc.[�T�\�^�jSp   �"e�XQ^.XQ^�T.X�ZCc1`�W.`�Z&[�T �I\<X"�&Y�j \�W.X"�Cb"]
�I[LRL[<X
W�R<ZCZ&X&_�^�T7_�U�W.`�U.`�W	��T.`�^�R"]
��^.`x\<X&]nT m T�^.X�W�R<ZCZ&XQT�\�R y�s XQo�ehR<ZCZCjSp+��`
�C[<`1e�b ��� �
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Gg � g �
	 ����
 e�`��'b7[�Z']�b � T.[
��\�R � ^�j�eÇVdR<c.[<`��
W.`1e X \L]nT7_ y�s T�e�^�RKY�T�^�R�ekT�c7b��I\<X"�&Y�^.`��&`�Y�T�ZCc7R.p �
`<]
�
�BT.XBehR<ZCZCj�T�W�R��"e�X��
W�j&È � � b ZQerp#�~f�p¢w�i�U.`��I\<`<]�_ y [-��VWV%XQc.[�T�\�^.`BW�R<ZCZ&XQT�\�RL[
��Z�_�^�RS^�T�f��I\<X"�&Y
R�e Xm [<`yU�W�T�\<`QY�T.[yctW.X&]�R<c�ZQR���T.`�^�^�j�e�U�W.`$�.XQZCZQR�e X b.\<X&]nT m T�\�R"_ ��VWV%XQc.[�T�\�^7b y
[<XIekU.XQW�RL[Lb.W7b �I\<X"�&Y�^.`��&`G^�R<Z&X&]�XQ^�T7_vpv~�R<ZCZ&X&_�^�T.XK^�RPehR<ZCZCT�\�^�j+f�^.XC[<` m X m ^�j+f
`�m�¥vXQc.[LRIf b ^�R<U�W�T�e�XQW X È � �pikc7R<c,\<`��"e�` � ^�j�oVe�X'f7R<^�T��"e T��"e�XQ^.XQ^�T7_,W�R<ZCU�W.X��
YnX&]�XQ^�T7_wZCc�`�W.`�Z&[�XQo �I\<X"�&Yw^.XC`QY�^.`�c�W�RL[�^.`�`�m�Z'b � Y
R"]nZ�_ � z+��X ¡�w ��X ¡ � f XIz w ��X |�� u ��p
�k�&`�e�` � ^.` b1Z']�`�\�^.`y^�R��I\�RL[
�ye�X'f7R<^�T m XQZCc�T�e X \ `�[Q]nT m T.X�`�[�`�U�T�ZQR<^�^.`��&`y\
�~w7p¢¡ X c.p¢¡ X � YnX�b � XSW�R<ZCZQehRL[�W�T�\�R"]�R<Z �BU�W.`�m<]�XIehRBR<^�T��Q`�[�W.`�U�T�TP\BW�R<ZCU�W.X'YnX&]�X��
^�T�TPZCc�`�W.`�Z&[<XQo �I\<X"�&Y>TGZ�[<` m c�T �IW.XQ^�T7_ � � 
�
 - ��� � � � � �,U�W.`$�.XQZCZ&`�\�Z�b1Z&[<`�o��m T�\<`�Z&[�T>`�[�^.`�ZCT.[<X&]
��^.`VT��I�CT.m�^�j+f�e�`QY{p
/10��1054(0���8LM&M'A&E�;.D.Ad;.8KF � �

�%W�T�\<X'YnXIe ^.XQc1`�[<`�W�jrX�W.X"�Cb"]
�I[LRL[�j m T�Z']�XQ^�^.`��&`�e�`QYnX&]nT�W.`�\�R<^�T7_�Y�T��
^�R�ekT�c�T �I\<X"�&Y�^.`��&`�Y�T�ZCc7R�Z�b m XC[<`1e È � � X Z']�X'Y�b�_ W�RLm�`�[LR�e � T7]�b�ekZ&XQ^�R
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� z+� | X�z�z ����p�~�R<ZCZQehRL[�W�T�\�R"]�R<Z ��Z']�X'Y�b y�s R"_�e�`QYnX&]
��p�~�R<ZCU�W.X'YnX&]�XQ^�T.XaU7]�`�[�^.`��
Z&[�T��I\<X"�&Y�^.`��&`�^�R<Z&X&]�XQ^�T7_aY�T�ZCc7R�\�jrm�T�W�R"]�`�Z ��\�\�T�YnX b ZCW p�Z b w7pvdxc+i_i

ρ(r, z) =
Md

2 π L2
σze

exp

{

− r

Lσ

}

sech2
{

− z

2 ze

}

, b c.ped z i
R�\���R"]�` b c.p�c+i�U�W�T k = 1 p�~�R<ZCU�W.X'YnX&]�XQ^�T y U7]�`�[�^.`�Z&[�T�\<X s XQZ&[�\�RK\{È � �

ρG(r) =
3MG

4 π r3
G



1 +
r2

r2
G





−5/2

b c.ped1|+i
Z&`�`�[�\<XC[�Z&[�\Lb�XC[,U.`�[<XQ^	��T�R"]

ΦG(r) = − GMG

(r2 + r2
G)1/2

. b c.p¢¡��+i
� �"R<T�e�`QYnXQo�Z&[�\�T.XBe�X � Y�b��I\<X"�&Y
R�ekT�TEÈ � � b m T.[�j�\�R"]�`�Z � X [<`<]
��c1`aXQZ']nT�W�R<Z5�
Z&[<`I_�^�T.X�e�X � Y�bu^�T�ekT�^.X U�W.XQ\�j1�KR"]�` rsG = 2 c�U�c p0È � � \�^�R m R"]
��^�j�o
e�`1e�XQ^.[�`�m�W�R��Q`�\�j�\�R"]nT��Qc�ZCU.`�^.XQ^	��T�R"]
��^�j�oGY�T�ZCc>Z LG < Lσ p��(^�R m XQ^�T7_>U�R#�
W�R�e�XC[�W.`�\>\�jrm�T�W�R"]nT�Z �>\>U�W�T7]�` � XQ^�T�TycMÈ�R"]�R<c.[�T�c1X�� Md = 0,5 · 1011 �

�
X

Lσ = 3,5 c�U�c X ze = 0,325 c�U�c X Mh(r ≤ 30 c�U�c ) = 4Md
X a = 0,1 c�U�c X

`�m s R"_�ehR<ZCZQRzÈ � �LZ 4 · 109 �
� p � W�R<Z m XC["RIf�\�R<W	��T�W.`�\�R"]nT�Z �a^�R m R"]
��^�jrX

�I^�R m XQ^�T7_>Y�T�ZCU.XQW�ZCT�osTsU�R<W�R�e�XC[�W�jBÈ � �Kp��%T�Z']�`��I\<X"�&Y Ns T>È � � NG ^.X
U�W.XQ\�j1�KR"]�`�dx�����xY�]�_�c7R � Yn`�o�T��wU.`QY�ZCT�Z&[<XIe X [LR<c m [<` 0,1 ≤ NG/Ns ≤ 1 p

�SR�W�T�Z�p�c.p u ¡>U.`�c7R��"R<^�RPY�T�^�R�ekT�c7R�[�W.X'fic�`1ekU.`�^.XQ^.[�Y�T�ZCU.XQW�ZCT�T�ZCc1`�W.`��
Z&[<XQo �I\<X"�&Y{p � c1`�^	�.Xye�`CYnX&]nT�W.`�\�R<^�T7_�U.`<]�b m RLXC[�Z�_�Z']�X'Y�b y�s XCX�`�[�^.`$�wXQ^�T.X
�C[�T�f�c�`1ekU.`�^.XQ^.[KY�]�_�U�W.`�T��I\<`<]
��^.`�o�W�RIY�T�R"]
��^.`�o�c1`�`�W<Y�T�^�RL[�j �

cr/cϕ/cz = (1/0,72/0,60) ± 0,04, b c.p¢¡�f�i
�%W.X'Y�Z&[LR<\L]�_�XC[�T�^.[<XQW.XQZdZCW�R<\�^.XQ^�T.X�Y
R<^�^�j+f � T7]�b�ekZ&XQ^�RKZSW.X"�Cb"]
�I["RL[LR�ekT (wR#�
Z&X&_ � ¡ � f�� X c1`�[<`�W�j�o U.`<]�b m T7]�Z']�X'Y�b y�s XCXwb.W�R<\�^.XQ^�T.X X `�U�T�ZCj�\�R y�s XCX0�Q\<`<] y �
��T y \<X&]nT m T�^�j�Y�T�ZCU.XQW�ZCT�T b c2 = c2r + c2ϕ + c2z i�\�Z']�X'Y�Z&[�\�T.XwZ&[<`<]nc�^.`�\<XQ^�T�o�ZÈ � � �

dc2

dt
=
D

c2
, b c.p¢¡�w�i

��YnX D = 2G2nGM
2
G ln(Λ)ωzf(2Ω/∂e) X nG Z U.`�\<XQW�f�^.`�Z&[�^�R"_lc1`�^	�.XQ^.[�W�R#�

��T7_;È � � � f Z T��I\<XQZ&[�^�R"_9V�b.^�c	��T7_vp � R<clc�R<c 2Ω/∂e ' 1,4 X [<` X Z']�X'Y�b�_
(wR<Z&X ytX f(1,4) = 0,47 � ln(Λ) = ln(rsG/rG) T>Y�]�_�b1Z']�`�\�T�o �Qc1ZCU.XQW�T�e�XQ^.[<`�\� T7]�b�ekZ&XQ^�R ln(Λ) = ln(2 /50 ) = 3,7 p�� R<U�T	�wXIe�W.X �wXQ^�T.X b c.p¢¡�w�i��

c(t) =
(

c40 + 2D t
)1/4

, c0 = c(t = 0). b c.p¢¡�c+i
jd]�_�U.`<]n^.`�o �Qc�ZCU.XQW�T�e�XQ^.[LR"]
��^.`�oBY�T�ZCU.XQW�ZCT�T,ZCc�`�W.`�Z&[<XQo b ZQerp�W�T�Z�p+c.p � i�T�[<XC`��
W.XC[�T m XQZCc1`�o �"R<\�T�ZCT�e�`�Z&[�T b c.p¢¡�c+i�\�Z']�b m RLX c0 = 0 e�` � ^.` �"R<U�T�ZQRL[
�

lg(c) = lg(k) + n lg(t); n ' 0,25. b c.p¢¡:dSi
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� ZCW.X'Y�^.XIetW�R��C]nT m T.Xwe�X � Y�b kexp T kth Z&`�Z&[LR<\L]�_�XC[{¡��|� � z�z ����p� ZC\L_��IT>Zw^�RLm<] y Y
RLXIe�`�o �"R<\�T�ZCT�e�`�Z&[
� y [<`<] s T�^�j �I\<X"�&Y�^.`��&`�Y�T�ZCc7R�`�[
\<`��IW�R<Z&[LR �I\<X"�&YKb.U.`1e�_�^.XIe�["R<c � X�`S\<`��IW�R<Z&[LR<^�T�TKZ&`%\�W.XIe�XQ^.XIe�\ �Qc�ZCU.XQW�T�e�XQ^��
[LRIf � T7]�b�ekZ&XQ^�RK\<X&]nT m T�^�j ∆∗ �

lg{∆∗(3 · 108 ]�XC[ <∼ t <∼ 5 · 109 ]�XC[ )} = 0,91 + 0,36 lg{t/106 ]�XC[ } .
� e�`QYnX&]�_7f �SZ'b�e�`�[Lb�T�*xbQY �IT�e�`�[<` � |�� u ��\�R<W	��T�W.`�\�R"]nT�Z � \ �BT�W.`�c�T�fgU�W.X��
YnX&]�RIf�U�R<W�R�e�XC[�W�j X `�U�T�ZCj�\�R y~s T.X�U.`QY�ZCT�Z&[<XIe�b È � � X U.`1ekT�e�`�c1`�[<`�W�j+f�\
W�R<ZCZQe�`�[�W.XQ^�T.Xa\�c7] y�m R"]nT�Z ��ZCU�T�W�R"]
��^�jrXa\<`<]n^�j�U7]�`�[�^.`�Z&[�T p � ^�R m R"]�X �Qc�Z5�
U.XQW�T�e�XQ^.[<`�\!�I\<X"�&Y�^�jrX
Y�T�ZCc�T �"RIY
R<\�R"]nT�Z ��f�`<]�`QY�^�j�ekT�TK^�R%U.XQW�\<`1e �C[LR<U.X�^�R#�
m<] y Y
R"]nZ�_wW.X"�Ic�T�oxW.`�Z&[rY�T�ZCU.XQW�ZCT�TxZCc1`�W.`�Z&[<XQo X �"RL[<XIe X ^�R m T�^�R"_BZ t ' 109 ]�XC[ X
m�j�]�`sU.`<]�b m XQ^.` c ∝ tn Z n = 0,20 p�q e�`1e�XQ^.[Lb�\�W.XIe�XQ^�T t = 1010 ]�XC[s\
W�R��I^�j+fle�`QYnX&]�_7f c ' 31 ÷ 47 c�e � Z�prjd]�_ MG = 106M� T�ZCU�T�W�R"]
��^.`�o
\<`<]n^�j ZPb.��]�`1e �"R<c�W7b7[�c�T i = 10◦ Y�T�ZCU.XQW�ZCT7_iYn`�Z&[�T��'R"]�R�ehR<c�ZCT�ehR"]
��^.`��&`
�I^�R m XQ^�T7_ b 47 c�e � Z�i�pG��`<]�b m XQ^.` X(m [<`�f7R<W�R<c.[<XQW�U�W.`�Z&[�W�R<^�Z&[�\<XQ^�^.`��&`VW�R<ZCU�W.X��
YnX&]�XQ^�T7_�È � � Z']�RLm�`�\L]nT7_�XC[�^�RK[<XIekU�W.`�Z&[LRwY�T�ZCU.XQW�ZCT�T>ZCc1`�W.`�Z&[<XQo �I\<X"�&Y � � p

�
]�X'Y�b�XC[KZCc7R��"RL[
�B`K[<`1e X#m [<`�X s X%\zfQ| u f%��p�q�b��"ekT�^�j�e � z+� �(m�j�]nTGU.`<]�b �m XQ^�j�\<XQZ ��ehR�m<]nT��Ic�T.XrW.X"�Cb"]
�I[LRL[�jSp � W�R�ekc7RIfKU�W.X'Y�U.`<]�` � XQ^�T7_ X�m [<`S�CW�R<\�T.[LR#�
��T.`�^�^.`�XV\��"R<T�e�`QYnXQo�Z&[�\�T.X��I\<X"�&YyZ�`�m<]�R<c7R�ekT�Y�T�VWV�b��I^.`�o�ehRL[<XQW�T�T�Yn`<] � ^.`
U�W�T�\<`QY�T.[
�acsW.`�Z&[Lb�c7R<c�W�RIY�T�R"]
��^.`�o X [LR<c�Ts\<XQW.[�T�c�R"]
��^.`�o�c1`1ekU.`�^.XQ^.[�Y�T�Z5�
U.XQW�ZCT�TuZCc1`�W.`�Z&[<XQo �I\<X"�&Y X \iW�R<\�^.`�\<XQZC^.`1e U�W.X'YnX&]�X b cz/cr → `�
���]�� i�m�j�]�R
U.`<]�b m XQ^�R�Z']�X'Y�b y�s R"_>\<X&]nT m T�^�R,R<^�T��Q`�[�W.`�U�T�T �

αb = (1 + 4 Ω2/∂e2)1/2. b c.p¢¡�¡�i
��XC[�W7bIY�^.`�\�T�YnXC[
� X�m [<`l\t^.XQ\�W�R s R y�s T�f�Z�_�Z']�`I_7f�T�\�[�\<XQW�Yn`�[<X&]
��^.`l\�W�R#�s R y�s T�f�Z�_GY�T�ZCc7RIf (cr/cz)b = α−1

b = 1/
√

2 ' 0,71 X R�\KY�T�VWV%XQW.XQ^	��T�R"]
��^.`
\�W�R s R y�s XIekZ�_ X c7R<c�\S`�c�W.XQZ&[�^.`�Z&[�TV�+`<]n^	��R b Ω ∝ r−1 i X Y�T�ZCc�XrYn`<] � ^.`xm�jr[
�
(cz/cr)b ' 0,58 p  [LR<c X XQZ']nT��Q\<`<] y ��T7_|V�b.^�c	��T�TaW�R<ZCU�W.X'YnX&]�XQ^�T7_,ZCc1`�W.`�Z&[<XQo0�I\<X"�&YV`�U�W.X��
YnX&]�_�XC[�Z�_sU�W.`$�.XQZCZ&`1egW�R<ZCZ&X&_�^�T7_ �I\<X"�&Y�^�RaehR<ZCZCT�\�^�j+f�`�m<]�R<c7RIf��'R��"R X [<`,Y�]�_
��� � �����-��"�� �%����& .!�%
���� 
 � &����-� 
!$ 
�����0 ��� ����������"%���� ���&�.!�%
������,
�����"�.�
)( 
��-� &��-&����� � �&��-��� .!�%
��������-$%� :

(%�� �"�"�� � �
	 ��&�(%��'�& ��&�.�0 	 �� � �&�* ��(%&��� �&��-��" .!&���( 
��-��"
4 < r < 8
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U.`QY�ZCT�Z&[<XIekj ^�R<T.m�`<]�XCX�Z&[LR<W�j+f �I\<X"�&Y�Y�T�ZCc7R cz/cr ' 0,6 p��
]�X'Y�b�XC[ X `QY�^�R<c�` X
U.`1ek^�T.[
� Xqm [<`�W�R<ZCZQe�`�[�W.XQ^�^�jrX�\�j1�wXse�`CYnX&]nTiYn`�Z&[LRL[<` m ^.`i�CW7b7m�`}b m T.[�j�\�R#�y [BW.XIR"]
��^.`�X�W�R<ZCU�W.X'YnX&]�XQ^�T.X�\wU�W.`�Z&[�W�R<^�Z&[�\<X%W�R<ZCZ&XQT�\�R y�s T�f,`�m�¥vXQc.[<`�\wTVT�f
Y�T�^�R�ekT�c7bs^�R,\�W.XIe�XQ^�RIf X ZCW�R<\�^�T�ekj+fsZ&`a\�W.XIe�XQ^.XIe � T��I^�T�È�R"]�R<c.[�T�c�T p � [<`� XP\�W.XIe�_i^�RIYnX � ^�jrX>^�RLm<] y Y
RLXIekjrX �I^�R m XQ^�T7_i\<X&]nT m T�^�j cz/cr `�[�^.`�Z�_�[�Z�_
[<`<]
��c1`VcaYn`�Z&[LRL[<` m ^.`aehR"]�`�oP`�c�W.XQZ&[�^.`�Z&[�T��
`<]n^	��R.p

��Y�^�R<c1` X ^.XC`�mQf1`QY�T�e�`dU.`1ek^�T.[
� Xxm [<`[È � �u_�\L]�_ y [�Z�_�[<`�^�c�T�ekTVZ&[�W7b.c.[Lb �
W�R�ekT p   f�[<`<] s T�^�R hGMO Z'b s XQZ&[�\<XQ^�^.`�e�XQ^	�
�wXK[<`<] s T�^�j�Z&[LR<W.`��&` �I\<X"�&Y	�
^.`��&`GY�T�ZCc�R.p � W.X"�CbI]
�I[LRL[<XVW�R��Q`��CW.XQ\>e�`<]�`CY�j+f �I\<X"�&Yy^�R}È � ��`�c�R��Ij�\�RLXC[�Z�_
��VWV%XQc.[�T�\�^�j�e�[<`<]
��c1`P^�RG^�R m R"]
��^.`�o}Z&[LRIY�T�T pY��`>e�XQW.Xwb.\<X&]nT m XQ^�T7_}\<XQW.[�T��
c7R"]
��^.`�o�c1`1ekU.`�^.XQ^.[�jgZCc�`�W.`�Z&[�T0�I\<X"�&Y�ji^�R m T�^�R y [dU�W.`�\<`QY�T.[
�S`�ZC^.`�\�^.`�X�\�W.X��
e�_P\B`�m<]�R<Z&[�T |z| � hGMO

X TG[<XIekUPW�R��Q`��CW.XQ\�RwZCT7]
��^.`Bb�e�XQ^	�
�KRLXC[�Z�_vp � R<c�T�e
`�m�W�R��Q`1e X [�W.X'f�e�XQW�^�jrX�e�`QYnX&]nTKW�R<ZCZ&X&_�^�T7_ �I\<X"�&Y�^�RWÈ � �u^.Xr`�m�¥ _�ZC^7_ y [�Y
R<^��
^�jrX
^�RLm<] y YnXQ^�T�o X T X U.`�� \�T�Y�T�e�`1e�b X [<`<]
��c1`�Z&`�\<`�c7b.U�^.`�XkYnXQo�Z&[�\�T.X+W�R��C]nT m ^�j+f
e�X'f7R<^�T��"e�`�\de�` � XC[x`�m�XQZCU.X m T.[
�d\�j�Z&`�c�T�o�[<XIekU,W.X&]�R<c�ZQR���T.`�^�^�j+f,U�W.`$�.XQZCZ&`�\�p
/10��10��{0 � 9�M��.:<;.AC;��.D.8IH��<;��rO �.?.:��%D7H��BE�?.91:�M'J"D
	C=�A�	 ��;��#" ��D�M'91:<=

jd]�_ W�RIY�T�R"]
��^.`��&` U�W.`+VST7]�_ _�W�c1`�Z&[�T �I\<X"�&Y�^.`�o c1`1ekU.`�^.XQ^.[�j S �
�'R"]�R<c.[�T�c f7R<W�R<c.[<XQW.XQ^ �"R�W.X'Y�c�T�e T�ZCc7] y�m XQ^�T.XIe �Qc�ZCU.`�^.XQ^	��T�R"]
��^�j�o �"R#�
c1`�^ b f�p�f�p�f�i�p�� m T.[LRLXC[�Z�_ X�m [<` W�R<ZCU�W.X'YnX&]�XQ^�T.X U.`�\<XQW�f�^.`�Z&[�^.`�o U7]�`�[�^.`�Z&[�T
σ∗(r) T�e�XCXC[ R<^�R"]�`��CT m ^�j�ot\�T�Y{p � ^�T�\<XQW�ZQR"]
��^.`�Z&[
� W�RIY�T�R"]
��^.`�o �"R<\�T�ZCT�e�`��
Z&[�T σ(r)∗ ∝ exp(−r/L) [�W.XCm<b�XC[}`�m�¥(_nZC^.XQ^�T7_vp��SR<T.m�`<]�XCXGW�R��IW�RLm�`�[LR<^�^.`�o
_�\L]�_�XC[�Z�_�[<XC`�W�T7_ X `�ZC^.`�\�R<^�^�R"_g^�Rsb m XC[<X�\L_��Ic1`�Z&[�Tt\��'R��Q`�\<`1e�Y�T�ZCc1X�T&��V �
V%XQc.[<`�\��I\<X"�&Yn`�`�m�W�R��Q`�\�R<^�T7_ � f z ¡ X c3d�d X c�|3d X ¡ z d���p� `�ZCU.`<]
���Cb�XIekZ�_ b.W�R<\�^.XQ^�T7_nekT \L_��Ic1`�o ^.XQZ&[LR���T.`�^�R<W�^.`�o R<c�c�W.X ��T�Tb U p�¡7p�f�p�f�i�p � Yn`�U.`<]n^.XQ^�T.X�^.XC`�mCf1`QY�T�e�`�b m XQZ&[
� �#�I\<X"�&Yn`�`�m�W�R��Q`�\�RL^�T.X X \�^.X �B^ y�y
R<c�c�W.X ��T y ^�R�Y�T�ZCc X ^.XQZ&[LR���T.`�^�R<W�^.`�Z&[
�Bc�W�T�\<`�o,\�W�R s XQ^�T7_,�'R��"R.p � `���Y
R%b.W�R<\��
^.XQ^�T.Xx^�R�U.`�\<XQW�f�^.`�Z&[�^7b y U7]�`�[�^.`�Z&[
�,�'R��"R σg U�W�T�^�T�ehRLXC[V\�T�Y �

∂σg

∂t
= − ∂

r ∂r





1

∂Ωr2/∂r

∂

∂r

[

νσgr
3∂Ω

∂r

]



+

+
∂

r ∂r





ṁe r

∂Ωr2/∂r

[

r2Ω − Le

]



− ψ + ṁe −
∂

r ∂r





σgr
3

∂Ωr2/∂r

∂Ω

∂t



 , b c.p¢¡ u i
��YnX ṁe �,[<XIekUPU�W�T.[<`�c7R���R��"RB^�RwX'Y�T�^�T	�7bGU7]�` s RIY�TVY�T�ZCc7RK\KW.X"�Cb"]
�Q[LRL[<XxR<c��
c�W.X ��T�T X Le `�U�W.X'YnX&]�_�XC[�b.��]�`�\<`�o�e�`1e�XQ^.[aR<c�c�W.X ��T�W7b y�s XQ�&`V�'R��"R X ψ �GW�R<Z5�
f1`QYy�'R��"Ra^�RG`�m�W�R��Q`�\�R<^�T.X �I\<X"�&Y�\PW�R<Z m XC[<X,^�RaX'Y�T�^�T	�7b}U7]�` s RIY�T X T�e�` � ^.`
Z m T.[LRL[
� ψ = σg/ts b ts ��f7R<W�R<c.[<XQW�^.`�Xw\�W.XIe�_��I\<X"�&Yn`�`�m�W�R��Q`�\�R<^�T7_'i�p(��XQW�\<`�X
Z']�R<�'RLXIe�`�XVZCU�W�R<\�R�\ b c.p¢¡ u iS`�m<b1Z']�`�\L]�XQ^.`�YnXQo�Z&[�\�T.XIe \L_��Ic1`�Z&[�T ν X \<[<`�W.`�X �
b m T.[�j�\�RLXC[>`�m1e�XQ^�e�`1e�XQ^.[<`1e�e�X � Y�b \<X s XQZ&[�\<`1egY�T�ZCc7RPT R<c�c�W.X ��T�W7b y�s T�e



	��������������.����!���)����	�
�%��-��Q) �����

�'R��Q`1e X U.`�Z']�X'Y�^�T�o m ]�XQ^�ZC\L_��"R<^�ZKT��"e�XQ^.XQ^�T.XIel�CW�R<\�T.[LR���T.`�^�^.`��&`>U.`�[<XQ^	��T�R#�
]�R�T��"� �"R�U.XQW.XQW�R<ZCU�W.X'YnX&]�XQ^�T7_�\<X s XQZ&[�\�R�\�Y�T�ZCc1X�p ��R"]�R<^�Z �.XQ^.[�W.`�m�X � ^.`�otT
�CW�R<\�T.[LR���T.`�^�^.`�o�ZCT7]PYn`<] � XQ^Pb m T.[�j�\�RL[
��b.W�R<\�^.XQ^�T.X[��b�R<ZCZ&`�^�R.p��(\<X"�&Y�j�`�m��
W�R��Cb y [�Z�_�T��w�'R��"R �

∂σ∗
∂t

=
σg

ts
. b c.p¢¡ � i

� [LR<c�`�o e�`CYnX&]nT T�e�XCXC[�Z�_ Y�\�R `�ZC^.`�\�^�j+f f7R<W�R<c.[<XQW�^�j+f \�W.XIe�XQ^�T �
tν = r2/ν ��\L_��Ic1`�X,\�W.XIe�_�T ts p��+`�`�[�^.`$�wXQ^�T.XGe�X � Y�b tν T ts `�c7R��Ij�\�R#�
XC[�Z�_}ZQR�ekj�e�\�R � ^�j�e�e�`1e�XQ^.[<`1eu[<XC`�W�T�T �Q\<`<] y ��T�T}�'R"]�R<c.[�T m XQZCc1`��&`aY�T�ZCc7R.p
�kZ']nT tν ∼ ts

X [<`xb1Z&["R<^�R<\L]nT�\�RLXC[�Z�_ �Qc�ZCU.`�^.XQ^	��T�R"]
��^.`�X�W�R<ZCU�W.X'YnX&]�XQ^�T.X �I\<X"�&Y
\dY�T�ZCc1X � ¡ z d���p#�%W�T m XIe X �C[<`�[�W.X"�Cb"]
�I[LRL[KZ']�RLm�` �"R<\�T�ZCT.[B`�[�\�T�Y
Rwc�W�T�\<`�oP\�W�R#�s XQ^�T7_ X \�jrm�`�W�R!�"R<c�`�^�RS\L_��Ic1`�Z&[�T ν(σg, r) T�\�^.X �B^.XQo,R<c�c�W.X ��T�T p �+[<`Be�` � XC[
Z']�b � T.[
�}`�m�¥ _�ZC^.XQ^�T.XIe�b.^�T�\<XQW�ZQR"]
��^.`�Z&[�T �Qc1ZCU.`�^.XQ^	��T�R"]
��^.`��&`}W�R<ZCU�W.X'YnX&]�X��
^�T7_ σ∗(r) b �I\<X"�&Y�^�j+fVY�T�ZCc1`�\��'R"]�R<c.[�T�c�W�R��C]nT m ^�j+f>[�T�U.`�\�p
¦h§���
q§�� ��®�¸�®��G­�µ�°������}°x¹�´�µ

� XQZ ��ehR�U.`�U7b"]�_�W�^�j�e _�\L]�_�XC[�Z�_�e�`CYnX&]nT�W.`�\�R<^�T.XgY�\<`�o�^�j+f��'R"]�R<c.[�T�c p
��m�j m ^.`�W�R<ZCU�W.X'YnX&]�XQ^�T.XaehR<ZCZCj�\<`��"e�b s R y�s XQ�&`>ZCU7b7[�^�T�c7R>m�XQW7b7[�VST�c�ZCT�W.`��
\�R<^�^�j�e X ^�R<U�W�T�e�XQW X [<` m X m ^�j�erp � T�U�`�W.m�T.[�j ZCU7b7[�^�T�c7R�`�U�W.X'YnX&]�_�XC[�Z�_�U.`��
Z&[LR<^.`�\�c1`�o �"RIY
R m T p���Y�^�T�ekTGT��SU.XQW�\�j+fGU�W.`�\<X&]nT m T�Z']�XQ^�^.`�Xde�`QYnX&]nT�W.`�\�R<^�T.X
[LR<c1`��&`�W.`CY
R �Bp � `�`1ekW.X,T�j � p � `�`1ekW.X � z ¡:d���pY��X&]
� y [LR<c�T�f��Qc�ZCU.XQW�T�e�XQ^.[<`�\
_�\L]�_�XC[�Z�_�T��Cb m XQ^�T.X�Z&[�W7b.c.[Lb.W X \�j �Ij�\�RLXIekj
f�U�W�T7]nT�\�^�j�e�\��"R<T�e�`QYnXQo�Z&[�\�T.XIe� c�c+w X d�dx� X d u�u ���
U�W.`$�.XQZCZ&`�\�U.XQW.XQ^.`�ZQRyTlU.`�[<XQW�T�\<X s XQZ&[�\�R � z�z c���p � W�R�ekc7RIfm T�Z']�XQ^�^.`��&` �Qc�ZCU.XQW�T�e�XQ^.[LR�T��Cb m RLXC[�Z�_�TgY�T�^�R�ekT m XQZCc1`�X�[�W.XQ^�T.X \�m<]nT��Ic�T�f
U�R<W�RIf � z�u c�� p � W�RLm�`�[<X � z dx����W�R<ZCZQehRL[�W�T�\�R"]nT�Z �,Y�\Lb1f�c1`1ekU.`�^.XQ^.[�^�jrX�e�`QYnX&]nT X
\�c7] y�m R y�s T.X � f1`<]�`QY�^7b y �kb �'R��Q`�\Lb y i T � �&`�W�_ m b y �[b �I\<X"�&Y�^7b y i
U.`QY�ZCT�Z&[<XIekjSp  �Cb m R"]�`�Z �y`�m�W�R��Q`�\�R<^�T.X�ZCU�T�W�R"]
��^�j+f�\<`<]n^ X \�j �I\�R<^�^.`�X�U�W.`<]�XC[LR y�s T�e�U.`
U�R<W�RLm�`<]nT m XQZCc1`�o�`�W.m�T.[<X�\xU7]�`�ZCc1`�Z&[�T�Y�T�ZCc�RS[<` m X m ^�j�eyZCU7b7[�^�T�c1`1erp ��R<W�^�Z�T

� XQW�^�c�\�T�Z&[�Z&`�`�m s R y [ � w � d��(`�e�`QYnX&]nT�W.`�\�R<^�T�TVY�T�^�R�ekT�c�TP�'R��"RxU�W�TPZ']nT7_�^�T�T
Y�\Lb1f��'R"]�R<c.[�T�c p.��maT�^.[<XQW.XQZC^.`�os\<`��"e�` � ^.`�Z&[�T�`�m�W�R��Q`�\�R<^�T7_��'R��Q`�\�j+f�c�`<]�X �
\<`�c�W7b.�G�'R"]�R<c.[�T�ct\�W.X"�Cb"]
�Q[LRL[<X>Z&[<`<]nc�^.`�\<XQ^�T7_&�&]�]nT�U.[�T m XQZCc1`�otT�Y�T�ZCc1`�\<`�o
�'R"]�R<c.[�T�c,Z&`�`�m s RLXC[�Z�_�\ � dxc � ��p1�
]�X'Y�b�XC[x[LR<c � X�`�[�e�XC[�T.[$�w\<`��"e�` � ^.`�Z&[
�x�&XQ^.X��
W�R���T�T>m1R<W�R�U�W.`<]�XC["R y�s T�egZCU7b7[�^�T�c1`1erp� U.`�Z']�X'Y�^�T.X��&`QY�j �BT�W.`�c1`�X+W�R<ZCU�W.`�Z&[�W�R<^.XQ^�T.X�U.`<]�b m RLXC[ m T�Z']�XQ^�^.`�Xre�`��
YnX&]nT�W.`�\�R<^�T.X�c�`�^�c�W.XC[�^�j+f�\��"R<T�e�`CYnXQo�Z&[�\Lb y�s T�f��'R"]�R<c.[�T�c p~�%W.`�T��I\<`QY�T.[�Z�_
U.`QY��&`�^�c7RGU�R<W�R�e�XC[�W.`�\>�'R"]�R<c.[�T�c b ehR<ZCZCj X \�c7] y�m R"_��'R"]�`>T}�'R�� �(T�f}`�W.m�T.[�j �
`�W�T.XQ^.[LR���T�T�ZCT�Z&[<XIekj�U.`�`�[�^.`$�wXQ^�T y ca]�b m b �IW.XQ^�T7_ ��e�`1e�XQ^.[LR�\�W.XIe�XQ^�TG^�R#�
m<] y YnXQ^�T7_�T>["pnU p¢i
Y�]�_�U.`<]�b m XQ^�T7_�^�R<T7]�b m �wXQ�&`,Z&`���]�R<ZCT7_�Zd^�RLm<] y Y
RLXIekj�ekT
Y
R<^�^�j�ekT �7U�W.X � YnXS\�Z&XQ�&`wW.X m �BT�YnXC[B`Bc�W�T�\<`�oG\�W�R s XQ^�T7_aTaZCU�T�W�R"]
��^.`1e�b��Q`��
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W.X�p6�SR<U�W�T�e�XQW X \<XQZ ��ehR}U.`<]n^.`�o�U.`<]�b m RLXC[�Z�_lc7R<W.[�T�^�R b �+T�W�Y
R�Tlq�]�R<W�T�c7R� c�c+w#� b U�R<W�R � � w�w�� z �½w�¡�f�i X � `�\�R<W<Y
R�T �+T�W�Y
R � d u�u �rY�]�_l�'R"]�R<c.[�T�c � ¡�f �
���p� ¡�fQ|+¡7p � U.`�Z']�X'Y�^.XIe�Z']�b m RLXxb m T.[�j�\�RLXC[�Z�_s[LR<c � X��'R��Q`�\�R"_�U.`QY�ZCT�Z&[<XIehR X
T�R<\<[<`�W�j�U.`�Z&[�W.`�XQ^�^.`�o�e�`QYnX&]nT>Y
R � XKU�W.X'Y�ZCc7R��Ij�\�R y [aZ']nT7_�^�T.XK�'R"]�R<c.[�T�c�\
m<bIY�b s XIerp

��c.[Lb�R"]
��^�j�e _�\L]�_�XC[�Z�_�`�U�W.X'YnX&]�XQ^�T.X �"R<c1`�^�RiY�\�T � XQ^�T7_�c7R<W7]nT�c�`�\�j+f
�'R"]�R<c.[�T�c�\<`�c�W7b.�r�CT���R<^.[�ZCc�T�f��'R"]�R<c.[�T�c X ^�R<U�W�T�e�XQW X ZCU7b7[�^�T�c7R%^�R��wXQo�È�R"]�R<c��
[�T�c�T�Z �
`<]
�
�w`��&` � R<�&X&]�]�R<^.`�\�R}��m<]�R<c7R.ph�%W�T.m<]nT � XQ^�^.`�X�b.W�R<\�^.XQ^�T.XKY�\�T��� XQ^�T7_ m R<Z&[�T	��j�ekR<ZCZ&`�o mi \�^7b7[�W�T>ehR<ZCZCT�\�^.`��&`B�'R"]�`�ehR<ZCZ&`�o Mh Z�b m XC[<`1e
Y�T�^�R�ekT m XQZCc1`��&`�[�W.XQ^�T7_�T�e�XCXC[�\�T�Y � d u d X ¡�fQ|����

d~v

dt
= −~∇Φ(r) − 16π2G2Mh (mi +Mh) ln Λ

∫ vmax

0 f(v) d~v

|~v|3 ~v , b c.p¢¡ z i
��YnX Φ Z U.`�[<XQ^	��T�R"] X ln Λ = ln

(

Rh/εsV
2
s

) Z c7bI]�`�^.`�\�ZCc�T�o�]�`���R<W�T�Vde X
f(~v) �UV�b.^�c	��T7_�W�R<ZCU�W.X'YnX&]�XQ^�T7_ X Rh Z �Bc7R"]�Rs�'R"]�` X εs Z f7R<W�R<c.[<XQW�^�j�o
W�RIY�T7b1ZG`�m�W.X"�"R<^�T7_vp � `QYnX&]nT�W.`�\�R<^�T.XaY�T�ZCc7R}e�XC[<`QYn`1e N ��[<X&]�ZVb m XC[<`1e �Q\<`��
] y ��T�TV[<XIek^.`��&`B�'R"]�`wU�W�T�\<`QY�T.[Kc,m�`<]
�
�w`1e�b,\�W.XIe�XQ^�T � T��I^�TV[LR<c�T�faZCT�Z&[<XIe X
\ m R<Z&[�^.`�Z&[�T X � � � �"RSZ m XC[%Y�T�^�R�ekT m XQZCc1`��&`d[�W.XQ^�T7_VU.`���]�`�[�T.[�Z�_�È7R"]�R<c.[�T�c1`�o
[<`<]
��c1` m XQW.X"� 1, 4 · 1010 ]�XC[ � d u d���p� U.`�Z']�X'Y�^�T.X��&`QY�j U.`I_�\L]�_�XC[�Z�_}\<`��"e�` � ^.`�Z&[
�PZ&[�W.`�T.[
� m T�Z']�XQ^�^�jrX,e�`��
YnX&]nT \��"R<T�e�`QYnXQo�Z&[�\Lb y�s T�f ek^.`��&`�c1`1ekU.`�^.XQ^.[�^�j+f�ZCT�Z&[<XIerp��%W�T�U�W.`Qf1` � YnX��
^�T�T c7R<W7]nT�c1`�\<`�o ��R"]�R<c.[�T�c�T ZCc�\<`��#� Y�T�ZCc1`�\Lb y ��R"]�R<c.[�T�c7b e�`QYnX&]nT�W.`�\�R#�
^�T.Xr^�R<��]�_7Y�^.`�YnXIe�`�^�Z&[�W�T�W7b�XC[%\<`��"e�` � ^.`�Z&[
��V%`�W�ekT�W.`�\�R<^�T7_�m1R<W.`�U.`CYn`�m�^�j+f X
c1`<]
�
�.X���T�ZCU�T	�.XC`�m�W�R��I^�j+f�Z&[�W7b.c.[Lb.W X W�R��C]nT m ^�j+f�R<ZCT�ehe�XC[�W�T m ^�j+f�`�m�W�R��Q`��
\�R<^�T�os\ �I\<X"�&Y�^.`�o�T��'R��Q`�\<`�o�c1`1ekU.`�^.XQ^.[LRIf � w<|��0��p � XQZC^�jrXw\��"R<T�e�`QYnXQo�Z&[�\�T7_ X
U�W�T�\<`QY�_ s T.X�cKU�RIYnXQ^�T y c1`1ekU�R<c.[�^.`��&`dZCU7b7[�^�T�c7R X \S^.XQc�`�[<`�W�j+f�Z']�b m R"_7fKZCU.`��
Z&`�m�^�j Z'b s XQZ&[�\<XQ^�^.`t`�Z']�RLm�T.[
� �.XQ^.[�W�R"]
��^�j�o�m1R<W�TuY
R � XyW�R��IW7b��BT.[
�tXQ�&`� w<|#f���p

��m s XQU�W�T�^7_�[<`�ol_�\L]�_�XC[�Z�_u[<` m c7R �IW.XQ^�T7_�^�RiU�W�T�W.`QY�b��'R"]�R<c.[�T�c�[�T�U�R
� [<X&]�X � ^.`��&`wc1`<]�XQZQR �pb � 	�� � �~a#^)^ � i X \<`��I^�T�c�^.`�\<XQ^�T.X�c1`�[<`�W�j+fVZC\L_��Ij�\�R y [dZ�U�R#�
YnXQ^�T.XIe�ZCU7b7[�^�T�c7Rt^�R��'R"]�R<c.[�T�c7b X m�`��'RL[Lb y �'R��Q`1e � d1|3d���p � �Q\<`<] y ��T.`�^�^�j+f
e�`QYnX&]�_7f X \�c7] y~m R y�s T�f-�I\<X"�&Yn`�`�m�W�R��Q`�\�R<^�T.X X U�W.`�T�Z f1`QY�T.[�V%`�W�ekT�W.`�\�R<^�T.X+W�R#�
Y�T�R"]
��^.`B\�jr[Q_�^7b7[�j+fG\<`��"e�b s XQ^�T�o b ZCU�T	�Gi TV\�^.X �B^.XQ�&`xc1`<]
�
��Rx\SY�T�ZCc1X � u w u ��p� W.X"�CbI]
�I[LRL[<XVU.`I_�\L]�_ y [�Z�_�f�R<W�R<c.[<XQW�^�jrXa�CW�RIY�T.XQ^.[�j�U�R<W�R�e�XC[�W.`�\ �I\<X"�&Y�^.`�o
T>�'R��Q`�\<`�oPU.`QY�ZCT�Z&[<XIe � z�z f���p
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��R.p � j1�wXQU.XQW.X m T�Z']�XQ^�^�jrX�`�m�¥vXQc��
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�Sb.W�R<\�^.XQ^�T7_nekT,��R��Q`QY�T�^�R�ekT�c�T X T,Z1�C[<`�o�[<` m c�T �IW.XQ^�T7_ X
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�
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�I[LRL[ X `�[�^.`�Z�_ s T�o�Z�_�cP] y m�j�e��'R��Q`��
\�j�e�Y�T�ZCc7R�erph�kZ&[<XQZ&[�\<XQ^�^.` X U.`�Z']�X'Y�^.XCXKbQY
RLXC[�Z�_ ^.X,\�Z&XQ��Y
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Y
R<^�^7b y ��]�R<\Lb,\�c7] y~m XQ^�juW.X"�Cb"]
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U�W.`$�.XQZCZQR�e�\��'R��Q`�\�j+f%Y�T�ZCc7RIfwU7]�`�ZCc�T�fw�'R"]�R<c.[�T�c p�È7R��Q`�\�jrXhY�T�ZCc�T X Z&[�W7b.c.[<b.W�R
TP^�RLm<] y Y
RLXIekjrXdU�W.`I_�\L]�XQ^�T7_Pc1`�[<`�W�j+f>ZC\L_��"R<^�juZSR<c�c�W.X ��T.XQo b U�RIYnXQ^�T.XIei\<X��s XQZ&[�\�R�^�R��CW�R<\�T.[LR���T.`�^�^�j�o0�.XQ^.[�WGi X W�R<ZCZQehRL[�W�T�\�R y [�Z�_K\�Z']�X'Y�b y�s XQo X U7_�[<`�o
��]�R<\<X�p � `�[Q_VR<c�c�W.X ��T7_,^�R<T.m�`<]�XCX�R<c.[Lb�R"]
��^�R b U.`�ZCc1`<]
��c7b�U�W�T�\<`QY�T.[xc�^�RLm<] y �
Y
RLXIekj�euU.`�Z']�X'Y�Z&[�\�T7_neJirY�]�_}ZCT�Z&[<XIeuZKehR<ZCZCT�\�^�j�euU.`PZCW�R<\�^.XQ^�T y ZKehR<ZCZ&`�o
�'R��"R0�.XQ^.[�W�R"]
��^�j�et[<X&]�`1e X R<c�c�W.X ��T.`�^�^�jrXwU�W.`$�.XQZCZCj�e�`��'b7[�`�c7R��"RL[
��Z�_�\�R � �
^�j�ekT�TaY�]�_��'R"]�R<c.[�T m XQZCc�T�fGY�T�ZCc�`�\�p � R<c�T�et`�m�W�R��Q`1e X YnX&]�XQ^�T.XxU.`,��]�R<\�R�e�d
T�¡ b Z&`�`�[�\<XC[�Z&[�\<XQ^�^.` � �'R��Q`�\�jrX � T � R<c�c�W.X ��T.`�^�^�jrX � Y�T�ZCc�TGi�\<XQZ ��ehRwb1Z']�`�\�^.`�p

�+[�W.`��&` �&`�\<`�W�_ X ��R��Q`�\�jrX U.`QY�ZCT�Z&[<XIekj �'R"]�R<c.[�T�c b \ `�[Q]nT m T.X X U.`��
\�T�Y�T�e�`1e�b X `�[yR<c�c�W.X ��T.`�^�^�j+fiY�T�ZCc�`�\xiB^.XP_�\L]�_ y [�Z�_�`QY�^.`+VdR��I^�j�ekTgZCT�Z&[<X��
ehR�ekT po��Y�^�R<c1`iXQZ']nT�m�j �'R��}\ Y�T�ZCc7RIfu�'R"]�R<c.[�T�c�^.X}�CW7b.U�U�T�W.`�\�R"]nZ�_�\�`�m��
]�R<c7R X [<`�T��,Y
R<^�^�j+fi^�RLm<] y YnXQ^�T�o X c�R<ZQR y�s T�f�Z�_�W�R<ZCU�W.X'YnX&]�XQ^�T7_���R��"R�\EÈ7R#�
]�R<c.[�T�c1X � ��u f�� X Z']�X'Yn`�\�R"]�`Bm�j X#m [<`BY�]nT�^�RKZC\<`�m�`QY�^.`��&`KU�W.`�m�XQ�'RBe�`<]�XQc7b"]>�'R��"Rb l ∼ 10−3÷10−2 U�cGike�^.`��&`xe�XQ^	�
�wX
f7R<W�R<c.[<XQW�^.`�o�[<`<] s T�^�jg�'R��Q`�\<`��&`�Y�T�ZCc�Rb h <∼ 102 U�cGi�p3��`QYn`�m�^�jrX `$�.XQ^�c�TxU.`�U.`�W�_7Y�c7bd\<X&]nT m T�^�j�ZCU�W�R<\<X'Y�]nT�\�j�T%Y�]�_
Y�W7b.�CT�fPU7]�`�ZCc�T�fG�'R"]�R<c.[�T�c p �SZC^.` X�m [<`�\0�C[<`1eiZ']�b m RLX�Y
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]�_�XC[�Z&`�m�`�ode�X � `�m<]�R m ^�j�ox�'R��
Zh[<XIekU.XQW�RL[Lb.W.`�o ∼ 104 q � u |���p   f7R<W�R<c.[<XQW�^�R"_
Y�T�ZCU.XQW�ZCT7_,ZCc1`�W.`�Z&[<XQo,�'R��Q`�\�j+f�`�m<]�R<c1`�\d`�c7R��Ij�\�RLXC[�Z�_,U.`wU.`�W�_7Y�c7b,\<X&]nT m T�^�j
W�R<\�^.`�o�[<XQU7]�`�\<`�oyZCc1`�W.`�Z&[�T m R<Z&[�T	�ie�X � `�m<]�R m ^.`��&`s��R��"R b ∼ 5 ÷ 10 c�e � Z�i�p
�%W�T �C[<`1e�Y�T�ZCU.XQW�ZCT�T�ZCc�`�W.`�Z&[�XQol`�m<]�R<c1`�\�c7R<c�U.`�U.XQW.XQc�U7]�`�ZCc�`�Z&[�TlY�T�ZCc7R X
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e�` � ^.`>W�R<ZCZQehRL[�W�T�\�RL[
�Gc7R<c}Z&[<`<]nc�^.`�\�T.[<X&]
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R<c�c�W.X ��T.`�^�^�j+fgY�T�ZCc1`�\�pJjwT�ZCZCT�U�RL[�T�\�^�jrX ��VWV%XQc.[�j T X \ m R<Z&[�^.`�Z&[�T X m�j�Z&[��
W�R"_�Y�T�ZCZCT�U�RL[�T�\�^�R"_G^.X&b1Z&[<`�o m T�\<`�Z&[
�w�'R��Q`�\<`��&`%Y�T�ZCc7RxTVU�R<W�R�e�XC[�W�j&V�]�b.c.[Lb �
R���T�oi\s^.XIe T��Cb m R y [�Z�_�\U�kd�ped�p�� RL[<XIe W�R<ZCZQehRL[�W�T�\�R y [�Z�_�ZC\<`�o�Z&[�\�R�`�ZC^.`�\��
^�j+fi^.X&b1Z&[<`�o m T�\<`�Z&[<XQo X `�m<b1Z']�`�\L]�XQ^�^�j+f Y�T�VWV%XQW.XQ^	��T�R"]
��^.`�Z&[
� y \�W�R s XQ^�T7_
�'R��Q`�\<`��&`�Y�T�ZCc7R �<` m XQW m XQ^�c7]�R<ZCZ�c�W�T�\�j+f�\�W�R s XQ^�T7_ X Yn`�U7b1ZCc7R y�s T�f�W�R<ZCc7R m c7b
�C[�T�fG^.X&b1Z&[<`�o m T�\<`�Z&[<XQo X Ta`�U�W.X'YnX&]�XQ^�RxZ&[�W7b.c.[Lb.W�RKT�fGZ&`�m�Z&[�\<XQ^�^�j+fzV�b.^�c	��T�ob U�W�T7]�` � XQ^�T7_ �C[<`�oy[<XC`�W�T�T�cyU�W.`�m<]�XIe�XVU�W.`�T�Z�f1` � YnXQ^�T7_�ZCU�T�W�R"]
��^.`��&`�b��Q`��
W�RP�'R"]�R<c.[�T�c m<bQY�b7[�W�R<ZCZQe�`�[�W.XQ^�j�\>��]�p u i�ph�SR<c1`�^.X � X \���d�p u `�m�Z'b � Y
R y [�Z�_
c�W7b.U�^.`1ehR<Z �w[LRLm�^�jrXSbIY
R<W�^�jrXx\<`<]n^�jSp
��§���§���¬��G­����'°���­�µ�°�ª�¬������'µ�° �r®���¹�®
�7054L054(0 ��:���A&H���J":<;.91:���: ��8 	C:<=<:���: ��D�M'918

� ` �.`$�w`�T��I\<XQZ&[�^�RKe�`QYnX&]
��� e�X&]nc1`�oG\<`QY�j � Y�]�_G[<`�^�c1`��&`�Z']�`I_G^.XQZ � T�ehR#�
XIe�`�o � T�Y�c1`�Z&[�T�Z&`PZC\<`�m�`QY�^.`�o�U.`�\<X ��f�^.`�Z&[
� y \G`CY�^.` �.`QY�^.`1e�U.`<]�XK[Q_ � XQZ&[�T� |+w#��prjd]�_�`�U�T�ZQR<^�T7_uR<Z&[ �.`+VST��IT m XQZCc�T�fu��R��Q`�\�j+f�Y�T�ZCc1`�\yT�ZCU.`<]
���Cb�XC[�Z�_ue�`��
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YnX&]
� [<`�^�c�`��&`�Z']�`Q_gZ � T�ehRLXIe�`��&`��'R��"R X c1`���Y
R}U��.`�Z&[ ��R<^�Z&[�\<XQ^�^�j�ouehR<Z �w[LRLm
T��Cb m RLXIekj+fxZ&[ �7b.c.[Lb��K\�U7]�`�ZCc1`�Z&[�TwZCT�Z&[<XIekj λ \<X&]nT�cxU.`�Z���R<\�^.XQ^�T y Zkf7R���R<c��
[<X ��^.`�o�[<`<] s T�^.`�ouY�T�ZCc�R 2h b λ � 2h i�p � e�`QYnX&]nTu[<`�^�c1`��&`iY�T�ZCc7Ri\�e�X��
Z&[<`y`�m�¥vXIek^.`�ogU7]�`�[�^.`�Z&[�T ρ(r, φ, z, t) T�ZCU.`<]
���Cb�XC[�Z�_lU.`�\<X ��f�^.`�Z&[�^�R"_lU7]�`�[��
^.`�Z&[
� σ(r, ϕ, t) =

∫

ρ dz X \�e�XQZ&[<`GY
R<\L]�XQ^�T7_ P(r, ϕ, z, t) Z U.`�\<X ��f�^.`�Z&[�^.`�X
Y
R<\L]�XQ^�T.X p(r, ϕ, t) =

∫ P dz pr��`�^�T � XQ^�T.X!��R��"e�X ��^.`�Z&[�T �"RIY
R m TiZC\L_��"R<^.`sZ
Yn`�U.`<]n^�T.[<X&]
��^�j�ekT�b1Z']�`�\�T7_nekTi`�ZCT�ehe�XC[ ��T�T X e�X'Y�]�XQ^�^.`�Z&[�T ��R<ZCU��.`�Z&[ ��R<^.X��
^�T7_g\<`��"e�b s XQ^�T�ot\}U7]�`�ZCc1`�Z&[�TgZ']�`I_tU.`yZ���R<\�^.XQ^�T y Z&`�\ �.XIe�XQ^.XIe�b1Z&[LR<^.`�\��
]�XQ^�T7_ ��R<\�^.`�\<XQZCT7_�\�\<X �.[�T�c7R"]
��^.`1e z � ^�R<U���R<\L]�XQ^�T�T p@��m�`��I^�R m T�e�Z��.X'Y�^�T.X
\�\<X �.[�T�c�R"]
��^.`1e�^�R<U���R<\L]�XQ^�T�T �I^�R m XQ^�T7_lU7]�`�[�^.`�Z&[�TuTtY
R<\L]�XQ^�T7_uZ&`�`�[�\<XC[��
Z&[�\<XQ^�^.` ρ̄(r, ϕ, t) T P (r, ϕ, t) p � `���Y
R�Y�]�_tU.`<]�b7[<`<] s T�^�j�Y�T�ZCc7R h(r, ϕ, t)

ZCU���R<\<X'Y�]nT�\�j�Z&`�`�[�^.`$�wXQ^�T7_ σ = 2hρ̄ X p = 2hP p
~�R<ZCZQe�`�[ ��T�e�[<`�^�c�T�o��'R��Q`�\�j�o�Y�T�ZCc X ^�RIf1`QY�_ s T�o�Z�_�\�����R<\�T.[LR���T.`�^�^.`1e

U.`�[<XQ^	��T�R"]�X
Ψ(~r, z) = Φ(~r) +

1

2
Ω2

z(~r) z
2 , b d�p�f�i

��YnX ~r Z ��RIY�T7b1Z5� \<XQc.[<` ��\,U7]�`�ZCc�`�Z&[�TPY�T�ZCc7R b z = 0 i�p#jd]�_>[<`�^�c1`��&`V�'R��Q`�\<`��&`
Y�T�ZCc7R X ^�RIf�`QY�_ s XQ�&`�Z�_>\,U.`<]�X �.XQ^.[ ��R"]
��^.`��&`V`�m�¥vXQc.[LR,ehR<ZCZCj M1

X U�R���R�e�XC[ �
Ωz XQZ&[
��c1XQU7]�X �.`�\�ZCc7R"_�b.��]�`�\�R"_gZCc1` �.`�Z&[
� Ω2

z = GM1/r
3 p *w` ��e�bI]�R b d�p�f�i

ZCU���R<\<X'Y�]nT�\�R�TGY�]�_��'R��Q`�\<`��&`BY�T�ZCc7R�\,����R<\�T.[LR���T.`�^�^.`1e�U.`<]�Xxm�`<]�XCXBekR<ZCZCT�\��
^.`��&`�Tx[<`<]nZ&[<`��&`!�I\<X"�&Y�^.`��&`��'R"]�R<c.[�T m XQZCc1`��&`�Y�T�ZCc7R.p � `�ZCU.`<]
���Cb�XIekZ�_we�`CYnX&]
� y
`�Z&XQZCT�ehe�XC[ ��T m ^.`��&` �I\<X"�&Y�^.`��&`PY�T�ZCc�R � R<^�YnX ��\<`�` �.[LR X \�c1`�[<` �.`�o�U.`�[<XQ^	��T�R"]
`�U��.X'YnX&]�_�XC[�Z�_ b w7ped�dSi�p0��`�ZCc1`<]
��c7b Ω2

z = ∂2Ψ/∂z2|z=0
X [<`gm�X"�}b m XC[LR��'R"]�`

U.`<]�b m RLXIe Ωz =
√

2πGσ∗/∆∗ b σ∗ Z U.`�\<X ��f�^.`�Z&[�^�R"_yU7]�`�[�^.`�Z&[
���I\<X"�&Y�^.`��&`
Y�T�ZCc7R X ∆∗ Z XQ�&`iU.`<]�b7[<`<] s T�^�R+i�p � X&]nT m T�^�R Ωz ��R<\�^�R f7R���R<c.[<X ��^.`�o m R#�
Z&[<`�[<X�c1`<]�XCm1R<^�T�o �I\<X"�&Y�U.`�U.X �.XQc�U7]�`�ZCc1`�Z&[�T �I\<X"�&Y�^.`��&`�Y�T�ZCc�R.p@jwT�ZCU.X ��ZCT7_
ZCc1` �.`�Z&[<XQo �I\<X"�&YtU.`�U.X �.XQciU7]�`�ZCc1`�Z&[�T�Y�T�ZCc7R cz T�U.`<]�b7[<`<] s T�^�R �I\<X"�&Y�^.`��&`
Y�T�ZCc7R ∆∗ Z'b s XQZ&[�\<XQ^�^.`GU��.XQ\�j1�KR y [>Z&`�`�[�\<XC[�Z&[�\<XQ^�^.`>ZCc1` �.`�Z&[
� �I\Lb.c7R cs T
U.`<]�b7[<`<] s T�^7bB�'R��Q`�\<`��&`�Y�T�ZCc7R h b ZQerp"��]�pSf�i�p�� s X�ZCT7]
��^.XCXre�`��'b7[ ��R��C]nT m RL[
���
Z�_ U.`�\<X ��f�^.`�Z&[�^�jrXVU7]�`�[�^.`�Z&[�T��I\<X"�&Y�^.`��&`>T �'R��Q`�\<`��&`VY�T�ZCc1`�\�p � ZCT7]�b �C[<`��&`
ehR"]�`1ehR<ZCZCT�\�^�j�oa�'R��Q`�\�j�o�Y�T�ZCcG^�RIf1`QY�T.[�Z�_P\B����R<\�T.[LR���T.`�^�^.`1e�U.`<]�X%U���R<c.[�T��m XQZCc�Ts`QY�^.` �.`CY�^.`��&`���R<ZCU��.X'YnX&]�XQ^�T7_�\<X s XQZ&[�\�RV\ �I\<X"�&Y�^.`1e�Y�T�ZCc1X�\a`�m<]�R<Z&[�T
z � ∆∗ b ZQerp b w7pedxc+i �Ài�p� `QYnX&]
�S[<`�^�c1`��&`w�'R��Q`�\<`��&`�Y�T�ZCc7RSU�W.X'Y�b1ZQehRL[�W�T�\�RLXC[x^�R"]nT m T.X�\dc7R � Y�j�o
e�`1e�XQ^.[G\�W.XIe�XQ^�Ts�CT�Y�W.`�Z&[LRL[�T m XQZCc1`��&`PW�R<\�^.`�\<XQZCT7_�\G\<XQW.[�T�c�R"]
��^.`1e�^�R<U�W�R<\��
]�XQ^�T�T � ∂P

∂z
= −ρ ∂Ψ

∂z
, b d�p¢w�i

T7]nT X Z%b m XC[<`1e b d�p�f�i X T�e�XCXIe
∂P
∂z

= −Ω2
z ρ z . b d�p�c+i
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jd]�_�T�^.[<XQ�CW�T�W.`�\�R<^�T7_ b d�p�c+i�^.XC`�mQf1`QY�T�e�`Vb m T.[�j�\�RL[$�>Z&[�W7b.c.[Lb.W7b�Y�T�ZCc7Ra\ z �
^�R<U�W�R<\L]�XQ^�T�T X c1`�[<`�W�R"_s`�U��.X'YnX&]�_�XC[�Z�_�b.W�R<\�^.XQ^�T.XIe�Z&`�Z&[<`I_�^�T7_ P = P(ρ, T )

T>U.XQW.XQ^.`�Z&`1e �Q^.XQW��CT�T p
jd]�_ `$�.XQ^.`�c}m<bIYnXIe�T�Z�f�`QY�T.[
��T��ae�`CYnX&]
��^�j+f�U�W.X'Y�Z&[LR<\L]�XQ^�T�o p.jd]�_ U.`��

]nT.[�W.`�U�^.`��&` �"R<c1`�^�R P(z) ∝ [ρ(z)]` b.W�R<\�^.XQ^�T.X b d�p�c+ihY
RLXC[
�
P(z) = P(0)



1 − A(`)
z2

h2





`/(`−1)

, ρ(z) = ρ(0)



1 − A(`)
z2

h2





1/(`−1)

, b d�pedSi
��YnX

h2 = B(`)P(0)/ρ(0)Ω2
z , b d�p¢¡�i

A(`) =

{

2(`− 1) X ` ≤ 3/2
1 X ` ≥ 3/2

, B(`) =











4` X ` ≤ 3/2
2`

`− 1
X ` ≥ 3/2

.

  ZCU.`<]
���Cb�_�`�U�W.X'YnX&]�XQ^�T7_,U.`�\<XQW�f�^.`�Z&[�^�j+fVU7]�`�[�^.`�Z&[�T σ TKY
R<\L]�XQ^�T7_ p X Z&`�`�[��
^.`$�wXQ^�T.X b d�p¢¡�i �"R<U�T	�wXIe�\�\�T�YnX

p = 2hP = C2 Ω2
z σ h

2 , b d�p u i
��YnXd\�Z']�b m RLXd\�j�U.`<]n^.XQ^�T7_ b d�pedSihY�]�_>m�X"�IW�R��"e�XQW�^.`��&`�U�R<W�R�e�XC[�W�R C2 T�e�XCXIe

C2 =
∫ 1

0
(1 − z2)`/(`−1) dz

/

B(`)
∫ 1

0
(1 − z2)1/(`−1) dz .

�%W�T ` ≥ 3/2 U7]�`�[�^.`�Z&[
��\ [<` m c7RIf z = ±h `�m�W�R s RLXC[�Z�_g\�^.`<]
� X \�Z']�b �m RLX ` < 3/2 \�j�U.`<]n^7_�XC[�Z�_yb1Z']�`�\�T.X ∫ h
0 ρ dz � ∫∞

h ρ dz p � X&]nT m T�^7b h U�W�T
[LR<c1`1e�`�U�W.X'YnX&]�XQ^�T�TgXQZ&[<XQZ&[�\<XQ^�^.`yZ m T.[LRL[
� ��R<\�^.`�o�U.`<]�b7[<`<] s T�^.X�Y�T�ZCc7R.p �
U�W.X'YnX&]�X ` → ∞ U.`<]�b m RLXIe ρ = const U�W�T |z| ≤ h T C2 = 1/3 p � Y�W7b �
�&`1e�U�W.X'YnX&]
��^.`1e�Z']�b m RLX ` = 1 Y
R<\L]�XQ^�T.XGTyU7]�`�[�^.`�Z&[
�}U�W.`�U.`�W	��T.`�^�R"]
��^�j
exp(−2z2/h2) T C2 = 1/4 p���R��7b��wXQ^�T.X�U.`<]nT.[ �.`�U�^.`��&`!�"R<c1`�^�R�\�\<X �.[�T�c�R"]
���
^.`1e�^�R<U���R<\L]�XQ^�T�T b ZC\L_��"R<^�^.`�X>ZP]�b m T�Z&[�j�e�T � T7]nTgc1`�^�\<XQc.[�T�\�^�j�e�U.X �.XQ^.`��
Z&`1ey[<XQU7]�R X e�X&]nc1`1ehR<Z �w[LRLm�^�j�ekTPehR<�C^�T.[�^�j�ekTPU.`<]�_nekTGTa[Lb��.m<b"]�XQ^.[�^.`�Z&[$� ytX
T.`�^�T��"R���T.XQou\<X s XQZ&[�\�RyT�["p�U p¢iVe�` � XC[�U���T�\<`QY�T.[
��\iZ&`�`�[�^.`$�wXQ^�T�T b d�p u i�c
�"R<\�T�ZCT�e�`�Z&[�T,U�R���R�e�XC[ ��R C `�[wU��.`�Z&[ ��R<^�Z&[�\<XQ^�^�j+fac1`�` ��Y�T�^�RL[ r, ϕ p���[�e�X��
[�T�e X�m [<`Sb���R<\�^.XQ^�T.X b d�p u iv]�X � T.[x\�`�ZC^.`�\<X α � e�`QYnX&]nT�R<c�c��.X ��T.`�^�^�j+fwY�T�ZCc1`�\b ZQerp���]�pG¡�i�p

��T � Xdm<bIYnXIe�Z m T.[LRL[
� X(m [<`,ZCc1` �.`�Z&[
��\�U7]�`�ZCc1`�Z&[�TVY�T�ZCc7R ~u = {u, v} ^.X
�"R<\�T�ZCT.[�`�[ z � c1`�` ��Y�T�^�RL[�jSp
� R<c1`�^PZ&`Qf���R<^.XQ^�T7_�ehR<ZCZCj�T�e�XCXC[�\�T�Y

∂σ

∂t
+ ~∇⊥(σ~u) = 0 , b d�p � i

��YnX ~∇⊥ Z Y�T�VWV%X �.XQ^	��T�R"]
��^�j�o�`�U.X ��RL[<` ��^�RLm<]�R�\�U7]�`�ZCc1`�Z&[�TGY�T�ZCc�R.p
� �.`�T�^.[<XQ����T��7b�XIeib���R<\�^.XQ^�T.X
��o7]�X ��R

ρ

(

∂~u

∂t
+ (~u~∇)~u

)

= −~∇P − ρ~∇Ψ b d�p z i
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U.` z � c1`�` ��Y�T�^�RL[<X�p � �.X"�Cb"]
�I["RL[<XBZSb m XC[<`1e b d�p�f�irTPb1Z']�`�\�T7_ P(z = ±h) = 0

U.`<]�b m T�e�b���R<\�^.XQ^�T.X
∂~u

∂t
+ (~u~∇⊥)~u = −

~∇⊥p

σ
− ~∇⊥Φ −

~∇⊥Ω2
z

2σ

∫

ρz2 dz . b d�p |+i
� ��T�`�U��.X'YnX&]�XQ^�^.`1e ��R<ZCU��.X'YnX&]�XQ^�T�T ρ(z) Y�]�_sT�^.[<XQ����R"]�RV\,U.`�Z']�X'Y�^.XIe�Z']�R#�
�'RLXIe�`1e�b���R<\�^.XQ^�T7_ b d�p |+ire�` � ^.`VU���T�^7_�[
� ∫

ρz2 dz ∝ h2σ p � m T.[�j�\�R"_�Z&`�`�[��
^.`$�wXQ^�T.X b d�p u i X U.X �.XQU�T	�wXIe�b���R<\�^.XQ^�T.X b d�p |+i+\�\�T�YnX

∂~u

∂t
+ (~u~∇⊥)~u = −

~∇⊥p

σ
− ~∇⊥Φ −D

p

σ
~∇⊥ ln(Ωz) . b d�p�f��+i

�SR���R�e�XC[ � D = Ω2
z

∫ h±

−h±

% z2 dz/
∫ h±

−h±

P dz `�U��.X'YnX&]�_�XC[�Z�_ �"R<\�T�ZCT�e�`�Z&[
� y
[<X ��e�`QY�T�^�R�ekT m XQZCc�T�f�U�R���R�e�XC[ �.`�\�`�[ z � c1`�` ��Y�T�^�RL[�jSp ��R<U���T�e�X � X \�Z']�b m RLXb d�pedSi�^.XC[ �7bIY�^.`VU.`�c7R��"RL[
� X(m [<` D = 1 p

� R<U�T	�wXIeyb���R<\�^.XQ^�T.X ��RIY�T�R"]
��^.`��&` ��R<\�^.`�\<XQZCT7_G�'R��Q`�\<`��&`KZ&["R���T.`�^�R���^.`��
�&`�`�Z&XQZCT�ehe�XC[ ��T m ^.`��&`KY�T�ZCc7R

V 2\ �
r

− dΦ0

dr
− dp0

σ0dr
−D

p0

σ0

d ln Ωz

dr
= 0 , b d�p�f�f�i

��YnX p0
X σ0 Z ��R<\�^.`�\<XQZC^�jrX�U.`�\<X ��f�^.`�Z&[�^�jrX+Y
R<\L]�XQ^�T.X�TKU7]�`�[�^.`�Z&[
�d�'R��"R.p���[��

e�XC[�T�e X�m [�`,\ ��R�ekc7RIf>Z&[LR<^�Y
R��.[�^.`�o�e�`QYnX&]nT�R<c�c��.X ��T.`�^�^.`��&`BY�T�ZCc7RK[ �.XC[
�<XxTm XC[�\<X �.[<`�X�Z']�R<�'RLXIekjrX+Y
R y [xU.`�U���R<\�c7b ∝ (h/r)2 � 1 b ZQerp���]�px¡�i�p ��^�R"]�`��CT m �
^�R"_�`$�.XQ^�c�R�ZCU���R<\<X'Y�]nT�\�R�Y�]�_t�'R"]�R<c.[�T m XQZCc�T�ft��R��Q`�\�j+f�Y�T�ZCc1`�\ X �"RsT�ZCc7] y �m XQ^�T.XIe X \<`��"e�` � ^.` X `�m<]�R<Z&[�XQo �.X"�Ic1`��&`}T��"e�XQ^.XQ^�T7_ ��R<ZCU��.X'YnX&]�XQ^�T7_�U7]�`�[�^.`��
Z&[�TyT7]nT b.��]�`�\<`�o�ZCc�` �.`�Z&[�Ty\ ��R s XQ^�T7_ b ZQerpvU pJf�p�f�p�cPT�U pJf�p¢w7p�f�i'p � ��R<\�^.XQ^�T.Xb d�p�f��+ix`�[Q]nT m RLXC[�Z�_g`�[}[ ��RIY�T	��T.`�^�^.`��&` b [<X ��ekT�^gU��.X'Y�]�` � XQ^g\�e�`�^.`�����R�VST�T� c u �Ài � U7]�`�ZCc1`��&` � b���R<\�^.XQ^�T7_m��o7]�X ��R�^�R"]nT m T.XIetU.`�Z']�X'Y�^.XQ�&`�Z']�R<�'RLXIe�`��&`�p

jx`�U.`<]n^�T�e ZCT�Z&[<XIe�b b d�p � i X b d�p�f��+i-�"R<c1`�^.`1e�Z&`Qf���R<^.XQ^�T7_&�Q^.X ���CT�T p � m T��
[LR"_ X+m [<`xT��"e�XQ^.XQ^�T.X�\�^7b7[ �.XQ^�^.XQo �Q^.X ���CT�T ε U��.`�T�Z�f1`CY�T.[ �"RSZ m XC[ ��RLm�`�[�jgZCT7]
Y
R<\L]�XQ^�T7_ X T�e�XCXIe

ρ
d

dt

ε

ρ
=

P
ρ

dρ

dt
, b d�p�f�w�i

�&YnXQZ � d

dt
=

∂

∂t
+ ~u~∇⊥ + w

∂

∂z
X w Z z � c1`1ekU.`�^.XQ^.[LRyZCc1` �.`�Z&[�T p � ��R<\�^.X��

^�T.X b d�p�f�w�ixU��.`�T�^.[<XQ����T��7b�XIe�U.` z � c1`�` ��Y�T�^�RL[<X>\�U��.X'YnX&]�RIf�`�[ −h(~r, t) Yn`
h(~r, t) p
qSR<c�T�\�j1�wX X Z m T.[LRLXIe�Y�T�ZCc�ZCT�ehe�XC[�W�T m ^�j�e�`�[�^.`�ZCT.[<X&]
��^.`aU7]�`�ZCc1`��
Z&[�T z = 0 � b P(−z) = P(z) � ε(−z) = ε(z) � w(−z) = −w(z) i�� P(±h) =
ε(±h) = 0 p � R<c�T�e�`�m ��R��Q`1e X `��CW�R<^�T m T�\�RLXIekZ�_�W�R<ZCZQe�`�[�W.XQ^�T.XIe�Y�\�T � XQ^�T7_
U�T�^ m � Z']�`I_ X c1`���Y
RB`�m�XS�CW�R<^�T	��j�^�RIf1`QY�_�[�Z�_>\�U�W.`�[�T�\<`+VdR��QX X �.XQ^.[�W�ehR<ZCZCj�^.X
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ZQe�X s RLXC[�Z�_G`�[�^.`�ZCT.[<X&]
��^.`VU7]�`�ZCc1`�Z&[�T z = 0 pG�%W�T�^�T�ehR"_�\<`,\�^�T�ehR<^�T.X X�m [<`
w(z = h) =

dh

dt
=

(

∂

∂t
+ ~u~∇⊥

)

h ,

U.`<]�b m RLXIeib.W�R<\�^.XQ^�T.X � w��+¡#�
∂(Eh)

∂t
+ P

dh

dt
+ ~∇⊥(~uh(E + P )) − ~u~∇⊥(Ph) = 0 , b d�p�f�c+i

��YnX E(~r, t) Z�ZCW.X'Y�^7_._GU7]�`�[�^.`�Z&[
�K[<XQU7]�`�\<`�o �Q^.XQW��CT�Ta\KZ']�`�X�p.�nYnXQZ �x`��CW�R<^�T��m T�ekZ�_BR<^�R"]nT��Q`1ese�`QYnX&]nTwT�YnXIR"]
��^.`��&`��'R��"R � X:m [<`�Y
RLXC[�U�W.`�Z&[Lb y ZC\L_��#��e�X � Y�b
�Q^.XQW��CT.XQoPTaY
R<\L]�XQ^�T.XIe �

E =
P

γ − 1
, b d�p�f�dSi

��YnX γ Z � `�m�¥vXIek^�j�o � U.`�c7R��"RL[<X&]
�SRIY�T�RLm1RL[�jSp   ZCU.`<]
���Cb�_BZ&`�`�[�^.`$�wXQ^�T7_ b d�p u i Xb d�p�f�dSi%T}b���R<\�^.XQ^�T.XV^.XQU��.X ��j�\�^.`�Z&[�T b d�p � i X ^.XC[ �7bIY�^.`.�"R<U�T�ZQRL[
� b d�p�f�c+i�`�[�^.`��
ZCT.[<X&]
��^.`,U.`�\<X ��f�^.`�Z&[�^.`��&`KY
R<\L]�XQ^�T7_

∂p

∂t
+ γsp~∇⊥~u+ ~u~∇⊥p = (γs − 1)p(~u~∇⊥) ln(CΩz) , b d�p�f�¡�i

��YnXd\<X&]nT m T�^�R
γs = 1 + 2 (γ − 1)/(γ + 1) b d�p�f u i

T��CW�RLXC[�W.`<]
� � U7]�`�ZCc1`��&` � U.`�c7R��"RL[<X&]�_�RIY�T�RLm1RL[�jSp
�%W�T>T�ZCU.`<]
���Q`�\�R<^�T�T�e�`QYnX&]nT>[<`�^�c�`��&`�Y�T�ZCc7R�\�R � ^�j�eg`�c�R��Ij�\�RLXC[�Z�_�\<`��

U�W.`�Z `�ZC\L_��IT � `�m�¥vXIek^.`��&` � γ T � U.`�\<XQW�f�^.`�Z&[�^.`��&` � γs U.`�c7R��"RL[<X&]�XQowRIY�T�RLm1RL[�jSp
�k�&` e�` � ^.`}Z)V%`�W�e�b"]nT�W.`�\�RL[
�}Z']�X'Y�b y�s T�e `�m�W�R��Q`1erpr��b1Z&[
� �"RIY
R<^.`�U.`<]nT.[��
W.`�U�^.`�X�b.W�R<\�^.XQ^�T.X�Z&`�Z&[<`I_�^�T7_ P = Aργ p � `���Y
RPc7R<c�`�o}m<bIYnXC[>\<X&]nT m T�^�R γs

\ � U7]�`�ZCc1`1e � U.`<]nT.[�W.`�U�^.`1etb.W�R<\�^.XQ^�T�T>Z&`�Z&[<`I_�^�T7_ p = B σγs �

jd]�_,��R��Q`�\<`��&`�Y�T�ZCc7R X ^.X�^�RIf�`QY�_ s XQ�&`�Z�_�\dU.`<]�X�c7R<c�T�f�� ]nT.m�`SY�W7b.�CT�f,�CW�R#�
\�T.[�T�W7b y�s T�fsehR<ZCZ X �C[<`�[,\<`�U�W.`�ZSm�j�]�W.X �wXQ^ � R<^.[�XQW.`1e � ¡��+w#���

γs = 3 − 2/γ . b d�p�f � i
jxXQo�Z&[�\�T.[<X&]
��^.` X U.`<]�R<�'R"_ p = Ĉ AαGβσγs X ��YnX Ĉ T G Z Z&`�`�[�\<XC[�Z&[�\<XQ^�^.`
m�X"�IW�R��"e�XQW�^�R"_ T �CW�R<\�T.[LR���T.`�^�^�R"_yU.`�Z&[<`I_�^�^�jrX X T��VW�R��"e�XQW�^.`�Z&[�^�j+f�Z&`�`�m�W�R#�� XQ^�T�o�U.`<]�b m T�e α = 1/γ � β = (γ − 1)/γ � γs = 3 − 2/γ p � `�m<]�R<Z&[�T
1 ≤ γ ≤ 2 \<X&]nT m T�^�R γs ≥ γ p{� m T.["R"_ Xhm [<`PY�]�_ ZCT�Z&[<XIekj � ehR<c�W.`1RL[<`1e�`�\ � �
`�m<]�R<c1`�\ γ = 5/3 X T�� b d�p�f � i�U.`<]�b m T�e γs = 9/5 p� Y�W7b.�&`1e U�W.X'YnX&]
��^.`1e Z']�b m RLX X c1`���Y
Rt]�XQ�Cc�T�o �'R��Q`�\�j�o�Y�T�ZCc�U.`��CW7b �� XQ^t\}�&`�W�R��&Yn`}m�`<]�XCX>ehR<ZCZCT�\�^�j�o �I\<X"�&Y�^�j�o b ρ∗ � ρg i X Z']�X'Y�b�XC[}U.`<]�R<�'RL[
�
p = Ĉ Aα(Gρ∗)β(σg)

γs
� w�w�����p[�+[<` b.W�R<\�^.XQ^�T.X>U.`�W�R��"e�XQW�^.`�Z&[�^�j�e Z&`�`�m�W�R#�� XQ^�T7_ne U�W�T�\<`QY�T.[�cuU.`<]�b m XQ^�^.`1e�b�\�j1�wX�Z&`�`�[�^.`$�wXQ^�T y b d�p�f u i�p � Z']�b m RLX
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U�W.`�T��I\<`<]
��^.`��&`BZ&`�`�[�^.`$�wXQ^�T7_ae�X � Y�b,`�m�¥vXIek^�j�ekT,U7]�`�[�^.`�Z&[Q_nekTV`QY�^.`�W.`QY�^.`��
�&`iZ)V%XQW.`�T�Y
R"]
��^.`��&` �I\<X"�&Y�^.`��&`y�'R"]�`iTu��R��Q`�\<`��&` Y�T�ZCc7RyZC\L_��#��e�X � Y�b γ T
γs m�j�]�R�`�U�W.X'YnX&]�XQ^�R ��m�W�R�e�_�^.`1e � f���p � ]nT7_�^�T.X ��RIY�T�R���T.`�^�^.`��&`yY
R<\L]�XQ^�T7_
`�m�Z'b � Y
RLXC[�Z�_�\���¡7p�c.p  ��b.W�R<\�^.XQ^�T7_ b d�p�f�¡�i�Z']�X'Y�b�XC[ Xhm [<`s\>`�m s XIe�Z']�b m RLX b γs 6= 1 X CΩz 6=`�
���]�� ir^.X&]
���C_�Z m T.[LRL[
�V\�j�U.`<]n^.XQ^�^�j�e p/σγs = `�
���]�� p ��R"]nT m T.XwU���R<\<`�o m R#�
Z&[�T�\�b���R<\�^.XQ^�T�T b d�p�f�¡�irU�W�T�\<`QY�T.[ac�^.XIRIY�T�RLm1RL[�T m ^.`�Z&[�T>Y�]�_�U7]�`�ZCc�T�f�\<X&]nT��m T�^ p T σ X.m [<`>]�XQ�Cc1`�U.`�^7_�[
� X `�m ��RL[�T�\
�BT�Z ��c Z&`�`�[�^.`$�wXQ^�T y b d�p u i X c1`�[<`��
W.`�X�U.`yZQekj�Z']�b�_�\L]�_�XC[�Z�_�b.W�R<\�^.XQ^�T.XIe�Z&`�Z&[<`I_�^�T7_iY�]�_�U7]�`�ZCc1`��&`yZ']�`I_ X U.`��
ZCc1`<]
��c7b ZC\L_��Ij�\�RLXC[ p X σ T h p���`<]�b7[<`<] s T�^�R h T��CW�RLXC[�W.`<]
�>[<XIekU.XQW�RL[Lb �
W�jSp � Z']�b m RLX CΩz(r, ϕ) 6= `�
���]�� T�e�XCXIe _�\�^7b y �"R<\�T�ZCT�e�`�Z&[
��\�b���R<\�^.X��
^�T�T�Z&`�Z&[<`I_�^�T7_}`�[�U��.`�Z&[ ��R<^�Z&[�\<XQ^�^�j+fyc1`�` ��Y�T�^�RL[ X�m [<`�T}`��I^�R m RLXC[�^.XIRIY�T�R#�
m1RL[�T m ^.`�Z&[
�ie�`QYnX&]nT p�� R�e�XC[�T�e XJm [<`�`�m�Z'b � Y
RLXIekj�o �.X"�CbI]
�I[LRL[�]�XQ�Cc1`yU.`<]�b �m T.[
� X XQZ']nT U.X �.XQo.[�T�\u\�j ��R � XQ^�T�T Y�]�_ �Q^.[ �.`�U�T�T S ∝ ln(P/ργ) c�U.`��
\<X ��f�^.`�Z&[�^�j�e \<X&]nT m T�^�R�e p = 2hP X σ = 2hρ Z�b m XC[�`1e b d�p u i�p   e�XCXIe
S ∝ [ln(p/σγs) − (γs − 1) ln(CΩz)]

X(m [<`,TaY
RLXC[,^.XIRIY�T�RLm1RL[�T m ^.`�Z&[
��[<`�^�c1`��&`
Y�T�ZCc7R�\�Z']�b m RLXd^.XC`QY�^.` �.`QY�^.`�Z&[�T�\<X&]nT m T�^�j CΩz

� w��3d���p
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���
�"-wY�\�T � XQ^�T7_�e�` � ^.`}b m XQZ&[
�}\ W�R�ekc�RIf�[LR<ct^�R��Ij�\�RLXIe�`�o
T.XQW�R<W�f�T m XQZCc1`�olc�\�R��IT�Y�\Lb�e�XQW�^.`�oue�`QYnX&]nT X c1`�[<`�W�R"_�U�W.X'Y�]�` � XQ^�R�q�`�\�R"]�XQ^��
c1`sT (Sb.c�T�^�j�e � �<z ��p � `�ZC^.`�\<X,[LR<c1`��&`sU.`QY�f1`QY
RP]�X � T.[sT�ZCc7] y�m XQ^�T.XG\<XQW.[�T��
c7R"]
��^.`�o�c1`�`�W�Y�T�^�RL[�j�U.`�ZCW.X'Y�Z&[�\<`1e b�ZCW.X'Y�^.XQ^�T7_i[�W.X'f�e�XQW�^�j+fib.W�R<\�^.XQ^�T�o�Z
b m XC[<`1e}Yn`�U.`<]n^�T.[<X&]
��^�j+f �Q\<`<] y ��T.`�^�^�j+f,b.W�R<\�^.XQ^�T�o p7~�R��C]�` � T�e�\xW�_7YPZCc1`��
W.`�Z&[
�

~u(r, ϕ, z, t) =
∞
∑

n=0

~u(n)(r, ϕ, t)
zn

n!
. b d�p�f z i

�%U�W.X'YnX&]nT�eyT�^.[<XQ�CW�R"]
��^�jrXSe�`1e�XQ^.[�juU7]�`�[�^.`�Z&[�TGT�Y
R<\L]�XQ^�T7_ n � �&`BU.`�W�_7Y�c7R �
σ(n) =

∫ h+

−h−

%(r, ϕ, z, t)
z2

n!
dz ,P (n) =

∫ h+

−h−

P(r, ϕ, z, t)
z2

n!
dz . b d�p�fQ|+i

jd]�_ e�`1e�XQ^.[<`�\ ^7b"]�XQ\<`��&` U.`�W�_7Y�c7R T�e�XCXIe U.`�\<XQW�f�^.`�Z&[�^7b y U7]�`�[�^.`�Z&[
�
σ = σ(0) T�U7]�`�ZCc�`�XaY
R<\L]�XQ^�T.X p = P (0) p�jx`1ek^.` � R"_�U.`<]n^�jrXP[�W.X'f�e�XQW�^�jrX
b.W�R<\�^.XQ^�T7_��CT�Y�W.`QY�T�^�R�ekT�c�T}^�R zn/n! U�W�T�W�R��C]nT m ^�j+f n TsT�^.[<XQ�CW�T�W7b�_}U.`
z X U.`<]�b m RLXIetm�XQZCc1`�^.X m ^�jrX �.XQU.` m c�T �"R��.XQU7]�_ y�s T�f1Z�_Pb.W�R<\�^.XQ^�T�o�^�R,e�`1e�XQ^��
[�j σ(n)(r, ϕ, t) X P (n)(r, ϕ, t) Tx\<X&]nT m T�^�j ~u(n)(r, ϕ, t) p � W�RLm�`�[<X � �<z ��U.`�c7R��"R#�
^.` X)m [<`�XQZ']nTS`�m�`�W�\�RL[
��ZCT�Z&[<XIe�b%^�R�^.XQc1`�[<`�W.`1e n X [<`�[LR<c1`�oxU.`QY�f1`CYKU.`��I\<`<]�_�XC[
T�ZCZ']�X'Yn`�\�RL[
�dY�T�^�R�ekT�c7bGe�X&]nc�`1ehR<Z �w[LRLm�^�j+fa\ z � ^�R<U�W�R<\L]�XQ^�T�TG\<`��"e�b s XQ^�T�o X
\�jrm�T�W�R"_ n T�Z�f1`CY�_�T��wU.`�Z&["R<^.`�\�c�T��"RIY
R m T p
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� Z']�X'Y�b y�s XIe�U.`�Z']�X��CT�Y�W.`�Z&[LRL[�T m XQZCc1`��&`�U�W�T.m<]nT � XQ^�T7_ X c1`�[<`�W.`�X�m�`��

]�XCX�c1`�W�W.XQc.[�^.`Sb m T.[�j�\�RLXC[x\<XQW.[�T�c7R"]
��^�jrXrY�\�T � XQ^�T7_ X U.`I_�\L]�_ y [�Z�_BYn`�U.`<]n^�T��
[<X&]
��^.` �Q\<`<] y ��T.`�^�^�jrX�b.W�R<\�^.XQ^�T7_a^�Rx\<XQW.[�T�c7R"]
��^�jrXSe�`1e�XQ^.[�jlU7]�`�[�^.`�Z&[�TGT
Y
R<\L]�XQ^�T7_ b d�p�fQ|+i X Rw["R<c � Xxc�`1ekU.`�^.XQ^.[�j�W�R��C]�` � XQ^�T7_PZCc1`�W.`�Z&[�T b d�p�f z i�p��nYnXQZ �
\wYn`�U.`<]n^.XQ^�T.XdcPU7]�`�ZCc�T�e�b.W�R<\�^.XQ^�T7_ne b d�p � i X b d�p�f��+i X b d�p�f�¡�i)�"R<U�T	�wXIe �Q\<`<] y �
��T.`�^�^�jrX�b.W�R<\�^.XQ^�T7_l\yU.XQW�\<`1e�U�W�T.m<]nT � XQ^�T�TgY�]�_tY�T�ZCc7R X ZCT�ehe�XC[�W�T m ^.`��&`
`�[�^.`�ZCT.[<X&]
��^.`VU7]�`�ZCc1`�Z&[�T z = 0 �

∂(ΣW )

∂t
+
∂(rΣuW )

r∂r
=
p

2
− ΣΦ2 , b d�p¢w��+i

∂Σ

∂t
+
∂(rΣu)

r∂r
− 2ΣW = 0 , b d�p¢w�f�i

��YnX Σ =
∫ h

−h
%
z2

2
dz Z \<[<`�W.`�o \<XQW.[�T�c7R"]
��^�j�o e�`1e�XQ^.[ U7]�`�[�^.`�Z&[�T �

W = ∂w/∂z(z = 0) Z�f7R<W�R<c.[<XQW�T��Cb�XC[w\<XQW.[�T�c7R"]
��^.`�X�Y�\�T � XQ^�T.X�p � R<c�T�e�`�m��
W�R��Q`1e X `�Z&[LR<\�R"_�Z ��\�W�R�ekc7RIfwc�\�R��IT�Y�\Lb�e�XQW�^.`�oBe�`QYnX&]nT X T.XQW�R<W�f�T m XQZCc�T�oBe�XC[<`QY
U.`��I\<`<]�_�XC[�`�U�T�ZCjr\�RL[$��Y�T�^�R�ekT�c7bB[<`�^�c�T�f��'R��Q`�\�j+fSY�T�ZCc1`�\%Z
b m XC[<`1e�\L]nT7_�^�T7_
\<XQW.[�T�c7R"]
��^.`��&`BY�\�T � XQ^�T7_ X c1`�� Y
Rxf7R<W�R<c.[<XQW�^.`�Xx\�W.XIe�_ab1Z&[LR<^.`�\L]�XQ^�T7_>\<XQW.[�T��
c7R"]
��^.`��&`��CT�Y�W.`�Z&[LRL[�T m XQZCc1`��&`}W�R<\�^.`�\<XQZCT7_ b d�p¢w�ixZCW�R<\�^�T�e�`�T7]nTiU�W.XQ\�j1�KRLXC[
U.XQW�T.`QYsc1`<]�XCm1R<^�T�o>\�U7]�`�ZCc1`�Z&[�TGY�T�ZCc�R.p� c�^�T��&X � c u �kW�R<ZCZQe�`�[�W.XQ^s`�m s T�o�U.`QY�f1`QY�c}U.`�Z&[�W.`�XQ^�T y c�\�R��IT�Y�\Lb�e�XQW��
^�j+f�e�`QYnX&]�XQoB\�W�R s R y�s T�f�Z�_wY�T�ZCc�`�\ X c1`�[<`�W�j�o�ZC\<`QY�T.[�Z�_�cKZCT�Z&[<XIe�X�T�^.[<XQ�CW.`��
Y�T�VWV%XQW.XQ^	��T�R"]
��^�j+f>b.W�R<\�^.XQ^�T�o p
�7054L03/{0��%:�� ��8
��8 	C:<=��rO ��D�M'9!�k:  �;.:�M'N.D.JC8"J �BJ":<;.9.D����

�%U�W.X'YnX&]�XQ^�T.XSb1Z&[<`�o m T�\<`�Z&[�TsW.XIR"]
��^�j+f��'R��Q`�\�j+faY�T�ZCc1`�\ b �'R��Q`�\�j+f>U.`QY	�
ZCT�Z&[<XIe��'R"]�R<c.[�T�c X R<c�c�W.X ��T.`�^�^�j+f�T�U�W.`�[<`�U7]�R<^.XC[�^�j+flY�T�ZCc1`�\ X c1`<]
�
�.XQ\�j+f
ZCT�Z&[<XIetU7]�R<^.XC[VT>["p.Y{p¢i�\,c7R m XQZ&[�\<XxU�W.`�Z&[<XQo	�wXQ�&`,T�ZCZ']�X'Yn`�\�R<^�T7_�\<`��"e�` � ^�j+f
U7b7[<XQosT�f.�Q\<`<] y ��T�Ts^.XQT��Qm�X � ^.`aZC\L_��"R<^.`,ZwZ&`��&Y
R<^�T.XIeiYn`�Z&[LRL[<` m ^.`GU�W.`�Z&[�j+f
e�`QYnX&]�XQo p:�SR<T.m�`<]�XCX U�W.`�Z&[<`�oxTxU.`�[<`1e�b X XQZ&[<XQZ&[�\<XQ^�^.` X ZQR�e�`�odU.`�U7bI]�_�W�^.`�ox`�c7R#�
�"R"]�R<Z �Se�`QYnX&]
��m�XQZCc1`�^.X m ^.`%[<`�^�c1`��&`�Y�T�ZCc7R X [<`SXQZ&[
��Y�T�ZCc7R X U.`<]�b7[<`<] s T�^�Rdc1`��
[<`�W.`��&` h ehR"]�RwU.`KZCW�R<\�^.XQ^�T y Z�ehR<Z �w[LRLm1R�ekTVT�^.[<XQW.XQZ'b y�s T�fG^�R<Z b ^.X&b1Z&[<`�o��m T�\�j+fGi�\<`��"e�b s XQ^�T�o � kh � 1 p � � X�\VW�RLm�`�[<X�È1`<].Y�W.XQo�f7RVT (xT�^�YnXQ^����
X&]�]�R� d�d(f���m�j�]�`xU.`�c7R��"R<^.` X�m [<`w\de�`QYnX&]nT�ZQR�e�`��CW�R<\�T.[�T�W7b y�s XQ�&` b [<`dXQZ&[$�SZ � RL[<`��&`
U.`�U.XQW.XQc�ZC\<`�XQosU7]�`�ZCc1`�Z&[�Ts[<`<]
��c1`>Z&`��&Y
R<^�^�j�elT�eu�CW�R<\�T.[LR���T.`�^�^�j�e�U.`<]�XIeJi
�'R��Q`�\<`��&`�Y�T�ZCc�R}^�R<T.m�`<]�XCX>�CW�R<\�T.[LR���T.`�^�^.`y^.X&b1Z&[<`�o m T�\�j�ekT�_�\L]�_ y [�Z�_iY�]nT��
^�j \<`<]n^ kh ∼ 1 p6��`�Z']�X'Y�^.XCXP`��I^�R m RLXC[ X�m [<`ie�`QYnX&]
� m�XQZCc1`�^.X m ^.` [<`�^�c1`��&`
Y�T�ZCc7RBY�]�_�ZQR�e�`��CW�R<\�T.[�T�W7b y�s T�f��'R��Q`�\�j+f>ZCT�Z&[<XIe�`�c7R��Ij�\�RLXC[�Z�_�^.XQU�W�T�e�XQ^�T��
e�`�o�Y�]�_y^�R<T.m�`<]�XCXV^.X&b�Z&[<`�o m T�\�j+f�\<`��"e{b s XQ^�T�o ph� �I^�R m RLXC[P]nT��C[<` Xhm [<`�ekj
Z�^.XC`�mQf�`QY�T�e�`�Z&[
� y Yn`<] � ^�j T�ZCU.`<]
���Q`�\�RL[
��[<`<]
��c1`�e�`QYnX&]
�yc1`�^.X m ^.`�o�[<`<]��
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s T�^�j X T�ZCZ']�X'Yn`�\�R<^�T.X�b1Z&[<`�o m T�\<`�Z&[�T>c1`�[<`�W.`�oa_�\L]�_�XC[�Z�_ �"RIY
R m XQoGZ'b s XQZ&[�\<XQ^��
^.`>m�`<]�XCX�[�W7bQYn`�XIekc1`�o � f � � X w�fQ|�� �   XQZ']nT}`�[�\<XC[�T.[
��^�R��C[<`�[�\<`�U�W.`�Z,e�` � ^.`
`�[�W�T	��RL[<X&]
��^.` X [<` X ` m XQ\�T�Y�^.` X ]nT	� �PU�W�T�\�j�U.`<]n^.XQ^�T�T ^.XQc1`�[<`�W�j+f}b1Z']�`�\�T�o X
V%`�W�e�b"]nT�W.`�\�R<^�T y c1`�[<`�W�j+f�T>U.`�ZC\L_ s XQ^,Y
R<^�^�j�o�U7b.^�c.[ � c u#X f u ¡#��p

~�R<ZCZQe�`�[�W�T�e�W�R<\�^.`�\<XQZCT.X�ZCT�Z&[<XIekj X Z&`�Z&[<`I_ s XQo}T��V�'R��Q`�\<`��&`aY�T�ZCc�R X U.`��
�CW7b � XQ^�^.`��&`%\ �I\<X"�&Y�^�j�odY�T�ZCc p���m�¥vXIek^�jrX�U7]�`�[�^.`�Z&[�T��C[�T�fKU.`QY�ZCT�Z&[<XIe�m<bIYnXIe
Z m T.[LRL[
�,Z'b s XQZ&[�\<XQ^�^.`,W�R��C]nT m R y~s T�e�T�Z�_

ρg0 � ρ∗0, b d�p¢w�w�im [<`%U.`��I\<`<]nT.[�^�R�e�U�W.XQ^.XCm�W.X m ��\�U.XQW�\<`1e�U�W�T.m<]nT � XQ^�T�TK\�c7]�RIYn`1e ρg0 \�b.W�R<\��
^.XQ^�T.Xk��b�R<ZCZ&`�^�R.p'��`<]�R<�'RLXIetZCT�Z&[<XIe�b>^�R<Z&[<`<]
��c1`aU�W.`�[Q_ � XQ^�^.`�o�\�XCXwU7]�`�ZCc1`��
Z&[�T X(m [<`V\�j�U.`<]n^7_�XC[�Z�_Pb1Z']�`�\�T.X

|d2Φ0/dz
2| � |d(r dΦ0/dr)/rdr|.

� ZCT7]�b �C[<`��&`�b.W�R<\�^.XQ^�T.X���b�R<ZCZ&`�^�RsU�W�T�e�XC[ \�T�Y b w7p¢w�f�i�p � Z']�`�\�T.X>W�R<\�^.`�\<X��
ZCT7_.�I\<X"�&Y�^.`�o�c1`1ekU.`�^.XQ^.[�j�\"Yn`<]
�,`�ZCT z U�W�T�b.W�R<\�^.XQ^�T�T�Z&`�Z&[�`Q_�^�T7_ P∗z0

=
P∗z0

(ρ∗0) T�e�XCXC[�\�T�Y
dΦ0

dz
= −c2z

d ln(ρ∗0)

dz
, b d�p¢w�c+i

��YnX c2z = dP∗z0
/dρ∗0 Z�c�\�RIY�W�RL[BY�T�ZCU.XQW�ZCT�TPZCc1`�W.`�Z&[<XQo �I\<X"�&Y�U.`�U.XQW.XQcPU7]�`�Z5�

c1`�Z&[�T�Y�T�ZCc7R.p���`<]�R<�'R"_ \�j�U.`<]n^.XQ^�^�j�e b1Z']�`�\�T.X |d ln(c2z)/d ln(ρ∗0)| � 1 X
Y�T�VWV%XQW.XQ^	��T�W7b�_ b d�p¢w�c+i�U.` z T ZCW�R<\�^�T�\�R"_�W.X"�CbI]
�I[LRL[�ZKb.W�R<\�^.XQ^�T.XIeÇ��b1R<Z5�
Z&`�^�R b w7p¢w�f�i X U.`<]�b m T�eib.W�R<\�^.XQ^�T.X
�re{YnXQ^�R

d2u

dz2
+

4 π G

c2z
exp{u} = 0 b d�p¢w:dSi

Y�]�_>V�b.^�c	��T�T u(z) = ln{ρ∗0(z)/ρ∗0(0)} pv~�X �wXQ^�T.X �C[<`��&`Vb.W�R<\�^.XQ^�T7_}T�e�XCXC[
\�T�Y

ρ∗0(z) = ρ∗0(z = 0)/ch2(z/∆∗), b d�p¢w�¡�i
��YnX

∆∗ = cz/
√

2 π Gρ∗0(z = 0) = c2z/π Gσ∗0 b d�p¢w u i
Z&`�\�U�RIY
RLXC[�Z b w7pvdx�+i�p

jd]�_>�'R��Q`�\<`�oPU.`QY�ZCT�Z&[<XIekj�Z%b.W�R<\�^.XQ^�T.XIe�Z&`�Z&[<`I_�^�T7_
P0 = P0(ρg0) b d�p¢w � i

b1Z']�`�\�T.XdW�R<\�^.`�\<XQZCT7_>\"Yn`<]
��`�ZCT z T�e�XCXC[�\�T�Y
dΦ0

dz
= −c2s

d ln(ρg0)

dz
, b d�p¢w z i
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��YnX c2s = dP0/dρg0 p�(dXQ\�jrX m R<Z&[�T b d�p¢w z i+T b d�p¢w�c+i+W�R<\�^�j ��U�W�T�W�R<\�^�T�\�R"_>U�W�R#�
\�jrX m R<Z&[�T X U.`<]�b m T�e

ρg0(z) = ρg0(0)[ch
2(z/∆∗)]

−c2
z/c

2
s . b d�p¢w<|+i� Y�T�ZCc7RIf��'R"]�R<c.[�T�c�`�m�j m ^.` c2z/c2s � 1 p � �C[<`1e�U�W.X'YnX&]�Xw^.XC[�W7bIY�^.`a\�T�YnXC[
� Xm [<`s\>`�m<]�R<Z&[�T z � ∆∗ W�R<ZCU�W.X'YnX&]�XQ^�T.X b d�p¢w<|+i�f1`�W.`$�w`�R<U�U�W.`�c�ZCT�ekT�W7b�XC[�Z�_

�"R<c1`�^.`1e
ρg0(z) ' ρg0(0) exp{−z2/h2}, b d�p�c��+i

��YnX
h ' ∆∗cs/cz � ∆∗. b d�p�c#f�i� `��"e�` � ^.`�Z&[
�KU�W�T�e�XQ^.XQ^�T7_>e�`QYnX&]nTa[<`�^�c1`��&`wY�T�ZCc7RdYn`<] � ^�R X ` m XQ\�T�Y�^.` X

`�U�W.X'YnX&]�_�[
��Z�_�\<X&]nT m T�^.`�osU�R<W�R�e�XC[�W�R kgh
X ��YnX kg Z&`�`�[�\<XC[�Z&[�\Lb�XC[a^�R<T.m�`<]�XCX

^.X&b1Z&[<`�o m T�\<`�o b T7]nTBm<]nT��Ic1`�oKcBU.`�W.`��'bw^.X&b1Z&[<`�o m T�\<`�Z&[�TGi�e�`QYnX�p�jx]�_B�CW�R<\�T.[LR#�
��T.`�^�^.`�o�\<XC[�\�T�c�`<]�XCm1R<^�T�o�\<X&]nT m T�^7b kg `$�.XQ^�T�elT��wY�T�ZCU.XQW�ZCT.`�^�^.`��&`Vb.W�R<\��
^.XQ^�T7_ b ZQerp b d�p ��� i_i ω2 = 4Ω2 − 2πGσg0k + k2c2s

X `�U�T�ZCj�\�R y�s XQ�&`>ZC\<`�o�Z&[�\�R
c1`�W.`�[�c1`�\<`<]n^.`�\�j+f�\<`��"e�b s XQ^�T�ow\�U�W.`�Z&[<XQo	�wXQo�e�`QYnX&]nTw`QY�^.`�W.`QY�^.`��&`�[�\<XQW�Yn`��
[<X&]
��^.`V\�W�R s R y�s XQ�&`�Z�_G�'R��Q`�\<`��&`wY�T�ZCc7R.p   �Sb1Z']�`�\�T7_ dω2/dk = 0 U.`<]�b m T�e

kg = π Gσg0/c
2
s. b d�p�c+w�i� ZCT�Z&[<XIe�X X Z&`�Z&[<`I_ s XQoa[<`<]
��c1`VT��x�'R��Q`�\<`��&`wY�T�ZCc7R b �I\<X"�&Y�^�j�oVY�T�ZCc>T7]nT

c1`1ekU�R<c.[�^�j�oaehR<ZCZCT�\�^�j�o�`�m�¥vXQc.[ X `�m�XQZCU.X m T�\�R y�s T.X�\�W�R s XQ^�T.X��'R��Q`�\<`��&`�Y�T�Z5�
c7R X `�[�Z'b7[�Z&[�\Lb y [Si X U.`�[<XQ^	��T�R"] Φ0 `�U�W.X'YnX&]�_�XC[�Z�_a[<`<]
��c1`��'R��Q`�\<`�oac�`1ekU.`�^.XQ^��
[<`�o X TVU.`�[<`1e�b ρg0(z) = ρg0(0)ch

−2{z/h} X ��YnX h = cs/
√

2 π Gρg0(0) p#��[�Z y �
Y
R�Z']�X'Y�b�XC[ X(m [<` σgo = 2hρg0(0) T

kgh = 1. b d�p�c�c+i  � �C[<`��&`,Z&`�`�[�^.`$�wXQ^�T7_�\�T�Y�^.` X(m [<`aU�W�T.m<]nT � XQ^�T.Xwm�XQZCc1`�^.X m ^.`�[<`�^�c1`��&`
Y�T�ZCc7R,Y�]�_ T��Cb m XQ^�T7_ c1`<]�]�XQc.[�T�\�^�j+f�U�W.`$�.XQZCZ&`�\G\>T��Q`<]nT�W.`�\�R<^�^�j+f ��R��Q`�\�j+f
Y�T�ZCc7RIf�`�c7R��Ij�\�RLXC[�Z�_s^.XQU�W�T�e�XQ^�T�ekj�el\,`�c�W.XQZ&[�^.`�Z&[�T�\<`<]n^.`�\<`��&` m T�Z']�R k =
kg
X Z&`�`�[�\<XC[�Z&[�\Lb y�s XQ�&`,^�R<T.m�`<]�XCXd^.X&b1Z&[<`�o m T�\<`�o�e�`QYnX�p
��Y�^�R<c1` X XQZ']nT�b m XQZ&[
�B^�R"]nT m T.XSehR<ZCZCT�\�^.`��&` �I\<X"�&Y�^.`��&`SY�T�ZCc7R X ZCT.[Lb�R���T7_

e�XQ^7_�XC[�Z�_vp#jxXQo�Z&[�\�T.[<X&]
��^.` X T�ZCU.`<]
���Cb�_�Z&`�`�[�^.`$�wXQ^�T7_ b d�p¢w u i X b d�p�c#f�irT b d�p�c+w�i X
^.XC[�W7bIY�^.`V\�T�YnXC[
� � f � ��� X#m [<`VU�W�T>\�j�U.`<]n^.XQ^�T�TPb1Z']�`�\�T7_ b d�p¢w�w�i

kgh ' ρg0

ρ∗0
� 1. b d�p�c3dSi

  [LR<c X XQZ']nT�U7]�`�[�^.`�Z&[
�+�I\<X"�&Y�^.`�o�c1`1ekU.`�^.XQ^.[�j �I^�R m T.[<X&]
��^.`�U�W.XQ\<`�Z�f1`QY�T.[
U7]�`�[�^.`�Z&[
�u�'R��Q`�\<`�o X [<`�Y�]�_ T�ZCZ']�X'Yn`�\�R<^�T7_�b1Z&[<`�o m T�\<`�Z&[�T��'R��Q`�\<`��&`�Y�T�ZCc�R
c1`�W�W.XQc.[�^.`yZ m T.[LRL[
� XQ�&`�m�XQZCc1`�^.X m ^.`}[<`�^�c�T�e�U�W�Tt\�j�U.`<]n^.XQ^�T�Tt^.XQc1`�[<`�W.`��&`
Yn`�U.`<]n^�T.[<X&]
��^.`��&`�b1Z']�`�\�T7_ X c>\�j�\<`QY�bPc1`�[<`�W.`��&`Vekj�U.XQW.X'f1`QY�T�erp
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�+[<`�Yn`�U.`<]n^�T.[<X&]
��^.`�X�b1Z']�`�\�T.X Yn`<] � ^.` X ` m XQ\�T�Y�^.` X \<`��I^�T�c�^7b7[
�%T���b1Z']�`��
\�T7_aU�W.XQ^.XCm�W.X � XQ^�T7_a\�c7]�RIYn`1e��I\<X"�&Y�^.`��&`SY�T�ZCc7Rx\w\<`��"e�b s XQ^�^�j�oV�CW�R<\�T.[LR���T��
`�^�^�j�o�U.`�[<XQ^	��T�R"]�p�jd]�_>`$�.XQ^�c�T.�C[<`��&`,\�c7]�RIY
R�T�ZCU.`<]
���Cb�XIet\�j�W�R � XQ^�T7_PY�]�_
\<`��"e�b s XQ^�^.`�oiU.`�\<XQW�f�^.`�Z&[�^.`�otU7]�`�[�^.`�Z&[�Tg\}W�R�ekc7RIf�U�W.`�Z&[<XQo	�BT�f�`QY�^.`�W.`QY	�
^�j+f�e�`QYnX&]�XQo>�'R��Q`�\<`��&`�T �I\<X"�&Y�^.`��&`wY�T�ZCc1`�\ �

σg1 = σg0k
2Φ1(ω

2 − 4Ω2 − k2c2s)
−1 , b d�p�c+¡�i

σ∗1 = σ∗0k
2Φ1(ω

2 − 4Ω2 − k2c2r)
−1I∗ , b d�p�c u i

��YnX I∗ = (1 + k∆∗)−1 Z V%`�W�erVdR<c.[<`�W X b m T.[�j�\�R y�s T�o>c1`�^.X m ^7b y [<`<] s T�^7b
�I\<X"�&Y�^.`��&` Y�T�ZCc7R b ZQerp�U pow7p¢w7p�c+i X R��'R��Q`�\�j�otY�T�ZCcu\iZ&`�`�[�\<XC[�Z&[�\�T�T�Z b d�p�c3dSi
Z m T.[LRLXIe�[<`�^�c�T�erp

�
]�X'Y�b�XC[ �"R�e�XC[�T.[
� m [<` X f1`�[Q_�\���]�R<\<X0w~V%`�W�erVdR<c.[<`�W I∗ T�ZCU.`<]
���Q`�\�R"]nZ�_
U�W�T k∆∗ < 1 X ^.XQU.`�ZCW.X'Y�Z&[�\<XQ^�^�j�eu\�j m T�Z']�XQ^�T.XIe�e�` � ^.`Pb7m�X'Y�T.[
��Z�_}\G[<`1e Xm [<`�`�^ Y
RLXC[s\<XQW�^7b y R<ZCT�ekU.[<`�[�T�c7biT�\sU�W.X'YnX&]�X k∆∗ � 1 b W�R<ZCZQe�`�[�W.XQ^�T.X
�C[<`��&`VU�W.X'YnX&]�R,^.XC`�mQf1`CY�T�e�`aU.`�[<`1e�b X'm [<`Vb1Z']�`�\�T.X b d�p�c3dSi�e�` � XC[,m�jr[
�a\�c7] y �m XQ^.`ac�R<c�U�W�T kg∆∗ � 1 X [LR<csT�U�W�T kg∆∗ � 1 X ZQerp b d�p�c#f�i_i�p�jxXQo�Z&[�\�T.[<X&]
���
^.` X �"R�e�XQ^�R σ∗0 \wU�W.X'YnX&]�X k∆∗ � 1 ^�R σ∗0I∗ ' σ∗0/k∆∗ \dY�T�ZCU.XQW�ZCT.`�^�^.`1e
b.W�R<\�^.XQ^�T�T ω2 = 4Ω2−2πGσ∗0k+k2c2r Z+b m XC[<`1e}[<`��&` X�m [<` σ∗0 = 2∆∗ρ∗0(0)

U�W�T�\<`QY�T.[dcxY�T�ZCU.XQW�ZCT.`�^�^.`1e�bxb.W�R<\�^.XQ^�T y Y�]�_�\<`��"e�b s XQ^�T�oBZ kz = 0 \<`%\�W�R#�s R y�s XIekZ�_x�CW�R<\�T.[�T�W7b y�s XIe ��T7]nT�^�Y�W.X ω2 = 4Ω2−4πGρ∗0+k2c2r
� f u c X dSw�����p

~�R<ZCZQe�`�[�W�T�euZC^�R m R"]�RVZ']�b m R<o kh � k∆∗ � 1 p � �C[<`1euU�W.X'YnX&]�Xwb1Z']�`��
\�T.X%U�W.XQ^.XCm�W.X � XQ^�T7_P\�c7]�RIYn`1e �I\<X"�&Y�^.`��&`dY�T�ZCc7RB\K\<`��"e{b s XQ^�^�jroG�CW�R<\�T.[LR���T��
`�^�^�j�o�U.`�[<XQ^	��T�R"]

Φ1 = −2 π G (σ∗1 + σg1)/k, b d�p�c � i
c7R<c>Z']�X'Y�b�XC[�T�� b d�p�c+¡�i X b d�p�c u i X T�e�XCXC[�\�T�Y � u � � �

σg0

c2s
� σ∗0

c2r
. b d�p�c z i

� \<X'Y�_>c1`
��VWVST	��T.XQ^.[aR<^�T��Q`�[�W.`�U�T�T��I\<X"�&Y�^.`��&`BY�T�ZCc�R
α = cr/cz , b d�p�c�|+i

ZSU.`1e�` s � y b d�p�c#f�i�U.`<]�b m T�e
h

α2 ∆∗
� ρg0(0)

ρ∗0(0)
� 1. b d�pedx�+i

� `a\<[<`�W.`1elZ']�b m RLX b k∆∗ � 1 � I∗ ' 1/k∆∗ irb1Z']�`�\�T.X σg1 � σ∗1 U�W�T��
e�XC[ X ` m XQ\�T�Y�^.` X \�T�Y

h2

α2 ∆2
∗
� ρ2

g0(0)

ρ2
∗0(0)

� 1. b d�ped(f�i
��`�ZCc1`<]
��c7bS\/�I\<X"�&Y�^�j+f�Y�T�ZCc7RIfx��R"]�R<c.[�T�cx`�m�j m ^.` α > 1 X ^.XQW�R<\<XQ^�Z&[�\�R b d�ped(f�i
R<\<[<`1ehRL[�T m XQZCc�T�Z']�X'Y�b y [,T�� b d�pedx�+i�p
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  �yU�W�T�\<X'YnXQ^�^�j+f�\�j1�wX}`$�.XQ^.`�c�\�jr[<XQc7RLXC[gZ']�X'Y�b y�s XCX}b7[�\<XQW � YnXQ^�T.X�p

��XC`�mQf1`QY�T�ekj�e�TxYn`�Z&[LRL[<` m ^�j�esb1Z']�`�\�T.XIesU�W�T�e�XQ^�T�e�`�Z&[�T�U�W�T.m<]nT � XQ^�T7_�[<`�^��
c1`��&`,Y�T�ZCc7R�Y�]�_}T�ZCZ']�X'Yn`�\�R<^�T7_s�CW�R<\�T.[LR���T.`�^�^.`>^.X&b1Z&[<`�o m T�\�j+f�\<`��"e�b s XQ^�T�o
\G�'R��Q`�\�j+fsU.`QY�ZCT�Z&[<XIehRIf��'R"]�R<c.[�T�cs_�\L]�_�XC[�Z�_�U�W�T�Z'b7[�Z&[�\�T.X0�I\<X"�&Y�^.`�o�c�`1ekU.`��
^.XQ^.[�j�Z�U�R<W�R�e�XC[�W�R�ekT X bIYn`�\L]�XC[�\<`�W�_ y�s T�ekTP^.XQW�R<\<XQ^�Z&[�\�R�e b d�pedx�+i X b d�ped(f�i�p �
c7R m XQZ&[�\<XPU�W�T�e�XQW�R�W�R<ZCZQe�`�[�W�T�e��'R��Q`�\�j�o�Y�T�ZCc
È7R"]�R<c.[�T�c�T p � `�c�W.XQZ&[�^.`�Z&[�T
�+`<]n^	��R σg0/σ∗0 ' 0,1 � cz/cs ' ∆∗/h ' 3 � α = cr/cz ' 2

� c�c3d X.��u f X(z c�c Xz | z ��p#��[�Z y Y
R ρg0(0)/ρ∗0(0) ' 0,3 � h/α2∆∗ <∼ 0,1 T X Z']�X'Yn`�\�RL[<X&]
��^.` X b1Z']�`��
\�T7_�U�W�T�e�XQ^�T�e�`�Z&[�T�e�`CYnX&]nTP[�`�^�c�`��&`�Y�T�ZCc7R�\�V�`�W�e�X b d�pedx�+i+\�j�U.`<]n^7_ y [�Z�_vp

~�R��Cb�e�XCXC[�Z�_ X U�W�T�T��Cb m XQ^�T�TyZC\<`�o�Z&[�\�c1`�W.`�[�c1`�\<`<]n^.`�\�j+f b k � kg iS\<`��"�
e�b s XQ^�T�o�\��'R��Q`�\<`1e Y�T�ZCc�X�U7]�`�ZCc1`�o ��R"]�R<c.[�T�c�T�^.XC`�mQf1`CY�T�e�`�b m T.[�j�\�RL[$�
Z&[�W7b.c.[Lb.W7b�U.`�Z']�X'Y�^.XQ�&`iU.`�U.XQW.XQcuU7]�`�ZCc1`�Z&[�TuXQ�&`iZCT�ehe�XC[�W�T�T p � R<c1`�X�T�ZCZ']�X��
Yn`�\�R<^�T.X � w�fQ|�� X \ m R<Z&[�^.`�Z&[�T X U.`�c7R��"R"]�` XGm [<` �"R<c1`�^PY�T�ZCU.XQW�ZCT�TPY � T�^�Z&`�\�ZCc�T�f
c1`<]�XCm1R<^�T�o�Y�T�ZCc7R \�`�m<]�R<Z&[�T kh � 1 U.`Qf�` � ^�R�Y�T�ZCU.XQW�ZCT.`�^�^7b y �"R<\�T�ZCT��
e�`�Z&[
�VU.`�\<XQW�f�^.`�Z&[�^�j+f��CW�R<\�T.[LR���T.`�^�^�j+fs\<`<]n^�^�R���]�b7m�`�c1`�o�\<`CYnX b ω2 ' kg X
��YnX g = |∂Φ0/∂z| U�W�T |z| = h i�p � U�W.`1e�X � b7[<` m ^.`�o � X m R<Z&[�TlZCU.XQc.[�W�Rb kh <∼ 1 i c1`�^.X m ^�R"_a[<`<] s T�^�RB�'R��Q`�\<`��&`SY�T�ZCc7RBe�` � XC[Bm�jr[
�wb m [<XQ^�RKe�`QYnX&]
���
^.`,ZdU.`1e�` s � y R<^�R"]�`��CT m ^.`��&`��I\<X"�&Y�^.`1e�b�V%`�W�erVdR<c.[<`�W�R Ig = (1 + kh)−1 p
��§��q§ � ®�­�¬'³�®�¹Y¬ �����x³ ���U°x­�®�� �M²�¸ � ��¹ � ��´#® �r®���¹Y¬
�70��1054(0�
%:�M'JC8";.:<=<918 	C8 ��8CN.D

� Z&`�`�[�\<XC[�Z&[�\�T�T�Z>U�W.`�\<X'YnXQ^�^�j�e�\�U p�d�p�f�p�c�T�ZCZ']�X'Yn`�\�R<^�T.XIe U.`�Z&[LR<\�T�e
�"RIY
R m b�T��Cb m XQ^�T7_�Y�T�ZCU.XQW�ZCT.`�^�^�j+fgZC\<`�o�Z&[�\ ^.XC`�Z&XQZCT�ehe�XC[�W�T m ^�j+ft\<`��"e�b s X��
^�T�oi\�U7]�`�ZCc�`�Z&[�Ti[<`�^�c�`��&` ��R��Q`�\<`��&`>Y�T�ZCc7R � f�c3d X |3d���p   Z�f1`QY�^�jrXVb.W�R<\�^.XQ^�T7_
�'R��Q`QY�T�^�R�ekT�c�T>\0�C[�`�o�e�`QYnX&]nT>Z�b m XC[<`1e b d�p � i X b d�p�f��+i X b d�p�f�¡�i�T�e�X y [,\�T�Y �

�
∂σ

∂t
+
∂(rσu)

r∂r
+
∂(σv)

r∂ϕ
= 0 , b d�pedSw�i

∂u

∂t
+ u

∂u

∂r
+
v

r

∂u

∂ϕ
− v2

r
= −∂Φ

∂r
− 1

σ

∂p

∂r
−D

p

σ

d ln Ωz

dr
, b d�pedxc+i

∂v

∂t
+ u

∂v

∂r
+
v

r

∂v

∂ϕ
+
uv

r
= −1

r

∂Φ

∂ϕ
− 1

σr

∂p

∂ϕ
, b d�ped�dSi

∂p

∂t
+ γsp

(

∂ru

r∂r
+

∂v

r∂ϕ

)

+ u
∂p

∂r
+ v

∂p

r∂ϕ
= (γs − 1)pu

d ln(CΩz)

dr
, b d�pedS¡�i

��YnX u X v Z W�RIY�T�R"]
��^�R"_yTyR��IT�e�b7[LR"]
��^�R"_yc1`1ekU.`�^.XQ^.[�j ZCc1`�W.`�Z&[�T��'R��"R � σ X
p Z U.`�\<XQW�f�^.`�Z&[�^�jrX�U7]�`�[�^.`�Z&[
�yT�Y
R<\L]�XQ^�T.X�\ �'R��Q`�\<`1e�Y�T�ZCc1X X R�Y�T�ZCZCT�U�R#�
� � ���-� 
!$%�� �"�� ��& $%�-(%" ��&� ���&9C�&+$%"%��� 
+" ��� &���&�� � �� �"�� ��& 
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[�T�\�^�jrX m ]�XQ^�ju`�U7b s XQ^�j b T�ZCZ']�X'Yn`�\�R<^�T y Y�T�ZCZCT�U�RL[�T�\�^�j+f ��VWV%XQc.[<`�\�U.`�ZC\L_��s XQ^��~d�pedSi�p
jd]�_�T��Cb m XQ^�T7_�Y�T�^�R�ekT�c�T�ekR"]nj+ft\<`��"e�b s XQ^�T�oy]nT�^.XIR<W�T��Cb�XIe�ZCT�Z&[<XIe�bb d�pedSw�i ÷ b d�pedS¡�i�p�jd]�_ �C[�`��&`�U�W.X'Y�Z&["R<\�T�et\"f1`QY�_ s T.XS\0�C[LbPZCT�Z&[<XIe�bGU.XQW.XIe�XQ^��

^�jrXx\�\�T�YnXxZ'b�ehe�W�R<\�^.`�\<XQZC^�j+f>T>\<`��"e�b s XQ^�^�j+fP\<X&]nT m T�^ �
σ = σ0(r) + σ1(r, ϕ, t), u = u1(r, ϕ, t), v = rΩ(r) + v1(r, ϕ, t),

p = p0(r) + p1(r, ϕ, t), Φ = Φ0(r) + Φ1(r, ϕ, t). b d�ped u i� W.X"�Cb"]
�I[LRL[<XwU.`<]�b m T�e
∂σ1

∂t
+ Ω

∂σ1

∂ϕ
+ σ0

(

∂u1

∂r
+
u1

r
+
∂v1

r∂ϕ

)

+ u1σ
′
0 = 0 , b d�ped � i

∂u1

∂t
+ Ω

∂u1

∂ϕ
− 2Ωv1 = −∂Φ1

∂r
− 1

σ0

∂p1

∂r
− g

σ1

σ0
−D(ln Ωz)

′ p1

σ0
, b d�ped z i

∂v1

∂t
+ Ω

∂v1

∂ϕ
+

∂e2

2Ω
u1 = −1

r

∂Φ1

∂ϕ
− 1

σ0r

∂p1

∂ϕ
, b d�ped1|+i

∂p1

∂t
+ Ω

∂p1

∂ϕ
+ γsp0

(

∂u1

∂r
+
u1

r
+
∂v1

r∂ϕ

)

+ u1 [p′0 − (γs − 1)p0(lnCΩz)
′] = 0,

b d�p¢¡��+i
��YnX �w[�W�T�fP`��I^�R m RLXC[�U�W.`�T��I\<`CY�^7b y \"Yn`<]
��W�RIY�T�R"]
��^.`�o>c�`�`�W�Y�T�^�RL[�j X TP\KZ&`��
`�[�\<XC[�Z&[�\�T�T�Z�b1Z']�`�\�T.XIe�W�R<\�^.`�\<XQZCT7_ b d�p�f�f�i X

g = −p
′
0

σ0
−D

p0

σ0
(ln Ωz)

′ =
dΦ0

dr
− rΩ2. b d�p¢¡�f�i

jx`�U.`<]n^�T�e ZCT�Z&[<XIe�b b d�ped � i ÷ b w7p¢¡�c+iG]nT�^.XIR<W�T��Q`�\�R<^�^�j�e�b.W�R<\�^.XQ^�T.XIe
��b�R<ZCZ&`�^�R

∆Φ1 = 4πGσ1δ(z). b d�p¢¡�w�i
� R<\�T�ZCT�e�`�Z&[
��\<`��"e�b s XQ^�^�j+f>\<X&]nT m T�^

f1 = {σ1, p1, u1, ...} b d�p¢¡�c+i
`�[dR��IT�e�b7[LR"]
��^.`�o�c�`�` ��Y�T�^�RL[�j ϕ T�\ �.XIe�XQ^�T t \%ZC\L_��ITKZ&`SZ&["R���T.`�^�R���^.`�Z&[
� y
T>`QY�^.` �.`QY�^.`�Z&[
� y ��R<ZCZQehRL[ ��T�\�RLXIe�`�o���R<\�^.`�\<XQZC^.`�o�e�`QYnX&]nT>\VR��IT�e�b7[LR"]
��^.`1e
^�R<U���R<\L]�XQ^�T�T�U��.X'Y�Z&[LR<\�T�et\�\�T�YnX

f1 = f(r) exp{−iωt+ imϕ} . b d�p¢¡:dSi� `���Y
RGZCT�Z&[<XIehR b d�ped � i ÷ b d�p¢¡��+i X b d�p¢¡�w�i�U.X �.XQo�YnXC[>\ b T�^�YnXQc�Z �Of � b}\<`��"e�b s XQ^��
^�j+f>\<X&]nT m T�^>`�U7b1ZCc7RLXIe�T>Z m T.[LRLXIe C = const i

−iω̂Σ/c2T + (u′ + u/r + imv/r) + u/Lσ = 0, b d�p¢¡�¡�i
−iω̂u− 2Ωv = −R′ − Φ′ − (1/Lσ +D/Lz)R + (1/Lp +D/Lz)Σ, b d�p¢¡ u i
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−iω̂v + ∂e2u/2Ω = −imR/r − imΦ/r, b d�p¢¡ � i
−iω̂(R− γsΣ) + c2TS

′
0u = 0, b d�p¢¡ z i

Φ′′ +
Φ′

r
− m2Φ

r2
+
∂2Φ

∂z2
= 4 π Gσ δ(z), b d�p¢¡<|+i

��YnX Σ = c2Tσ1/σ0
X R = p1/σ0

X ω̂ = ω−mΩ X 1/Lσ = σ′0/σ0
X 1/Lp = p′0/p0

X
1/Lz = Ω′

z/Ωz
X S0 = ln(p0Ω

1−γs
z /σγs

0 ) X cT =
√

p0/σ0 Z T��Q`�[<X ��ekT m XQZCc7R"_
ZCc1` �.`�Z&[
�0�I\Lb.c7R X cs =

√
γscT Z RIY�T�RLm1RL[�T m XQZCc�R"_�ZCc�` �.`�Z&[
���I\Lb.c�R.p  ZCc7] y�m T�e�T���U���T�\<X'YnXQ^�^.`�o�\�j1�wX�ZCT�Z&[<XIekj�\<`��"e�b s XQ^�^�jrX�ZCc�` �.`�Z&[�T p

jd]�_��C[<`��&`,T�� b d�p¢¡ � i+^�RIf1`QY�T�e
v = −i∂e

2

2Ω

u

ω̂
+
m

rω̂
(R + Φ) b d�p u �+i

T X U.`QY�Z&["R<\L]�_._ �C[<`V\�j ��R � XQ^�T.Xx\ b d�p¢¡ u i X U.`<]�b m T�e
u =

i

ω̂2 − ∂e2
{2mΩ

r
(R + Φ) + ω̂[(ln p0Ω

D
z )′Σ −

− (lnσ0Ω
D
z )′R−R′ − Φ′]} . b d�p u f�i

jwT�VWV%X �.XQ^	��T��7b�_ �"RL[<XIe b d�p u f�i�U.` ��RIY�T�R"]
��^.`�olc1`�` ��Y�T�^�RL[<X}TlU.`QY�Z&["R<\L]�_._
�.X"�Cb"]
�I["RL[V\�e�XQZ&[�XdZ b d�p u �+i X b d�p u f�i+\ b d�p¢¡�¡�i X U���T�\<`QY�T�e b d�p¢¡�¡�i�c>\�T�Y�b

(R + Φ)′′ +
(

ln
σ0r

ω̂2 − ∂e2

)′
(R + Φ)′ +

(

ln σ0Ω
D
z

)′
R′ −

(

ln p0Ω
D
z

)′
Σ′ −

− (R + Φ)







m2

r2
+

1

ω̂

(

2mΩ

r

)′
+

2mΩ

rω̂

(

ln
σ0r

ω̂2 − ∂e2

)′




+R
{

(

ln σ0Ω
D
z

)′′
+

+

(

ln
σ0r

ω̂2 − ∂e2

)′
(

ln σ0Ω
D
z

)′
+

2mΩ

rω̂

(

lnσ0Ω
D
z

)′ }
+ Σ

{ω̂2 − ∂e2

c2T
−

−
(

ln p0Ω
D
z

)′′ −
(

ln
σ0r

ω̂2 − ∂e2

)′
(

ln p0Ω
D
z

)′ − 2mΩ

rω̂

(

ln p0Ω
D
z

)′ }
= 0. b d�p u w�i

��`QY�Z&[LR<\L]�_._s[LR<c � X b d�p u f�i�\ b d�p¢¡ z i X U.`<]�b m RLXIeu\<[<` �.`�XKb���R<\�^.XQ^�T.X X ZC\L_��Ij�\�R#�y�s XCX Σ X R X Φ �

S ′
0

{

ω̂
[

R′ + Φ′ + (lnσ0Ω
D
z )′R− (ln p0Ω

D
z )′Σ

]

− 2mΩ

r
(R + Φ)

}

+

+ ω̂
ω̂2 − ∂e2

c2T
(R− γsΣ) = 0 . b d�p u c+i

��T�Z&[<XIehR�b.W�R<\�^.XQ^�T�o b d�p u w�i X b d�p u c+i X \�e�XQZ&[<XyZ}b.W�R<\�^.XQ^�T.XIe ��b�R<ZCZ&`�^�R Xb d�p¢¡<|+iv_�\L]�_�XC[�Z�_KT�Z�f1`QY�^.`�oxY�]�_BY
R"]
��^.XQo	�wXQ�&`SR<^�R"]nT��"R�Y�T�^�R�ekT�c�T,ehR"]nj+fK\<`��"�
e�b s XQ^�T�o�\ge�`QYnX&]nT��'R��Q`�\<`��&`yY�T�ZCc7R�Z}U�W.`�T��I\<`<]
��^�j�ekT�W�R<ZCU�W.X'YnX&]�XQ^�T7_nekT
σ0(r)

X p0(r)
X Ω(r) p
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~�R<ZCZQe�`�[�W�T�etT�� �Q^.[�W.`�U�T m XQZCc7b y e�`QYnX&]
��p � ^.XQo
S0 = ln

p0

σγs
0 Ωγs−1

z
= const . b d�p u dSi

� �C[�`�o�e�`QYnX&]nT>ZC\L_��#��e�X � Y�b Lc T Lσ `�U�W.X'YnX&]�_�XC[�Z�_>Z&`�`�[�^.`$�wXQ^�T.XIe
Lc =

(

d ln cs
dr

)−1

=
2Lσ

(γs − 1)(1 + Lσ/Lz)
, b d�p u ¡�i

��YnX γs Z � U7]�`�ZCc�T�o � U.`�c�R��"RL[<X&]
��U.`<]nT.[�W.`�U�j b ZQerp�U p�d�p�f�p�f�i�p��kZ']nTiZ m T.[LRL[
�
Y�]�_tZCT�Z&[<XIekj � ehR<c�W.`1RL[<`1e�`�\ � �'R��Q`�\<`��&`�Y�T�ZCc7R}Z `�m<]�R<c1`�\ γ ≤ 5/3 X [<`���Y
R
\ Z&`�`�[�\<XC[�Z&[�\�T�T�Z b d�p�f u i γs ≤ 3/2 T X Z']�X'Yn`�\�RL[<X&]
��^.` X Lc > Lσ pq��[�Z y Y
R
_�ZC^.` Xxm [�`KT�� �Q^.[�W.`�U�T m XQZCc7R"_Pe�`QYnX&]
�w^.X�U��.`�[�T�\<` �.X m T.[wY
R<^�^�j�ei^�RLm<] y YnXQ^�T�o
U.`S�'R��Q`�\<`1e�bSY�T�ZCc7b�È�R"]�R<c.[�T�c�T pS��`
�C[<`1e�bB\%U.XQW�\Lb y ` m XQW.X'Y �%U�W.`�\<X'YnXIe>Y
R"]
���
^.XQo	�BT�oaR<^�R"]nT���\xW�R�ekc7RIfVT�� �Q^.[�W.`�U�T m XQZCc1`�oae�`CYnX&]nTVZ D = 1 b m�`<]�XCX�`�m s T�o
Z']�b m R<oPm<bIYnXC[�W�R<ZCZQe�`�[�W.XQ^>^�T � X:i�p� T�� �Q^.[�W.`�U�T m XQZCc�`�o�e�`QYnX&]nT>T�� b d�p u c+i+\�jr[<XQc7RLXC[

R = γsΣ . b d�p u�u i
�+[LR�ZC\L_��#�KU�W�T�\<`QY�T.[�b.W�R<\�^.XQ^�T.X b d�p u w�i+c>\�T�Y�b

(Φ + γsΣ)′′ +
(

ln
σ0r

ω̂2 − ∂e2

)′
(Φ + γsΣ)′ +

ω̂2 − ∂e2

c2T
Σ − (Φ + γsΣ)×

×






m2

r2
+

1

ω̂

(

2mΩ

r

)′
+

2mΩ

rω̂

(

ln
σ0r

ω̂2 − ∂e2

)′




= 0 . b d�p u+� i
�(^�R m T.[<X&]
��^�j�o�U�W.`��CW.XQZCZP\�U.`�^�T�ehR<^�T�T¤VST��IT�c�Tg�CW�R<\�T.[�T�W7b y�s XQ�&`y�'R#�

�Q`�\<`��&`yY�T�ZCc�RiT X \ m R<Z&[�^.`�Z&[�T X \�`�U�W.X'YnX&]�XQ^�T�Tlb1Z']�`�\�T7_�XQ�&`��CW�R<\�T.["R���T.`�^��
^.`�oyb1Z&[<`�o m T�\<`�Z&[�Ti`�[�^.`�ZCT.[<X&]
��^.`}`�Z&XQZCT�ehe�XC[�W�T m ^�j+fi\<`��"e�b s XQ^�T�oym�j�]�Yn`��
Z&[�T��C^7b7[sZ,U.`1e�` s � y � q � � R<^�R"]nT��"RP\�W�RIY�T�R"]
��^.`1e�^�R<U�W�R<\L]�XQ^�T�T pp�+[<`s`�m<b �
Z']�`�\L]�XQ^.`�[�XIe `�m�Z&[<`I_�[<X&]
��Z&[�\<`1e X�m [<`�U�W.`�[Q_ � XQ^�^.`�Z&[
��Y�T�ZCc�RlT�f7R<W�R<c.[<XQW��
^�jrX�ehR<Z �w[LRLm�j�XQ�&`P^.XC`QY�^.`�W.`CY�^.`�Z&[�T \GW�RIY�T�R"]
��^.`1e�^�R<U�W�R<\L]�XQ^�T�T}^�R<Z&[<`<]
���
c1`u\<X&]nT�c�T�U.`uZCW�R<\�^.XQ^�T y ZyXQ�&`�[<`<] s T�^.`�o X�m [<`�^�R<W�_7Y�b Zy\�j�U.`<]n^.XQ^�T.XIe
b1Z']�`�\�T7_ b d�p¢w�w�iae�`��'b7[im�jr[
��\�j�U.`<]n^.XQ^�j Tlb1Z']�`�\�T7_�U�W�T�e�XQ^�T�e�`�Z&[�T � q � �
U�W�T.m<]nT � XQ^�T7_ � f(r) ∝ exp(i krr) Z�ZQerp b d�p¢¡:dSi ���

kr r � 1, kr L� 1, b d�p u�z i
��YnX L = min{|Lc|, |Lσ|, |Lz|, |∂ ln Ω/∂r|−1} p

��XC[�W7bIY�^.` X `QY�^�R<c1` X \�T�YnXC[
� XGm [<` � q � � U�W�T.m<]nT � XQ^�T.XwU�W�T�e�XQ^�T�e�`V[<`<]
���
c1`Pc�[<XIeuT���^.XC`�Z&XQZCT�ehe�XC[�W�T m ^�j+f}\<`��"e�b s XQ^�T�o X `�U�T�ZCj�\�RLXIekj+f�b.W�R<\�^.XQ^�T.XIe
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b d�p u+� i X Y�]�_�c1`�[<`�W�j+f�\�j�U.`<]n^7_�XC[�Z�_Pb1Z']�`�\�T.X
m |ω̂|

∂e
� k r =

√

r2k2
r +m2, b d�p u |+i

\�`�m s XIe�Z']�b m RLX>^.XPm�`<]�XCX � XQZ&[�c1`�X Xrm XIe�b1Z']�`�\�T.X |ω̂| � ∂e p � R<c�T�e�`�m�W�R#�
�Q`1e X ekj�e�` � XIe}T��Cb m RL[
�dZC\<`�o�Z&[�\�RSc�`�W.`�[�c1`�\<`<]n^.`�\�j+f,\<`��"e�b s XQ^�T�o X �"R�e�XC[�^.`
`�[Q]nT m R y�s T�f�Z�_�`�[a`�Z&XQZCT�ehe�XC[�W�T m ^�j+f X [<`<]
��c�`>\a^�T��Ic1` m R<Z&[<`�[�^.`�o}U.` ω̂ m R#�
Z&[�T�ZCU.XQc.[�W�R.pg�+[<`s`��CW�R<^�T m XQ^�T.X X `QY�^�R<c�` X ^.X,_�\L]�_�XC[�Z�_ X Z'b s XQZ&[�\<XQ^�^�j�euY�]�_
T��Cb m XQ^�T7_}�CW�R<\�T.["R���T.`�^�^.`�o ^.X&b1Z&[<`�o m T�\<`�Z&[�T}�'R��Q`�\<`��&`�Y�T�ZCc7R.pGjxXQo�Z&[�\�T.[<X&]
���
^.` X �CW�R<^�T	��R�b1Z&[<`�o m T�\<`�Z&[�TK��R��Q`�\<`��&`rY�T�ZCc7R�`�[�^.`�ZCT.[<X&]
��^.`�`�Z&XQZCT�ehe�XC[�W�T m ^�j+f
\<`��"e�b s XQ^�T�o `�U�W.X'YnX&]�_�XC[�Z�_�T��Vb1Z']�`�\�T7_ ω̂2 = 0 \sekT�^�T�e�b�e�X�Y�T�ZCU.XQW�ZCT.`�^��
^.`�osc�W�T�\<`�o ω̂2 = ω̂2(k) p(jd]�_sW.X �wXQ^�T7_s\<`�U�W.`�ZQR�`�ma`�U�W.X'YnX&]�XQ^�T�Ts�CW�R<^�T	��j
b1Z&[<`�o m T�\<`�Z&[�T�Y�T�ZCc7RG`�[�^.`�ZCT.[<X&]
��^.`s^.XC`�Z&XQZCT�ehe�XC[�W�T m ^�j+f \<`��"e�b s XQ^�T�o}Z']�X��
Y�b�XC[}T�Z f1`QY�T.[
�}T��P[<`��&` X�m [<` \�] y m�`�o�^.XC`QY�^.`�W.`QY�^.`�oiZCT�Z&[<XIe�X,Yn`<] � ^�j�Z'b �s XQZ&[�\<`�\�RL[
�tc1`�W.`�[�c1`�\<`<]n^.`�\�jrX��CW�RIY�T.XQ^.[�^�j�Xy\<`��"e�b s XQ^�T7_ X ehR<c�ZCT�ehR"]
��^�R"_m R<Z&[<`�[LRac1`�[<`�W�j+f ωg ∼ ω0/k L � ω0

X ��YnX ω0 Z m R<Z&[<`�[LRaZ&`�m�Z&[�\<XQ^�^�j+f�c1`��
]�XCm1R<^�T�o�ZCT�Z&[<XIekj�m�X"�Vb m XC[LR�XCXV^.XC`QY�^.`�W.`QY�^.`�Z&[�T pr�SR<U�W�T�e�XQW X \sRL[1e�`�Z)V%XQW.X
�
XIe�]nT m R<Z&[<`�[LR �I\Lb.c7R ω0 = k cs

X R m R<Z&[<`�[LR�\�^7b7[�W.XQ^�^�T�fi�CW�R<\�T.[LR���T.`�^�^�j+f
\<`<]n^ ωg ∼ g/cs ∼ cs/La ∼ ω0/k La

� |+w#� X ��YnX La Z�\<XQW.[�T�c7R"]
��^�j�oaehR<Z �w[LRLm
^.XC`QY�^.`�W.`QY�^.`�Z&[�T�RL[�e�`�Z)V%XQW�j X g Z b1ZCc1`�W.XQ^�T.X}ZCT7]nj [Q_ � XQZ&[�T p ��^�R"]�`��CT m �
^.` \ �I\<X"�&Y�^.`1e�Y�T�ZCc1X m R<Z&[<`�[LR�Y � T�^�Z&`�\�ZCc�T�ft\<`��"e�b s XQ^�T�o ω̂J ∼ ∂e \<X"�&YnX X
�"RyT�ZCc7] y�m XQ^�T.XIe�`�c�W.XQZ&[�^.`�Z&[�T�ekT�^�T�e�b�ehR Y�T�ZCU.XQW�ZCT.`�^�^.`�ouc�W�T�\<`�o ω̂J(k) X
R}ehR<c�ZCT�ehR"]
��^�R"_ m R<Z&[<`�[LR}�CW�RIY�T.XQ^.[�^�j+f ω̂g ∼ ∂e/k L � ∂e b ZQe�pkU p�w7p¢w7pedSi�p� ` � XBZQR�e�`�XSb7[�\<XQW � YnXQ^�T.X X ` m XQ\�T�Y�^.` X ZCU�W�R<\<X'Y�]nT�\<`VTPY�]�_s��R��Q`�\<`��&`KY�T�ZCc7R.p
�%W�T �C[<`1e��CW�R<^�T	��R�b1Z&[<`�o m T�\<`�Z&[�TBm<bQYnXC[�`�U�W.X'YnX&]�_�[
��Z�_w\�`�m<]�R<Z&[�T � c�`�^.[LR<c.[LR �
Y � T�^�Z&`�\�ZCc1`�o�T��CW�RIY�T.XQ^.[�^.`�o�\<XC[�\<XQo b ekT�^�T�e�b�ehRyY�T�ZCU.XQW�ZCT.`�^�^.`�o�c�W�T�\<`�o
ω̂J(k) i X ��YnX ω̂J ∼ ω̂g ∼ ∂e/k L� ∂e p�q%W.`1e�X�[<`��&` X Y�T�ZCU.XQW�ZCT.`�^�^�jrX%ZC\<`�o�Z&[�\�R
^�T��Ic1` m R<Z&[<`�[�^�j+fV�CW�RIY�T.XQ^.[�^�j+fV\<`��"e�b s XQ^�T�o�e�`��'b7[xU�W.X'Y�Z&["R<\L]�_�[
�wT�^.X"�"R<\�T��
ZCT�ekj�oiT�^.[<XQW.XQZ b ZQerp X ^�R<U�W�T�e�XQW X U7b.^�c.[�j X U.`�ZC\L_ s XQ^�^�jrXG\<`<]n^�R�e�~�`�ZCZ&m�T�T
�CW�RIY�T.XQ^.[�^.`�� �Q^.[�W.`�U�T�o�^�`�o�^.X&b�Z&[�`�o m T�\<`�Z&[�TGi�p

� bIYnXIe�U.`
�C[<`1e�b�W�R<ZCZQehRL[�W�T�\�RL[
� \<`��"e�b s XQ^�T7_ X�m R<Z&[<`�[�j TgR��IT�e�b7[LR"]
���
^�jrXa\<`<]n^.`�\�jrXa^.`1e�XQW�R>c1`�[<`�W�j+f�bIYn`�\L]�XC[�\<`�W�_ y [�b1Z']�`�\�T y b d�p u |+i'p��%W�T�\�j �
U.`<]n^.XQ^�T�T �C[<`��&`�b1Z']�`�\�T7_ m ]�XQ^�j ZVU.XQW�\�j�ekT�U�W.`�T��I\<`QY�^�j�ekTy`�[ Φ T σ U.`
W�RIY�T�R"]
��^.`�o�c1`�`�W�Y�T�^�RL[<XK\ b d�p u+� i�`�c7R��Ij�\�R y [�Z�_�U�W.XQ^.XCm�W.X � T�e�`GehR"]nj�ekT�U.`
ZCW�R<\�^.XQ^�T y Z�U.XQW�\�j�e m ]�XQ^.`1erp��%`
�C[<`1e�b X `�[<m�W�R<ZCj�\�R"_P\ b d�p u+� i \�Z&XSehR"]njrX%U.`
b1Z']�`�\�T7_ne b d�p u�z i X b d�p u |+i m ]�XQ^�j X U.`<]�b m T�e

(Φ + γsΣ)







k2 +
2mΩ

rω̂

d

dr
ln

2Ωσ0

∂e2
− 2m2

r∂e2

dΩ2

dr







− ω̂2 − ∂e2

c2T
Σ = 0 . b d�p � �+i

  ZCU.`<]
���Cb�_ �"RL[<XIe�c1`�W.`�[�c1`�\<`<]n^.`�\<`�X�W.X �wXQ^�T.X+b.W�R<\�^.XQ^�T7_|��b�R<ZCZ&`�^�R�Y�]�_�[<`�^��
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c1`��&`BY�T�ZCc7R � f u c X dSw����
Φ = − 2 π Gσ

k
, b d�p � f�i

U�W�T�f1`QY�T�eyc,T�ZCc1`1e�`1e�bBY�T�ZCU.XQW�ZCT.`�^�^.`1e�bKb.W�R<\�^.XQ^�T y Y�]�_aT�� �Q^.[�W.`�U�T m XQZCc1`��&`
�'R��Q`�\<`��&`wY�T�ZCc7R

ω̂3 − ω̂
[

∂e2 +
(

k2c2s − 2 π Gσ0 k
)(

1 − 2s2 r

∂e2

dΩ2

dr

)]

−2 sΩ (k c2s − 2 π Gσ0)
d

dr
ln

(

2 Ωσ0

∂e2

)

= 0 , b d�p � w�i
��YnX s = m/k r Z U�R<W�R�e�XC[�W X f7R<W�R<c.[<XQW�T��Cb y�s T�osZ&[�XQU.XQ^	�V^.XC`�Z&XQZCT�ehe�XC[�W�T m �
^.`�Z&[�T�\<`��"e�b s XQ^�T�o p� W�RLm�`�[<X � f�d � ��m�j�]VU�W.`�\<X'YnXQ^�R<^�R"]nT���b1Z&[<`�o m T�\<`�Z&[�T�[�\<XQW�Yn`�[<X&]
��^.`w\�W�R#�s R y�s XQ�&`�Z�_ b Ω = β Ω0 = `�
���]�� i��'R��Q`�\<`��&`wY�T�ZCc7R�ZSU7]�`�[�^.`�Z&[
� y

σ0 = σ0(0) (1 − r2/R2)1/2 b d�p � c+i
T>U.`<]nT.[�W.`�U�^�j�etb.W�R<\�^.XQ^�T.XIetZ&`�Z&[<`I_�^�T7_

p0 = p0(0) (1 − r2/R2)3/2 ∝ σ3
0, b d�p � dSi

��YnX σ0(0) = 2RΩ2
0/π

2G � p0(0) = σ0(0) Ω2
0R

2 (1 − β2)/3 p � �C[<`�oge�`QYnX��
]nT�m�X"�KT�ZCU.`<]
���Q`�\�R<^�T7_ � q � � U�W�T.m<]nT � XQ^�T7_�m�j+]�`PU.`<]�b m XQ^.`,Y�T�ZCU.XQW�ZCT.`�^�^.`�X
b.W�R<\�^.XQ^�T.X X `�U�T�ZCj�\�R y�s XCXBZC\<`�o�Z&[�\�RaU�W.`�T��I\<`<]
��^�j+f�\<`��"e�b s XQ^�T�o�\GU7]�`�ZCc1`��
Z&[�TGY�T�ZCc�R �
ω̂ (ω̂2−4 Ω2)+{ω̂[l (l+1)−m2]−2mΩ} {Ω2

0(1−β2)−4 Ω2
0 γ

m
l } = 0, b d�p � ¡�i

��YnX
γm

l =
(l +m)! (l −m)!

22l+1

[(

l +m

2

)

!

(

l −m

2

)

!

]2 . b d�p ��u i

��`�ZCc1`<]
��c7b�e�`QYnX&]
� b d�p � c+i X b d�p � dSi�[LR<c � XB_�\L]�_�XC[�Z�_�T�� �Q^.[�W.`�U�T m XQZCc1`�o X U�W.X'Y	�
Z&[LR<\L]�_�XC[�T�^.[<XQW.XQZ�ZCW�R<\�^�T.[
�yY�T�ZCU.XQW�ZCT.`�^�^.`�Xsb.W�R<\�^.XQ^�T.X b d�p � ¡�iV\ic1`�W.`�[�c�`��
\<`<]n^.`�\<`1e (l − m � 1) U�W.X'YnX&]�X�ZGY�T�ZCU.XQW�ZCT.`�^�^�j�e�b.W�R<\�^.XQ^�T.XIe b d�p � w�iK\
[�\<XQW�Yn`�[<X&]
��^.`V\�W�R s R y�s XIekZ�_ (dΩ/dr → 0) U�W.X'YnX&]�X�p� T�� �Q^.[�W.`�U�T m XQZCc�T�fue�`CYnX&]�_7f dp0/dr = c2sdσ0/dr

X `�[�c7bQY
R��"R<c7] y�m R#�
XIe X�m [<` \�e�`QYnX&]nT b d�p � dSi c2s = Ω2

0(1 − β2) (R2 − r2) p � c�`�W.`�[�c�`�\<`<]n^.`�\<`1e
U�W.X'YnX&]�X (l−m� 1) X T�ZCU.`<]
���Cb�_GR<ZCT�ekU.[<`�[�T�c7bG�'R�ehehR#� V�b.^�c	��T�T X U.`<]�b m RLXIe
γm

l ' 1/π
√
l2 −m2 T X Z&`�`�[�\<XC[�Z&[�\<XQ^�^.` X

4 Ω2
0γ

m
l = 2 π Gσ0/

√

(l2 −m2) (R2 − r2) .

jd]�_}`�U�W.X'YnX&]�XQ^�T7_yR<^�R"]�`��'RP\<`<]n^.`�\<`��&` m T�Z']�R k =
√

k2
r +m2/r2 �"R�e�X m RLXIe Xm [<` � f u c X dSw����

Φ = −4 γm
l RΩ2

0σ
√
R2 − r2/σ0(0) ' −2 π Gσ

√

(R2 − r2)/(l2 −m2).
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��W�R<\�^�T�\�R"_ �C[<`G\�j�W�R � XQ^�T.X�Z � q � � W.X �wXQ^�T.XIe�b.W�R<\�^.XQ^�T7_���b�R<ZCZ&`�^�R b d�p � f�i X
U�W�T�f1`QY�T�egc>\�j�\<`QY�b X(m [<` k '

√

(l2 −m2)/(R2 − r2) pG�SR<c1`�^.X � X
d ln(σ0)/k

2dr = −r/k2(R2 − r2) = −r/(l2 −m2),

T>U.`
�C[<`1e�bab.W�R<\�^.XQ^�T.X b d�p � ¡�ire�` � XC[�m�jr[
���"R<U�T�ZQR<^.`�\�\�T�YnX
ω̂3−ω̂ [4 Ω2+k2c2s−2 π Gσ0 k]−

2mΩ

k r
(k c2s−2 π Gσ0)

d ln(σ0)

dr
= 0, b d�p ��� i

[<` � YnXQZ&[�\<XQ^�^.`yZ&`�\�U�RIY
R y�s XIe�Zab.W�R<\�^.XQ^�T.XIe b d�p � w�iw\}U�W.X'YnX&]�X Ω = `�
���]�� p
�+[<`�[zVSR<c.[aZ']�b � T.[�Yn`�U.`<]n^�T.[<X&]
��^�j�euR<W��'b�e�XQ^.[<`1eg\�U.`<]
���Cb>c�`�W�W.XQc.[�^.`�Z&[�T
U�W�T.m<]nT � XQ^�T7_ b d�p u |+i X T�ZCU.`<]
���Q`�\�R<^�^.`��&`�Y�]�_ � q � � R<^�R"]nT��"RKY�T�ZCU.XQW�ZCT.`�^�^�j+f
ZC\<`�o�Z&[�\�\<`��"e�b s XQ^�T�oS\��&`�W�R��&Yn`�m�`<]�XCXhZ']�` � ^.`�o X�m XIe b d�p � dSi X e�`QYnX&]nTS�'R��Q`�\<`��&`
Y�T�ZCc7R�ZSU�W.`�T��I\<`<]
��^�j�ekT�W�R<ZCU�W.X'YnX&]�XQ^�T7_nekT Ω(r) T σ0(r) p
�70��103/{0��+:LH�;�� ��:�M&M��<D

jwT�ZCU.XQW�ZCT.`�^�^.`�X�b.W�R<\�^.XQ^�T.X b d�p � w�ih`�U�T�ZCj�\�RLXC[w[�W�TP\<XC[�\�TGc1`<]�XCm1R<^�T�oa�'R#�
�Q`�\<`��&`�Y�T�ZCc�R.p��kZ']nT�U�W.XQ^.XCm�W.X m �s^.XC`QY�^.`�W.`QY�^.`�Z&[
� y Y�T�ZCc7RsT�Y�T�VWV%XQW.XQ^	��T��
R"]
��^.`�Z&[
� y XQ�&`P\�W�R s XQ^�T7_ X [<`>^.XC[�W7bIY�^.`Gb7m�X'Y�T.[$��Z�_ X·m [�`aY�\<X�T��,^�T�f}�CW�R<\�T��
[LR���T.`�^�^�jrX b Y � T�^�Z&`�\�ZCc�T.X:ihTVT�f m R<Z&[<`�[�jl`�U�W.X'YnX&]�_ y [�Z�_aT���b1Z']�`�\�T7_,m1R"]�R<^��
ZQR,c7b7m�T m XQZCc�`��&`aT>]nT�^.XQo�^.`��&`GU.` ω̂ m ]�XQ^.`�\ b m R<Z&[�`�["RV[�W.XC[
�<XQos\<XC[�\�Ts\��C[<`1e
Z']�b m RLX ω̂ = 0 i�p6��`Q_�\L]�XQ^�T.X>[�W.XC[
�<XQ�&`�[�T�U�R�\<`��"e�b s XQ^�T�otZC\L_��"R<^.` Z�^.XC`CY	�
^.`�W.`QY�^.`�Z&[
� y Y�T�ZCc�RaT�Y�T�VWV%XQW.XQ^	��T�R"]
��^.`�Z&[
� y XQ�&`G\�W�R s XQ^�T7_ b U�W.`I_�\L]�XQ^�T.X
Z�Y�\�T��&`�\<`�oPb.U�W7b.�&`�Z&[�T�^.XC`QY�^.`�W.`CY�^.`�osZCW.X'Y�j0i X T�T�f m R<Z&[<`�[LR,\V�CW�R<\�T.["R���T.`�^��
^.`wb1Z&[<`�o m T�\<`1e b ZQerpG�od�p�c+i�Y�T�ZCc�Xde�` � XC[Km�jr[
�KU�W�T.m<]nT � XQ^�^.`�`�U�W.X'YnX&]�XQ^�RwT��
b1Z']�`�\�T7_Pm1R"]�R<^�ZQRB]nT�^.XQo�^.`��&`,U.` ω̂ T>ZC\<`�m�`QY�^.`��&`�\ b d�p � w�i m ]�XQ^.`�\ � f�c3d����

ω̂g = − 2mΩ (k c2s − 2 π Gσ0) d ln(2 Ω σ0/∂e2)/dr

k r [∂e2 + (k2c2s − 2 π Gσ0k) (1 − 2m2dΩ2/r k2∂e2dr)]
. b d�p �<z i

��XC[�W7bIY�^.`%\�T�YnXC[
� X3m [<` ω̂g U.` b d�p �<z i bQYn`�\L]�XC[�\<`�W�_�XC[�b1Z']�`�\�T y b d�p u |+ivU�W�T
] y m�j+fPY�]nT�^�RIf�\<`<]n^�\<`��"e�b s XQ^�T�o (mω̂g/∂e ∼ (sΩ/k L)m/∂e ∼ s2 � k r) p
��^�R"]�`��CT m ^�jrXx\<XC[�\�T�c�`<]�XCm1R<^�T�o X(m R<Z&[<`�[�j�c1`�[<`�W�j+f�U�W.`�U.`�W	��T.`�^�R"]
��^�j �CW�R#�
Y�T.XQ^.[LR�eg^.XQ\<`��"e�b s XQ^�^�j+f>\<X&]nT m T�^ X T�e�X y [Ve�XQZ&[<`V\,RL[�e�`�Z)V%XQW�RIf�T>`�c1XIR<^�RIf
U7]�R<^.XC[ b \�^7b7[�W.XQ^�^�T.XG�CW�R<\�T.[LR���T.`�^�^�jrXG\<`<]n^�j T�\<`<]n^�j�~�`�ZCZ&m�T>Z ZQerp � w u#X
|+w#�Ài X U7]�R��"e�X b Y�W.XQo�V%`�\�jrXB\<`<]n^�j Z ZQerp � f�f�w#�Ài X �I\<X"�&Y�^.`1e�Y�T�ZCc1X b ZQerpn��]�p w�i�T
Y�W7b.�CT�fK^.XC`QY�^.`�W.`QY�^�j+f�ZCW.X'Y
RIf p � j�W�R � XQ^�T.X b d�p �<z iv`�U�T�ZCj�\�RLXC[S\<`<]n^�j X T�e�X y �s T.X m XQW.[�jyc7R<cd\�^7b7[�W.XQ^�^�T�fx�CW�R<\�T.[LR���T.`�^�^�j+fx\<`<]n^ X [LR<cdTd\<`<]n^w~�`�ZCZ&m�T � f�c#f���p
jd]�_�Yn`�c7R��"RL[<X&]
��Z&[�\�R�\<[<`�W.`�o m R<Z&[�T �C[<`��&`sb7[�\<XQW � YnXQ^�T7_tU.XQW.XQo�YnXIe�c�XQZ&[<X��
Z&[�\<XQ^�^.`1e�bdY�]�_�RL[�e�`�Z)V%XQWKU7]�R<^.XC[SU�W.X'YnX&]�bw`QY�^.`�W.`QY�^.`�o b \"Yn`<]
�%U.`�\<XQW�f�^.`�Z&[�T
U7]�R<^.XC[�j~iB^.XQZQR�e�`��CW�R<\�T.[�T�W7b y�s XQo�ZCW.X'Y�j b V%`�W�ehR"]
��^.` G → 0 X σ′

0 → 0 i'p� `���Y
R X U.`<]�R<�'R"_�\�W�R s XQ^�T.XKY�T�ZCc�R>Z']�RLm�`GY�T�VWV%XQW.XQ^	��T�R"]
��^�j�e b n � 1 Y�]�_
Ω ∝ r−n i X T�� b d�p �<z i+U.`<]�b m RLXIe
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ω̂g = ω̂R gal =
2 kϕdΩ/dr

k2
r + k2

ϕ + 4 Ω2/c2s
, b d�p � |+i

��YnX kϕ = m/r p� RL[�e�`�Z)V%XQW�RIfsU7]�R<^.XC[��"R<c1`�^PY�T�ZCU.XQW�ZCT�Tsc1`�W.`�[�c�`�\<`<]n^.`�\�j+fsm1R<W.`�[�W.`�U��
^�j+f>\<`��"e�b s XQ^�T�o�~v`�ZCZ&m�T � w u ��T�e�XCXC[�\�T�Y

ω̂R = − 2 kϕ(dΩz/R dθ)

k2
θ + k2

ϕ + 4 Ω2
z/c

2
s

. b d�p z �+i
q�`�^�c�W.XC[�^�jrX �I^�R m XQ^�T7_�U�R<W�R�e�XC[�W.`�\ X f7R<W�R<c.[<XQW�T��Cb y�s T�fuY�T�^�R�ekT�c7b�T

�&XC`1e�XC[�W�T y b.U.`1e�_�^7b7[�j+f�\�j1�wXP\�T�f�W.XQ\�j+f�Z&[�W7b.c.[Lb.W X R<^�R"]�`��CT m ^�j+f�U7]�R<^.X��
[LR<W�^�j�e�R<^.[�T	��T�c7]�`�^�T m XQZCc�T�egZ&`<]nT.[<`�^�R�el~�`�ZCZ&m�T X \��'R��Q`�\�j+fVY�T�ZCc7RIf>�'R"]�R<c��
[�T�c�Yn`<] � ^�j X ` m XQ\�T�Y�^.` X \�j m T�Z']�_�[
��Z�_�\g^.X&]nT�^.XQo�^.`�o�[<XC`�W�T�T p � ZC\L_��IT�Z
�C[�T�e�T�^.[<XQW.XQZC^�R�U.`�U�jr[�c7R}U�W�_ne�`��&`}U.XQW.XQ^.`�ZQRsW.X"�CbI]
�I[LRL[<`�\�[<XC`�W�T�TtZ&`<]nT.[<`��
^.`�\t~�`�ZCZ&m�Tu^�R � e�X&]nc1`�ou\<`QYnX � ^�R�Z']�b m R<o���R��Q`�\<`��&`�Y�T�ZCc7R X U�W.X'Y�U�W�T�^7_�[LR"_
q�`�W m R<�CT�^�j�esTl��XC[�\�T�R��B\�T7]nT � z d���p3��`<]�b m XQ^�^�j�oKT�ekTBZ&`<]nT.[<`�^KT�e�XCXC[�f7R<W�R<c��
[<XQW�^�j�o�W�RIY�T7b1ZdU.`�W�_7Y�c7R�T7]nTPm�`<]
�
�wX �QU�T	��T�c7]nT m XQZCc1`��&` b ρ = cs/∂e i�T X Z']�X��
Yn`�\�RL[<X&]
��^.` X Z&`�`�[�\<XC[�Z&[�\Lb�XC[w\<`��"e�b s XQ^�T7_ne Z k ρ <∼ 1 p   ZCU.`<]
���Cb<_,W.X"�Cb"]
�Q[LR#�
[�j�U pSd�p�f�p�c X ^.XC[�W7bIY�^.`�U.`�c7R��"RL[
� X�m [<`�\B�CW�R<\�T.[LR���T.`�^�^.`Bb1Z&[<`�o m T�\<`1ei�'R��Q`�\<`1e
Y�T�ZCc1X kg h ∼ (ρg/ρ∗)|z=0 ∼ ∂e/ωz ∼ h/ρ T X Z']�X'Yn`�\�RL[<X&]
��^.` X kgρ ∼ 1 p � R#�
c�T�e�`�m�W�R��Q`1e X ^�RPZ&[�W7b.c.[Lb.W7b�T�Y�T�^�R�ekT�c7b}[LR<c�`��&`�Z&`<]nT.[<`�^�RP`�U�W.X'YnX&]�_ y�s XCX
\L]nT7_�^�T.X�Yn`<] � ^�j `�c�R��Ij�\�RL[
�i\<`��"e�b s XQ^�T7_l�CW�R<\�T.[LR���T.`�^�^.`��&`tU.`�[<XQ^	��T�R"]�R X
`�m<b1Z']�`�\L]�XQ^�^�jrXB\<`��"e�b s XQ^�T7_nekT�U.`�\<XQW�f�^.`�Z&[�^.`�o�U7]�`�[�^.`�Z&[�T�Y�T�ZCc7R b ZQerp�W�R��"�
]nT m T.X
Y�T�ZCU.XQW�ZCT.`�^�^�j+fBZC\<`�o�Z&[�\�U7]�R<^.XC[LR<W�^�j+fKTB�'R"]�R<c.[�T m XQZCc�T�fB\<`<]n^�~�`�ZCZ&m�T
\�`�m<]�R<Z&[�T>ZCU.XQc.[�W�R k <∼ 1/ρ i�p� c7R��"R<^�^.`�X,`�m�Z&[<`Q_�[<X&]
��Z&[�\<`sU.`QY m XQW�c�T�\�RLXC[�^.XC`�mQf1`QY�T�e�`�Z&[
��\�j�_�\L]�XQ^�T7_
Yn`�Z&[LRL[<` m ^.` ��VWV�XQc.[�T�\�^.`��&`>T�^.XQZQR�e�`�U.`QY
R<\L]�_ y�s XQ�&`�Z�_�e�X'f7R<^�T��"ehRV\<`��Qm<b � �
YnXQ^�T7_�\<`<]n^�~�`�ZCZ&m�T \��CW�R<\�T.[�T�W7b y�s T�f��'R��Q`�\�j+f�U.`QY�ZCT�Z&[<XIehRIf �'R"]�R<c.[�T�c p
��Y�T�^>T��w\<`��"e�` � ^�j+fP[LR<c�T�f�e�X'f7R<^�T��"e�`�\Km<bIYnXC[�`�U�T�ZQR<^>\�U p�d�p�c.p¢¡7p
��§�¦6§���° � ��´+����¯�®���� ��´#®!ª�¬��������'ª �Uª ��¬��G®�´#®���� � �U°Sª � �r®���¹h¬

� XQZ ��ehR�b�e�XQZ&[�^.`-�&YnXQZ �d^�R<U.`1ek^�T.[
�x`��ow7p�c X \dc1`�[<`�W.`1ey^�Rdc7R m XQZ&[�\<XQ^�^.`1e
b.W.`�\�^.XB`�m�Z'b � Y
RLXC[�Z�_}e�X'f7R<^�T��"el�CW�R<\�T.["R���T.`�^�^.`�o}^.X&b1Z&[<`�o m T�\<`�Z&[�T��'R��Q`�\<`��&`
Y�T�ZCc7R.p
�703/1054(0�� M�H�:<=<D.A ��?.8"=<D.JC8 �.D.:<;.;.:<O ��M'J":<O.N.D�=<:�M'J"D
��8 	C:<=<:<O �.:��nM'D�M'J"A�� �

jwT�^�R�ekT�c7bGehR"]nj+fG\<`��"e�b s XQ^�T�oa\BT�� �Q^.[�W.`�U�T m XQZCc1`�oPe�`QYnX&]nTa`�U�W.X'YnX&]�_��
XC[BY�T�ZCU.XQW�ZCT.`�^�^.`�XSb.W�R<\�^.XQ^�T.X b d�p � w�i X c1`�[<`�W.`�Xwe�` � ^.` �"R<U�T�ZQRL[
��\�\�T�YnX

ω̂3 + p(k) ω̂ + q(k) = 0. b d�p z f�i
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��`
�C[<`1e�bw\<`�U�W.`�Z�`�m�b1Z']�`�\�T�TK�CW�R<\�T.[LR���T.`�^�^.`�oBb1Z&[<`�o m T�\<`�Z&[�T��'R��Q`�\<`��&`�Y�T�ZCc�R
`�[�^.`�ZCT.[<X&]
��^.`�c1`�W.`�[�c1`�\<`<]n^.`�\�j+f�\<`��"e�b s XQ^�T�oyZC\<`QY�T.[�Z�_�c b1Z']�`�\�T y `�[�Z'b7[��
Z&[�\�T7_�c1`1ekU7]�XQc�ZC^�j+f>c1`�W�^.XQoGb �C[<`��&`�b.W�R<\�^.XQ^�T7_ �

D(k) = (p/3)3 + (q/2)2 ≤ 0. b d�p z w�i
jd]�_>Z&[LRLm�T7]nT��"R���T�T>�'R��Q`�\<`��&`wY�T�ZCc7RB`�[�^.`�ZCT.[<X&]
��^.`,`�Z&XQZCT�ehe�XC[�W�T m ^�j+f b m =
0 iG\<`��"e�b s XQ^�T�o�Yn`�Z&[LRL[<` m ^.` X0m [<`�m�j cs = c0 = π Gσ0/∂e

� d�d(f���p � �C[<`1e
Z']�b m RLXKehR<W��CT�^�R"]
��^.`,b1Z&[<`�o m T�\�j�ekT�`�c7R��Ij�\�R y [�Z�_s\<`��"e�b s XQ^�T7_�Z k = k0 =
π Gσ0/c

2
0
X T>U�W�T��C[<`1e

ω2 = ∂e2 + k2
0c

2
0 − 2 π Gσ0k0 = 0.

� j m T�Z']�_._>\<X&]nT m T�^7b D(k0) U�W�T cs = c0 U.` b d�p z w�i X U.`<]�b m RLXIe
D(k0) =



−2 s2r
(Ω2)′

3





3

+



sΩ ∂e2 ∂ ln(2 Ω σ0/∂e2)

k0∂r





2

≥ 0 b d�p z c+i
Y�]�_V] y m�j+fG^.X%\<`��IW�R<Z&[LR y�s T�fGZ�W.`�Z&[<`1eiW�RIY�T�R"]
��^.`�oGc1`�`�W�Y�T�^�RL[�j!V�b.^�c	��T�o
Ω(r) p���`�ZCc1`<]
��c7b�T���^�RLm<] y YnXQ^�T�oa^.X�Z']�X'Y�b�XC[wZ'b s XQZ&[�\<`�\�R<^�T7_V\xU7]�`�ZCc�T�fV�'R#�
]�R<c.[�T�c7RIfB`�m<]�R<Z&[<XQoKZ dΩ/dr > 0 b �"R�T�ZCc7] y�m XQ^�T.XIe X m�jr[
�Se�` � XC[ X �.XQ^.[�W�R"]
���
^�j+f m R<Z&[<XQo���� � �'R"]�R<c.[�T�cGi X [<`>T�� b d�p z c+i�\�jr[<XQc7RLXC[P\�R � ^�j�o}W.X"�CbI]
�I[LRL[ �nY�]�_
Z&[LRLm�T7]nT��"R���T�T�^.XC`�Z&XQZCT�ehe�XC[�W�T m ^�j+f b s 6= 0 iS\<`��"e�b s XQ^�T�oy\��'R��Q`�\<`1euY�T�ZCc1X
^.XC`�mQf1`QY�T�ehRBm�`<]
�
�KR"_ X�m XIe c0

X \<X&]nT m T�^�R cs p� j m T�Z']nT�e ZC^�R m R"]�R \<X&]nT m T�^7b cs = c1(s)
X ^.XC`�mQf1`QY�T�e�b y Y�]�_

Z&[LRLm�T7]nT��"R���T�T ^.XC`�Z&XQZCT�ehe�XC[�W�T m ^�j+f \<`��"e�b s XQ^�T�o \ e�`QYnX&]nT Y�T�ZCc7R Z
∂ ln(2Ωσ0/∂e2)/∂r = 0 p � �C[<`1e�Z']�b m RLX
ZC\<`�m�`QY�^�j�o m ]�XQ^x\ b d�p � w�i
`�m�W�R s RLXC[�Z�_
\d^7b"]
�dTBY�T�ZCU.XQW�ZCT.`�^�^.`�X�b.W�R<\�^.XQ^�T.X�Z&[LR<^.`�\�T.[�Z�_,c�\�RIY�W�RL[�^�j�eyU.` ω̂ X U�W�T m XIe
]nT�^.XQo�^�j�oVU.` ω̂ m ]�XQ^�`�[�Z'b7[�Z&[�\Lb�XC["p�È W�R<^�T	��R%b1Z&[<`�o m T�\<`�Z&[�T�Y�]�_�Y�T�ZCc7R X `�U�T��
ZCj�\�RLXIe�`��&`>["R<c�T�e�Y�T�ZCU.XQW�ZCT.`�^�^�j�e�b.W�R<\�^.XQ^�T.XIe X `�U�W.X'YnX&]�_�XC[�Z�_yT��,b�Z']�`�\�T�o
ω̂2 = 0 T ∂ω̂2/∂k = 0 b ω̂2 = 0 \�ekT�^�T�e�b�e�X>Y�T�ZCU.XQW�ZCT.`�^�^.`�olc�W�T�\<`�oGi�p� j�U.`<]n^.XQ^�T.X!�C[�T�fab�Z']�`�\�T�oa`��I^�R m RLXC[ X�m [�`wY�]�_Vb1Z&[<`�o m T�\<`�Z&[�TP\<`��"e�b s XQ^�T�oaZ
VST�c�ZCT�W.`�\�R<^�^�j�e s < 1 ^.XC`�mQf1`QY�T�e�`

cs ≥ c1(s) = c0
√

1 − 2 s2r(Ω2)′/∂e2, b d�p z dSi
R>Y�]nT�^�R�\<`<]n^�j�ehR<W��CT�^�R"]
��^.`sb1Z&[<`�o m T�\�j+f b U�W�T cs = c1(s) ix\<`��"e�b s XQ^�T�o
`�U�W.X'YnX&]�_�XC[�Z�_>Z&`�`�[�^.`$�wXQ^�T.XIe

k = k1(s) = k0[1 − 2 s2r(Ω2)′/∂e2]−1. b d�p z ¡�i
��[�Z y Y
R,\�T�Y�^.` X'm [<`�Y�]�_�b7m�j�\�R y�s T�f Ω(r) �CW�R<^�T	��R�b1Z&[<`�o m T�\<`�Z&[�TsZ�Y�\�T��'R#�
XC[�Z�_G\xY�]nT�^�^.`�\<`<]n^.`�\Lb y `�m<]�R<Z&[
�KTG^.XC`�mCf1`QY�T�ehR"_,Y�]�_PZ&[LRLm�T7]nT��"R���T�TG\<`��"e�b �s XQ^�T�o>\<X&]nT m T�^�R cs = c1(s) \<`��IW�R<Z&[LRLXC[�ZdW.`�Z&[<`1etU�R<W�R�e�XC[�W�R s p
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��XQW.XQo�YnXIei[<XQU.XQW	��c>U.`<]�b m XQ^�T y b1Z']�`�\�T7_Pb1Z&[<`�o m T�\<`�Z&[�T�\,e�`QYnX&]�_7fGm�X"�
`�U�W.X'YnX&]�XQ^�^.`�oGZC\L_��IT σ0(r) T Ω(r) p(� m XQ\�T�Y�^.` X#m [<`�\ �C[<`1e�Z']�b m RLXS�CW�R<^�T	��R
b1Z&[<`�o m T�\<`�Z&[�TPYn`<] � ^�R�`�U�W.X'YnX&]�_�[
��Z�_�T��wZ&`�\<`�c7b.U�^.`�Z&[�TGb1Z']�`�\�T�o D(k) = 0 X
dD(k)/dk = 0 b ZQerp�U pxw7ped�p�c+i�p � j m T�Z']�XQ^�T7_,U�W.`�\<`QY�T�e \d��]�R<\�^.`1e}U.`�W�_7Y�c1X�U.`
U�R<W�R�e�XC[�W7b

µ =

∣

∣

∣

∣

∣

∣

s
2 Ω

∂e kT

d ln(2 Ω σ0/∂e2)

dr

∣

∣

∣

∣

∣

∣

b d�p z�u i
b ��YnX kT = ∂e2/2 π Gσ0 = k0/2 i%T T�ZCU.`<]
���Cb�_�\>c7R m XQZ&[�\<X,^�R m R"]
��^.`��&`�U�W�T��
m<]nT � XQ^�T7_�W.X �wXQ^�T.X b d�p z dSi�p � W.X"�CbI]
�I[LRL[<XyT�� b1Z']�`�\�T7_ D = 0 U.`<]�b m RLXIe
c�W�T.[<XQW�T�o>b1Z&[<`�o m T�\<`�Z&[�T�\<`��"e�b s XQ^�T�oPZ �"RIY
R<^�^�j�e s

� f�c3d����
cs ≥ csmin

(s) ' c0[1 − 2 s2r(Ω2)′/∂e2]1/2(1 + 0,6µ2/3), b d�p z+� i
R,T��xb1Z']�`�\�T7_ dD/dk = 0 Z Y�]nT�^7b�\<`<]n^�j�ehR<W��CT�^�R"]
��^.`,b1Z&[<`�o m T�\�j+f b U�W�T
cs = c2(s) ir\<`��"e�b s XQ^�T�o �

k = k2(s) ' k0[1 − 2 s2r(Ω2)′/∂e2]−1(1 − 0,6µ2/3). b d�p z�z i
~�X"�Cb"]
�Q[LRL[ b d�p z�z iv`��I^�R m RLXC[ X3m [<`dehR<W��CT�^�R"]
��^.`�b1Z&[<`�o m T�\�jrX�\<`��"e�b s XQ^�T7_

\��'R��Q`�\<`1e Y�T�ZCc1X�Z>W.`�Z&[<`1e�Z&[<XQU.XQ^�T�T�fg^.XC`�Z&XQZCT�ehe�XC[�W�T m ^.`�Z&[�T�Z&[LR<^.`�\L_�[�Z�_
\�Z&X�m�`<]�XCX>Y�]nT�^�^.`�\<`<]n^.`�\�j�ekT pqjd]�_lZ&[LRLm�T7]nT��"R���T�Tl[LR<c�T�fu\<`��"e�b s XQ^�T�o�Z&`��
��]�R<ZC^.` b d�p z+� ix^.XC`�mQf1`QY�T�ehR�m�`<]
�
�KR"_yY�T�ZCU.XQW�ZCT7_�ZCc1`�W.`�Z&[<XQo X Z&`�Z&[LR<\L]�_ y�s T�f
�'R��Q`�\�j�oPY�T�ZCcs`�m�¥vXQc.[<`�\ b `�m<]�R<c1`�\xi X�m XIe�Y�]�_}Z&[LRLm�T7]nT��"R���T�Ts`�Z&XQZCT�ehe�XC[�W�T m �
^�j+fP\<`��"e�b s XQ^�T�o p(��`
�C[<`1e�baXQZ&[<XQZ&[�\<XQ^�^.`�U.`�Z&[LR<\�T.[
�,\<`�U�W.`�Z�`�\<`��"e�` � ^.`�Z&[�T
U�W�R<c.[�T m XQZCc1`��&`,U�W�T�e�XQ^.XQ^�T7_�c�W�T.[<XQW�T7_�b�Z&[<`�o m T�\<`�Z&[�T b d�p z+� i�p

�kZ']nTs`��CW�R<^�T m T.[
��Z�_s[<`<]
��c1`G`�Z&XQZCT�ehe�XC[�W�T m ^�j�ekT b s = 0 i�\<`��"e�b s XQ^�T��
_nekT X [<`GY�]�_�b1Z&[<`�o m T�\<`�Z&[�T �'R��Q`�\<`��&`,Y�T�ZCc7RG^.XC`�mQf1`QY�T�e�`P\�j�U.`<]n^.XQ^�T.X,^.XQW�R#�
\<XQ^�Z&[�\�R cs ≥ c0 = π Gσ0/∂e p�� �.XQ^�T�\�R"_��C[LbV\<X&]nT m T�^7b,\wZ&`<]n^.X m ^.`�o,`�c�W.XQZ&[��
^.`�Z&[�T �'R"]�R<c.[�T m XQZCc1`��&`�Y�T�ZCc7R b σ0 ' 10

�
�/ U�c 2 Z � ��u f��Ài X U.`<]�b m RLXIe

c0 ' 4 c�e � Z�pI�
]�X'Yn`�\�RL[<X&]
��^.` X ekT�^�T�ehR"]
��^.`�^.XC`�mQf1`QY�T�ehR"_�Y�]�_Sb1Z&[<`�o m T�\<`�Z&[�T
�'R��Q`�\<`��&`�Y�T�ZCc7RtÈ7R"]�R<c.[�T�c�Ta\<X&]nT m T�^�RS`QY�^.`1e�XQW�^.`�oKY�T�ZCU.XQW�ZCT�T,ZCc1`�W.`�Z&[<XQo,�'R#�
�Q`�\�j+fP`�m<]�R<c1`�\ c(1)g ' 3 c�e � Z b \Ve�`CYnX&]nT��'R��Q`�\<`��&`wY�T�ZCc7R X T��Q`�[<XQW�ekT m XQZCc1`��&`
U.`�U.XQW.XQcyXQ�&`sU7]�`�ZCc�`�Z&[�T X `CY�^.`1e�XQW�^�R"_�Y�T�ZCU.XQW�ZCT7_�ZCc1`�W.`�Z&[<XQo��'R��Q`�\�j+f�`�m<]�R#�
c1`�\ c(1)g W�R<\�^�R�T��Q`�[<XQW�ekT m XQZCc1`�oyZCc1`�W.`�Z&[�T��I\Lb.c7R cT = cs/

√
γs ' 0,8 cs

X R
[�W.X'f�e�XQW�^�R"_�Y�T�ZCU.XQW�ZCT7_tZCc�`�W.`�Z&[<XQo�`�m<]�R<c�`�\ c(3)g =

√
3cT ' 1,4 cs i�pJ��`<]�b �m XQ^�^�R"_�`$�.XQ^�c�R�Z'b s XQZ&[�\<XQ^�^.`Ve�XQ^	�
�wXx^�RLm<] y Y
RLXIe�`�o c(1)g ' 5 ÷ 7 c�e � Z b ZQerp

U pYf�p¢w7p¢w�i�p
� W.`�Z&[<`1e�Z&[<XQU.XQ^�T�^.XC`�Z&XQZCT�ehe�XC[�W�T m ^.`�Z&[�T�\<`��"e�b s XQ^�T�o�^.XC`�mCf1`QY�T�ehR"_

Y�]�_KU.`QY
R<\L]�XQ^�T7_�T�fB^.X&b1Z&[<`�o m T�\<`�Z&[�TwY�T�ZCU.XQW�ZCT7_KZCc1`�W.`�Z&[<XQoB�'R��Q`�\�j+fw`�m<]�R<c1`�\
W�R<Z&[<XC[ � ZQerp b d�p z+� i ��p ��^�R"]nT�� X R<^�R"]�`��CT m ^�j�o�U�W.`�\<X'YnXQ^�^.`1e�b�\tU p~w7ped�ped�Y�]�_
�I\<X"�&Y�^.`��&`VY�T�ZCc7R X U.`�c7R��Ij�\�RLXC[ X.m [<`�Z&`�`�[�^.`$�wXQ^�T.X b d�p z+� i�\>U�W.X'YnX&]�X |s| → 1
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e�` � XC[dm�jr[
�wT�ZCU.`<]
���Q`�\�R<^.`%Y�]�_,`$�.XQ^�c�T,\<XQW�f�^.XQo��CW�R<^�T	��j�^.XC`�mQf1`QY�T�e�`�oBY�]�_
b1Z&[<`�o m T�\<`�Z&[�T��'R��Q`�\<`��&`wY�T�ZCc7R�\<X&]nT m T�^�j cs �

sup{csmin
(s)}= ĉs' c0

√

√

√

√

2 + n

2 − n

{

1 + 0,6
∣

∣

∣

∣

√

√

√

√

2

2 − n

(

n

kTr
+
d lnσ0

kTdr

)

∣

∣

∣

∣

2/3}

, b d�p z |+i
��YnX�Y�]�_VbIYn`�m�Z&[�\�RBU�W�T�e�XQ^.XQ^�T7_GU�W�T�^7_�["R�R<U�U�W.`�c�ZCT�ehR���T7_ Ω ∝ r−n p�� �.XQ^�T�e
\<X&]nT m T�^7b ĉs \�`�c�W.XQZ&[�^.`�Z&[�Tt�+`<]n^	��R.pr��`<]�R<�'R"_ n = 1 T (d lnσ0/dr)

−1 '
−4 c�U�c � � ¡<|�� X U.`<]�b m RLXIe ĉs ' c0

√
3(1 + 0,07) ' 7,5 c�e � Z�p(�+`�`�[�\<XC[�Z&[�\Lb y �s R"_ �C[<`�oa`$�.XQ^�c1X�`QY�^.`1e�XQW�^�R"_,Y�T�ZCU.XQW�ZCT7_GZCc1`�W.`�Z&[<XQoV`�m<]�R<c1`�\ c(1)g ' 6 c�e � Z

U.`�U�RIY
RLXC[�\�^�RLm<] y Y
RLXIekj�oBT�^.[<XQW�\�R"]0�C[<`�ow\<X&]nT m T�^�jSp � R<c1`�owW.X"�Cb"]
�I[LRL[�`��I^�R#�m RLXC[ X:m [<`%��R��Q`�\�j�o%Y�T�ZCckÈ�R"]�R<c.[�T�c�TK\�`�c�W.XQZ&[�^.`�Z&[�T��+`<]n^	��R�Z
U.`��CW.X �B^.`�Z&[
� ytX
^.XxU�W.XQ\�j1�KR y�s XQoP^�RLm<] y Y
RL[<X&]
��^7b ytX ehR<W��CT�^�R"]
��^.`�b1Z&[<`�o m T�\�p
�703/10��{0 ��:  BACJdH�D ��M�H�:<=<D.A ��?.8"=<D.JC8 �.D.:<;.;.:<O ��M'J":<O.N.D.=<:�M'J"D ��8"J �K?.A��.A �.J:��.AC;.9.D �.:<=<AC? "�;.:�M'J";.:<O �7H�:<J";.:�M'J"D
��8 	C:<=��#" �.:��nM'D�M'J"A�� ��8IH�8"9.J"D.9 �

qSR<cKb � X�`�[�e�X m R"]�`�Z �x\�j1�wX X ehR<W��CT�^�R"]
��^.`db1Z&[<`�o m T�\�j�oVU.`d`�[�^.`$�BXQ^�T y
cK`�Z&XQZCT�ehe�XC[�W�T m ^�j�e}\<`��"e�b s XQ^�T7_nes�'R��Q`�\�j�oxY�T�ZCc�È7R"]�R<c.[�T�c�T,T�e�X&]�m�jtU�W�T��
e�XQW�^.`,\"Y�\<`�Xwe�XQ^	�
�xb y ^�RLm<] y Y
RLXIe�`�oGY�T�ZCU.XQW�ZCT y ZCc1`�W.`�Z&[<XQo���R��Q`�\�j+fP`�m<]�R#�
c1`�\�p � R<c1`�o � Xs\�j�\<`QY�\�U�W�T�e�XQ^.XQ^�T�T�c��'R��Q`�\�j�e U.`QY�ZCT�Z&[<XIehR�e�W�_7Y
RsY�W7b �
�CT�f��'R"]�R<c.[�T�c�m�j�]tU.`<]�b m XQ^tq%\�T�W�c1`1e � � w�c���p � [<` � XG\�W.XIe�_�`$�.XQ^�c7R�\<XQW�f��
^.XQow�CW�R<^�T	��ji^.XC`�mQf�`QY�T�e�`�oSY�]�_xb1Z&[<`�o m T�\<`�Z&[�TK�'R��Q`�\<`��&`rY�T�ZCc7R�`�[�^.`�ZCT.[<X&]
��^.`
^.XC`�Z&XQZCT�ehe�XC[�W�T m ^�j+fK\<`��"e�b s XQ^�T�oB\<X&]nT m T�^�j�Y�T�ZCU.XQW�ZCT�T�ZCc�`�W.`�Z&[<XQo���R��Q`�\�j+f
`�m<]�R<c1`�\w`�c7R��"R"]�R<Z �xm<]nT��Ic7Rwca^�RLm<] y Y
RLXIe�`�oa\w`�c1`<]�`�Z&`<]n^.X m ^.`�oV`�c�W.XQZ&[�^.`�Z&[�T
È7RI]�R<c.[�T�c�T pO�+[<`�[SW.X"�Cb"]
�I["RL[SU.`��I\<`<]�_�XC[�^�RIYnX&_�[
��Z�_K^�R�[<` X3m [�`S��R��Q`�\�jrX Y�T�ZCc�T
�'R"]�R<c.[�T�c X c�R<c�U�W�R<\�T7]�` X ehR<W��CT�^�R"]
��^.`�b1Z&[<`�o m T�\�jSp

��Y�^�R<c1`gU�W�_nehR"_�U�W.`�\<XQW�c7R �C[<`�o��CT�U.`�[<X"�Ij �"RL[�W7bIY�^.XQ^�R X U.`�ZCc�`<]
��c7b�\
�'R��Q`�\�j+f�U.`QY�ZCT�Z&[<XIehRIf��'R"]�R<c.[�T�cyYn`�Z&[LRL[<` m ^.`�^�RIYnX � ^.`�^�RLm<] y Y
RLXC[�Z�_�]nT	� �
RL[<`1ehR<W�^�j�o}\<`QYn`�W.`QY X Ra\�c7]�RIY�\GU.`�\<XQW�f�^.`�Z&[�^7b y U7]�`�[�^.`�Z&[
�VY�T�ZCc7RGe�`<]�XQc7b �
]�_�W�^.`��&`�\<`QYn`�W.`QY
RsTi�&X&]nT7_�[�W7bIY�^.`�`�U�W.X'YnX&]nT�erp � [<` � XP\�W.XIe�_�Y�T�ZCU.XQW�ZCT7_
ZCc1`�W.`�Z&[<XQo��'R��Q`�\�j+f>`�m<]�R<c1`�\V\�Y�T�ZCc�RIfs�'R"]�R<c.[�T�csZ']�RLm�`Ge�XQ^7_�XC[�Z�_�\"Yn`<]
�VW�R#�
Y�T�R"]
��^.`�o�c1`�`�W�Y�T�^�RL[�j b �"RsT�ZCc7] y�m XQ^�T.XIe�ZQR�ekj+fi\�^7b7[�W.XQ^�^�T�f�`�m<]�R<Z&[<XQoGiwT
U�W�R<c.[�T m XQZCc�T ^.X0�"R<\�T�ZCT.[G`�[P[�T�U�RPT ehR<ZCZCj��'R"]�R<c.[�T�c�T � c�c�� X ¡�¡ u ��pY��`
�C[<`1e�b
XQZ&[<XQZ&[�\<XQ^�^.`VU.`�U�jr[LRL[$��Z�_�U�W.`�\<XQW�T.[
�a�CT�U.`�[<X"�CbP`GehR<W��CT�^�R"]
��^.`�o>b1Z&[<`�o m T�\<`��
Z&[�T��'R��Q`�\�j+ftU.`QY�ZCT�Z&[<XIe��'R"]�R<c.[�T�c X `�m�W�RL[�T�\y\�^�T�ehR<^�T.Xs^�R}`$�.XQ^�c7bt^.XC`�mQf1`��
Y�T�e�`�o�Y�]�_�b1Z&[<`�o m T�\<`�Z&[�T}�'R��Q`�\<`��&`�Y�T�ZCc7RV\<X&]nT m T�^�j cs

X RaT�e�XQ^�^.`GZ&`�`�[�^.`��
�wXQ^�T.X b d�p z |+i cs >∼ sup{csmin(s)} = ĉs(σ0, n, Lσ) ∝ σ0 �"R<U�T�ZQRL[
�i\�\�T�YnX
σ0 <∼ σ̂0(c

obs
s , n, Lσ) p � R<c1`�o�U.`QY�f1`QY b U�W.X'Y�]�` � XQ^.^�j�o�\�W�RLm�`�[<X � ¡�¡#�ÀiS\sZ']�b �m RLXwb1ZCU.X �B^.`�osU�W.`�\<XQW�c�T�\V[<X'f m R<Z&[Q_7f��'R"]�R<c.[�T�c X ��YnXxYn`<]�_}e�`<]�XQc7b"]�_�W�^.`��&`

\<`QYn`�W.`QY
RPU�W.XQ^.XCm�W.X � T�e�`�ehR"]�R X e�`���m�j�Y
RL[
��W.X �.XQU.[>`$�.XQ^�c�T \<XQW�f�^.XQo �CW�R#�
^�T	��jtU.`�\<XQW�f�^.`�Z&[�^.`�o�U7]�`�[�^.`�Z&[�T b T X Z']�X'Yn`�\�RL[<X&]
��^.` X `�m s XQoKehR<ZCZCj~i{��R��Q`�\�j+f
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σ0
$4G��'3:9'A'$

σ̂0
E'GtW�+'( _�d.RQ1�3sZ�$'9'$��65?M �

�
�!E'A 2 (6<*5?>@5�A*B�$'A�3 � U�P&:G�G�B�1�3YB�&YB�1�H*��B Z�1�3bB�G�I'A'$DNOG`Z�965qW�L�3Y�bH�I'3YB�5

H2

R	G�B!u9'G�&:$*B�&�; A
r = D0/2

CfZ�/*H��Y5!; � A r = 8
A'E'ADC ��Z�3

σH2
' 1,5σHI

S ����U?V ( �[5!Xl5c<�5?>@5�A*B�$'A*5�E'/'3sZ�&YB�5�1?>�3`965B�G�I'A�5�\%$
Γ−10

W
r = 10

A'E'A�R%$
Γ−6

W
r = 6

A'E'A�Rs( �E'G�&s>�3sZ�9'3:\h&s>6H�I65�3	G��'3:9'A�5
σ̂0
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ω̂4 − ω̂2
[

∂e2 +
(

k2c2s − 2 π Gσ0k
)(

1 − 2 s2r dΩ
2

∂e2dr

)]

−

−2 sΩ ω̂kc2T

[

γs
d

dr

(

ln
2Ωp

2/γs

0

∂e2σo
Ω2(1−γs)/γs

z

)

− 2πGσ0

kc2T

d

dr

(

ln
2Ω

∂e2
σ0

)]

−

−
(2sΩkc2T

∂e

)2[d ln p0Ωz

dr
− 2πGσ0

kc2T

d lnσ0Ωz

dr

] d

dr
ln

p0

σγs
0 Ωγs−1

z
= 0 . b d�p |+¡�i
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#%$'&�(e+'( )*( �Q3YB�1�$jA�G!>�3:L.5�9'$'~ �:/65�1�$*B�$'/*H���7l3,�`G��s5?u�`G�1�G��:GhZ�$'&:A�5j1w\%G`Z�3s>�$�&
d ln(Ω)/d ln(r) = −1

]
η = d ln(cs)/d ln(σ0) = 0,3

]
cs = 1,87 c0 =

1,87πGσ0/∂e
]
γs = 1,5

]
s/kTLσ = 0,05

]
s/kT r = 0,02

Wa�YZ�3:&:�
kT = ∂e2/2π Gσ0

]
Lσ = |d ln σ0/dr|−1 ] s = m/kr

Rs( 	gH�9'A*B�$'/'965!;A'/'$'1.5!; � $'9'A'/'3:\%3:9*B �:/65?Z�$'3:9*B�9'G!u�!:9*B./'G�E'$'~'96G�~9'3YH�&YB�G�~'I6$'1�G�&YB�$ W�&:\�(6ED(6+'( )*( +�R

��XC[�W7bIY�^.`B\�T�YnXC[
� Xxm [<`B\wU�W.X'YnX&]�X�T�� �Q^.[�W.`�U�T m XQZCc�`��&`dY�T�ZCc7R b ZQerp b d�p u dSi_ib d�p |+¡�i}U.XQW.X'f1`QY�T.[ \�Y�T�ZCU.XQW�ZCT.`�^�^.`�Xgb.W�R<\�^.XQ^�T.X b d�p � w�i�p�jd]�_ U���T7]�` � XQ^�T�o
bIYn`�m�^.`�U.X �.XQo.[�Tg`�[�\<X&]nT m T�^�j Y
R<\L]�XQ^�T7_gct[<XIekU.X ��RL[Lb��.X T0 b p0 ∝ σ0T0 i
T7]nT}ZCc1` �.`�Z&[�T �I\Lb.c7R b cs ∝

√
T0 i�p � `�[Q]nT m T.X�`�[ab.U.`1e�_�^7b7[<`��&`>U�W.X'YnX&]�RaT��"�

�Q^.[�W.`�U�T m XQZCc1`��&`�Y�T�ZCc7R X \s`�m s XIe Z']�b m RLXGZ&`�Z&[<`I_�^�T.XVY�T�ZCc�R�`�U�T�ZCj�\�RLXC[�X s X
`QY�T�^>U�R<W�R�e�XC[�W

η =
d ln cT
d lnσ0

=
d lnT0

2 d lnσ0
, b d�p | u i

\"f1`QY�_ s T�oP\BY�T�ZCU.XQW�ZCT.`�^�^.`�XSb.W�R<\�^.XQ^�T.X b d�p |+¡�i m XQW.X"�x\<X&]nT m T�^7b
d

dr
ln
p0

σγs
0

= 2
d lnσ0

dr
(η − η0), b d�p | � i

��YnX η0 = (γs−1)/2 b U�W�T η = η0 Y�T�ZCc�T�� �Q^.[�W.`�U�T m XQ^�\%Z']�b m RLX Ωz = `�
���]�� i�p
�SZC^.` X�m [<`�`$�.XQ^�c7R�^.XC`�mCf1`QY�T�e�`�oSY�]�_K�CW�R<\�T.[LR���T.`�^�^.`�owb�Z&[<`�o m T�\<`�Z&[�TK�'R#�

�Q`�\<`��&`xY�T�ZCc7RB\<X&]nT m T�^�j ĉs b ZQerp b d�p z |+i_ihYn`<] � ^�R �"R<\�T�Z&XC[
�B`�[�U�R<W�R�e�XC[�W�R η p
��`
�C[<`1e�b,XQZ&[�XQZ&[�\<XQ^�^.`KU.`�Z&[LR<\�T.[
��\<`�U�W.`�Z �7U�W�TPc7R<c�`1e �I^�R m XQ^�T�T η \<X&]nT m T�^�R
ĉs m<bIYnXC[�ekT�^�T�ehR"]
��^.`�o � �+[<`�[�\<`�U�W.`�Z X ` m XQ\�T�Y�^.` X R<^�R"]�`��CT m XQ^�`�m�Z'b � Y
R<\��
�wXQo�Z�_g\�U p6w7ped�p u U�W.`�m<]�XIe�X�\<X&]nT m T�^�j �CW�RIY�T.XQ^.[LR�Y�T�ZCU.XQW�ZCT�TgW�RIY�T�R"]
��^�j+f
ZCc1`�W.`�Z&[<XQo �I\<X"�&Ya\SY�T�ZCc7RIfV�'R"]�R<c.[�T�c p   XQZ']nTV\xW.X"�Cb"]
�I[LRL[<X�W.X �wXQ^�T7_VU.`�Z&[LR<\��
]�XQ^�^.`�o �"RIY
R m T�`�c�R � XC[�Z�_ XGm [<`a\<X&]nT m T�^�R ĉs ekT�^�T�ehR"]
��^�R,U�W�T Lσ

X �"R�e�XC[�^.`
e�XQ^	�
�wXIe Xxm XIe Lc

X [<`B[<XIe�ZQR�ekj�eyZ&[LR<^.XC[BU.`�^7_�[�^�j�eyb.U.`1ekT�^�R<\
�BT�o�Z�_a\�j1�wX
^�RLm<] y Y
RL[<X&]
��^�j�ozVdR<c.[pZ�\<XQZ ��ehRde�X'Y�]�XQ^�^.`�X�b7m�j�\�R<^�T.X cs(r) c,U.XQW�T�V%XQW�T�T
Y�T�ZCc7R.p � ZC\L_��IT�Z1�C[�T�e �"R�e�XC[�T�e X�m [<` �Q^.XQW��CT7_��'R��"R X \�W�R s R y�s XQ�&`�Z�_�\ �"RIY
R<^��
^.`1e��CW�R<\�T.[LR���T.`�^�^.`1e�U.`<]�X��'R"]�R<c.[�T�c�T X [<XIe�e�XQ^	�
�wX X�m XIe�e�XQ^	�
�wXhY�T�ZCU.XQW�ZCT7_
ZCc1`�W.`�Z&[<XQos�'R��Q`�\�j+f�`�m<]�R<c1`�\�p.�kZ']nT�^�RLm<] y Y
RLXIe�`�X �I^�R m XQ^�T.X η m<bIYnXC[GZ&`�\�U�R#�
Y
RL[
�VZS[<XIe X U�W�T�c1`�[<`�W.`1e�^.XC`�mQf1`QY�T�ehR"_GY�]�_>b1Z&[<`�o m T�\<`�Z&[�TPY�T�ZCc7R�\<X&]nT m T�^�R
ĉs(η) ekT�^�T�ehR"]
��^�R X [<` �C[<`}m<bIYnXC[}`��I^�R m RL[
� X�m [<`�Z&[LR���T.`�^�R<W�^�jrX�W�R<ZCU�W.X'YnX��
]�XQ^�T7_>U�R<W�R�e�XC[�W.`�\��'R��Q`�\<`�oGU.`CY�ZCT�Z&[<XIekj�Z&`���]�R<Z&`�\�R<^�ju["R<c�T�et`�m�W�R��Q`1e X#m [<`��
m�j �Q^.XQW��CT7_s��R��Q`�\<`��&`�Y�T�ZCc7RVT�e�X&]�RaekT�^�T�ehR"]
��^.`�X �I^�R m XQ^�T.X X Z&`�\�e�XQZ&[�T�e�`�XBZ
b1Z']�`�\�T.XIeiXQ�&`��CW�R<\�T.[LR���T.`�^�^.`�oPb1Z&[<`�o m T�\<`�Z&[�T p� W�R<\�^.XQ^�T.X b d�p |+¡�i�`�U�T�ZCj�\�RLXC[ m XC[�j�W.Xa\<XC[�\�Tyc1`<]�XCm1R<^�T�o��'R��Q`�\<`��&`GY�T�Z5�
c7R.pxjw\<X%T��d^�T�f{Z��CW�R<\�T.[LR���T.`�^�^�jrX b ZQerp7\<XC[�\�T �=X�� � ^�RBW�T�Z�pSd�p�c+i���X s X�`QY�^�R X
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`�m<]�RIY
R y�s R"_aZC\<`�o�Z&[�\�R�ekTa\<`<]n^G~�`�ZCZ&m�T b ZQerp�U pxd�p¢w7p�c+i�Z �CW�RIY�T.XQ^.[�^�R"_ b \<XC[�\
�� � � ^�R�W�T�Z�p#d�p�c+i�pG�SR<c1`�^.X � X U.`�Z']�X'Y�^7_._ b \<XC[�\
� � � ^�R�W�T�Z�p#d�p�c+iqZ�[<` � Xx�CW�RIY�T��
XQ^.[�^�R"_ X ^.` X \a`�[Q]nT m T.X�`�[P\<XC[�\�T � � �=X XCX m R<Z&[<`�[LR ω̂ ≡ 0 \Pe�`QYnX&]nT�T�� �Q^.[�W.`��
U�T m XQZCc1`��&`%Y�T�ZCc7R.pS��`
�C[<`1e�b�\<XC[�\
� � � XQZ&[<XQZ&[�\<XQ^�^.`w^�R��Ij�\�RL[
� ����� � � � � � �
� � � � p
È W�RIY�T.XQ^.[�^�R"_ T �Q^.[�W.`�U�T�o�^�R"_�\<XC[�\�T�c1`<]�XCm1R<^�T�o�_�\L]�_ y [�Z�_}^�T��Ic1` m R<Z&[<`�[�^�j �
ekT b |ω̂II,III| � ∂e ihU�W�T,] y m�j+f�Y�]nT�^�RIfV\<`<]n^V\<`��"e�b s XQ^�T�o p�jd]�_V\<`��"e�b s XQ^�T�o
ZsY�]nT�^�R�ekT�\<`<]n^ X `�U�W.X'YnX&]�_�XIekj�ekT�Z&`�`�[�^.`$�wXQ^�T.XIe k ' kJ = π Gσ0/c

2
s
X

U�W�T cs <∼ ĉs(η)
X ^�T��Ic1` m R<Z&[<`�[�^�j�ekT�_�\L]�_ y [�Z�_ T �CW�R<\�T.[LR���T.`�^�^�jrXi\<XC[�\�T �

ω̂I ÷ ω̂IV ∼ cs/Lσ pe�+[<` X XQZ&[<XQZ&[�\<XQ^�^.` X U�W�T�\<`CY�T.[�cV\��"R<T�e�`�\L]nT7_�^�T y �CW�R<\�T.[LR#�
��T.`�^�^�j+fGTG�CW�RIY�T.XQ^.[�^�j+fG\<XC[�\<XQoa\xb.c7R��"R<^�^.`�oV`�m<]�R<Z&[�T,Y�]nT�^P\<`<]n^aT X Z']�X'Yn`��
\�RL[<X&]
��^.` X cy�CW�R<\�T.[LR���T.`�^�^.`�� �CW�RIY�T.XQ^.[�^.`�oi^.X&b1Z&[<`�o m T�\<`�Z&[�Ti��R��Q`�\<`��&`PY�T�ZCc�R
U�W�T cs < ĉs T b ZCW p�Z&`0�I\<X"�&Y�^�j�eyY�T�ZCc1`1e?Z�U pGw7p¢w7pedSi�p

��T � X+Y�]�_B`$�.XQ^.`�cx`�����R<^�T m T�ekZ�_KZ']�b m RLXIe Ωz = const p �%T�Z']�XQ^�^�jrXrW�R<Z5�m XC[�j�U.`�c7R��"R"]nT � |3d�� Xhm [<`}\�e�`QYnX&]nT�Z γs = 3/2 U�W�T η = η1 ' 1/2 ZC\L_��#�
e�X � Y�bV�CW�R<\�T.[LR���T.`�^�^.`�o b � � i Ta�CW�RIY�T.XQ^.[�^.`�oa\<XC[�\L_nekTaZCT7]
��^.XQo XSm XIe�e�X � Y�b
�CW�R<\�T.[LR���T.`�^�^.`�o b � i(T �Q^.[�W.`�U�T�o�^.`�o X Td^.X&b�Z&[�`�o m T�\<`�Z&[
� X `�m<b1Z']�`�\L]�XQ^�^�R"_ �C[<`�o
ZC\L_��#� ytX T�Z m X"�"RLXC[KU�W�TGm��`<]
�
�BT�f �I^�R m XQ^�T7_7fG\<X&]nT m T�^�j cs p(�kZ']nT � X η > η1

X
[<` U�W�Tim��`<]
�
�BT�f �I^�R m XQ^�T7_7f cs T�Z m X"�"RLXC[�^.X&b1Z&[<`�o m T�\<`�Z&[
� X `�m<b1Z']�`�\L]�XQ^�^�R"_
ZC\L_��#� y �Q^.[�W.`�U�T�o�^.`�o�T>�CW�R<\�T.[LR���T.`�^�^.`�o b � i�\<XC[�\L_nekT p � c7R��"R<^�^�j�o>U.XQW.X'f1`QY X
`�U�W.X'YnX&]�_ y�s T�oV�CW�R<^�T	�7b�b1Z&[<`�o m T�\<`�Z&[�TaZC\L_��IT�`�[BU�R<W�ju\<XC[�\<XQo b � � � � � � i U�W�T
η < η1 c�U�R<W.X b � � � � iGU�W�T η > η1

X U�W�T�\<`QY�T.[�c�U.`I_�\L]�XQ^�T y ekT�^�T�e�b�ehR
\lV�b.^�c	��T.`�^�R"]
��^.`�o��"R<\�T�ZCT�e�`�Z&[�TP^.XC`�mCf1`QY�T�e�`�oVY�]�_Gb1Z&[<`�o m T�\<`�Z&[�T>�'R��Q`�\<`��&`
Y�T�ZCc7R�\<X&]nT m T�^�j ĉs(η) U�W�T η = η1 ' 1/2 p

�%W.`�\<X'YnXIe�[<XQU.XQW	��U�W�T.m<]nT � XQ^�^.`�Xi\�j m T�Z']�XQ^�T.Xy\<X&]nT m T�^ η1 T ĉs(η1)b U.`�Z']�X'Y�^.XQo9Z c7R<cu`$�.XQ^�c�T�\<XQW<f�^.XQo��CW�R<^�T	��j ^.XC`�mQf1`CY�T�e�`�o�Y�]�_ub1Z&[<`�o m T��
\<`�Z&[�T��'R��Q`�\<`��&`�Y�T�ZCc7Ra\<X&]nT m T�^�j cs \Vb.c7R��"R<^�^.`1el\GU p�d�p�c.p�fBZQekj�Z']�X:i�^.XQU.`��
ZCW.X'Y�Z&[�\<XQ^�^.`�T�� Y�T�ZCU.XQW�ZCT.`�^�^.`��&`�b.W�R<\�^.XQ^�T7_ b d�p |+¡�i X c1`�[<`�W.`�X �"R<U�T	�wXIe>\�\�T�YnX

∆(k,ω̂) = ω̂4 + p(k) ω̂2 + q(k) ω̂ + d(k) = 0. b d�p | z i  ��U�W�T�\<X'YnXQ^�^�j+f�\�j1�wXiW�R<ZCZ'b � YnXQ^�T�o�Z']�X'Y�b�XC[ X�m [<`�U�W�T η = η1 T
cs = ĉs(η1) T�e�XCXC[Ke�XQZ&[<`Kc7R<ZQR<^�T.X%\<XC[�\<XQo � T � � \B^.XQc1`�[<`�W.`�oa[<` m c1X A(k1,ω̂1)

T�c�R<ZQR<^�T.X�\<XC[�\<XQo � � � T � � \�Y�W7b.�&`�oB[<` m c1X B(k2, ω̂2) \%U7]�`�ZCc1`�Z&[�T k, ω̂ p � ` m �
c�T�c7R<ZQR<^�T7_ A,B _�\L]�_ y [�Z�_�Z&X'Y�]�`�\�j�ekT>U.XQW.XQ\�R"]
��^�j�ekT>[<` m c7R�ekT�V�b.^�c	��T�T
∆(k,ω̂ i�T X Z']�X'Yn`�\�RL[<X&]
��^.` X \�^�T�fGYn`<] � ^�j�\�j�U.`<]n^7_�[
��Z�_Pb1Z']�`�\�T7_ �

(∂∆

∂k

)

A,B
= 0 ,

(∂∆

∂ω̂

)

A,B
= 0 , ∆(A) = ∆(B) = 0 . b d�p |�|+i

~�X �wXQ^�T.XIe �C[<`�o�ZCT�Z&[<XIekj m<bIY�b7[�T�ZCc1`1ekjrX η1
X ĉs(η1) T�c1`�`�W�Y�T�^�RL[�j [<`��m XQc A,B \VU7]�`�ZCc1`�Z&[�T b k, ω̂ i�p � bIYnXIe�T�ZCc7RL[
�VW.X �wXQ^�T.XBZCT�Z&[<XIekj b d�p |�|+i X T�Z5�

U.`<]
���Cb�_ [<`�[�VdR<c.[ X�m [<`�c1`
��VWVST	��T.XQ^.[�j q(k) T d(k) \ b d�p | z i%ehR"]njSp.jxXQo��
Z&[�\�T.[<X&]
��^.` X q ∝ λ−1 � d ∝ λ−2 b �&YnXQZ � λ = (∂e2/π Gσ0)|∂ lnσ0/∂r|−1 =
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2 kTLσ � 1 iST�\�U�W.X'YnX&]�X,`CY�^.`�W.`QY�^.`��&` b λ → ∞ i X ^.`PY�T�VWV%XQW.XQ^	��T�R"]
��^.`
\�W�R s R y�s XQ�&`�Z�_ � Ω(r) ∝ r−n � Y�T�ZCc�R�W.X �wXQ^�T.XxZCT�Z&[<XIekj b d�p |�|+i�T�e�XCXC[�\�T�Y

ĉs = c0
√

(2 + n)/(2 − n) , b d�p�f����+i
k1,2 = kJ = π Gσ0/c

2
s , b d�p�f��#f�i

ω̂1,2 = ±
√

−p(k0)/2 = ω̂01,2
. b d�p�f��+w�i� U�W�T.m<]nT � XQ^�T�T�Z']�RLm�`�^.XC`QY�^.`�W.`CY�^.`��&`yY�T�ZCc7R b λ � 1 iVW.X �wXQ^�T7_uT s XIe�\

\�T�YnX k1,2 = kJ + δ1,2 � ω̂1,2 = ω01,2
+ ε1,2

X ��YnX δ1,2 X ε1,2 Z ehR"]njrXS\<X&]nT m T�^�jSp� `���Y
R�T�� b d�p |�|+i+U.`<]�b m RLXIe
ε1,2 = q(kJ)/4 p(kJ), b d�p�f���c+i

δ1,2 =
(

1/ω̂01,2

)

(

dq

dk

)





d2p

dk2





−1

|k=kJ

. b d�p�f��3dSi
��`QY�Z&[LR<\L]�_._��"RL[<XIe��C[�T,W.X"�Cb"]
�I[LRL[�jl\ b d�p |�|+i X \�T�Y�T�e Xxm [<`Ke�X � Y�b�c1`
��VWVST	��T��
XQ^.[LR�ekT b d�p | z i+\K[<` m c�RIf>c7R<ZQR<^�T7_>\<XC[�\<XQoVYn`<] � ^�j�\�j�U.`<]n^7_�[
��Z�_>Z']�X'Y�b y�s T.X
Z&`�`�[�^.`$�wXQ^�T7_ �

q(kJ) = 0, p2(kJ) = 4 d(kJ) + 2 (dq/dk)2/(d2p/dk2)|k=kJ
, b d�p�f��+¡�i

T�ZCU.`<]
���Cb�_>c1`�[<`�W�jrXwU.`<]�b m RLXIetT�ZCc1`1ekjro�W.X"�CbI]
�I[LRL[ �
η1 '

γs

4
(3 − Λ) − 1

2
, b d�p�f�� u i

ĉs(η1) '
π Gσ0

∂e







Λ(2 + n)/(2 − n)

Λ −
√

2(1 − Λ)(5 − 3Λ)/(2 − n)







1/2

, b d�p�f�� � i
��YnX Λ = nLσ/r p

~�R<ZCZQe�`�[�W�T�e�U.`<]�b m XQ^�^�jrX�W.X"�CbI]
�I[LRL[�jtZ+[<` m c�T �IW.XQ^�T7_KT�fBU�W�T7]�` � XQ^�T�o p� R<c X \VZ&`<]n^.X m ^.`�o�`�c�W.XQZ&[�^.`�Z&[�T�È�R"]�R<c.[�T�c�T λ = 2 kT Lσ ' 35 � Λ ' 0,4 X T X
Z']�X'Yn`�\�RL[<X&]
��^.` X ĉs(η1) U�W�R<c.[�T m XQZCc�TP^.X�`�[Q]nT m RLXC[�Z�_G`�[w`�U�W.X'YnX&]�_�XIe�`�oVZ&`�`�[��
^.`$�wXQ^�T.XIe b d�p z |+iS\<X&]nT m T�^�j ĉs(η0) b YnXQo�Z&[�\�T.[<X&]
��^.` X [ĉs(η0)/ĉs(η1) − 1) <
0,05) p.��`aU�W.X'Y�ZCc7R��Ij�\�RLXIehR"_sZ&`�`�[�^.`$�wXQ^�T.XIe b d�p�f�� u i η1 = η0 + γs(1 − Λ)/4

T U�W�T γs = 1,5 T Λ ' 0,4 \<X&]nT m T�^�R η1 ' 2η0 ' 1/2 X.m [<`�^.X�Z&`���]�R<Z'b�XC[��
Z�_sZB^�RLm<] y Y
RLXIe�`�os\HÈ7R"]�R<c.[�T�c1X b ηobs ' 1/4 i�p.�kZ']nT�U���T�^7_�[
�G\<`G\�^�T�ehR<^�T.X
Ωz 6= const X [<` ��R<Z�f1` � YnXQ^�T.X�b�ZCT7]nT.[�Z�_vp � R<c�T�e `�m�W�R��Q`1e X U.`x^.XC`�m�¥ _�ZC^�T�ekj�e
\�W�R�ekc7RIfx[<XC`�W�T�TK�CW�R<\�T.[LR���T.`�^�^.`�oxb1Z&[<`�o m T�\<`�Z&[�TK�'R��Q`�\<`��&`�Y�T�ZCc�R�U�W�T m T�^�R�e X
^�RLm<] y Y
RLXIekj�o�\�È�R"]�R<c.[�T�c1X�`�[�^.`�ZCT.[<X&]
��^�j�o��CW�RIY�T.XQ^.[�Y�T�ZCU.XQW�ZCT�T�ZCc�`�W.`�Z&[<XQo
�'R��Q`�\�j+f�`�m<]�R<c1`�\ ηobs `�c7R��Ij�\�RLXC[�Z�_�e�XQ^	�
�wX�[<`��&` X U�W�T c1`�[<`�W.`1e�^.XC`�mQf1`QY�T��
ehR"_ Y�]�_yb1Z&[<`�o m T�\<`�Z&[�T �C[<`�o�U.`QY�ZCT�Z&[<XIekj�\<X&]nT m T�^�R cs ekT�^�T�ehR"]
��^�R.phjd]�_
`�U�W.X'YnX&]�XQ^�T7_iU�W�T m T�^�j �C[<`��&`�W�R<Z�f�` � YnXQ^�T7_�T�ZCZ']�X'Y�b�XIe�`�[CYnX&]
��^.`}ZC\<`�o�Z&[�\�R
�CW�RIY�T.XQ^.[�^.`�o�T��Q^.[�W.`�U�T�o�^.`�o�\<XC[�\<XQo>c1`<]�XCm1R<^�T�o>�'R��Q`�\<`��&`wY�T�ZCc7R.p
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qSR<cam�j�]�`�`�[�e�X m XQ^.`�\�U�W.X'Y�j+Y�b s XIe�W�R��&YnX&]�X X �Q^.[�W.`�U�T�o�^�R"_ b � � i+TP�CW�R#�
Y�T.XQ^.[�^�R"_ b � � � i�\<XC[�\�T c1`<]�XCm1R<^�T�o ��R��Q`�\<`��&`VY�T�ZCc7RGU�W�T�] y m�j+fsY�]nT�^�RIf \<`<]n^
\<`��"e�b s XQ^�T�o}_�\L]�_ y [�Z�_y^�T��Ic1` m R<Z&[<`�[�^�j�ekT b |ω̂II, III| ∼ ∂e/k Lσ � ∂e Z ZQerp
W�T�Z�pYd�p�c+i�p � [<` � Xa\�W.XIe�_y�CW�R<\�T.["R���T.`�^�^�jrXG\<`��"e�b s XQ^�T7_ b �=X�� � i!�"R>U�W.X'YnX��
]�R�ekTib��Ic1`�o �Q`�^�j \<`<]n^.`�\�j+f m T�Z&X&]gZ k ' kJ f7R<W�R<c.[<XQW�T��Cb y [�Z�_ m R<Z&[�`�["R#�
ekT�U.`�W�_7Y�c�R �QU�T	��T�c7]nT m XQZCc1`�o m R<Z&[<`�[�jSpY��`
�C[<`1e�b.�"RVU�W.X'YnX&]�R�ekT�b.c7R��"R<^�^.`�o
�Q`�^�j �CW�RIY�T.XQ^.[�^�jrXGT �Q^.[�W.`�U�T�o�^�jrXP\<`��"e�b s XQ^�T7_�e�` � ^.`s`�U�T�ZCj�\�RL[
��b.U�W.`��s XQ^�^�j�e b c�\�RIY�W�RL[�^�j�eyU.` ω̂ i�Y�T�ZCU.XQW�ZCT.`�^�^�j�e�b.W�R<\�^.XQ^�T.XIe X c1`�[<`�W.`�X�e�` � XC[
m�jr[
�GU.`<]�b m XQ^.`aT�� b d�p |+¡�ir`�[<m�W�R<ZCj�\�R<^�T.XIeuehR"]�`��&`|Z m XC[�\<XQW.[<`�o�Z&[�XQU.XQ^�T�U.`
ω̂ b T X Z']�X'Yn`�\�RL[<X&]
��^.` XYm XC[�\<XQW.[<`�oyZ&[<XQU.XQ^�T U.`��CW�RIY�T.XQ^.["R�e�^.XQ\<`��"e�b s XQ^�^�j+f
U�R<W�R�e�XC[�W.`�\�Y�T�ZCc7R+i m ]�XQ^�R.p���`�ZCc1`<]
��c7b�W.X"�Cb"]
�I[LRL[�j X c1`�[<`�W�jrX>m<bQY�b7[ U.`<]�b �m XQ^�j�T���[LR<c1`��&`}Y�T�ZCU.XQW�ZCT.`�^�^.`��&`�b.W�R<\�^.XQ^�T7_ X e�`��'b7[�U�W.X'Y�Z&[LR<\�T.[
��T�^.[<XQW.XQZ
T�Y�]�_PU.`�^�T�ehR<^�T7_GU�W�T�W.`QY�j�[Lb.W.m<bI]�XQ^.[�^�`�oP\L_��Ic1`�Z&[�Ta\dYn`�Z&[LRL[<` m ^.`�[<`<]nZ&[�j+f
R<c�c�W.X ��T.`�^�^�j+fwY�T�ZCc7RIf X �"R<U�T	�wXIe �C[<`�b.W�R<\�^.XQ^�T.X�Z
b m XC[<`1e�c1`�^.X m ^.`�oK[<`<] s T��
^�j�Y�T�ZCc7R.p � m XC[��C[<`��&`{VdR<c.[<`�W�RVU�W.`�\<X'YnXIe �&YnXQZ ��U.`GR<^�R"]�`��CT�T�Z&`��I\<X"�&Y�^�j�e
Y�T�ZCc1`1e b ZQerp.U pGw7p¢w7p�c+i X �"R�e�XQ^�T�\K\<X&]nT m T�^7b Gσ0 ^�R Gσ0/(1 + kh) X ��YnX h Z
��VWV%XQc.[�T�\�^�R"_�U.`<]�b7[<`<] s T�^�R,��R��Q`�\<`��&`BY�T�ZCc�R.p � T.[<`��&XxU.`<]�b m T�e � |3d����

ω̂2
{

∂e2 + k c2s

(

k − 2 kJ

1 + k h

)(

1 − 2 s2r dΩ
2

∂e2dr

)}

+ 2 sΩ ω̂ ×

×
{

4 k c2T (η − η0)
d lnσ0

dr
+ c2s

(

k − 2 kJ

1 + k h

) d

dr
ln

2Ωσ0

∂e2

}

+ 8 s2Ω2k c
2
T

∂e2
×

× (η − η0)
(d lnσ0

dr

)2{

2 k c2T (η − η0) + c2s

(

k − 2 kJ

1 + k h

)}

= 0. b d�p�f�� z i
��XC[�W7bIY�^.`�\�T�YnXC[
� X�m [<`�b.W�R<\�^.XQ^�T.X b d�p�f�� z i U�W.X'Y�ZCc7R��Ij�\�RLXC[�W�R��I\�T.[�T.X�^.X&b1Z&[<`�o��m T�\<`�Z&[�T�U�W�T>\�j�U.`<]n^.XQ^�T�TPb1Z']�`�\�T7_

8 γsα(η − η0)(Λ − ẑ) − 16 ẑ(η − η0)
2 + α2γ2

s(1 + Λ)2 < 0, b d�p�f���|+i
��YnX Λ = d ln(2 Ω/∂e2)/d lnσ0 � α = 1− 2 kJ/k(1 + k h) � ẑ = α(k cs/∂e)2(1−
2 s2r dΩ2/∂e2dr) p(È W�R<^�T	��j�`�m<]�R<Z&[�T �C[<`�oP^.X&b1Z&[<`�o m T�\<`�Z&[�T b ^�R��Ij�\�RLXIe�`�oa^�R#�
ekTa\SY
R"]
��^.XQo	�wXIey�CW�RIY�T.XQ^.[�^.`�� �Q^.[�W.`�U�T�o�^.`�oGi
`�U�W.X'YnX&]�_ y [�Z�_ X ` m XQ\�T�Y�^.` X Z&`��
`�[�^.`$�wXQ^�T.XIe

η = η0 +
α γs

4 ẑ

{

(Λ − ẑ) ±
√

(1 + ẑ)(Λ2 + ẑ)
}

. b d�p�f�f��+i
� c7R m XQZ&[�\<X U�W�T�e�XQW�R ^�R W�T�Z�p d�ped T��Q`�m�W�R � XQ^�R `�m<]�R<Z&[
� È	�)�

^.X&b1Z&[<`�o m T�\<`�Z&[�T�\ U7]�`�ZCc1`�Z&[�T b k; η i�p � T�Y�^.` Xtm [<`�m��`<]
�
�KR"_ m R<Z&[
� `�m<]�R#�
Z&[�T È	�)� ^.X&b1Z&[<`�o m T�\<`�Z&[�T�]�X � T.[�\�U�W.X'YnX&]�RIf�\<`<]n^.`�\�j+f m T�Z&X&] k > k1

X
��YnX k1 = (

√
1 + 8 kJh − 1)/2h Z U.`<]�` � T.[<X&]
��^�j�o�c1`�W.XQ^	��b.W�R<\�^.XQ^�T7_
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k; η
R�E'G E65�/65�\%3YB�/65�\ �s5!�`G�1�G��:GrZ�$'&:A�5 <*5?>@5�A*B�$'A'$1tG�A'/'3:&YB�9'G�&YB.$ �QG!>�9��65t1tE'/'3sZ�E'G!>�G?kl3:9'$'$

γs = 3/2W
η0 = 1/4

Rs( �x&YB�G�~'I'$'1�G�~ ;'1!>6;'3YB�&�;=>�$*X8�j\%G`Z�3s>��j&
η = η0

W�E'G!>�Gik�3:9'$'3JB�G�I'A'$
ηs

�i5�1�$'&:$*BwG�Bj&YB�3:E'3:9'$9'3:G�&:3:&:$'\%\%3YB�/6$'I'9'G�&YB.$�1�G��`\FH�783:9'$'~�R

k − 2 kJ/(1 + kh) = 0 b U�W�T kJh → 0 \<X&]nT m T�^�R k1 → 2 kJ i�p���[�e�X��
[�T�e `�ZC^.`�\�^�jrX>`�[Q]nT m T.[�X&]
��^�jrXsZC\<`�o�Z&[�\�RUÈ	�)� ^.X&b1Z&[<`�o m T�\<`�Z&[�T p � `�� U.XQW�\�j+f X
Z&`���]�R<ZC^.` b d�p�f�� z i X ^.X&b1Z&[<`�o m T�\�j�ekT>e�`��'b7[Km�jr[
�K[<`<]
��c1`�^.XC`�Z&XQZCT�ehe�XC[�W�T m ^�jrXb s = m/kr 6= 0 i \<`��"e�b s XQ^�T7_vp � `�� \<[<`�W�j+f X È	�)� ^.X&b1Z&[<`�o m T�\<`�Z&[
��e�` � XC[KW�R��"�
\�T�\�RL[
��Z�_�TK\�[�\<XQW<Yn`�[<X&]
��^.`x\�W�R s R y�s XIekZ�_dY�T�ZCc1X b Λ = 0 i{T �"R<\<X'Yn`1e�`%T�Z m X��
�"RLXC[�]nT	� �%\�[<`1e}Z']�b m RLX X XQZ']nT η ≡ η0 b �C[<`�[dZ']�b m R<oKZ&`�`�[�\<XC[�Z&[�\Lb�XC[dT�� �Q^.[�W.`��
U�T m XQZCc1`1e�b�Y�T�ZCc7b X \}c1`�[<`�W.`1e \<X&]nT m T�^�R c2s/(σ0)

γs−1 `�Z&[LRLXC[�Z�_tU.`�Z&[<`I_�^�^.`�o
\"Yn`<]
�aW�RIY�T�R"]
��^.`�osc1`�`�W�Y�T�^�RL[�j~i�p   ^�R<c1`�^.X � X \���[�W.XC[
��T�f X T�� b d�p�f���|+i�Z']�X'Y�b �
XC[ X�m [<`}È	�)� ^.X&b1Z&[<`�o m T�\<`�Z&[
�Pe�` � XC[GW�R��I\�T�\�RL[
��Z�_�\VZCc1`<]
�,b.�&`QY�^.` � �&`�W�_ m XIe �b \�U�W.X'YnX&]�XWZ ^.XQZQR�e�`��CW�R<\�T.[�T�W7b y�s XIeJi��'R��Q`�\<`1eyY�T�ZCc�X�p

��`�Z']�X'Y�^.XCX,`�m�Z&[<`I_�[<X&]
��Z&[�\<`�`��I^�R m RLXC[ X�m [<`UÈ	�)� ^.X&b1Z&[<`�o m T�\<`�Z&[
�}e�` � XC[
U�W.`I_�\L]�_�[
��Z�_�T�\�^.XQZQR�e�`��CW�R<\�T.[�T�W7b y�s T�f�ZCT�Z&[<XIehRIf�T X Z']�X'Yn`�\�RL[<X&]
��^.` X XCX
U�W�T�W.`QY
R�e�` � XC[sm�jr[
�}U.`�^7_�[LRs\sW�R�ekc7RIf�[<XC`�W�T�Tic1`<]�]�XQc.[�T�\�^�j+f�U�W.`$�.XQZCZ&`�\
\w^.XC`CY�^.`�W.`QY�^.`�oa�'R��Q`�\<`�o�ZCW.X'YnX�p�jxXQo�Z&[�\�T.[<X&]
��^.` X \xU�W.X'YnX&]�X�^.XQZQR�e�`��CW�R<\�T.[�T��
W7b y�s XQo b kJ → 0 i�^.XQ\�W�R s R y�s XQo�Z�_ b Ω → 0 i�ZCW.X'Y�j�T�� b d�p�f�� z i�U.`<]�b m RLXIe

ω = ±i2 s cs
Lσγs

√

√

√

√(η − η0)(η +
1

2
). b d�p�f�f�f�i

�
]�X'Yn`�\�RL[<X&]
��^.` X \wW�R<ZCZQehRL[�W�T�\�RLXIe�`1eyU�W.X'YnX&]�X%^.X&b�Z&[<`�o m T�\<`�Z&[
�KT�e�XCXC[Ke�XQZ&[<`
U�W�T

η > η0 (a) b d�p�f�f�w�i
T>U�W�T

η < −1/2. (b) b d�p�f�f�c+i
��[<`�m�j�U.`�^7_�[
�}VST��IT m XQZCc�T�o ZQekj�Z'] �C[�T�f}`��CW�R<^�T m XQ^�T�o X \�j�W�R��IT�e�W�RIY�T�R"]
���
^�jrXr�CW�RIY�T.XQ^.[�j�W�R<\�^.`�\<XQZC^�j+f �Q^.[�W.`�U�T�T�TdY
R<\L]�XQ^�T7_ m XQW.X"�rW�RIY�T�R"]
��^�j�oK�CW�R#�
Y�T.XQ^.[,U7]�`�[�^.`�Z&[�T �

dS0

dr
=

c2T
T0η0

(η − η0)
d lnσ0

dr
, (a) b d�p�f�f�dSi

dp0

dr
= σ0c

2
T (1 + 2 η)

d lnσ0

dr
. ( � ) b d�p�f�f�¡�i
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  � b d�p�f�f�dSiw\�T�Y�^.` Xrm [<`}b1Z']�`�\�T.XP^.X&b1Z&[<`�o m T�\<`�Z&[�T b d�p�f�f�w�ix\�[<` m ^.`�Z&[�TgZ&`�`�[��
\<XC[�Z&[�\Lb�XC[tb1Z']�`�\�T y \<`��I^�T�c�^.`�\<XQ^�T7_�c1`�^�\<XQc	��T�T�\g^.XC`QY�^.`�W.`QY�^.`�o�ZCW.X'YnX�Z
Y�]�_ �C[<`��&`��CW�RIY�T.XQ^.[�j�W�R<\�^.`�\<XQZC^�j+f �Q^.[�W.`�U�T�T�T>U7]�`�[�^.`�Z&[�T�ZCW.X'Y�juYn`<] � ^�j
T�e�XC[
�G`QY�T�^�R<c�`�\�j�o �I^�R<c � |+w#��p(��Y�W7b.�&`�o�Z&[<`�W.`�^�j X T���Z&`�`�[�^.`$�wXQ^�T7_ b d�p�f�f�¡�i
Z']�X'Y�b�XC[ X@m [<`�b1Z']�`�\�T.X�^.X&b1Z&[<`�o m T�\<`�Z&[�T b d�p�f�f�c+i�\�j�U.`<]n^7_�XC[�Z�_ X XQZ']nTl�CW�RIY�T��
XQ^.[�j�W�R<\�^.`�\<XQZC^�j+fyY
R<\L]�XQ^�T7_gT�U7]�`�[�^.`�Z&[�T�T�e�X y [ W�R��I^�jrX �I^�R<c�T p � �C[<`1e
Z']�b m RLX X c7R<cBT��I\<XQZ&[�^.` X \�^.XC`QY�^.`�W.`QY�^.`�oKZCW.X'YnX Yn`<] � ^�R�W�R��I\�T�\�RL[
��Z�_B^.X&b1Z&[<`�o��m T�\<`�Z&[
�V~ �&]�X&_�� � XQo7]�`�W�R.p

�%W�T�\<X'YnXQ^�^�jrX�\�j1�wX�W�R<ZCZ'b � YnXQ^�T7_a`�m�¥ _�ZC^7_ y [BR<ZCT�ekU.[<`�[�T m XQZCc1`�X%U.`�\<X��
YnXQ^�T.Xw�CW�R<^�T	�>`�m<]�R<Z&[�T�È	�)� ^.X&b1Z&[<`�o m T�\<`�Z&[�Ts^�R�W�T�Z�p(d�ped,\,U�W.X'YnX&]�X k → ∞ p  ZCc7R � XQ^�T7_ � X}�CW�R<^�T	��j `�m<]�R<Z&[�T�^.X&b1Z&[<`�o m T�\<`�Z&[�T�^�R �C[<`1e�W�T�Z'b.^�c1X�Y�]�_
Y�]nT�^�^.`�\<`<]n^.`�\�j+f�\<`��"e{b s XQ^�T�o b k ∼ kJ ir`�m<b1Z']�`�\L]�XQ^�j X ` m XQ\�T�Y�^.` X \L]nT7_�^�T��
XIe�ZQR�e�`��CW�R<\�T.[LR���T�T�T>\�W�R s XQ^�T7_vp� T�� �Q^.[�W.`�U�T m XQZCc1`�oae�`QYnX&]nT,�'R��Q`�\<`��&`�Y�T�ZCc7Rd�CW�RIY�T.XQ^.[�^�j�X%T �Q^.[�W.`�U�T�o��
^�jrXx\<`��"e�b s XQ^�T7_P`�c7R��Ij�\�R y [�Z�_Pb1Z&[<`�o m T�\�j�ekT p���`
�C[<`1e�bGXQZ&[<XQZ&[�\<XQ^�^.`,U�W.X'Y	�
U.`<]�` � T.[
� X�m [<`s]�`�c7R"]
��^�jrX �I^�R m XQ^�T7_i\<X&]nT m T�^ Y�T�ZCU.XQW�ZCT�TyZCc1`�W.`�Z&[<XQo��'R��Q`��
\�j+fK`�m<]�R<c1`�\%T�U.`�\<XQW�f�^.`�Z&[�^.`�o�U7]�`�[�^.`�Z&[�T��'R��Q`�\�j+fKU.`QY�ZCT�Z&[<XIe��'R"]�R<c.[�T�c b U.`
c�W�R<o�^.XQo�e�XQW.X X ^�RPT�f U.XQW�T�V%XQW�T�TGi%\PZ&`�`�[�\<XC[�Z&[�\�T�T�Z�Z&`QYnXQW � R<^�T.XIe�U p.d�p�c.p�f
`�U�W.X'YnX&]�_ y [�Z�_ X c7R<cBU�W�R<\�T7]�` X b1Z']�`�\�T.XIe��CW�R<\�T.[LR���T.`�^�^.`�owb1Z&[<`�o m T�\<`�Z&[�TwY�T�Z5�
c7R X Rx`�[�^.`$�wXQ^�T.XST�fa�CW�RIY�T.XQ^.[<`�\tZ�b1Z']�`�\�T.XIe�b1Z&[<`�o m T�\<`�Z&[�TP�CW�RIY�T.XQ^.[�^�j+fGT
�Q^.[�W.`�U�T�o�^�j+f�\<`��"e�b s XQ^�T�o p � �C[<`1etZ']�b m RLX%Yn`<] � ^.`Vm�jr[
� η = Lσ/Lc � 1 p
��`�� \�T�Y�T�e�`1e�b X T�e�XQ^�^.`>U.`��C[<`�o}U�W�T m T�^.X,U�W�T}`�m�Z'b � YnXQ^�T�T�Y
R<^�^�j+f ^�RLm<] y �
YnXQ^�T�o�U.`V\<X&]nT m T�^.XdY�T�ZCU.XQW�ZCT�T�ZCc1`�W.`�Z&[<XQo��'R��Q`�\�j+fP`�m<]�R<c1`�\ b T�^.Xx[<`<]
��c1`G\
È7RI]�R<c.[�T�c�X:i m R<Z&[<`,U.`<]�R<�'R y [ cs ' `�
���]�� U.`,\�Z&XIe�b,Y�T�ZCc7b � ¡�¡ X�u f X ¡�¡ u#X�z ¡ z ��p
�703/10��{0��+: 	�� �  ��AC;.D.AS=�:LH�; ��:�M&M �<D

� j1�wX b U pkd�p¢w7p�c+i�m�j�]�R U.`�Z&[LR<\L]�XQ^�R�U�W.`�m<]�XIehR�\�j�_�\L]�XQ^�T7_�e�X'f7R<^�T��"�
ehR�\<`��Qm<b � YnXQ^�T7_�\<`<]n^ [�T�U�R ~v`�ZCZ&m�T b d�p � |+i \ �'R��Q`�\�j+f U.`QY�ZCT�Z&[<XIehRIf �'R#�
]�R<c.[�T�c p��kZ&[<XQZ&[�\<XQ^�^.`>U.`�U�jr["RL[$��Z�_ ^�R<o.[�T�e�X'f7R<^�T��"el\GW�R�ekc7RIf}�CW�RIY�T.XQ^.[�^.`��
�Q^.[�W.`�U�T�o�^.`�o�^.X&b1Z&[<`�o m T�\<`�Z&[�T � |+¡#��po��XC[�W7bIY�^.`t\�T�YnXC[
� Xom [<`tU�W�T�\�j�U.`<]n^.X��
^�T�T�b�Z']�`�\�T7_gW�R<ZCc7R m c�T9È	�)� ^.X&b1Z&[<`�o m T�\<`�Z&[�T b d�p�f���|+iB\}^.XQT�� �Q^.[�W.`�U�T m XQZCc1`1eb η 6= η0 inY�T�ZCc1X�Y�T�ZCU.XQW�ZCT.`�^�^�jrX ZC\<`�o�Z&[�\�RrW�R<ZCZQehRL[�W�T�\�RLXIe�`��&`�[�T�U�R�\<`��"e�b s X��
^�T�os^.XQZCc1`<]
��c1`V`�[C]nT m R y [�Z�_s`�[V`�U�T�ZCj�\�RLXIekj+f>b.W�R<\�^.XQ^�T.XIe b d�p � |+i X ZCU�W�R<\<X'Y	�
]nT�\�j�eu[<`<]
��c1`�\GT�� �Q^.[�W.`�U�T m XQZCc1`1e�Z']�b m RLX�p��+[<`�[}VdR<c.[<`�W X `QY�^�R<c1` X ^.X�`�c7R#�
�Ij�\�RLXC[s\L]nT7_�^�T7_�^�R�Z'b s XQZ&[�\<`sU�W.`�m<]�XIekjSp��%U�W.X'YnX&]�_ y�s T�e � Xa`�c7R��Ijr\�RLXC[��
Z�_�Z']�X'Y�b y�s XCX�`�m�Z&[<`Q_�[<X&]
��Z&[�\<`�pS��X&]nT�^.XQo�^�R"_ �Q\<`<] y ��T7_zÈ	�)� ^.X&b1Z&[<`�o m T�\<`�Z&[�T
e�` � XC[iU�W�T�\<XQZ&[�T�cl`�m�W�R��Q`�\�R<^�T y \�Y�T�ZCc�RIfuc�W7b.U�^.`1ehR<Z �w[LRLm�^.`�ou\�T�f�W.XQ\<`�o
Z&[�W7b.c.[Lb.W�jSp � `��"e�` � ^.` X U.`QYn`�m�^�jrXKZ&[�W7b.c.[Lb.W�j ^�RLm<] y Y
R y [�Z�_}\a�'R"]�R<c.[�T�c�RIf
���p� f�¡ ��X w z f�d X c �<z�z c�R<cs]�`�c7R"]nT��Q`�\�R<^�^�jrX�U.`>R��IT�e�b7[Lb�R<^.`1ehR"]nT�T}c�W�T�\�j+f
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\�W�R s XQ^�T7_ b W�T�Z�p�d�p¢¡�i�p6�+[�TKR<^.`1ehR"]nT�TBe�` � ^.`�T�^.[<XQW�U�W.XC[�T�W�`�\�RL[
�%c7R<cwc�W7b.U�^.`��
ehR<Z �w[LRLm�^�jrX�\�T�f�W.XQ\�jrXr`�m�W�R��Q`�\�R<^�T7_�^�R%U.XQW�T�V%XQW�T�T��'R"]�R<c.[�T�c X Z&`�m�Z&[�\<XQ^�^�jrX
\�W�R s XQ^�T7_dc1`�[<`�W�j+fwe�`��'b7[�Z&`�\�U�RIY
RL[
� b ��T�c7]�`�^GivT7]nTSm�jr[
��U�W.`�[�T�\<`�U.`<]�` � ^�j �
ekT b R<^.[�T	��T�c7]�`�^Gi+\�W�R s XQ^�T y Y�T�ZCc7Rx�'R"]�R<c.[�T�c�T p(��XQ^.[�WV\�T�f�W�_ X W�R<ZCU.`<]�` � XQ^��
^�j�o�^�RVW�R<ZCZ&[<`Q_�^�T�T rc `�[ �.XQ^.[�W�R X Y�W.XQo�V�b�XC[G\�Y�T�ZCc�XKU�W.`�[�T�\GU.`�[<`�c7Ra�'R��"R.p
�SRLm<] y Y
RLXIekjrX�Z&[�W7b.c.[Lb.W�j�f�R<W�R<c.[<XQW�T��Cb y [�Z�_GehR<Z �w[LRLm1R�ekT X �"R�e�XC[�^.`wU�W.XQ\�j �
�KR y�s T�ekT�\<X&]nT m T�^7bGY � T�^�Z&`�\�ZCc1`��&`aehR<Z �w[LRLm1R�\VT�f���R��Q`�\�j+f�U.`QY�ZCT�Z&[<XIehRIf p  �Cb m XQ^�^�R"_ � X�\�j1�wX�È	�)� ^.X&b1Z&[<`�o m T�\<`�Z&[
� X U.`dc�W�R<o�^.XQo�e�XQW.X�U.`dU�R<W�R�e�XC[�W�R�e
�'R��Q`�\<`��&`�Y�T�ZCc7RUÈ�R"]�R<c.[�T�c�T�\}`�c�W.XQZ&[�^.`�Z&[�Tl�+`<]n^	��R X e�` � XC[�\<`��Qm<b � Y
RL[
��Z�_
[<`<]
��c1`�\�ehR<Z �w[LRLm1RIf�e�XQ^	�
�wX�Y � T�^�Z&`�\�ZCc1`��&` b ZQerp{W�T�Z�phd�pedSi�p���`
�C[<`1e�b�Z']�X��
Y�b�XC[�T�ZCc�RL[
�y[LR<c7b y `�m<]�R<Z&[
�yU�R<W�R�e�XC[�W.`�\���R��Q`�\<`��&`}Y�T�ZCc�R X \yc1`�[<`�W.`�o;È	�)�
^.X&b1Z&[<`�o m T�\<`�Z&[
�,T�e�X&]�RKm�j�e�XQZ&[<`�T>^�R,ekR<Z �B["RLm1RIfPm�`<]
�
�wX�Y � T�^�Z&`�\�ZCc1`��&`�p

~�R<ZCZQe�`�[�W�T�e Z �C[<`�o [<` m c�T �IW.XQ^�T7_ b.W�R<\�^.XQ^�T.X �CW�R<^�T	� `�m<]�R<Z&[�T
È	�)� ^.X&b1Z&[<`�o m T�\<`�Z&[�T U.` U�R<W�R�e�XC[�W7b η b d�p�f�f��+i�p ��`�ZCc�`<]
��c7b \<X&]nT m T�^�R
α(k) = 1 − 2 kJ/k (1 + kh) < 0 U�W�T k < k1 T dΩ/dr < 0 \dY�T�ZCc7RIfG��R"]�R<c��
[�T�c X [<` ẑ(k) = α(k)(kcs/∂e)2(1−2 s2r dΩ2/∂e2dr) < 0 \dT�^.[<XQW.XQZ'b y�s XQo,^�R<Z
`�m<]�R<Z&[�TKY�]nT�^V\<`<]n^ b k < k1 i�p��ib m XC[<`1e [<`��&` Xxm [<` z(0) = z(k1) = 0 Xx` ]�X'Y�b �
XC[ X�m [<` ẑ(k) \%`�m<]�R<Z&[�T k < k1 T�e�XCXC[SekT�^�T�e�b�erp+��`<]�` � XQ^�T.X/�C[<`��&`dekT�^�T�e�b �
ehR b k = km i�e�` � XC[�m�j�[$�K`�U�W.X'YnX&]�XQ^.`�T��Sb.W�R<\�^.XQ^�T7_ k (1 + kh)2 − kJ = 0 X
R �I^�R m XQ^�T.X ẑ = ẑm \��C[<`�oP[<` m c1X��

ẑm =
(c0
cs

)2(km

kJ

)3/2(√

km/kJ − 2
)(

1 − 2 s2r
(Ω2)′

∂e2

)

. b d�p�f�f u i
� b m XC[<`1e�[<`��&`}VdR<c.[LR XYm [�` km < kJ \aY�T�ZCc7RIf Z h > 0 T�b1Z']�`�\�T7_�b1Z&[<`�o��m T�\<`�Z&[�T��CW�R<\�T.[LR���T.`�^�^.`�o�\<XC[�\�T�c1`<]�XCm1R<^�T�o�Y�T�VWV%XQW.XQ^	��T�R"]
��^.`�\�W�R s R y �s XQ�&`�Z�_l�'R��Q`�\<`��&` Y�T�ZCc7R X T�� b d�p�f�f u i,\�jr[<XQc7RLXC[ Xom [<` zm > −1 p���`�Z']�X'Y�^.XCX
`��I^�R m RLXC[ Xrm [<` \}�CW�R<\�T.[LR���T.`�^�^.`}b1Z&[<`�o m T�\�j+ft��R��Q`�\�j+f�Y�T�ZCc7RIf�U.`<]�`�ZQR>È	�)�
^.X&b1Z&[<`�o m T�\<`�Z&[�TVU.`wU�R<W�R�e�XC[�W7b η b ZQerp b d�p�f�f��+i_i�m<bQYnXC[wZ'b s XQZ&[�\<`�\�RL[
�x\<`x\�Z&XQo
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#%$'&�(*+'( �*( �D5�1�$'&Y$'\xG�&YB��
Λcrit

G�BlE65�/65�\%3YB�/'G�1
δ = kJh$

x = (c0/cs)
2(1 − 2 s2rΩ2′/∂e2 R

#%$'&�(y+'( ��(��g�`G!>�$'9'$'$ $'9'A'/'3:\%3:9*B�G�1 W�1 3sZ�$�u9'$��65?M
sΩ/kJLσ

R A'/*H�E'9'G�\�5!&YXbB�5�L�9'G�~ <��xu9'3YH.&YB�G�~'I'$'1�G�&YB.$ 1 \%G`Z�3s>6;�M�Z�$'&:A�G�1 &
kJh =

0,3
$

Λcrit = 0,633
N � � Λ = −0,6

]*� �
Λ = −0,75

] � � Λ = −1

`�m<]�R<Z&[�T k < k1 U�W�T>\�j�U.`<]n^.XQ^�T�TPb1Z']�`�\�T7_
Λ2 > Λ2

crit = −ẑm. b d�p�f�f � i� Z']�b m RLXK^.XQ\�j�U.`<]n^.XQ^�T7_ �C[<`��&`Vb�Z']�`�\�T7_s`�m<]�R<Z&[
�a^.X&b1Z&[<`�o m T�\<`�Z&[�T�U�W�T k <

k1 W�R<ZCU�RIY
RLXC[�Z�_y^�RGY�\<XVU.`QYn`�m<]�R<Z&[�T X T}Y � T�^�Z&`�\�ZCc�T.XGehR<Z �w[LRLm�j b k ∼ kJ i
`�c7R��Ij�\�R y [�Z�_�b1Z&[<`�o m T�\�j�ekT p   e�XQ^�^.`P[LR<c1`�o�Z']�b m R<o}T W.XIR"]nT��Cb�XC[�Z�_ \>�'R��Q`��
\<`1e�Y�T�ZCc�X{È7R"]�R<c.[�T�c�T�\G`�c�W.XQZ&[�^.`�Z&[�Ty�+`<]n^	��R b |Λ|� ' 0,4 � Λ� >∼ 0,6 i X T
T�e�XQ^�^.` �&YnXQZ �>T�e�XCXIe�b�Z&[<`�o m T�\<`�Z&[
� b ZQerpvW�T�Z�pYd�ped X ^�R�c�`�[<`�W.`1e�Y�]nT�^�^.`�\<`<]��
^.`�\�R"_>U.`QYn`�m<]�R<Z&[
� b k � kJ i�È	�)� ^.X&b1Z&[<`�o m T�\<`�Z&[�T�^.XxT��Q`�m�W�R � XQ^�R+i�p� XQW�^.XIekZ�_�c�T�^.[�XQW.XQZ'b y~s XQo�^�R<Z�U�W.`�m<]�XIe�X�p � R<W�R<c.[<XQW�^�jrX �I^�R m XQ^�T7_
Λcrit =

√
−ẑm e�`��'b7[�m�jr[
��`$�.XQ^.XQ^�j T���W.X"�Cb"]
�I["RL[<`�\ X U�W�T�\<X'YnXQ^�^�j+f ^�R

W�T�Z�p�d�p u p � T�Y�^.` X#m [<`BY�]�_>�CW�R<\�T.[LR���T.`�^�^.`Kb1Z&[<`�o m T�\�j+f b ^.`�^.XSZ']nT	�Bc1`1e � U.X��
W.XQ�CW.XC[�j+f � i
�'R��Q`�\�j+faU.`QY�ZCT�Z&[<XIe��'R"]�R<c.[�T�c Λcrit ' 0,5 ÷ 0,8 p��tY�W7b.�&`�oGZ&[<`��
W.`�^�j X R<U�U�W.`�c�ZCT�e�T�W7b�_ Ω(r) Z&[<XQU.XQ^�^�j�e �"R<c�`�^.`1e Ω(r) ∝ r−n b n > 0 i X
^.XC[�W7bIY�^.`�\�T�YnXC[
� X.m [<` |Λ| = nLσ/r

X ��YnX Lσ = |∂ ln(σ0)/∂r|−1 pv��b m XC[<`1e
U�W�T�\<X'YnXQ^�^.`�oP\�j1�wX�`$�.XQ^�c�T Λcrit `�[�Z y Y
RKZ']�X'Y�b�XC[ X#m [<`�W�R<ZCc7R m c7RB\<`<]n^a[�T�U�R
~�`�ZCZ&m�T}Y � T�^�Z&`�\�ZCc1`��&`�Tym�`<]�XCXVc�W7b.U�^�j+f�ehR<Z �w[LRLm�`�\�\<`��"e�` � ^�R X XQZ']nTyW�R<Z5�
U�W.X'YnX&]�XQ^�T.X Ω(r) T��"e�XQ^7_�XC[�Z�_�Z,bQY
R"]�XQ^�T.XIe�`�[ �.XQ^.[�W�R>Y�T�ZCc7R�^.XGZ']nT	�Bc1`1e
e�X'Y�]�XQ^�^.`,U.`,ZCW�R<\�^.XQ^�T y ZSW�R<ZCU�W.X'YnX&]�XQ^�T.XIe σ0(r) b LΩ ' r/n < Lσ/Λcrit i�p

�SR�W�T�Z�pkd�p � U�W�T�\<X'YnXQ^�j W.X"�Cb"]
�I["RL[�j \�j m T�Z']�XQ^�T�o T�^�c�W.XIe�XQ^.[LRLÈ	�)�
^.X&b1Z&[<`�o m T�\<`�Z&[�T b \�X'Y�T�^�T	��RIf sΩ/kJLσ i X `�m�XQZCU.X m T�\�R y�s XQo>W�R<ZCc7R m c7b>\<`<]n^
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[�T�U�R�~�`�ZCZ&m�TaU�W�Ta[�W.X'f �I^�R m XQ^�T7_7f Λ < 0 b σ0(r) \�e�XQZ&[<X�Z Ω(r) U.`<]�R<�'RLXC[�Z�_
b7m�j�\�R y�s XQo�c�U.XQW�T�V%XQW�T�T>Y�T�ZCc7R�V�b.^�c	��T.XQoGi�p � T�Y�^.` XGm [<`G\,T�^.[<XQW.XQZ'b y�s XQo
^�R<ZG`�m<]�R<Z&[�T�Y�]nT�^g\<`<]n^ b k <∼ kJ iBT�^�c�W.XIe�XQ^.[ ^.X&b1Z&[<`�o m T�\<`�Z&[�TiYn`�Z&[�T��'RLXC[
ehR<c�ZCT�e�b�ehR�c7R<ctW�R���U�W�T k ' (0,5 ÷ 1) kJ T max{Im(ω̂)} ' Ω/kJLσ ∼
Ω/kJr b \�ZCT7]�bab1Z']�`�\�T7_ Lσ > ΛcritLΩ i�p � R<c�T�e�`�m�W�R��Q`1e X f7R<W�R<c.[<XQW�^.`�Xw\�W.X��
e�_iW.`�Z&[LR�\<`��"e�b s XQ^�T�oy[�T�U�R�\<`<]n^�~�`�ZCZ&m�T X U.`}c�W�R<o�^.XQo�e�XQW.X X \s^.XQZCc1`<]
��c1`
W�R��xm�`<]
�
�wXd\�W.XIe�XQ^�TG`�m�`�W.`�[LRBY�T�ZCc�R.p� Yn`�\L]�XC[�\<`�W�T.[�X&]
��^�j�ekTlY
R<^�^�j�ekT�^�RLm<] y YnXQ^�T�o�U.`tU�R<W�R�e�XC[�W�R�e��'R��Q`��
\�j+f�Y�T�ZCc1`�\�\u�'R"]�R<c.[�T�c7RIf�ZiT�^.[<XQW.XQZ'b y�s T�ekT�^�R<Z�R<^.[�T	��T�c7]�`�^�T m XQZCc�T�ekT
Z&[�W7b.c.[Lb.W�R�ekTg[�T�U�R Z&`<]nT.[<`�^.`�\�~�`�ZCZ&m�Ttekj�^.X�W�R<ZCU.`<]�R<��RLXIerpJ��`
�C[<`1e�bi\<`�Z5�
U.`<]
���Cb�XIekZ�_�T��I\<XQZ&[�^�j�ekTyU�R<W�R�e�XC[�W�R�ekT��'R��Q`�\<`��&`GY�T�ZCc7R�È�R"]�R<c.[�T�c�T b �"R�T�Z5�
c7] y�m XQ^�T.XIeuU�R<W�R�e�XC[�W�R Λ i�T X U.`<]�R<�'R"_sXCXB[�T�U�T m ^.`�o �'R��Q`�\<`�osU.`QY�ZCT�Z&[<XIe�`�o X
U.`<]�b m T�e b U7b1Z&[
���CW7b7m�`Si�`$�.XQ^�c7bl\�W.XIe�XQ^�TlW.`�Z&[LRy`�[�^.`�ZCT.[<X&]
��^.`�o�R�ekU7]nT.[Lb �
Y�j b σ̃/σ0 i�\<`��"e�b s XQ^�T�o [�T�U�Ru\<`<]n^�~�`�ZCZ&m�T�Yn`�\<X&]nT m T�^�j U.`�W�_7Y�c7RlX'Y�T��
^�T	��jSp � R<c X \�`�c�W.XQZ&[�^.`�Z&[�Tl�+`<]n^	��R kJ = π Gσ0/c

2
s ' 1,5 c�U�c −1 p � `���Y
R

max{Im(ω̂)} ∼ 10−1Ω T X Z']�X'Yn`�\�RL[<X&]
��^.` X �"R�\�W.XIe�_�U.`�W�_7Y�c7RMf���`�m�`�W.`�[<`�\
Y�T�ZCc7RyR�ekU7]nT.[LbQY
Ry\<`��"e�b s XQ^�T�og\<`��IW�R<Z&[LRLXC[y\ ��W�R��1p6��`
�C[<`1e�btU�W�T�f7R<W�R<c��
[<XQW�^�j+fiR�ekU7]nT.[LbIY
RIf�V�]�b.c.[Lb�R���T�oyY � T�^�Z&`�\�ZCc�`��&`�ehR<Z �w[LRLm1R�\��'R��Q`�\�j+f��'R#�
]�R<c.[�T m XQZCc�T�ftY�T�ZCc7RIf b σ̃/σ0 ∼ (0,5 ÷ 1) · 10−1 b ZQerpk`$�.XQ^�c7b b d�p�f�¡��+i_ixY�]�_
W.`�Z&[LRP\<`��"e�b s XQ^�T�o}[�T�U�R>\<`<]n^y~�`�ZCZ&m�TsYn`�R�ekU7]nT.[LbIY�j (σ̃/σ0) ∼ 1 ^.XC`�mQf1`��
Y�T�e�` X ` m XQ\�T�Y�^.` X \�W.XIe�_GU.`�W�_7Y�c�R 20÷ 30 `�m�`�W.`�[<`�\xY�T�ZCc7R.p � R<c�T�ey`�m�W�R��Q`1e X
W�R<ZCZQe�`�[�W.XQ^�^�j�os\�j1�wXBe�X'f7R<^�T��"egW�R<ZCc7R m c�T�\<`<]n^�~�`�ZCZ&m�T�\V��R��Q`�\�j+fGY�T�ZCc7RIf
�'R"]�R<c.[�T�c�e�` � XC[�m�jr[
�yYn`�Z&[LRL[<` m ^.` ��VWV%XQc.[�T�\�^�j�e Y�]�_�\<`��Qm<b � YnXQ^�T7_�^�R#�
m<] y Y
RLXIekj+f>Z&[�W7b.c.[Lb.W�[�T�U�R�Z&`<]nT.[<`�^.`�\a~�`�ZCZ&m�T p
��§ �@§ � ®�� ��®�²�¬G´#®��G­�µ|°������}°x¹�´�µ

�%W�T,W.X �BXQ^�T�T,\<`�U�W.`�ZQRS`w�CW�R<\�T.[LR���T.`�^�^.`�o,b1Z&[<`�o m T�\<`�Z&[�Ta�'R��Q`�\<`��&`%Y�T�Z5�
c7R�Ty`�U�W.X'YnX&]�XQ^�T�TyZCU.XQc.[�W�R�c1`<]�XCm1R<^�T�oy\�XQ�&`�U7]�`�ZCc1`�Z&[�T�b m XC[>Y�T�ZCZCT�U�RL[�T�\��
^�j+f m ]�XQ^.`�\s\sU.XQW�\<`1e U�W�T.m<]nT � XQ^�T�T�^.XQZ'b s XQZ&[�\<XQ^ pg�+[<` e�` � ^.`}U�W.`�T7]�] y �
Z&[�W�T�W.`�\�RL[
��Z']�X'Y�b y�s XQoS`$�.XQ^�c1`�o p � X&]nT m T�^�R�f7R<W�R<c.[<XQW�^.`�o � \L_��Ic1`�o � m R<Z&[<`�[�j
νk2

J ∼ 10−20 Z −1 U.`�U�R<W�R�e�XC[�W�R�e��'R��Q`�\<`��&`aY�T�ZCc7R�È�R"]�R<c.[�T�c�T�\>`�c�W.XQZ&[�^.`��
Z&[�Tt�+`<]n^	��R b �&YnXQZ � ν Z e�`<]�XQc7bI]�_�W�^�R"_ic�T�^.XIehRL[�T m XQZCc7R"_�\L_��Ic1`�Z&[
�xi�p � [<`� Xx\�W.XIe�_��QU�T	��T�c7]nT m XQZCc7R"_ m R<Z&[<`�[LR ∂e ∼ 10−15 Z −1 � ν k2

J p� XIe�^.Xse�XQ^.XCX>T�ZCZ']�X'Yn`�\�R<^�T.X ��VWV%XQc.[<`�\ X ZC\L_��"R<^�^�j+ftZGb m XC[<`1e�Y�T�ZCZCT��
U�RL[�T�\�^�j+f m ]�XQ^.`�\ X e�` � XC[yU�W�T�\<XQZ&[�Tgcg\�R � ^�j�e�W.X"�Cb"]
�Q[LRL[LR�erp � `�� U.XQW�\�j+f X
U.`�[<`1e�b X�m [<`�^.XQc�`�[�`�W�j�Xi[�T�U�j \<`��"e�b s XQ^�T�o�\�U7]�`�ZCc1`�Z&[�T �'R��Q`�\<`��&`�Y�T�ZCc�R
e�`��'b7[u`�m<]�RIY
RL[
��`�[�W�T	��RL[<X&]
��^.`�o �Q^.XQW��CT.XQo � dSw�����T X Z']�X'Yn`�\�RL[<X&]
��^.` X m�jr[
�
Y�T�ZCZCT�U�RL[�T�\�^.`�^.X&b1Z&[<`�o m T�\�j�ekT Y
R � Xt\��CW�R<\�T.[LR���T.`�^�^.`�b1Z&[<`�o m T�\<`1e Y�T�Z5�
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c1X�p � `�� \<[<`�W�j+f X b m XC[VY�T�ZCZCT�U�RL[�T�\�^�j+f m ]�XQ^.`�\GU.`��I\<`<]�_�XC[G\GU�W�T�^	��T�U.X�`�U�W.X��
YnX&]nT.[
��b.W.`�\<XQ^	��W�R<\�^.`�\<XQZC^�j+fLV�]�b.c.[Lb�R���T�o X U.`<]
���Cb�_�Z � V�]�b.c.[Lb�R���T.`�^�^�`��
Y�T�ZCZCT�U�RL[�T�\�^.`�o�[<XC`�W.XIe�`�o � |�� X | u ��p ��R<c1`�^.X � X e�X&]nc1`1ehR<Z �w[LRLm�^7b y [Lb��.m<b"]�XQ^.[��
^.`�Z&[
�Ke�` � ^.`wb m T.[�jr\�RL[$�K\ ��R�ekc7RIf�Y�T�ZCZCT�U�RL[�T�\�^.`�oPe�`QYnX&]nTVZ'��VWV%XQc.[�T�\�^.`�ob [Lb��.m<b"]�XQ^.[�^.`�oGi�\L_��Ic�`�Z&[
� y b ZQerp�U p'¡7p�f�p�f�i�p
�70��7054(0��
H�D7E�;.D.A ��D�M&M'D �.8 �.D.Dd;.8 ��?.8"=<D.JC8 �.D.:<;.;��rA+D �&;.J"?.: �.D.O.;��rA =<: 	�� ��@BAC;.D7E

  ZCU.`<]
���Cb�XIeuU�W�T.m<]nT � XQ^�T.X,[<`�^�c1`��&`GY�T�ZCc7RGT}`��CW�R<^�T m T�ekZ�_ T��Cb m XQ^�T.XIe
c1`�W.`�[�c1`�\<`<]n^.`�\�j+fw`�Z&XQZCT�ehe�XC[�W�T m ^�j+fw\<`��"e�b s XQ^�T�o p)jd]�_x[LR<c�T�fB\<`��"e�b s XQ^�T�o
V�b.W	�<X�� �'R<W�e�`�^�T�c�Tu]nT�^.XIR<W�T��Q`�\�R<^�^�j+f�b.W�R<\�^.XQ^�T�o��'R��Q`CY�T�^�R�ekT�c�T�Z�b m XC[<`1e
Y�T�ZCZCT�U�RL[�T�\�^�j+f m ]�XQ^.`�\�T�e�X y [,\�T�Y � f�c#f�� b Z�� p�Z b d�p¢¡�¡�i � b d�p¢¡ z i_i

−iωσ + iσ0k u = 0 , b d�p�f�f z i
−iωu− 2 Ω v = −ik(Φ + p/σ0) − λ k2u , b d�p�f�fQ|+i

−iωv +
∂e2

2 Ω
u = −ν k2v , b d�p�f�w��+i

−iωT0S = 2 ν rΩ′i k v − χk2T cσ , b d�p�f�w�f�i
��YnX λ = 4 ν/3 + µ � ν X µ Z U.XQW�\�R"_�T�\<[<`�W�R"_yc�T�^.XIehRL[�T m XQZCc�T.Xa\L_��Ic�`�Z&[�T �
S Z�\<`��"e�b s XQ^�T.X1�Q^.[ �.`�U�T�T � χ Z�c�`
��VWVST	��T.XQ^.[x[<XIekU.XQW�RL[Lb.W.`�U�W.`�\<`QY�^.`�Z&[�T �
cσ Z�bIYnX&]
��^�R"_P[<XQU7]�`�XIekc1`�Z&[
�,U�W�T>U.`�Z&[<`I_�^�^.`�o�U7]�`�[�^.`�Z&[�T p

��T�Z&[<XIehR b d�p�f�f z i � b d�p�f�w�f�i Yn`<] � ^�R�m�jr[
��Yn`�U.`<]n^.XQ^�RKb.W�R<\�^.XQ^�T.XIe9��b�R<Z5�
Z&`�^�R X c1`�W.`�[�c1`�\<`<]n^.`�\<`�XVW.X �wXQ^�T.X,c1`�[<`�W.`��&`�T�e�XCXC[�\�T�Y Φ = −2 π Gσ/k X T
Y�\Lb�e�_>[<XQW�e�`CY�T�^�R�ekT m XQZCc�T�ekT�Z&`�`�[�^.`$�wXQ^�T7_nekT �

σ

σ0
= β σ0 T +

p

σ0c2T
, b d�p�f�w�w�i

S = cp
T

T0
+ β p , b d�p�f�w�c+i

��YnX cp Z�bIYnX&]
��^�R"_P[<XQU7]�`�XIekc1`�Z&[
�,U�W�T�U.`�Z&[<`Q_�^�^.`1eiY
R<\L]�XQ^�T�T>T
β2 =

(

∂S

∂p

)2

T

=
cp − cσ
T0σ2

0c
2
T

. b d�p�f�w:dSi
~�X �KR"_�U�W�T�\<X'YnXQ^�^7b y \�j1�wXwZCT�Z&[<XIe�bsR"]n�&XCm�W�R<T m XQZCc�T�fPb.W�R<\�^.XQ^�T�o X U.`<]�b m T�e
Y�T�ZCU.XQW�ZCT.`�^�^.`�X�b.W�R<\�^.XQ^�T.X X `�U�T�ZCj�\�R y�s XCXSZC\<`�o�Z&[�\�RBW�R<ZCZQehRL[�W�T�\�RLXIekj+fG\<`��"�
e�b s XQ^�T�o

ω4 + i(ν + λ+ χ)k2ω3 − {(ν λ+ ν χ+ λχ)k4 + ω2
J}ω2−

− i







ν λχ k6 + χk2 ω2
T + ν k2(ω2

J − ∂e2) + ν k2
∂e2(γs − 1)

d ln(Ω)

d ln(r)







ω +
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+ ν χ k4(k2c2T − 2 π Gσ0k) = 0, b d�p�f�w�¡�i
��YnX ω2

J = k2c2s−2 π Gσ0k+∂e2 � ω2
T = ω2

J−k2(c2s−c2T ) p � m�X"�&Y�T�ZCZCT�U�RL[�T�\�^.`1e
U�W�T.m<]nT � XQ^�T�T�T�� b d�p�f�w�¡�i�U.`<]�b m RLXIeuY�T�ZCU.XQW�ZCT.`�^�^.`�X�b.W�R<\�^.XQ^�T.X,`�Z&XQZCT�eke�XC[��
W�T m ^�j+f��CW�R<\�T.[LR���T.`�^�^�j+f�\<`��"e�b s XQ^�T�o ω2 = ω2

J(k) p� j�_�ZC^�T�e�[<XQU.XQW	� \L]nT7_�^�T.XGY�T�ZCZCT�U�R���T�Tt^�R �C[�Tt\<`��"e�b s XQ^�T7_vp � Z&`�`�[��
\<XC[�Z&[�\�T�T�Z�U�W�T�\<X'YnXQ^�^�j�ekT�\�j1�wX `$�.XQ^�c7R�ekT�U.`<]�R<��RLXIe ν̃ k2 � |ωJ | X ��YnX
ν̃ = max{ν, λ, χ} p � `���Y
R,\�]nT�^.XQo�^.`1e�U.`,Y�T�ZCZCT�U�RL[�T�\�^�j�elc1`
��VWVST	��T.XQ^.[LR�e
U�W�T.m<]nT � XQ^�T�T�U.`<]�b m RLXIe b ω = ωJ + δωJ � |δωJ | � |ωJ | i
δωJ = − ik2

2ω2
J

{

ν∂e2 + λω2
J + χk2(c2s − c2T ) − ν∂e2(γs − 1)

d ln Ω

d ln r

}

. b d�p�f�w u i
��`�ZCc1`<]
��c7b c2s > c2T

X γs > 1 T�\KY�T�ZCc�RIf�U7]�`�ZCc�T�f��'R"]�R<c.[�T�c d ln Ω/d ln r < 0 X
[<`�\P�CW�R<\�T.[LR���T.`�^�^.`>b1Z&[<`�o m T�\<`1elY�T�ZCc1X b ω2

J > 0 i�Y � T�^�Z&`�\�ZCc�T.X,\<`��"e�b s X��
^�T7_��"RL[Lb1f�R y [ X RK\��CW�R<\�T.[LR���T.`�^�^.`V^.X&b1Z&[<`�o m T�\<`1e�Y�T�ZCc1X b ω2

J < 0 i�T�ZCU�jr[�j �
\�R y [GYn`�U.`<]n^�T.[<X&]
��^7b y YnXQZ&[LRLm�T7]nT��"R���T y T��"� �"R,Y�T�ZCZCT�U�RL[�T�\�^�j+f ��VWV%XQc.[<`�\�p
�+[<`�[%W.X"�Cb"]
�I[LRL[�c7R � XC[�Z�_wXQZ&[<XQZ&[�\<XQ^�^�j�e X [LR<cKc�R<cdY � T�^�Z&`�\�ZCc�T.Xr\<`��"e�b s XQ^�T7_
ω2 = ∂e2 − 2 π Gσ0k + k2c2s U�W.X'Y�Z&[LR<\L]�_ y [�Z&`�m�`�o �I\Lb.c1`�\�jrX b k2c2s i�\<`��"e�b �s XQ^�T7_�Z�b m XC[<`1e �CT�W.`�ZCc1`�U�T m XQZCc�T�f ��VWV%XQc.[<`�\ b ∂e2 idTyZQR�e�`�Z&`���]�R<Z&`�\�R<^�^�j+f
\<`��"e�b s XQ^�T�oS�CW�R<\�T.[LR���T.`�^�^.`��&`�U.`�[<XQ^	��T�R"]�R b −2π Gσ0k i�pI�(\Lb.c1`�\�jrX � X
\<`��"�
e�b s XQ^�T7_ �"RL[Lb1f7R y [ � |+w#�

ω ' k cs − i
k2

2 c2s

{

λ c2s + χ(c2s − c2T )
}

, b d�p�f�w � i
T �C[<`�[GW.X"�Cb"]
�I[LRL[G^.XC[�W7bIY�^.`PU.`<]�b m T.[
�PT�� b d�p�f�w u i�\aU�W.X'YnX&]�XKc�`�W.`�[�c1`�\<`<]n^.`��
\�j+f b k � kJ ir\<`��"e�b s XQ^�T�o p

��m s XCX+Y�T�ZCU.XQW�ZCT.`�^�^.`�X�b.W�R<\�^.XQ^�T.X b d�p�f�w�¡�i�Z�b.W�R<\�^.XQ^�T.X m XC[�\<XQW.[<`�oVZ&[<X��
U.XQ^�T�U.` ω p � m�X"�&Y�T�ZCZCT�U�RL[�T�\�^.`1e U�W�T.m<]nT � XQ^�T�T,T���^.XQ�&`dZ']�X'Y�b�XC[ X�m [<`wc�W.`1e�X
Y � T�^�Z&`�\�ZCc�T�f ω2 = ω2

J(k) Z'b s XQZ&[�\Lb�XC[GX s XBY�\�R b �Q^.[�W.`�U�T�o�^�j+fGi%[�T�U�R>\<`��"�
e�b s XQ^�T�otZ ω = 0 p
� b m XC[<`1e Y�T�ZCZCT�U�R���T�T X U.`<]�R<�'R"_ |ω| ∼ ν̃ k2 � |ωJ | X
Y�]�_ �C[�T�fg\<`��"e�b s XQ^�T�otT�� b d�p�f�w�¡�iKU.`<]�b m RLXIe�b.U�W.` s XQ^�^.`�X b c�\�RIY�W�RL[�^.`�X�U.`
ω i Y�T�ZCU.XQW�ZCT.`�^�^.`�X%b.W�R<\�^.XQ^�T.X

ω2 + iω
k2

ω2
J

{

χω2
T + ν(ω2

J − ∂e2) + ν ∂e2(γs − 1)
d ln Ω

d ln r

}

−

− ν χ k4

ω2
J

(ω2
T − ∂e2) = 0. b d�p�f�w z i

�kZ']nT�U�W.XQ^.XCm�W.X m ��[<XQU7]�`�U�W.`�\<`QY�^.`�Z&[
� y b χ/ν → 0 idTyZ m T.[LRL[
��Y�T�ZCcy[�\<XQW�Yn`��
[<X&]
��^.`,\�W�R s R y�s T�ekZ�_ X [<`,T�� b d�p f�w z i
Z']�X'Y�b y [�W.X"�Cb"]
�Q[LRL[�j�W�RLm�`�[ � f�f�¡ X ¡<| z �

ωD = iν k2(∂e2 − ω2
J)/ω2

J
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T X �I^�R m T.[ X \u�CW�R<\�T.[LR���T.`�^�^.`ub1Z&[<`�o m T�\<`1e b ω2
J > 0 i���R��Q`�\<`1e Y�T�ZCc1Xte�`��� XC[�W�R��I\�T�\�RL[
��Z�_�Y�T�ZCZCT�U�RL[�T�\�^�R"_�^.X&b1Z&[<`�o m T�\<`�Z&[
��\u`�m<]�R<Z&[�T Y�]nT�^�\<`<]n^

0 < k < 2kJ

� p � m XC[ c1`�^.X m ^.`�oi[<XQU7]�`�U�W.`�\<`QY�^.`�Z&[�TgW�R<Z �BT�W�_�XC[�T�^.[<XQW�\�R"]
Y�T�ZCZCT�U�RL[�T�\�^.`V^.X&b1Z&[<`�o m T�\�j+fGY�]nT�^�\<`<]n^ � f�c#f��(Yn`

0 < k < 2 kJ γs. b d�p�f�w<|+i
�+[<`�[�W.X"�Cb"]
�Q[LRL[�c7R m XQZ&[�\<XQ^�^.`�Z&`���]�R<Z'b�XC[�Z�_SZ U.`<]�b m XQ^�^�j�e�q�b�ehR<W.`1e � ¡ u+� �LY�]�_
e�`QYnX&]nT>�CW�R<\�T.[�T�W7b y�s XQ�&`���T7]nT�^�Y�W�R.p
�70��70��{0 � ��M'J"?.8IE ��D�M&M'D �.8"J"D.=<;.8IEa;.A���M'J":<O.N.D.=<:�M'J �

  �VY�T�ZCU.XQW�ZCT.`�^�^.`��&`�b.W�R<\�^.XQ^�T7_ b d�p�f�w z idZ']�X'Y�b�XC[ X�m [<` T�^�c�W.XIe�XQ^.[�Y�T�Z5�
ZCT�U�RL[�T�\�^.`�o}^.X&b1Z&[<`�o m T�\<`�Z&[�T}U.`>U.`�W�_7Y�c7b�\<X&]nT m T�^�j W�R<\<XQ^ ν̃k2 p.��XC[�W7bIY�^.`
[LR<c � XS\�T�YnXC[
� X�m [<`wb m XC[xY�T�VWV%XQW.XQ^	��T�R"]
��^.`�Z&[�TP\�W�R s XQ^�T7_�Y�T�ZCc7Rx^.XSe�XQ^7_�XC[
U.`�W�_7Yn`�cw\<X&]nT m T�^�j �C[<`��&`�W.X"�Cb"]
�I[LRL["R.p@�+[�TKW.X"�CbI]
�I[LRL[�j X `QY�^�R<c1` X e�` � ^.`%Z m T��
[LRL[
�Sc1`�W�W.XQc.[�^�j�ekT�[<`<]
��c1`d\�[�`1e�Z']�b m RLX X XQZ']nTxf�R<W�R<c.[<XQW�^.`�X�\�W.XIe�_K^.XQZ&[LR���T��
`�^�R<W�^.`�Z&[�T�Y�T�ZCc7R tev ek^.`��&`am�`<]
�
�wXB`�m�W�RL[�^.`��&`PT�^�c�W.XIe�XQ^.[LR.p � R<W�R<c.[<XQW�^.`�X
\�W.XIe�_sY�T�^�R�ekT m XQZCc1`�o ^.XQZ&[LR���T.`�^�R<W�^.`�Z&[�T tev1 ∼ r2/ν X RVf7R<W�R<c.[<XQW�^.`�XV\�W.X��
e�_�[<XQU7]�`�\<`�o�^.XQZ&["R���T.`�^�R<W�^.`�Z&[�T tev2 ∼ (cs/rΩ)2tev1 b �C[LR,`$�.XQ^�c7R,\�jr[<XQc7RLXC[
T��sb.W�R<\�^.XQ^�T7_�m1R"]�R<^�ZQR�[<XQU7]�R+i�p � `�m s XIe�Z']�b m RLX�T�^�c�W.XIe�XQ^.[�Y�T�ZCZCT�U�RL[�T�\��
^�j+fV\<`��"e�b s XQ^�T�o�U.`�W�_7Y�c7R νk2 T k ∼ ∂e/cs p���[�Z y Y
Rd^.XC[�W7bIY�^.`B\�T�YnXC[
� Xxm [<`
νk2tev2 ∼ 1 p � R<c�T�e `�m�W�R��Q`1e X f7R<W�R<c.[<XQW�^�jrX�\�W.XIe�XQ^�Rs[<XQU7]�`�\<`�og^.XQZ&[LR���T.`��
^�R<W�^.`�Z&[�TaY�T�ZCc7R�TPW�R��I\�T.[�T7_GY�T�ZCZCT�U�RL[�T�\�^.`�o>^.X&b1Z&[<`�o m T�\<`�Z&[�T>`�c7R��Ij�\�R y [�Z�_
`QY�^.`��&`�U.`�W�_7Y�c7R.p� ZC\L_��IT�Z&`xZCc7R��"R<^�^�j�e \�j1�wX�`�m�W�RL[�T�e�\�^�T�ehR<^�T.X�^�RdZ']�X'Y�b y�s XCX�`�m�Z&[<`��
_�[<X&]
��Z&[�\<` � f�d1|���p   ^�c�W.XIe�XQ^.[�Y�T�ZCZCT�U�RL[�T�\�^.`�o�^.X&b1Z&[<`�o m T�\<`�Z&[�T b W�R<\�^.`�c7R<c
T�YnXQc�W.XIe�XQ^.[ �"RL[Lb1f7R<^�T7_��CW�R<\�T.[LR���T.`�^�^�j+f \<`��"e�b s XQ^�T�oGi�U.`�U.`�W�_7Y�c7b�\<X��
]nT m T�^�j W�R<\<XQ^ ν̃k2 �"RlU�W.X'YnX&]�R�ekT�Yn`�\<`<]
��^.`lb��Ic1`�o �Q`�^�j \<`<]n^.`�\�j+f m T��
Z&X&] X ]�X � R s XQou\y`�c�W.XQZ&[�^.`�Z&[�T k ' kJ = π Gσ0/c

2
s po��`�Y�]�_um<]nT��Ic�`��&`ic

�CW�R<^�T	�.X>�CW�R<\�T.[LR���T.`�^�^.`�oib1Z&[<`�o m T�\<`�Z&[�TiY�T�ZCc7R�\}U�W.X'YnX&]�RIf�b.c7R��"R<^�^.`�o �Q`��
^�j \<`<]n^.`�\�j+f m T�Z&X&]�T�^�c�W.XIe�XQ^.[uY�T�ZCZCT�U�RL[�T�\�^.`�o�^.X&b1Z&[<`�o m T�\<`�Z&[�T `�c7R��Ij �
\�RLXC[�Z�_�U.`�W�_7Y�c7R ν̃k2

J∂e2/ω2
J � ν̃k2

J p��SZC^.` XJm [<`i\�["R<c1`1e Y�T�ZCc1Xs\<`��"e�` � ^.`
|Im(ωD)| > |ωJ(kJ)| X T7]nT�T�^�R m X

|ωJ(kJ)|3 < ν̃k2
J∂e2, b d�p�f�c��+i

T X Z']�X'Yn`�\�RL[<X&]
��^.` X U�W�T�\<X'YnXQ^�^�jrXs\�j1�wXsW.X"�CbI]
�I[LRL[�j \�ehR"]�`�og`�c�W.XQZ&[�^.`�Z&[�T
k = kJ m<bQY�b7[w^.XQU�W�T�e�XQ^�T�ekjSp � �C[�`1e Z']�b m RLX�[<XQW�ekT�^ � �CW�R<\�T.["R���T.`�^�^�jrX�\<`��"�
e�b s XQ^�T7_ � [<XQW�_�XC[PZQekj�Z'] X T�Y�T�ZCU.XQW�ZCT.`�^�^�jrX�ZC\<`�o�Z&[�\�Ra\�Z&X'f m XC[�jrW.X'f�[�T�U.`�\
\<`��"e�b s XQ^�T�oBYn`<] � ^�j�`�U�W.X'YnX&]�_�[
��Z�_,T���`�m s XQ�&`�Y�T�ZCU.XQW�ZCT.`�^�^.`��&`db.W�R<\�^.XQ^�T7_
	�� $%��*%�-��.�"����-(%�� �&�� ��"�����&�� "� �������.�
)( ��&�
 ���
��01���  ������ &�(%����&��� 
 ������&�����&�(%����� ����"

k → 0
 %
�����	 
 :

������� ��� � : ����"���(%" 
 �� �"���2
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b d�p�f�w�¡�i X W.X �wXQ^�T7_ c1`�[<`�W.`��&`�U�W�T k = kJ T |ω3
J(kJ)| � ν̃ k2

J∂e2 T�e�X y [�\�T�Yb m�X"�Sb m XC[LRBY�T�VWV%XQW.XQ^	��T�R"]
��^.`�Z&[�T�\�W�R s XQ^�T7_aY�T�ZCc7R+i
ω1 ' i ω0; ω2,3 '

±
√

3 − i

2
ω0; ω4 ' −i χ k2

J(2γs − 1)

γs +
χ

ν
(γs − 1)

, b d�p�f�c#f�i
��YnX

ω0 =

{

ν k2
J∂e2

[

1 +

(

γs − 1

γs

)

χ

ν

]}1/3

. b d�p�f�c+w�i
  � �C[<`��&`BZCU.XQc.[�W�RwW.X �wXQ^�T�oV^.X&b1Z&[<`�o m T�\�j�ekT,_�\L]�_ y [�Z�_V[<`<]
��c1`K\<`��"e�b s XQ^�T7_
Z ω = ω1 T>T�f>T�^�c�W.XIe�XQ^.[

Im(ω1) ∼ ν̃1/3
∂e4/3/c2/3s � ν̃ k2

J ,

RK`�Z&[LR"]
��^�jrXxW.X �wXQ^�T7_>Z&`�`�[�\<XC[�Z&[�\Lb y [ �"RL[Lb1f7R y�s T�eg\<`��"e�b s XQ^�T7_nerp� m T.[�j�\�R"_�[<`�[pVdR<c.[ X�m [<`dU.`%U.`�W�_7Y�c7bK\<X&]nT m T�^�j kJ ∼ 1/h T ν k2
J/∂e ∼

l/h � 1 b l Z Y�]nT�^�R�ZC\<`�m�`QY�^.`��&`�U�W.`�m�XQ�'R m R<Z&[�T	�Gi X ^.XC[�W7bIY�^.`�\�T�YnXC[
� Xm [<` Im(ω1)tev2 ∼ (h/l)2/3 � 1 ph��`
�C[<`1e�b�Y�T�ZCZCT�U�RL[�T�\�^�R"_�^.X&b1Z&[<`�o m T�\<`�Z&[
�b d�p�f�c#f�i
_�\L]�_�XC[�Z�_Pm�j�Z&[�W.`�o�TGY�]�_GY�T�^�R�ekT m XQZCc�T�f�U�W.`$�.XQZCZ&`�\ X `�U�W.X'YnX&]�_�XIekj+f
�C[<`�oK^.X&b1Z&[<`�o m T�\<`�Z&[
� ytX [<XQU7]�`�\�R"_�^.XQZ&[LR���T.`�^�R<W�^.`�Z&[
��Y�T�ZCc7R�^.XQZ'b s XQZ&[�\<XQ^�^�R.p

��XC[�W7bIY�^.`V`�m�`�m s T.[
�,W.X"�Cb"]
�I[LRL[ b d�p�f�c#f�irT�^�R�Z']�b m R<oPY�T�VWV%XQW.XQ^	��T�R"]
���
^.`t\�W�R s R y�s XQ�&`�Z�_gY�T�ZCc7R.p � U�W.X'YnX&]�X |ωJ(kJ)|3 � ν̃ k2

J∂e2 T���T�Z�f1`QY�^.`��&`
Y�T�ZCU.XQW�ZCT.`�^�^.`��&`Kb.W�R<\�^.XQ^�T7_ b d�p�f�w�¡�i�U.`<]�b m RLXIe

ω1 ' i

{

ν k2
J∂e2

[

1 +

(

γs − 1

γs

)

χ

ν
− (γs − 1)

d ln Ω

d ln r

]}1/3

. b d�p�f�c�c+i
��`�ZCc1`<]
��c7b γs > 1 TPY�]�_sR<Z&[�W.`+VST��IT m XQZCc�T�fPY�T�ZCc1`�\ d ln Ω/d ln r < 0 X

[<`V^.XC[�W7bIY�^.`V\�T�YnXC[
� X(m [<`VU.`,U.`�W�_7Y�c7bP\<X&]nT m T�^�j�T�^�c�W.XIe�XQ^.[ b d�p�f�c�c+i+`�c7R��Ij �
\�RLXC[�Z�_w[LR<c�T�e � X X c7R<cB\�Z']�b m RLX�[�\<XQW�Yn`�[<X&]
��^.`��&`S\�W�R s XQ^�T7_vp � R<c�T�es`�m�W�R��Q`1e X
b m XC[KY�T�VWV%XQW.XQ^	��T�R"]
��^.`�Z&[�Ts\�W�R s XQ^�T7_GY�T�ZCc7R�^.Xw\�^.`�ZCT.[,^�T m XQ�&`,U�W�T�^	��T�U�T��
R"]
��^.`,^.`�\<`��&`�\BY�T�^�R�ekT�c7baY�T�ZCZCT�U�RL[�T�\�^.`�o�^.X&b1Z&[<`�o m T�\<`�Z&[�T p� ^�R<T.m�`<]�XCX c1`�W.`�[�c1`�\<`<]n^.`�\<`1e�U�W.X'YnX&]�X k � kJ b ZQerp b d�p�f�w<|+i �Ài�Y�T�Z5�
ZCT�U�RL[�T�\�^�R"_�^.X&b1Z&[<`�o m T�\<`�Z&[
�}^.XGT�e�XCXC[�e�XQZ&[LR.p0�+[<`}XQZ&[<XQZ&[�\<XQ^�^�j�e�`�m�W�R��Q`1e
^�R<\<`QY�T.[>^�RPekj�Z']
� X.m [<`GY�T�ZCZCT�U�RL[�T�\�^�R"_�W�R<ZCc7R m c�RP\<`��"e�b s XQ^�T�o�\P�CW�R<\�T.[LR#�
��T.`�^�^.`db1Z&[<`�o m T�\<`1e}Y�T�ZCc1X�`�m<b1Z']�`�\L]�XQ^�RS\L]nT7_�^�T.XIe�\<`��"e�b s XQ^�T�o��CW�R<\�T.[LR���T��
`�^�^.`��&`VU.`<]�_ X Z'b s XQZ&[�\<XQ^�^�j�eg\�`�m<]�R<Z&[�TPY�]nT�^s\<`<]n^ k ∼ kJ p
qSR<c�U.`�c7R��"R"]nT
*BW�T�Y
ehR<^yT���`<]�_ m XQ^�c1` � dSw���� X �C[<`�\L]nT7_�^�T.XVU�W.`Q_�\L]�_�XC[�Z�_�\>[<`1e Xhm [<`�U7]�`�[��
^.`�Z&[
� �Q^.XQW��CT�T�Y�T�ZCZCT�U�RL[�T�\�^.` ^.X&b1Z&[<`�o m T�\�j+f�\<`��"e�b s XQ^�T�o�_�\L]�_�XC[�Z�_�`�[�W�T��
��RL[<X&]
��^.`�o b Eω1 < 0 i�p � �C[<`1e Z']�b m RLXGY�T�ZCZCT�U�R���T7_ �Q^.XQW��CT�T�\<`��"e�b s XQ^�T�ob dEω1/dt < 0 i1�Qc�\�T�\�R"]�XQ^.[�^�RaW.`�Z&[Lb�XCXKRLm�Z&`<] y [�^.`�o�\<X&]nT m T�^�j�T X Z']�X'Yn`�\�R#�
[<X&]
��^.` X W.`�Z&[LbwR�ekU7]nT.[LbIY�j�\<`��"e�b s XQ^�T7_vp�jxXQo�Z&[�\�T.[<X&]
��^.` X Y�]�_SY�T�ZCZCT�U�RL[�T�\�^.`
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^.X&b1Z&[<`�o m T�\�j+f�\<`��"e�b s XQ^�T�o b d�p�f�c#f�i�Z m R<Z&[<`�[<`�o ω1

� f�d1|��
Eω1

' −σ0c
2
s

2





ν k2
J

∂e





2/3
1 − χ(γs − 1)/ν γs

[1 + χ(γs − 1)/ν γs]1/3

∣

∣

∣

∣

∣

σ

σ0

∣

∣

∣

∣

∣

2

, b d�p�f�c3dSi
��YnX σ Z�\<`��"e�b s XQ^�^�R"_PU.`�\<XQW�f�^.`�Z&[�^�R"_�U7]�`�[�^.`�Z&[
��Y�T�ZCc7R.p

��^�R"]�`��CT m ^�jrXV\�j m T�Z']�XQ^�T7_yU7]�`�[�^.`�Z&[�T �Q^.XQW��CT�T �CW�R<\�T.[LR���T.`�^�^�j+fy\<`��"�
e�b s XQ^�T�o>U�W�T k ' kJ U�W�T�\<`QY�_�[,c>Z']�X'Y�b y�s XIe�bGW.X"�Cb"]
�I[LRL[Lb �

EJ =
σ0ω

2
J(kJ)

k2
J

∣

∣

∣

∣

∣

σ

σ0

∣

∣

∣

∣

∣

2

, b d�p�f�c+¡�i
`�[�c7bIY
RS\�T�Y�^.` X�m [<` sign(EJ) = sign[ω2

J(kJ)] p+��`
�C[�`1e{bxY � T�^�Z&`�\�ZCc�T.X�\<`��"e�b �s XQ^�T7_yZKb m XC[<`1e�Y�T�ZCZCT�U�RL[�T�\�^�j+f�VdR<c.[<`�W.`�\�\��CW�R<\�T.[LR���T.`�^�^.`�b1Z&[<`�o m T�\<`1e
Y�T�ZCc1X �"RL[Lb1f7R y [KT,Yn`�U.`<]n^�T.[<X&]
��^.`�^.X&b1Z&[<`�o m T�\�j�\B�CW�R<\�T.[LR���T.`�^�^.`�^.X&b1Z&[<`�o��m T�\<`1e�Y�T�ZCc1X b ZQerp b d�p�f�w u i_i�p
�70��703/{0���8"=<;.:<=<AQM';��rA ��H ��9.J ��8 �.D.DG= ��8 	C:<=<:�� ��D�M'91A

jd]�_}\�j m T�Z']�XQ^�T7_�b.W.`�\�^7_ W�R<\�^.`�\<XQZC^�j+f �xb�e�`�\G\P�CW�R<\�T.[�T�W7b y�s XIe��'R#�
�Q`�\<`1e Y�T�ZCc1X�T�ZCU.`<]
���Cb�XIe»V�]�b.c.[Lb�R���T.`�^�^.`�� Y�T�ZCZCT�U�RL[�T�\�^7b y [<XC`�W.XIe�b � |�����T
�CT�Y�W.`QY�T�^�R�ekT m XQZCc7b y [<XC`�W�T y V�]�b.c.[Lb�R���T�o � | u ��p+jd]�_GU�W.`�Z&[<`�[�j�`��CW�R<^�T m T�e �
Z�_�e�`QYnX&]
� y `QY�^.`�W.`QY�^.`��&`d[�\<XQW<Yn`�[<X&]
��^.`w\�W�R s R y�s XQ�&`�Z�_ b ∂e ≡ 2Ω ivY�T�ZCc7RST X
W�R<ZCZQehRL[�W�T�\�R"_�c1`�W.`�[�c1`�\<`<]n^.`�\�jrX�\<`��"e�b s XQ^�T7_ X `�W�T.XQ^.[�T�W7b�XIe}`�Z � � x � \"Yn`<]
�
^�R<U�W�R<\L]�XQ^�T7_�\<`<]n^.`�\<`��&`a\<XQc.[<`�W�R ~k p *xb.W	�<X�� �'R<W�e�`�^�T�c�Ts�'R��Q`QY�T�^�R�ekT m XQZCc�T�f
b.W�R<\�^.XQ^�T�oyZ�b m XC[�`1e�Z&[<`�W.`�^�^�T�f�ZCT7] X \�\<`QY�T�ekj+f}Y�]�_�\�j m T�Z']�XQ^�T7_�[<XQ^��Q`�W�R
`�m�`�m s XQ^�^.`�oP\<`�ZCU�W�T�T�e m T�\<`�Z&[�T>\<`�\�W�R s R y�s XQo�Z�_P\�e�XQZ&[<XdZ�Y�T�ZCc1`1e�ZCT�Z&[<XIe�X
`�[�Z m XC[LR X T�e�X y [,\�T�Y � f�c�c�� �

−iωu− ∂ev = −ik(R + Φ) − λk2u+ f Z&[1 , b d�p�f�c u i
−iωv + ∂eu = −νk2v + f Z&[2 , b d�p�f�c � i

−iωΣ + iku = 0 , b d�p�f�c z i
−iωS = −χk2cστ + f Z&[0 , b d�p�f�c�|+i

��YnX Σ = σ/σ0
X τ = T/T0

X R = p/σ0 pl�+[LR�ZCT�Z&[<XIehR�Yn`<] � ^�R�m�jr[
� Yn`��
U.`<]n^.XQ^�Ru[<XQW�e�`QY�T�^�R�ekT m XQZCc�T�ekT�Z&`�`�[�^.`$�wXQ^�T7_nekT b d�p�f�w�w�i X b d�p�f�w�c+isT�b.W�R<\��
^.XQ^�T.XIe ��b�R<ZCZ&`�^�R b Φ = −2π Gσ0Σ/k i�p � m XC[�Y�T�ZCZCT�U�RL[�T�\�^�j+f m ]�XQ^.`�\
\ b d�p�f�c u i � b d�p�f�c�|+it^.XC`�mQf1`QY�T�e Y�]�_ `�mCf1`QY
R U.`<] y Z&`�\�\�c�`1ekU7]�XQc�ZC^.`�o ω �
U7]�`�ZCc1`�Z&[�T,U�W�T,`�m�W�RL[�^.`1eUV�b.W	�<X�� U�W.XC`�m�W�R��Q`�\�R<^�T�T,ZCU.XQc.[�W�R"]
��^.`�o,U7]�`�[�^.`�Z&[�T
�xb�e�`�\�p � `�c1`�^ m RL[<X&]
��^�j�o�`�[�\<XC[EZ \<X&]nT m T�^7byb.W.`�\�^7_&�xb�e�`�\�Z Y�T�ZCZCT�U�R#�
[�T�\�^�jrXyc1`
��VWV%T	��T.XQ^.[�j ^.X \<`�o�Y�b7[ X U.`�ZCc1`<]
��c7b νk2 � ∂e p0��`
�C[<`1e�bgY�]�_
b.U�W.` s XQ^�T7_�\�j m T�Z']�XQ^�T�o>U.`<]�` � T�e ν = χ p
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jwT�ZCZCT�U�R���T7_ �Q^.XQW��CT�Ts\G�'R��Q`�\<`1e�Y�T�ZCc1X�U.`QY�YnXQo�Z&[�\�T.XIelZ&[<`�W.`�^�^�T�f}ZCT7]
`�U�W.X'YnX&]�_�XC[�Z�_>\�j�W�R � XQ^�T.XIe

Ė = σ0

∫

{u f1 + v f2 + T f0} dS = −
∫

Xi
∂Fi

∂t
dS , b d�p�f�dx�+i

��YnXdT�^.[<XQ�CW�T�W.`�\�R<^�T.XxU�W.`�\<`QY�T.[�Z�_�U.`�U.`�\<XQW�f�^.`�Z&[�TGY�T�ZCc7R X R Xi
X Fi Z�`�m�`�m��s XQ^�^�jrX%c1`�`�W�Y�T�^�RL[�j�TGZ&[<`�W.`�^�^�T.XSZCT7]nj X ZCU.XQc.[�W�R"]
��^�R"_PZC\L_��#�Be�X � Y�bac1`�[<`��

W�j�ekTP`�U�W.X'YnX&]�_�XC[�Z�_>Z&`�`�[�^.`$�BXQ^�T.XIe � |����
Xi(k, ω) = αij(k, ω)Fi(k, ω) , b d�p f�d(f�i

��YnX αij(k, ω) Z�[<XQ^��Q`�WP`�m�`�m s XQ^�^.`�o>\<`�ZCU�W�T�T�e m T�\<`�Z&[�T p� c7R m XQZ&[�\<Xg`�m�`�m s XQ^�^�j+f�c1`�`�W�Y�T�^�RL[ \�jrm�XQW.XIe \<X&]nT m T�^�j X1 = u X
X2 = v X X0 = T p � `���Y
R Fi = −i σ0fi/ω b i = 0, 1, 2 i�p   ZCU.`<]
���Cb�_0�C[�T�`�U�W.X��
YnX&]�XQ^�T7_BTwW.X ��R"_wU�W�T�\<X'YnXQ^�^7b y \�j1�wX�ZCT�Z&[<XIe�b X e�` � ^.`%U.`<]�b m T.[
�%c�`1ekU.`�^.XQ^��
[�jt[<XQ^��Q`�W�R%`�m�`�m s XQ^�^.`�oK\<`�ZCU�W�T�T�e m T�\<`�Z&[�T p   ZCU.`<]
���Cb�_K`�ZC^.`�\�^7b y V%`�W�e�b"]�b
V�]�b.c.[Lb�R���T.`�^�^�`�� Y�T�ZCZCT�U�RL[�T�\�^�`�og[<XC`�W.XIekj � |���� X �"R<U�T�ZQR<^�^7b y Y�]�_�U7]�`�ZCc1`��&`
Z']�b m R"_

〈XlXn〉k,ω =
i T0

(2π)3ω
(α∗

nl − αln) , b d�p�f�dSw�i
ZCU.XQc.[�W�R"]
��^�j�o b.W.`�\<XQ^	� V�]�b.c.[Lb1R���T�o U.`�\<XQW�f�^.`�Z&[�^.`�o U7]�`�[�^.`�Z&[�T e�` � ^.`
U�W.X'Y�Z&[LR<\�T.[
�,\�\�T�YnX � f�c�c��
〈(

σ

σ0

)2〉

k

=
T0(2 + γs)

4π2σ0c2s
+
T0(2πGσ0k − ∂e2)

2π2σ0c2sω
2
J

+
2GT0

4πc2T (kc2T − 2πGσ0)
. b d�p�f�dxc+i

�nYnXQZ �V^.X �"R<\�T�Z�_ s T�o>`�[G\<`<]n^.`�\<`��&` m T�Z']�RVU.XQW�\�j�o m ]�XQ^}Z ZCU.XQc.[�W�R"]
���
^�R"_BU7]�`�[�^.`�Z&[
��[<XQW�e�`QY�T�^�R�ekT m XQZCc�T�f �xb�e�`�\ X R�\<[<`�W.`�oBTx[�W.XC[�T�o m ]�XQ^�jie�` � �
^.` ^�R��I\�RL[
� ZCU.XQc.[�W�R"]
��^.`�o U7]�`�[�^.`�Z&[
� y � �CW�R<\�T.[LR���T.`�^�^.`�� \�W�R s RL[<X&]
��^�j+f �
�xb�e�`�\�p � j m T�Z']�_._�c1`�W�W.X&]�_ ��T.`�^�^7b y V�b.^�c	��T y [<XQW�e�`QY�T�^�R�ekT m XQZCc�T�f �xb �
e�`�\ X U.`<]�b m RLXIe

〈(

σ

σ0

)2〉T

r

=
T0(2 + γs)

4π2σ0c2s

∫

ei~k~rd~k =
2 + γs

σ0c2s
T0δ(~r) . b d�p�f�d�dSi

��[�Z'b7[�Z&[�\�T.X�U�W.`�Z&[�W�R<^�Z&[�\<XQ^�^.`�o c1`�W�W.X&]�_ ��T�T�[<XQW�e�`QY�T�^�R�ekT m XQZCc�T�f �xb�e�`�\
Z']�X'Y�b�XC[SW�R<ZCZQehRL[�W�T�\�RL[
�xc7R<cKb.c�R��"R<^�T.X�^�R�[<` X+m [<`Sf�R<W�R<c.[<XQW�^�j�oVW�R��"e�XQWKc1`�W��
W.X&]�_ ��T�T}\ �C[<`1euZ']�b m RLXK`�c7R��Ij�\�RLXC[�Z�_}U.`�W�_7Y�c7RPekT�^�T�ehR"]
��^.`>\<`��"e�` � ^.`��&`P\
�CT�Y�W.`QY�T�^�R�ekT�c1X�W�R��"e�XQW�R�Z Y�]nT�^�j�ZC\<`�m�`QY�^.`��&` U�W.`�m�XQ��R m R<Z&[�T	� l p � R<c�T�e
`�m�W�R��Q`1e X \ b d�p�f�d�dSi+Z']�X'Y�b�XC[�U.`<]�R<�'RL[
� δ(~r) ∼ l−2 p

��U.XQc.[�W�R"]
��^�R"_ U7]�`�[�^.`�Z&[
� � �CW�R<\�T.["R���T.`�^�^.`�� \�W�R s RL[<X&]
��^�j+f � �wb�e�`�\ X
U�W.X'Y�Z&[LR<\L]�XQ^�^�R"_�\<[<`�W�j�e�\ b d�p�f�dxc+i m ]�XQ^.`1e X \�Y�T�ZCc1X X m<]nT��Ic1`1e�cu�CW�R<^�T	�.X
�CW�R<\�T.[LR���T.`�^�^.`�oGb1Z&[<`�o m T�\<`�Z&[�T � |ωJ(kJ)| � ∂e � X T�e�XCXC[�W.X"�Ic�T�o>ehR<c�ZCT�e�b�ei\



�7� �7� ���
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`�c�W.XQZ&[�^.`�Z&[�T k = kJ
X ��YnX 2 π Gσ0k − ∂e2 ' ∂e2 p�� b m XC[<`1e �C[<`��&`s`�m�Z&[<`I_��

[<X&]
��Z&[�\�R�U.`<]�b m RLXIe
〈(

σ

σ0

)2〉GR1

r

' T0∂e2kJJ0(kJr)

σ0c2sωJ(kJ)
, b d�p�f�dS¡�i

��YnX J0(x) Z V�b.^�c	��T7_ �
XQZCZ&X&]�_iU.XQW�\<`��&` W.`QY
R.pJ�SR<c1`�^.X � X T�^.[<XQ�CW�T�W.`�\�R<^�T.X
U.`�Z']�X'Y�^.XQ�&`�\ b d�p�f�dxc+i m ]�XQ^�RwY
RLXC[

〈(

σ

σ0

)2〉GR2

r

' GT0

c4T

{

1

r
− π

2LT

[

Y0(r/LT ) + H0(r/LT )
]

}

, b d�p�f�d u i
��YnX LT = c2T/2π Gσ0

X Y0(x)
X H0(x) Z�V�b.^�c	��T�T���XQo�ehR<^�RBT��+[�W7b.\<XdZ&`�`�[��

\<XC[�Z&[�\<XQ^�^.`�p
��`<]�b m T�euZ&`�`�[�^.`$�wXQ^�T7_�Y�]�_�`$�.XQ^.`�c�b.W.`�\�^7_ �xb�e�`�\�p.��`�ZCc1`<]
��c7b T0 ∼

mc2s
X ��YnX m Z�f7R<W�R<c.[<XQW�^�R"_ ehR<ZCZQR � m R<Z&[�T	� � Y�T�ZCc7R X [<`VY�]�_�[<XQW�e�`CY�T�^�R�ekT��m XQZCc�T�f �xb�e�`�\ b d�p�f�d�dSi�Z�b m XC[<`1et[<`��&` X�m [<` δ(~r) ∼ l−2 X U.`<]�b m RLXIe

αT =











〈(

σ

σ0

)2〉T










1/2

' 1

l

(

m

σ0

)1/2

. b d�p�f�d � i
jd]�_�^.XC[<XQW�e�`QY�T�^�R�ekT m XQZCc�T�f
V�]�b.c.[Lb�R���T�o b d�p�f�dS¡�i%f7R<W�R<c.[<XQW�^�j�otU�W.`�Z&[�W�R<^��
Z&[�\<XQ^�^�j�o�ehR<Z �w[LRLm L ∼ k−1

J ∼ cs/∂e = ρ X R�T�f�T�^.[<XQ^�ZCT�\�^.`�Z&[
�S\SehR<Z �w[LRLm1RIf
<∼ k−1

J Z%b m XC[<`1etW.X"�Cb"]
�I[LRL["R b d�p�f�c#f�ire�` � XC[�m�jr[
��`$�.XQ^.XQ^�RKc7R<c
αGR1

=











〈(

σ

σ0

)2〉GR1











1/2

'




m ∂e

σ0ωJ(kJ)ρ2





1/2

' (m/σ0)
1/2

(ρ5l)1/6
. b d�p�f�d z i

�SR<c1`�^.X � X f7R<W�R<c.[<XQW�^�j�o ehR<Z �w[LRLm ^.XC[<XQW�e�`QY�T�^�R�ekT m XQZCc�T�f �xb�e�`�\b d�p�f�d u i�U.`�W�_7Y�c7R LT ∼ ρ X R�T�f�ehR<c�ZCT�ehR"]
��^�R"_>T�^.[<XQ^�ZCT�\�^.`�Z&[
� b U�W�T r ∼ l i
αGR2

=











〈(

σ

σ0

)2〉GR2











1/2

'
(

m

ρ l σ0

)1/2

. b d�p�f�d1|+i
� c7R m XQZ&[�\<XaU�W�T�e�XQW�R�U�W�T�e�XQ^.XQ^�T7_iT��C]�` � XQ^�^.`�oi\�j1�wXV[<XC`�W�T�Ty`$�.XQ^�T�e

b.W.`�\<XQ^	��W�R<\�^.`�\<XQZC^�j+f.�xb�e�`�\�\�Z&`<]n^.X m ^.`�o>`�c�W.XQZ&[�^.`�Z&[�T��'R��Q`�\<`�o>U.`CY�ZCT�Z&[<X��
ekj¤È7R"]�R<c.[�T�c�T p � bQYnXIe}Z m T.[LRL[
� X+m [<`SY�T�ZCU.XQW�ZCT7_�ZCc1`�W.`�Z&[<XQo��'R��Q`�\�j+fK`�m<]�R<c1`�\
Z � ehR<c�W.`1RL[<`1e�`�\ � Y�T�ZCc�R cs� ' 9 c�e � Z X T�f f7R<W�R<c.[<XQW�^�jrXGW�RIY�T7b1ZaTiehR<ZCZQR
W�R<\�^�j rm ' 4 U�clT m ' 120

�
� Z&`�`�[�\<XC[�Z&[�\<XQ^�^.`�p   ZCU.`<]
���Cb�_g[LR<c � X

Y
R<^�^�jrX,`�U�R<W�R�e�XC[�W�RIf��'R��Q`�\<`��&`aY�T�ZCc7RP\>`�c�W.XQZ&[�^.`�Z&[�T��+`<]n^	��R � ∂e ' 10−15

Z −1 � σ0 ' 10
�

�
� U�c 2 � h ' 70 ÷ 80 U�c X U.`<]�b m RLXIe ρ = cs/∂e ' 300

U�c X0m T�Z']�`g`�m<]�R<c1`�\g\tX'Y�T�^�T	�.Xy`�m�¥vXIehR n ' σ0/2hm ' 5 · 10−4 U�c −3 p
��`�ZCc1`<]
��c7bg�'R��Q`�\�jrX�`�m<]�R<c�R�Z `�[�^ y Y �i^.Xs[�\<XQW�Y�jrX�Z)V%XQW�j X Z m T.[LRLXIe Xqm [<`
��VWV%XQc.[�T�\�^�j�o b Z&[<`<]nc�^.`�\�T.[<X&]
��^�j�o'iyW�RIY�T7b1ZlZCW.X'Y�^.XQ�&`�`�m<]�R<c7R�^.XQZCc1`<]
��c1`
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e�XQ^	�
�wXi^�RLm<] y Y
RLXIe�`��&` b U7b1Z&[
� r ' 0,7 rm i�p � `�� Y
RuZ&X m XQ^�T.Xi\��"R<T�e�`QYnXQo��
Z&[�\�T7_�`�m<]�R<c1`�\ Σ̂ ' π(2 r)2 ' 102 U�c 2 X RtY�]nT�^�RlZC\<`�m�`QY�^.`��&`uU�W.`�m�XQ�'R
l ' 1/

√
2n Σ̂ ' 20 U�c p � W.X"�CbI]
�I[LRL[<XwU.`<]�b m RLXIe

αT� ∼ 2 · 10−1; αGR� ∼ 5 · 10−2. b d�p�f�¡��+i� j�Z&`�c�T�o�b.W.`�\<XQ^	� �xb�e�`�\ X U�W.X'Y�ZCc7R��Ij�\�RLXIekj�o �C[�T�ekTg`$�.XQ^�c7R�ekT X `��I^�R m RLXC[ Xm [<`HV�]�b.c.[Lb�R���T.`�^�^�j�X�Z&[�W7b.c.[Lb.W�j \V�'R��Q`�\<`�o�U.`QY�ZCT�Z&[<XIe�XlÈ7R"]�R<c.[�T�c�T}e�`��'b7[
m�jr[
�g\tU�W�T�^	��T�U.X�^�RLm<] y Y
RLXIekj�ekT p � R<W�R<c.[<XQW�^�jrX�W�R��"e�XQW�j ^�R<T.m�`<]�XCX�T�^��
[<XQ^�ZCT�\�^�j+f,T�� �C[�T�f,Z&[�W7b.c.[Lb.W b [<XQW�e�`QY�T�^�R�ekT m XQZCc�T�fGik`�c7R��Ij�\�R y [�Z�_VU.`�W�_7Y�c7R
Y�]nT�^�j�ZC\<`�m�`QY�^.`��&`}U�W.`�m�XQ�'R�`�m<]�R<c1`�\ b ^.XQZCc1`<]
��c�T�fte�X � `�m<]�R m ^�j+ftW�R<ZCZ&[<`I_��
^�T�oGi X T�[LR<c�T.X�c1`1ekU7]�XQc�ZCj�e�`��'b7[ Z&`QYnXQW � RL[
�sYn`�^.XQZCc1`<]
��c�T�f�YnXQZ�_�[�c�`�\}`�m��
]�R<c1`�\�p���XQZCc1`<]
��c1`�e�XQ^.XCX�T�^.[<XQ^�ZCT�\�^�jrXd^.XC[<XQW�e�`QY�T�^�R�ekT m XQZCc�T.XWV�]�b.c.[Lb�R���T�T
T�e�X y [df7R<W�R<c.[<XQW�^�jrX�W�R��"e�XQW�j ∼ 1÷ 3 k−1

J b U.`BU�R<W�R�e�XC[�W�R�ey�'R��Q`�\<`�o,U.`CY�ZCT��
Z&[<XIekj�\G`�c�W.XQZ&[�^.`�Z&[�T��+`<]n^	��R �C[<` ∼ 0,3 ÷ 1 c�U�cGi�T e�`��'b7[ X U.`�� \�T�Y�T�e�`1e�b X
`�m�XQZCU.X m T.[
�1�"RL[�W�R<\<` m ^�jrX�\<`��"e�b s XQ^�T7_%Y�]�_x[<X'fxT7]nTwT�^�j+fx`�Z&`�m�XQ^�^.`�Z&[<XQoxZCU�T��
W�R"]
��^.`��&`�b��Q`�W�R b `�[�\<XC[�\L]�XQ^�T7_�`�[,ZCU�T�W�R"]�XQo>TP["p�U p¢i�p
��§��q§�¶q® � ��� �r®�­�¬'³�®�¯�°���¹�®�°}­�° ����´+����¯�®���� ��´#®;ª:¬��������'ª � �r®���¹Y¬

� U�W.X'Y�j+Y�b s T�f}W�R��&YnX&]�RIf �C[<`�o���]�R<\�j ekj�b � X�W�R<ZCZQe�`�[�W.X&]nT�W�_7Yy�CT�Y	�
W.`QY�T�^�R�ekT m XQZCc�T�f}^.X&b�Z&[�`�o m T�\<`�Z&[<XQo}��R��Q`�\<`��&`G�CW�R<\�T.[�T�W7b y�s XQ�&`VY�T�ZCc7R X T�e�X��y�s T�f X U.`�� \�T�Y�T�e�`1e�b X `�[�^.`$�wXQ^�T.XBc�U�W.`�T�Z�f1` � YnXQ^�T y [<X'f�T7]nTsT�^�j+fs^�RLm<] y �
Y
RLXIekj+fsZ&[�W7b.c.[Lb.W}T7]nTs^�R"]�R<�'R y�s T�f�`��CW�R<^�T m XQ^�T7_�^�R �I^�R m XQ^�T7_s^.XQc1`�[<`�W�j+f
U�R<W�R�e�XC[�W.`�\V�'R"]�R<c.[�T m XQZCc�T�f���R��Q`�\�j+f�U.`CY�ZCT�Z&[<XIerp��+[<`aU�W.X � YnXB\�Z&XQ�&`,�CW�R<\�T��
[LR���T.`�^�^�R"_ b T7]nT��CW�R<\�T.[LR���T.`�^�^.`�� �CW�RIY�T.XQ^.[�^�R"_'i�^.X&b1Z&[<`�o m T�\<`�Z&[
� X `�U�W.X'YnX&]�_��y�s R"_}ekT�^�T�ehR"]
��^7b y � [<XIekU.XQW�RL[Lb.W7b � Y�T�ZCc7R X ^.XC`�mQf1`CY�T�e�b y Y�]�_}U�W.X'Yn`�[�\�W�R#�s XQ^�T7_�W�R��Qm�T.XQ^�T7_sXQ�&`G^�RV�CW�R<\�T.[LR���T.`�^�^.`>ZC\L_��"R<^�^�jrXKZC�'b�Z&[�c�T�Y � T�^�Z&`�\�ZCc1`��
�&`wehR<Z �w[LRLm1R.p3jBW7b.�&`�o�c7]�R<ZCZ�^.X&b1Z&[<`�o m T�\<`�Z&[<XQo X `�m<b1Z']�`�\L]�XQ^�^�j+f,W�RIY�T�R"]
��^.`�o
^.XC`QY�^.`�W.`QY�^.`�Z&[
� y U7]�`�[�^.`�Z&[�T>TG[<XIekU.XQW�RL[Lb.W�juY�T�ZCc�R X \L]nT7_�XC[�^�Rw`�[�^.`$�wXQ^�T.X
W�RIY�T�R"]
��^�j+f��CW�RIY�T.XQ^.[<`�\Vb.c�R��"R<^�^�j+f�\<X&]nT m T�^sT X \<`��"e�` � ^.` X e�` � XC[GU�W�T�\<`��
Y�T.[
��c�\<`��Qm<b � YnXQ^�T y R<^.[�T	��T�c7]�`�^�T m XQZCc�T�f�\�T�f�W.XQ\�j+f�Z&[�W7b.c.[Lb.W�[�T�U�RtZ&`��
]nT.[<`�^.`�\}~�`�ZCZ&m�T p �+j�Z&[�W�R"_ Y�T�ZCZCT�U�RL[�T�\�^�R"_i^.X&b1Z&[<`�o m T�\<`�Z&[
��e�` � XC[�T��CW�RL[
�
W.`<]
��\�W.X �wXQ^�T�T>U�W.`�m<]�XIekj�[Lb.W.m<bI]�XQ^.[�^.`�o�\L_��Ic1`�Z&[�T p

��Y�^�R<c1`xZCW.X'Y�T�U.XQW.X m T�Z']�XQ^�^�j+f�\�j1�wX�^.X&b1Z&[<`�o m T�\<`�Z&[<XQo�^.XC[x^.X&b1Z&[<`�o m T��
\<`�Z&[�T X `�m<b1Z']�`�\L]�XQ^�^.`�o,^.XQU.`�ZCW.X'Y�Z&[�\<XQ^�^.`SY�T�VWV%XQW.XQ^	��T�R"]
��^.`�Z&[$� y \�W�R s XQ^�T7_
Y�T�ZCc7R.p~��X&b1Z&[<`�o m T�\<`�Z&[�T�[LR<c�`��&`g[�T�U�R�e�`��'b7[�\<`��Qm<b � Y
RL[$��Z�_�\t[<X'f m R<Z&[Q_7f
Y�T�ZCc7R X ��YnXdZ&[<XQU.XQ^	�wY�T�VWV%XQW.XQ^	��T�R"]
��^.`�Z&[�T�\�W�R s XQ^�T7_>\<X s XQZ&[�\�RBU�W.XQ\�j1�KRLXC[
^.XQc1`�[<`�W�j�oaU�W.X'YnX&]|Z�^�R<U�W�T�e�XQW X \d`�m<]�R<Z&[�TVW.X"�Ic1`��&`db7m�j�\�R<^�T7_ Ω(r) ZC^�R<W7b �� T�`�[}\�^7b7[�W.XQ^�^.XQ�&`��&`�W.m1R V \�W (r) \s�'R"]�R<c.[�T�c7RIfiZ�Y�\Lb.�&`�W.m�j�ekT�c�W�T�\�j�ekT
\�W�R s XQ^�T7_ b ZQerp�W�T�Z�p.f�p�f�i�p
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��`�c�W�R<o�^.XQo>e�XQW.X X \K^�R��wXQo�È7R"]�R<c.[�T�c1Xd\0�C[<`�o � X%`�m<]�R<Z&[�T b r <∼ 3 c�U�cGi
^�RLm<] y Y
RLXC[�Z�_ �"R�e�XC[�^�R"_�YnXQU�W.XQZCZCT7_�\lU.`�\<XQW<f�^.`�Z&[�^.`�o U7]�`�[�^.`�Z&[�T��'R��Q`�\<`��&`
Y�T�ZCc7R.p��%W�_�ekR"_�`$�.XQ^�c7R�U.`�Y
R<^�^�j�e�^�RLm<] y YnXQ^�T�o � ��u f��hY � T�^�Z&`�\�ZCc1`��&`�ehR<Z5�
�w[LRLm1R�\ �C[<`�o m R<Z&[�Tx�'R��Q`�\<`�odU.`QY�ZCT�Z&[<XIekj?È�R"]�R<c.[�T�c�TBU�W�T�\<`QY�T.[�cxZ']�X'Y�b y�s X��
e�bGW.X"�CbI]
�I[LRL[Lb � λJ = 2π/kJ = 2c2s/Gσg0 ' 10 c�U�c X�m [<`�m�`<]
�
�wXdehR<Z �w[LRLm�`�\
^�RLm<] y Y
RLXIekj+f>Z&[�W7b.c.[Lb.W p(qSR<c1`�\�j � XxZ']�X'Y�Z&[�\�T7_��C[<`��&`,W.X"�Cb"]
�I["RL[LR �

jwT�^�R�ekT�c7R>\<`��"e�b s XQ^�T�o \>�'R��Q`�\<`1elY�T�ZCc1X�`�U�W.X'YnX&]�_�XC[�Z�_�Z'b�ehe�`�osY�\Lb1f
ZCT7] � ~∇p̃/σg0+ ~∇Φ̃ X ��YnX p̃ X Φ̃ Z \<`��"e�b s XQ^�^�jrX Y
R<\L]�XQ^�T.XrTB�CW�R<\�T.[LR���T.`�^�^�j�o
U.`�[<XQ^	��T�R"]�p�� �.XQ^�T�e�T�f>`�[�^.`�ZCT.[<X&]
��^7b y T�^.[<XQ^�ZCT�\�^.`�Z&[
�

|σg0
~∇Φ̃
~∇p̃

| ' |σg0Φ̃

c2sσ̃g
| ' |2 π Gσg0(σ̃g + σ̃∗)

k c2sσ̃g
| ' 2λ

λJ
|1 + σ̃∗/σ̃g|. b d�p�f�¡�f�i

� �.XQ^�c�T X U�W.`�\<X'YnXQ^�^�jrX�\xZ&`�`�[�\<XC[�Z&[�\�T�TVZ�W.X"�Cb"]
�I["RL[LR�ekTVU p+d�p�f�p�c%U.`SY
R<^��
^�j�e�^�RLm<] y YnXQ^�T�otW�R<\�^.`�\<XQZC^�j+f�U�R<W�R�e�XC[�W.`�\ �I\<X"�&Y�^.`�oiT��'R��Q`�\<`�oiU7]�`�ZCc�T�f
U.`QY�ZCT�Z&[<XIe>\�W�R<ZCZQehRL[�W�T�\�RLXIe�`�oS`�m<]�R<Z&[�T[È7R"]�R<c.[�T�c�T X U.`�c�R��Ij�\�R y [ X�m [<`�\�c7]�RIY
�I\<X"�&Y�^.`��&`�Y�T�ZCc�R�\�\<`��"e�b s XQ^�^�j�ow�CW�R<\�T.[LR���T.`�^�^�j�o�U.`�[<XQ^	��T�R"],^.XrU�W.XQ\�j1�KR#�
XC[P\�c7]�RIYy�'R��Q`�\<`��&` b ZQerph� u p¢w�i�p.��`
�C[<`1e�bsXQZ']nT�c7R<c7R"_�� ]nT.m�`P�CT�Y�W.`QY�T�^�R�ekT m X��
ZCc7R"_y^.X&b1Z&[<`�o m T�\<`�Z&[
�sU�W�T�\<`QY�T.[�cyW�R<ZCc7R m c1Xa\<`��"e�b s XQ^�T�o�Z λ � λJ

X [<`�\
b.W�R<\�^.XQ^�T7_7f X `�U�T�ZCj�\�R y�s T�f�Y�T�^�R�ekT�c7b��'R��Q`�\<`��&`,Y�T�ZCc7R X \<`��"e�b s XQ^�^.`�os�CW�R#�
\�T.[LR���T.`�^�^.`�o ZCT7]�`�o b ~∇Φ̃ i�\GU.XQW�\<`1euU�W�T.m<]nT � XQ^�T�Tye�` � ^.`>U�W.XQ^.XCm�W.X m �GU.`
ZCW�R<\�^.XQ^�T y Zr\<`��"e�b s XQ^�^.`�oB�CT�Y�W.`QY�T�^�R�ekT m XQZCc1`�oKZCT7]�`�o b ~∇p̃/σg0 i�pO�+[<`�[S\�j �
\<`QY�U.`<]�b m T7]�`�m�`�ZC^.`�\�R<^�^.`�XwU.`QYn[�\<XQW � YnXQ^�T.X�\,U.`QY�W.`�m�^.`V`�U�T�ZQR<^�^�j+f *BW�T�Y	�
ehR<^.`1e�T��%`<]�_ m XQ^�c�` � dSw�����W�RLm�`�[LRIf � f�fQ| X f�w�� X f�w�f X f�w�w#��pr��`
�C[<`1e�b}Y
R"]�XCXP\
�C[<`1e W�R��&YnX&]�X b c�W.`1e�X�U p�d�p¢¡7pedSi�ekjg^.X�m<bIYnXIe�b m T.[�j�\�RL[
�w\�c7]�RIYG\<`��"e�b s XQ^�^.`��
�&`B�CW�R<\�T.[LR���T.`�^�^.`��&`�U.`�[<XQ^	��T�R"]�RK\SY�T�^�R�ekT�c7bG\<`��"e�b s XQ^�T�oV�'R��Q`�\<`��&`SY�T�ZCc7R.p
��`QY �.`�m�^.`�XS`�m�Z'b � YnXQ^�T.X-�C[<`��&`,\<`�U��.`�ZQR�e�` � ^.`V^�R<o.[�T�\ ��RLm�`�[<X � fQ| � ��p

È T�U.`�[<X"�"R�`�mS`�[�\<XC[�Z&[�\<XQ^�^.`�Z&[�T,�CT�Y�W.`QY�T�^�R�e�T m XQZCc�T�f�^.X&b1Z&[<`�o m T�\<`�Z&[<XQo�\
�'R��Q`�\<`1eaY�T�ZCc1X)�"R�\<`��Qm<b � YnXQ^�T.X�ZCU�T�W�R"]
��^.`��&`�b��Q`�W�R��'R"]�R<c.[�T�cwm�j�]�R�Z)V%`�W�e�b �
]nT�W.`�\�R<^�R �Bp � p *BW�T�Y
ehR<^.`1e}\kfQ| � w���p�q�`�^�c�W.XC[�^�jrX�Z&`�`�m�W�R � XQ^�T7_K`%�CT�Y�W.`QY�T��
^�R�ekT m XQZCc1`1e�e�X'f7R<^�T��"e�X�\<`��Qm<b � YnXQ^�T7_ ZCU�T�W�R"]�XQo}T e�XQZ&[<X�XQ�&`a]�`�c7R"]nT��"R���T�T
\S�'R"]�R<c.[�T�c7RIf�m�j�]nT�\�j�ZCc7R��"R<^�j�\dW�RLm�`�[<X � f�d u ��p+��`��&Y�^.XCXrm�j�]nT�T��Cb m XQ^�jg�CT�Y	�
W.`QY�T�^�R�ekT m XQZCc�T.Xx^.X&b1Z&[<`�o m T�\<`�Z&[�T�\�[�W.X'f�e�XQW�^�j+f�e�`QYnX&]�_7fP�CW�R<\�T.[�T�W7b y�s XQo
ZCW.X'Y�j � f�fQ| X f�w�� X f�w�f X f�w�w#��T,�'R��Q`�\<`1esY�T�ZCc1X � f�w�c X f�w:d X fQ| z ��pS�%W.`�\<X'YnXQ^�^.`�X1�"R#�
[<XIe �Qc�ZCU.XQW�T�e�XQ^.[LR"]
��^.`�X>T�ZCZ']�X'Yn`�\�R<^�T.X��.XQ^.[�W.`�m�X � ^.`�og^.X&b1Z&[<`�o m T�\<`�Z&[�Tt^�R
b1Z&[LR<^.`�\�c7RIfGZ%\�W�R s R y�s XQo�Z�_ � e�X&]nc1`�oG\<`QYn`�o � � f�c z#X d(f�f�� U.`��I\<`<]nT7]�`�\Kc�`�^.X m �
^.`1e�Z m XC[<X%Z)V%`�W�e�b"]nT�W.`�\�RL[
�K�CT�Y�W.`QY�T�^�R�ekT m XQZCc7b y c1`�^	�.XQU	��T y U�W.`�T�Z�f1` � YnX��
^�T7_�ZCU�T�W�R"]
��^.`��&`�b��Q`�W�RKU7]�`�ZCc�T�f��'R"]�R<c.[�T�c b ZQerp���]�p u i�p
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  ZCZ']�X'Y�b�XIesY�T�^�R�e�T�c7bV\<`��"e�b s XQ^�T�o,\d`QY�^.`�W.`QY�^.`1ey�'R��Q`�\<`1esY�T�ZCc1X X \�W�R#�s R y�s XIekZ�_>ZdW�R��IW�j�\<`1e�b.��]�`�\<`�o�ZCc1`�W.`�Z&[�T b U�W.X'YnX&]
��^�R"_�e�`QYnX&]
�KY�\Lb.�&`�W.m�`�o
c�W�T�\<`�os\�W�R s XQ^�T7_�Zdb��Ic�`�o�`�m<]�R<Z&[
� y W.X"�Ic1`��&`�b7m�j�\�R<^�T7_ Ω(r) ZC^�R<W7b � T�`�[
\�^7b7[�W.XQ^�^.XQ�&`,�&`�W.m1R V \�W (r) i��

Ω(r) = Ω1 + (Ω2 − Ω1) Θ(r −R), b d�p�f�¡�w�i
��YnX Θ(x) Z [<XC[LR#� V�b.^�c	��T._ � �Q\�T�ZQR<o�Y
R b Θ(x) = 1 U�W�T x > 0 T Θ(x) = 0

U�W�T x < 0 i�� R Z W�RIY�T7b1Z>W�R��IW�j�\�Rsb.��]�`�\<`�otZCc�`�W.`�Z&[�T p
� R<c1`�^t\�W�R s XQ^�T7_b d�p�f�¡�w�ire�` � ^.`VU�W.X'Y�Z&[LR<\�T.[
�,c7R<c�U�W.X'YnX&]���]�RIY�c1`��&`,W�R<ZCU�W.X'YnX&]�XQ^�T7_
Ω(r) =

Ω1 + Ω2

2
+

Ω2 − Ω1

π
arctg

(

r −R

L

)

b d�p�f�¡�c+i
U�W�T L/R → 0 p� W�R�ekc7RIfae�`QYnX&]nTVZ�^.XQU�W.XQW�j�\�^�j�e�W�R<ZCU�W.X'YnX&]�XQ^�T.XIe Ω(r) T���]nT�^.XIR<W�T��
�Q`�\�R<^�^�j+fKb.W�R<\�^.XQ^�T�oV��R��Q`QY�T�^�R�ekT�c�T b d�p¢¡�¡�i ÷ b d�p¢¡ z i�Y�]�_,\<`��"e�b s XQ^�T�o�[�T�U�Rb d�p¢¡:dSiBZGb m XC[<`1e�^.XQZ'b s XQZ&[�\<XQ^�^.`�Z&[�Tt\<`��"e�b s XQ^�T�ot�CW�R<\�T.[LR���T.`�^�^.`��&`yU.`�[<XQ^��
��T�R"]�R�U.`<]�b m RLXIetZCT�Z&[<XIe�bab.W�R<\�^.XQ^�T�o

dp̃

dr
=
(2mΩ

r ω̂
− γs − 1

γs
D(ln Ωz)

′
)

p̃ +

+ σ0



ω̂2 − ∂e2 −D
γs − 1

γ2
s

(ln Ωz)
′(lnCΩz)

′c2s



 ξ, b d�p�f�¡:dSi
dξ

dr
=

p̃

σ0





m2

r2ω̂2
− 1

c2s



−
(

2mΩ

r ω̂
+

1

r
− γs − 1

γs
(lnCΩz)

′
)

ξ, b d�p�f�¡�¡�i
��YnX ξ Z W�RIY�T�R"]
��^.`�XlZQe�X s XQ^�T.X X `�U�W.X'YnX&]�_�XIe�`�X�U.`�\<`��"e{b s XQ^�^.`�o�W�RIY�T��
R"]
��^.`�o ZCc1`�W.`�Z&[�T � u = dξ/dt = ∂ξ/∂t + Ω ∂ξ/∂ϕ = −iω̂ξ p � Z']�b m RLX
C Ωz = const b���R<\�^.XQ^�T7_ b d�p�f�¡:dSi X b d�p�f�¡�¡�i�U���T�\<`QY�_�[Pc�f�` �.`$�B`GT��I\<XQZ&[�^.`1e�b
�.X"�Cb"]
�I["RL[Lb � f�w�c X f�w:d���p � R���R<c.[<X ��^.`�o�`�Z&`�m�XQ^�^.`�Z&[
� y Y
R<^�^.`�o}ZCT�Z&[<XIekj b���R<\��
^.XQ^�T�o�_�\L]�_�XC[�Z�_s[<` X·m [<`PU���T γs = 1 \�Z&XBZ']�R<�'RLXIekjrX X `�m<b1Z']�`�\L]�XQ^�^�jrXK^.XC`QY	�
^.` �.`QY�^.`�Z&[
� y \<X&]nT m T�^�j Ωz

X ^.X�Y
R y [�\�c7]�RIY
R.p
��T � Xd`�����R<^�T m T�ekZ�_���R<ZCZQe�`��
[ �.XQ^�T.XIe�e�`CYnX&]�XQoPm�X"�Sb m XC[LRBb.c7R��"R<^�^�j+f m ]�XQ^.`�\ � � ∝ (γs − 1) d ln Ωz/dr ��p

��XQW.X'f1`QY�_�cte�`QYnX&]nT�W�R��IW�j�\�R Ω b d�p�f�¡�w�i X m<bIYnXIe�T�ZCc7RL[
�}W.X �wXQ^�T7_tZCT��
Z&[<XIekj b d�p�f�¡:dSi X b d�p�f�¡�¡�iG`�[CYnX&]
��^.`�U.`�`�m�X�Z&[<`�W.`�^�j `�[uW�R��IW�j�\�R b r > R X
r < R i X U.`<]�R<�'R"_�Z&`�`�[�\<XC[�Z&[�\<XQ^�^.` Ω(r) = Ω1,2 p��%W�T �C[<`1e�ZCT�Z&[<XIehR�b.W�R<\��
� � � (%"#. $%.������ 8  �&�*#��& $%�-(%" � & 8 �,
)(%�� �& ��&�(%&�
 "����

Ωz = const
����&1&� %
 ��� $%��� &���"%�-01.�
���� � 8 ������� 8  ����

$%"� %
���"���� �%
��-�� �&9C�& ��( 
�����
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.�&�(% �&�.�&9C�& .�� ����& 8 
�2�� 8 "�����&�� ��&�$

p
�

σ
�

γs
� (%�-$%�����
��& $ 8 
���������.�
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^.XQ^�T�o b d�p�f�¡:dSi X b d�p�f�¡�¡�i+ZC\<`QY�T.[�Z�_�cP`QY�^.`1e�bVY�]�_ p̃(r) = p1,2 �
d2p1,2

dr2
+
dp1,2

r dr
+







ω̂2
1,2 − 4 Ω2

1,2

c2s
− m2

r2







p1,2 = 0 , b d�p�f�¡ u i
R�ZQe�X s XQ^�T.X ξ `�U�W.X'YnX&]�_�XC[�Z�_>T��wZ&`�`�[�^.`$�wXQ^�T7_

ξ1,2 =
1

σ0(ω̂2
1,2 − 4 Ω2

1,2)







dp1,2

dr
− 2mΩ1,2

r ω̂1,2
p1,2







. b d�p�f�¡ � i
~�X �wXQ^�T7_��C[�T�fPb.W�R<\�^.XQ^�T�oaYn`<] � ^�j�m�jr[
�,Z �BT.[�j�^�R�W�R��IW�j�\<X b U�W�T r = R i�p
�+`�`�[�\<XC[�Z&[�\Lb y�s T.XBU�W�R<\�T7]�R�Z �BT�\�c�T b �CW�R<^�T m ^�jrXdb�Z']�`�\�T7_�^�R�W�R��IW�j�\<X:ire�`��
�'b7[Vm�jr[
�aU.`<]�b m XQ^�j�Z']�X'Y�b y�s T�eg`�m�W�R��Q`1erp   Z f1`QY�T�e�T��wb.W�R<\�^.XQ^�T�o b d�p�f�¡:dSi Xb d�p�f�¡�¡�i X \ c1`�[<`�W�j+f W�R��IW�j�\ Ω(r) � W�R��"ehR��"R<^ � U.`�b��Ic1`1e�b U.XQW.X'f1`QY�^.`1e{b
Z']�` y �BT�W�T�^.`�o H T �"RPU�W.X'YnX&]�R�ekT c�`�[<`�W.`��&` Ω = Ω1,2 ph�%W.`�T�^.[<XQ�CW�T�W7b�XIe
�C[�T b.W�R<\�^.XQ^�T7_�U.`�b.c7R��"R<^�^.`1e�b U.XQW.X'f1`QY�^.`1e�b�Z']�` y TyU.XQW.XQo�YnXIe�cyU�W.X'YnX&]�b
H → 0 p � W.X"�Cb"]
�I["RL[�XxU.`<]�b m T�e

ξ|r=R−0
= ξ|r=R+0

, b d�p�f�¡ z i
(p̃+ σ0RΩ2ξ)|r=R−0

= (p̃+ σ0RΩ2ξ)|r=R+0
. b d�p�f�¡<|+i

� [<`�W.`�XPT����C[�T�f��CW�R<^�T m ^�j+f�b1Z']�`�\�T�oi\�j���]�_7Y�T.[}^.XC`�m�j m ^�j�e � p���`I_�Z5�
^�T�e�U.`
�C[<`1e�baXQ�&`lVST��IT m XQZCc7b y Z'b s ^.`�Z&[
��p�~�RIY�T�R"]
��^.`�XdW�R<\�^.`�\<XQZCT.XS��R��Q`�\�j+f
�'R"]�R<c.[�T m XQZCc�T�f�Y�T�ZCc1`�\�`�m<b1Z']�`�\L]�XQ^.`�m1R"]�R<^�Z&`1e��CW�RIY�T.XQ^.[LR�Y
R<\L]�XQ^�T7_ X �.XQ^��
[�W.`�m�X � ^.`�otT��CW�R<\�T.[LR���T.`�^�^.`�otZCT7] � Ω2r = p′0/σ0 + Φ′

0
X ��YnX��w[�W�T�f�`��I^�R#�m RLXC[�Y�T�VWV%XQW.XQ^	��T�W.`�\�R<^�T.X>U.`}W�RIY�T�R"]
��^.`�o�c1`�`�W�Y�T�^�RL[<X�p � c7]�RIYg�CW�RIY�T.XQ^.[LR

Y
R<\L]�XQ^�T7_a\ �C[<`wb1Z']�`�\�T.X�ehR"]GU.`KZCW�R<\�^.XQ^�T y Z�\�c7]�RIYn`1ey�CW�R<\�T.[LR���T.`�^�^.`�oGZCT��
]nj |p′0/σ0Φ

′
0| ∼ c2s/V

2\�W � 1 ph��`
�C[<`1e�b�Yn`�\<`<]
��^.`>W.X"�Ic�T�o}U.XQW.XQU�RIY Ω(r) \
W�R<ZCZQehRL[�W�T�\�RLXIe�`�oi^�R�ekTi`�m<]�R<Z&[�TyY�T�ZCc�Rs`�m<b1Z']�`�\L]�XQ^i\s`�ZC^.`�\�^.`1e�\s[<`�o � X
e�XQW.XPW.X"�Ic�T�e��CW�RIY�T.XQ^.[<`1e Φ0

X Z&`��&Y
R<\�RLXIekj�e�W�R<ZCU�W.X'YnX&]�XQ^�T.XIe�\<X s XQZ&[�\�R�\
ehR<ZCZCT�\�^.`�o �I\<X"�&Y�^.`�olU.`QY�ZCT�Z&[<XIe�X�p   \iU�W.X'YnX&]
��^.`�T�YnXIR"]nT��IT�W.`�\�R<^�^.`�o�e�`��
YnX&]nT�W�R��IW�j�\�R Ω \<X&]nT m T�^�R dΦ0/dr Yn`<] � ^�Ram�jr[
� X ` m XQ\�T�Y�^.` X W�R��IW�j�\�^.`�o p� [<` � X%\�W.XIe�_aU.`<]n^.`�X%Z&`�\<`�c7b.U�^.`�X � Y
R<\L]�XQ^�T.X � P = p/σ+ Φ Yn`<] � ^.`Km�jr[
�
^.XQU�W.XQW�j�\�^�j�e�^�RPT�ZCc�W�T�\L]�XQ^�^.`�o m<]�R<�&`QY
R<W�_�\<`��"e�b s XQ^�T7_ne ξ U.`�\<XQW�f�^.`�Z&[�T
W�R��IW�j�\�R X RsW�R<\�^.`�\<XQZC^.`�X P0 = p0/σ0 + Φ0 Z ^.XQU�W.XQW�j�\�^�j�e�^�R�^.XQ\<`��"e{b �s XQ^�^.`1eiW�R��IW�j�\<X�p�~�R��C]�` � T�e �C[LbG\<X&]nT m T�^7bG\KW�_7Y�U.`�Z&[<XQU.XQ^7_ne�R�ekU7]nT.[LbIY�j
\<`��"e�b s XQ^�T�o X `��CW�R<^�T m T�\�R"_�Z �P]nT�^.XQo�^�j�ekT m ]�XQ^�R�ekTyTyU�W.XQ^.XCm�W.XQ�'R"_y\�Z&`�`�[��
\<XC[�Z&[�\�T�TPZ�`$�.XQ^�c1`�o b d�p�f�¡�f�i \<`��"e�b s XQ^�^�j�e��CW�R<\�T.[LR���T.`�^�^�j�e�U.`�[<XQ^	��T�R"]�`1e �

P(r = R + ξ) = P0(r = R + ξ) + P̃(r = R + ξ) =

= P0(R) + P ′
0(R)ξ + p̃(R)/σ0 ≡ P0(R) +RΩ2ξ + p̃(R)/σ0,3 � 
� %
)(%&9C�"��� �&�*
��& ��&��-� 
� �&�.�� ����(%&�����&�*/��
)$ 
���� .�&������ � �� � �&���$ 
�.�(%�� �"��

p̃
��.�(����������  �� ��������01.� �0 �

����" ����������&�$%� ��������� ��&�.������� �&��-���!�%
�����01.�
 ��� &���&�� ��" � ����� 2
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`�[�c7bIY
RBZ']�X'Y�b�XC[ X�m [<`�^.XQU�W.XQW�j�\�^.`�oG^�RwW�R��IW�j�\<X Ω Yn`<] � ^�RB`�Z&[LR<\�RL[
��Z�_Gc1`1e �
m�T�^�R���T7_ p̃ + σ0RΩ2ξ Z ZQerp b d�p�f�¡<|+i�p � Z']�`�\�T7_�Z �BT�\�c�T b d�p�f�¡ z i X b d�p�f�¡<|+ir_�\��
]�_ y [�Z�_P^�R<T.m�`<]�XCX%U��.`�Z&[�j�ekT p � `�m s XIeyZ']�b m RLXSU���R<\�T7]�RBZ �BT�\�c�T��"R<\�T�Z�_�[B`�[
Z&[ �7b.c.[Lb���j�Y�T�ZCc7R�\�`�m<]�R<Z&[�T�ZCc�R m c7R � fQ| z ��p

~�X �wXQ^�T7_�b.W�R<\�^.XQ^�T�o b d�p�f�¡ u i X b d�p�f�¡ � i�Yn`<] � ^�j�m�jr[
��`��CW�R<^�T m XQ^�j�U�W�T
r → 0 T r → ∞ p��lb m XC[<`1e&�C[�T�f��CW�R<^�T m ^�j+fPb1Z']�`�\�T�oP`�^�T>T�e�X y [,\�T�Y

p1 = AIm(k1r) , p2 = BKm(k2r) , b d�p�f u �+i
ξ1 =

A

σ0c2sk
2
1

{

2mΩ1

r ω̂1
Im(k1r) − k1I

′
m(k1r)

}

, b d�p�f u f�i
ξ2 =

B

σ0c2sk
2
2

{

2mΩ2

r ω̂2
Km(k2r) − k2K

′
m(k2r)

}

, b d�p�f u w�i
��YnX

k2
1,2 = {4 Ω2

1,2 − (ω −mΩ1,2)
2}/c2s, Re(k1,2) > 0, b d�p�f u c+i

Im(x) X Km(x) Z e�`QY�T�VST	��T�W.`�\�R<^�^�jrX�V�b.^�c	��T�T �
XQZCZ&X&]�_ � A X B Z U�W.`��
T��I\<`<]
��^�jrXdU.`�Z&[<`I_�^�^�jrX X R��w[�W�T�fP`��I^�R m RLXC[BY�T�VWV%XQW.XQ^	��T�W.`�\�R<^�T.XtV�b.^�c	��T�o
�
XQZCZ&X&]�_PU.`,T�f�R<W��'b�e�XQ^.[Lb�p

� �BT�\�R"_ �"RL[<XIeyW.X �wXQ^�T7_ b d�p�f u �+i ÷ b d�p�f u w�ik^�RxW�R��IW�j�\<X r = R Z&`���]�R<ZC^.`
�CW�R<^�T m ^�j�e b1Z']�`�\�T7_ne b d�p�f�¡ z i X b d�p�f�¡<|+i X U.`<]�b m RLXIe�T�ZCc1`1e�`�XVY�T�ZCU.XQW�ZCT.`�^�^.`�X
b.W�R<\�^.XQ^�T.X � f�w�c����

k2
1α2 − k2

2α1 +
(Ω2

1 − Ω2
2)

c2s
α1 α2 = 0, b d�p�f u dSi

��YnX
α1 =

2mΩ1

ω −mΩ1
− k1R

I ′m(k1R)

Im(k1R)
, b d�p�f u ¡�i

α2 =
2mΩ2

ω −mΩ2
− k2R

K ′
m(k2R)

Km(k2R)
, b d�p�f u�u i

jd]�_}^�R<��]�_7Y�^.`�Z&[�T}U�W.X'Y�Z&[LR<\L]�XQ^�T7_}W.X"�Cb"]
�I[LRL[<`�\Gm<bIYnXIel`�U�T�ZCj�\�RL[
�PW.X �wXQ^�T7_
Y�T�ZCU.XQW�ZCT.`�^�^.`��&`ab.W�R<\�^.XQ^�T7_ b d�p�f u dSi�ZKU.`1e�` s � y Y�\Lb1f�m�X"�IW�R��"e�XQW�^�j+fsU�R<W�R#�
e�XC[�W.`�\ q = Ω2/Ω1 T M∗ = RΩ1/cs p
�70��10��{0��%A���M'J":<O.N.D.=<:�M'J � �%A&H��<=<D.;.8�2�F<A&H
��� ��:LH����.8

��`<]�b m T�e}W.X �wXQ^�T.X+Y�T�ZCU.XQW�ZCT.`�^�^.`��&`%b.W�R<\�^.XQ^�T7_ b d�p�f u dSi{\SU�W.X'YnX&]�X � Z']�R#�
m�`��&` �zb M∗ � 1 i�W�R��IW�j�\�R.p.��XC[�W7bIY�^.`P\�T�YnXC[
� X·m [<`P\ �C[<`1euZ']�b m RLXKZ&`���]�R<ZC^.`b d�p�f u c+i |k1,2R| � 1 p���`
�C[<`1e�b X T�ZCU.`<]
���Cb�_wU�W.X'Y�Z&[LR<\L]�XQ^�T7_kV�b.^�c	��T�o �
XQZCZ&X&]�_
\�\�T�YnXxW�_7Yn`�\�U.`,Z&[<XQU.XQ^7_netT�f�R<W��'b�e�XQ^.[<`�\ X T�� b d�p�f u dSi�U.`<]�b m RLXIe b m ≥ 1 i

ω ' Ω1

2
[m(1 + q) + (q − 1)] +

iΩ1

2

√

(m2 − 1)(1 − q)2 . b d�p�f u+� i
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��[�Z y Y
R}\�T�Y�^.` Xrm [<`y^.X&b�Z&[<`�o m T�\<`�Z&[$� T�e�XCXC[�e�XQZ&[<` c7R<c�U�W�T q < 1 X [LR<ctT
U�W�T q > 1 X T�\<X&]nT m T�^�R>T�^�c�W.XIe�XQ^.[LR��"R<\�T�ZCT.[>`�[ |1 − q| p��
]�X'Yn`�\�RL[<X&]
��^.` X
Y�]�_,W�R<ZCc7R m c�T�[LR<c1`�o,^.X&b�Z&[�`�o m T�\<`�Z&[�T,^.XQZ'b s XQZ&[�\<XQ^�^.` X c7R<c7R"_,T�� m R<Z&[<XQoKY�T�Z5�
c7R b \�^7b7[�W.XQ^�^7_._�T7]nT�\�^.X �K^7_._'i+\�W�R s RLXC[�Z�_Pm�j�Z&[�W.XCX�px�+[<`V`��I^�R m RLXC[ X(m [<`aekj
T�e�XCXIe�YnX&]�`xZ�^.X&b1Z&[<`�o m T�\<`�Z&[
� y [LR<^��&XQ^	��T�R"]
��^.`��&`wW�R��IW�j�\�R%\dZ']�RLm�`�Z � T�ehRLX��
e�`�o b M∗ � 1 i{ZCW.X'YnX�p�jxXQo�Z&[�\�T.[<X&]
��^.` X Y�]�_�c1`�W.`�[�c1`�\<`<]n^.`�\�j+f�\SR��IT�e�b7[LR"]
���
^.`1e�^�R<U�W�R<\L]�XQ^�T�Tt\<`��"e�b s XQ^�T�o b m2 � 1 i X Y�]�_�c1`�[<`�W�j+ft^.XQZ'b s XQZ&[�\<XQ^�^�j
��VWV%XQc.[�j�c�W�T�\�T��I^�j X T�� b d�p�f u+� i+U.`<]�b m RLXIe

ω =
kϕ

2
{V1 + V2 + i(V1 − V2)}, b d�p�f u�z i

��YnX kϕ = m/R � Vj = RΩj Z ]nT�^.XQo�^�jrXGZCc1`�W.`�Z&[�Ty\�W�R s XQ^�T7_vp�~�X"�CbI]
�I[LRL[b d�p�f u�z ia\�[<` m ^.`�Z&[�T�Z&`�\�U�RIY
RLXC[gZ T�^�c�W.XIe�XQ^.[�`1e�^.X&b�Z&[�`�o m T�\<`�Z&[�T�U7]�`�ZCc1`��&`
[LR<^��&XQ^	��T�R"]
��^.`��&`,W�R��IW�j�\�R�\�`QY�^.`�W.`QY�^.`�o>^.XQZ � T�ehRLXIe�`�o>ZCW.X'YnX � |+w#��p

��`�ZCc1`<]
��c7b,\BU�W.XQ^.XCm�W.X � XQ^�T�Ta�CW�RIY�T.XQ^.[LR�ekTGW�R<\�^.`�\<XQZC^�j+fVU7]�`�[�^.`�Z&[�TPT
Y
R<\L]�XQ^�T7_P�'R��Q`�\<`�oaU.`QY�ZCT�Z&[<XIekj�\<`��"e�b s XQ^�^�jrX%U.`�\<XQW�f�^.`�Z&[�^�jrXSU7]�`�[�^.`�Z&[
� σ̃
T�Y
R<\L]�XQ^�T.X p̃ ZC\L_��"R<^�j�Z&`�`�[�^.`$�wXQ^�T.XIe p̃ = c2sσ̃

X ^.XC[�W7bQY�^.`B`�U�W.X'YnX&]nT.[
�BU�W.`��
Z&[�W�R<^�Z&[�\<XQ^�^7b y �"R<\�T�ZCT�e�`�Z&[
� σ̃(r, ϕ) p6�SR<U�W�T�e�XQW X \�`�m<]�R<Z&[�T r > R U�W�T
M∗ � 1 X T�ZCU.`<]
���Cb�_}W.X"�Cb"]
�I[LRL[ b d�p�f u+� i�T}Z&`�`�[�^.`$�wXQ^�T.X b d�p�f u c+i X b m T.[�j�\�R"_ Xm [<`MVST��IT m XQZCc�T�ogZQekj�Z']�T�e�X y [}YnXQo�Z&[�\�T.[<X&]
��^�jrX m R<Z&[�Tgc1`1ekU7]�XQc�ZC^�j+f�R�e �
U7]nT.[LbIY X U.`<]�b m RLXIe
σ̃(r, ϕ) ∝ Re{Km(k2r)e

imϕ} ∝ r−m cos
[

mϕ+
(1 − q)2Ω2

1

√
m2 − 1

8 c2s
r2
]

.

b d�p�f u |+i  ��b1Z']�`�\�T7_aU.`�Z&[<`I_�^�Z&[�\�RtVdR��Ijl\<`��"e�b s XQ^�T7_V\�T�Y�^.` XSm [<`K\<`��"e�b s XQ^�T7_VU7]�`�[��
^.`�Z&[�TsU�W.X'Y�Z&[LR<\L]�_ y [aZ&`�m�`�o>`�[�Z&["R y�s T.XKZCU�T�W�R"]nTsZSb.��]�`1e �"R<c�W7b7[�c�T β b b.�5�
]�`1e�e�X � Y�b,c7R<ZQRL[<X&]
��^�j�ekTVcVZCU�T�W�R"]nTaT,`�c�W7b � ^.`�Z&[�TGi X m<]nT��Ic�T�eyc π/2 U�W�T
r ≥ R \�\�T�Y�b�ehR"]�`�Z&[�T�U�R<W�R�e�XC[�W�R M∗ ph��W.`�Z&[<`1e�W�R<ZCZ&[<`I_�^�T7_i`�[ �.XQ^.[�W�R
Y�T�ZCc7R�U�W�T�VST�c1ZCT�W.`�\�R<^�^.`1e q 6= 1 b.�&`<].�"R<c�W7b7[�c�T�b7m�j�\�RLXC[ X [<`VXQZ&[
� β → 0

U�W�T r/R → ∞ p
�70��103/{0��%AC;.J"?.:��<A� �;.8IEV;.A���M'J":<O.N.D.=<:�M'J �

� ZCU�T�W�R"]
��^�j+f��'R"]�R<c.[�T�c7RIf X c7R<c�U�W�R<\�T7]�` X �I^�R m XQ^�T.X V \�W ^�RV\�^7b7[�W.XQ^��
^.XIe �&`�W.m�X>c�W�T�\<`�ot\�W�R s XQ^�T7_g^�R�ek^.`��&`}m�`<]
�
�wX>ZCc1`�W.`�Z&[�T&�I\Lb.c�R}\ �'R��Q`�\<`�o
U.`QY�ZCT�Z&[<XIe�XPT X [LR<c�T�e�`�m�W�R��Q`1e X `�Z'b s XQZ&[�\L]�_�XC[�Z�_yY�W7b.�&`�oiU�W.X'YnX&]
��^�j�otZ']�b �m R<o � M∗ � 1 p � �C[<`1e�U�W.X'YnX&]�X X T�ZCU.`<]
���Cb<_�R<ZCT�ekU.[<`�[�T m XQZCc�T.X,U�W.X'Y�Z&[LR<\L]�X��
^�T7_TV�b.^�c	��T�o �
XQZCZ&X&]�_�U�W�T |k1,2R| � m X T�� b d�p�f u dSiB\ ��]�R<\�^.`1e U.`�W�_7Y�c1X
b.c7R��"R<^�^�j+f�R<ZCT�ekU.[<`�[�T�c�U.`<]�b m RLXIe � f�w�c��

ω = ω(0) =
Ω1

2
{m (1 + q) + iM∗(1 − q2)} . b d�p�f � �+i
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��`QY�Z&[LR<^.`�\�c7R0�C[<`��&`,W.X"�Cb"]
�I[LRL[LR�\ b d�p�f u c+i�U.`�c�R��Ij�\�RLXC[ X(m [<` |k1,2R| ∼ M 2
∗ T X

Z']�X'Yn`�\�RL[<X&]
��^.` X `�m<]�R<Z&[
�GXQ�&`GU�W�T�e�XQ^�T�e�`�Z&[�T � m � M 2
∗ p � Z']�X'Y�b y�s XIelU.`��

W�_7Y�c1XSU.`,ehR"]�`1e�bGU�R<W�R�e�XC[�W7b M−2
∗ � 1

[

ω = ω(0) + ω(1) � ω(1) ∝ O(M−1
∗ )

]

T�� b d�p�f u dSi+Z']�X'Y�b�XC[
ω(1) ' − 4m (1 − q)(1 − q2)Ω1

M 2
∗ (1 − q2)2 +m2(1 − q)2

− i 2 Ω1(1 + q2)

M∗(1 − q2)
. b d�p�f � f�i

� W�R<ZCZQe�`�[�W.XQ^�^.`1etU�W.X'YnX&]�X b M∗ � 1 i�^.X&b1Z&[<`�o m T�\<`�Z&[
� b d�p�f � �+i
b � Xw^.X
U.`Qf1` � R�^�RB^.X&b1Z&[<`�o m T�\<`�Z&[
�K[LR<^��&XQ^	��T�R"]
��^.`��&`�W�R��IW�j�\�R b d�p�f u+� i�p � `�� U.XQW�\�j+f X
U.`�[<`1e�b m [<`%`�^�R�W�R��I\�T�\�RLXC[�Z�_B[<`<]
��c�`d\�[<`1esZ']�b m RLX X c�`���Y
R�\�^7b7[�W.XQ^�^7_._ m R<Z&[
�
Y�T�ZCc7R}\�W�R s RLXC[�Z�_tm�j�Z&[�W.XCX�\�^.X �B^.XQo � q2 < 1 p � `�� \<[<`�W�j+f X U.`�[�`1e{b m [<`�XCX
T�^�c�W.XIe�XQ^.[�U�W�R<c.[�T m XQZCc�Ty^.X��"R<\�T�ZCT.[>`�[�\<`<]n^.`�\<`��&` m T�Z']�R kϕ = m/R b ZCW p
Z b d�p�f u+� i_i � p � ��[�W.XC[
��T�f X U.`�[<`1e�b m [<`g^.X&b1Z&[<`�o m T�\<`�Z&[
� b d�p�f � �+iV\iU�W.`�[�T�\<`��
U.`<]�` � ^.`�Z&[
� � 
Gg 
 
 �	� - 
 � � � � - � 
�� � � � � � ��
�� � [LR<^��&XQ^	��T�R"]
��^.`��&`�W�R��IW�j�\�RK^.X
Z&[LRLm�T7]nT��IT�W7b�XC[�Z�_�U�W�T V = R (Ω1 − Ω2) > 2

√
2 cs

X R�T�e�XCXC[te�XQZ&[<`�U�W�T
ZCc1`<]
�,b.�&`QY�^.`am�`<]
�
�w`1e V/cs → ∞ X T X m�`<]�XCXB[<`��&` X T�^�c�W.XIe�XQ^.[P^.X&b1Z&[<`�o m T��
\<`�Z&[�T b d�p�f � �+i�W�R<Z&[<XC[�U�W�R<c.[�T m XQZCc�T ]nT�^.XQo�^.`�Z�W.`�Z&[<`1e V/cs b `�Z&[LRLm�T7]nT��"R#�
��T�T�c7]�R<ZCZCT m XQZCc�`�oK^.X&b�Z&[<`�o m T�\<`�Z&[�TK[LR<^��&XQ^	��T�R"]
��^.`��&`SW�R��IW�j�\�R�\�Y�\Lb�e�XQW�^.`�o
�'R��Q`QY�T�^�R�ekT�c1X�ZQerpL\Sc�^�T��&X/(wR<^�Y
RCbKT (xT�V �BT	��R � |+w#�����C[<`�[ ��V�V%XQc.[S]�XQ�Cc�`SU.`��
]�b m T.[
�,T��tV%`�W�e�b"]nj b ¡7p�f�w�w�i_i�p

jd]�_}\�j�_�ZC^.XQ^�T7_ U�W�T�W.`QY�j�^.X&b1Z&[<`�o m T�\<`�Z&[�T b d�p�f � �+i�W�R<ZCZQe�`�[�W�T�e�Y�T�^�R#�
ekT�c7bB\<`��"e�b s XQ^�T7_B�CW�R<^�T	��j�W�R��IW�j�\�R X T�e�X y�s XQ�&` X ^�R<U�W�T�e�XQW X V%`�W�e�bB\�j�Z&[Lb �
U�R%\S`�m<]�R<Z&[
� r > R p � X s XQZ&[�\<` X Z&`QYnXQW � R s XCXQZ�_K\ �C[<`1e}\�j�Z&[Lb.U.X X U�W.`QYn`<] � R#�
XC[�\�W�R s RL[
��Z�_wZkb.��]�`�\<`�oxZCc�`�W.`�Z&[
� y Ω1 Tx^�R�^.XQ�&`rYnXQo�Z&[�\Lb�XC[ b U�W�T�f1`CY�_ s R"_�Z�_
^�RVX'Y�T�^�T	�7b}ehR<ZCZCj~i'�.XQ^.[�W.`�m�X � ^�R"_ ZCT7]�R F1 ' Ω2

1R pY��` �C[�`�[P\�j�Z&[Lb.Usb � X
^�RIf1`QY�T.[�Z�_P\w`�m<]�R<Z&[�T X � YnX%Z&`���]�R<ZC^.`xb1Z']�`�\�T y W�RIY�T�R"]
��^.`��&`KW�R<\�^.`�\<XQZCT7_G�CW�R#�
\�T.[LR���T.`�^�^�R"_sZCT7]�R F2 = ∂Φ0/∂r ' Ω2

2R < Ω2
1R b U�W�T Ω2 < Ω1 i�p � `��I^�T�c7R#�y�s R"_aU�W�T �C[<`1e�^�R<U�W�R<\L]�XQ^�^�R"_G^�R<W7b � baZCT7]�R ∆F = F1 −F2 ' R (Ω2

1 −Ω2
2)

b.\<X&]nT m T�\�RLXC[�R�ekU7]nT.[LbQY�b \�j�Z&[Lb.U�RPT�[<XIe�ZQR�ekj�euU�W�T�\<`QY�T.[�c}^.X&b1Z&[<`�o m T�\<`��
Z&[�T p � Z']�b m RLX Ω2 > Ω1 \<`��I^�T�c�R y�s R"_PZCT7]�RB^�R<U�W�R<\L]�XQ^�RBc��.XQ^.[�W7b,Y�T�ZCc7RBT X
Z']�X'Yn`�\�RL[<X&]
��^.` X Z&[�W.XIekT.[�Z�_Bb�e�XQ^	�
�BT.[
�%R�ekU7]nT.[LbIY�bB\�j�Z&[Lb.U�R~Z �C[<`�`�m�¥ _�ZC^7_��
XC[KU�W�T m T�^7b,b1Z&[<`�o m T�\<`�Z&[�TP\BZ']�b m RLX q > 1 b Ω2 > Ω1 i�p��%W�T�\<X'YnXQ^�^�jrX%\�j1�wX
Yn`�\<`QY�j�c1`�W�W.XQc.[�^�j X XQZ']nT�\�c7]�RIYyY
R<\L]�XQ^�T7_y\Pb1Z']�`�\�T.X,W�RIY�T�R"]
��^.`��&`�W�R<\�^.`��
\<XQZCT7_P�'R��Q`�\<`��&`xY�T�ZCc7RKU�W.XQ^.XCm�W.X � T�e�`,ehR"] X R �C[<`,e�` � XC[�T�e�XC[
�,e�XQZ&[<`B]nT	� �
\V[<`1e�Z']�b m RLX X c1`���Y
R V \�W /cs � 1 b M∗ � 1 i�p ��^�R"]�`��CT m ^�jrX�W�R<ZCZ'b � YnXQ^�T7_
\xZ']�b m RLX�\<`��"e�b s XQ^�T7_,�CW�R<^�T	��j�W�R��IW�j�\�R Ω X T�e�X y�s XQo�V%`�W�e�b � \�e�_�[�T�^�j � \
`�m<]�R<Z&[
� r < R X [LR<c � X�U�W�T�\<`QY�_�[Gc�\�j�\<`QY�b�`a^.X&b1Z&[<`�o m T�\<`�Z&[�T�[�`<]
��c�`PU�W�T
	�� 
���
)� ��
�.�"%�-"%��&��-��� ����& ��.�(�������� � . � (%�-$%��� � ��� ��
 B � 2 ��� � E ��&�����$�� ��� |Im(ωm+1) −

Im(ωm)| ∝ O(M−3
∗ )

2
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M = RΩ1|1 − q|/cs = |1 − q|M∗

E'/'$
q = 0,7

$
q = 1,3

Z'>6;�\%G`Z�2
m = 1

S Pi_.,?V

Ω2 < Ω1 b q < 1 i�p'��`
�C[<`1e�bP^.Xd_�\L]�_�XC[�Z�_GbIY�T�\�T.[<X&]
��^�j�eg[<`�[{VdR<c.[ XGm [<`aT�^��
c�W.XIe�XQ^.[�^.X&b1Z&[<`�o m T�\<`�Z&[�T b d�p�f � �+i%U�W.`�U.`�W	��T.`�^�R"]�XQ^�W�R��IW�j�\LbsYnXQo�Z&[�\Lb y�s XQo
^�R�X'Y�T�^�T	�7biehR<ZCZCj �.XQ^.[�W.`�m�X � ^.`�oiZCT7]njSp � ZC\L_��ITyZ��C[�T�e�^.X&b�Z&[<`�o m T�\<`�Z&[
�b d�p�f � �+i+XQZ&[<XQZ&[�\<XQ^�^.`�^�R��Ij�\�RL[
� � - � � � � � - � � � ��p

~�R��C]nT m T.Xde�X � Y�bG^.X&b1Z&[<`�o m T�\<`�Z&[Q_nekT�q�X&]
��\�T�^�R#�½È�X&]
��ek�&`<]
�
��R b �dqpÈ�Zb d�p�f u+� i_i�T �.XQ^.[�W.`�m�X � ^.`�o b � �o� Z b d�p�f � �+i_iPf1`�W.`$�w`�\�T�Y�^.`�^�RuW�T�Z�p�d�p z#X
��YnX>T��Q`�m�W�R � XQ^�R �"R<\�T�ZCT�e�`�Z&[
�}T�^�c�W.XIe�XQ^.[LR}^.X&b1Z&[<`�o m T�\<`�Z&[�T X `�U�T�ZCj�\�RLXIe�`�o
Y�T�ZCU.XQW�ZCT.`�^�^�j�e b.W�R<\�^.XQ^�T.XIe b d�p f u dSi U�W�T��I^�R m XQ^�T7_7f U�R<W�R�e�XC[�W�R q =
Ω2/Ω1 = 0,7 T q = 1,3 Y�]�_ge�`QY�j m = 1 p � T�Y�^.` X�m [<`�U�W�T M∗ � 1

T�^�c�W.XIe�XQ^.[�j�\K`�m�`�T�fGZ']�b m R"_7f b q = 0,7 � q = 1,3 i
m<]nT��Ic�TVY�W7b.�ScVY�W7b.�'b X ^.`
U�W�T M∗ >∼ 1 T�fBW�R��C]nT m T.X+`�c7R��Ij�\�RLXC[�Z�_w\<XQZ ��ehR�Z'b s XQZ&[�\<XQ^�^�j�e �"U�W�T q = 1,3

\<`��Qm<b � Y
RLXC[�Z�_ [<`<]
��c1`>�dqpÈ X RPU�W�T q = 0,7 `�ZC^.`�\�^.`�o�\�c7]�RIYi\>T�^�c�W.XIe�XQ^.[
^.X&b1Z&[<`�o m T�\<`�Z&[�TGY
RLXC[Ve�X'f7R<^�T��"eT� �o�Kp

~�R<ZCZQe�`�[�W�T�ei[<XQU.XQW	��\<`�U�W.`�Z%`�U�W.`�Z&[�W�R<^�Z&[�\<XQ^�^.`�o�Z&[�W7b.c.[Lb.W.Xx\<`��"e�b s X��
^�T�o�U7]�`�[�^.`�Z&[�T X \<`��Qm<b � Y
RLXIekj+f �.XQ^.[�W.`�m�X � ^.`�ol^.X&b1Z&[<`�o m T�\<`�Z&[
� y p���b m X��
[<`1eg[<`��&` X'm [<` �C[LR,^.X&b1Z&[<`�o m T�\<`�Z&[
�aT�e�XCXC[Ve�XQZ&[<`aU�W�T M∗ � 1 X T�ZCU.`<]
���Cb�XIe
\ b d�p�f u �+ivR<ZCT�ekU.[<`�[�T m XQZCc�T.XrU�W.X'Y�Z&[LR<\L]�XQ^�T7_tV�b.^�c	��T�o �
XQZCZ&X']�_vp � W.X"�Cb"]
�I[LRL[<X
U.`<]�b m RLXIe

σ̃ ∝ cos
{

m
[

ϕ+
Ω1(1 − q)

2 cs
(r −R)

]}

×

×















exp
{

M∗Ω1(1 − q2) r−R
2 cs

}

, (r < R)

exp
{

−M∗Ω1(1 − q2) r−R
2 cs

}

, (r > R) .
b d�p�f � w�i

��[�Z y Y
R�\�T�Y�^.` X�m [<`,^.X&b1Z&[<`�o m T�\�jrXxU.` b d�p�f � �+i+\<`��"e�b s XQ^�T7_PU7]�`�[�^.`�Z&[�T�T�e�X��y [{V%`�W�e�b ��� 
�� g � � � �VZCU�T�W�R"]�XQo p
��R<�S[LR<c1`�o�ZCU�T�W�R"]nT�\,W�RIY�T�R"]
��^.`1eg^�R#�
U�W�R<\L]�XQ^�T�T>`�U�W.X'YnX&]�_�XC[�Z�_>Z&`�`�[�^.`$�wXQ^�T.XIe

S = mλs =
2 πmcs

|Re(ω −mΩ)| '
4 π cs

Ω1(1 − q)
, b d�p�f � c+i

RBb.��]�`�\�R"_>ZCc1`�W.`�Z&[
��XCXd\�W�R s XQ^�T7_
Ωp =

Re(ω)

m
=

Ω1

2
(1 + q) . b d�p�f � dSi



� � � �������7��������#L�k��-�#
�&#L$I�"!��'�"���(�
��-�#
� [<` � XK\�W.XIe�_�R�e�U7]nT.[<bQY
R �C[�T�f�\<`��"e�b s XQ^�T�oPYn`�\<`<]
��^.`Vm�j�Z&[�W.`ab7m�j�\�RLXC[aZ
bIY
R"]�XQ^�T.XIel`�[PW�R��IW�j�\�R{Z Z&`���]�R<ZC^.` b d�p�f � w�irf7R<W�R<c.[<XQW�^�j�oyekR<Z �B["RLmGb7m�j�\�R#�
^�T7_�R�ekU7]nT.[LbIY�j

Ls =
cs

Im(ω)
' 2 cs
M∗Ω1(1 − q2)

b d�p�f � ¡�i
T>U�W�T M∗ � 1 \<X&]nT m T�^�R Ls � S p

�
b�ehekT�W7b�XIe U.`<]�b m XQ^�^�jrX�W.X"�CbI]
�I[LRL[�jSp���XQ^.[�W.`�m�X � ^�R"_V^.X&b�Z&[<`�o m T�\<`�Z&[
�
f7R<W�R<c.[<XQW�T��Cb�XC[�Z�_�m�`<]
�
�BT�e�T�^�c�W.XIe�XQ^.[<`1e X T�\<`��Qm<b � Y
RLXIekjrX�X y \<`��"e�b s X��
^�T7_tU7]�`�[�^.`�Z&[�TtU�W.X'Y�Z&[LR<\L]�_ y [ Z&`�m�`�oi`�[�Z&["R y�s T.X�ZCU�T�W�R"]nT pJ��`�Z']�X'Y�^.XCXa`�m��
Z&[<`I_�[<X&]
��Z&[�\<`>\�j���]�_7Y�T.[P\<XQZ ��ehR��"R�ehR<^ m T�\�j�euZB[<` m c�T �IW.XQ^�T7_}\<`��"e�` � ^.`��&`
W.X �wXQ^�T7_,U�W.`�m<]�XIekj�U�W.`�T�Z�f1` � YnXQ^�T7_aZCU�T�W�R"]
��^.`��&`Sb��Q`�W�Rd�'R"]�R<c.[�T�c p#��Y�^�R<c1`
\�W�R�ekc7RIfBW�R<ZCZQe�`�[�W.XQ^�^.`�oB^�R�ekTBT�YnXIR"]nT��IT�W.`�\�R<^�^.`�o�e�`QYnX&]nTBW�R��IW�j�\�R Ω �.XQ^��
[�W.`�m�X � ^�R"_�^.X&b1Z&[<`�o m T�\<`�Z&[
�%�&XQ^.XQW�T�W7b�XC[�Z']nT	�Bc1`1esc1`�W.`�[�c�T.Xr`�[�W.X"�Ic�TBZCU�T�W�R#�
]�XQo b Ls � S i�T}^.X,\�j+YnX&]�_�XC[PU.`�\<X&]nT m T�^.X,T�^�c�W.XIe�XQ^.[LRPc7R<c7b y � ]nT.m�`�c1`�^��
c�W.XC[�^7b y e�`QY�b�p � [<` � X+\�W.XIe�_d_�ZC^.` X�m [<`�T�ZCZ']�X'Yn`�\�R<^�T.X
m�`<]�XCX
W.XIR"]nT�Z&[�T m ^�j+f
e�`QYnX&]�XQo�Z�W�R��"ehR��"R<^�^�j�e � W�R��IW�j�\<`1e � Ω \�j+YnX&]nT.[wc7R<c,^�R<T.m�`<]�XCX�^.X&b1Z&[<`�o m T��
\�jrXr^�T��#�BT.X�e�`CY�j b \�j�Z �BT.X�e�`QY�j�Z m >∼ R/L X ��YnX L Z �BT�W�T�^�R�W�R��"ehR��Ic�T
� W�R��IW�j�\�R � Ω X ^.Xrm<bQY�b7[ � \<`�ZCU�W�T�^�T�ekRL[$� � `�m<]�R<Z&[
�%W.X"�Ic1`��&`%T��"e�XQ^.XQ^�T7_ Ω c7R<c
W�R��IW�j�\ST X Z']�X'Yn`�\�RL[<X&]
��^.` X ^.X�m<bIY�b7[x\<`��Qm<b � Y
RL[
��Z�_'i�p���Y�W7b.�&`�o�Z&[<`�W.`�^�j X `�m��s XCX�b�e�XQ^	�
�wXQ^�T.X�T�^�c�W.XIe�XQ^.[LRx^.X&b1Z&[<`�o m T�\<`�Z&[�TVZ�W.`�Z&[<`1e �BT�W�T�^�jlW�R��"ehR��Ic�T
� W�R��IW�j�\�R � Yn`<] � ^.`wb.\<X&]nT m T.[
�BW�RIY�T�R"]
��^7b y U�W.`�[Q_ � XQ^�^.`�Z&[
�K\<`��Qm<b � Y
RLXIe�`�o
Z&[�W7b.c.[Lb.W�j b ZQerp b d�p�f � ¡�i_i�pS��`
�C[<`1e�b�U.`QY�W.`�m�^.`�X�T�ZCZ']�X'Yn`�\�R<^�T.X'�.XQ^.[�W.`�m�X � ^.`�o
^.X&b1Z&[<`�o m T�\<`�Z&[�T�^�Ram�`<]�XCX�W.XIR"]nT�Z&[�T m ^�j+fye�`QYnX&]�_7f}U�W.X'Y�Z&[LR<\L]�_�XC[�Z�_ \<XQZ ��ehR
R<c.[Lb�R"]
��^�j�erp
�70��10���0��%A���M'J":<O.N.D.=<:�M'J �KM'918CN.9�8�M'91:<?.:�M'J"DG=<?.8"@BAC;.D7EG91:<;.ACN.;.:<O �BD.?.D.;��

�%U�W.X'YnX&]nT�ey\L]nT7_�^�T.X � W�R��"ehR��Ic�T � W�R��IW�j�\�RSb.��]�`�\<`�oVZCc1`�W.`�Z&[�T Ω ^�RxU.`��
]�b m XQ^�^�jrXw\�j1�wXdW.X"�Cb"]
�I[LRL[�jSp � U.XQW�\<`1etU�W�T.m<]nT � XQ^�T�T�U.`<]�R<�'RLXIe X�m [<`a\�`�m��
]�R<Z&[�T |r − R| < L ZwYn`�Z&[LRL[<` m ^.`�ehR"]nj�e Λ = L/R � 1 `�Z'b s XQZ&[�\L]�_�XC[�Z�_
U7]�R<\�^�j�o,U.XQW.X'f1`QYV`�[ �I^�R m XQ^�T7_ Ω(r < R−L) = Ω1 Yn` Ω(r > R+L) = Ω2 p  ZCU.`<]
���Cb�XIe�[LR<c � XB[<`�[�VdR<c.[ X�m [<`G\V^�R<T.m�`<]�XCXwT�^.[<XQW.XQZC^.`1e�Y�]�_s^�R<ZwZ']�b m RLX
M∗ � 1 Z&[�W7b.c.[Lb.WnR>^.X&b1Z&[<`�o m T�\�j+f�\<`��"e�b s XQ^�T�o}\>W�RIY�T�R"]
��^.`1e�^�R<U�W�R<\L]�X��
^�T�Tl_�\L]�_�XC[�Z�_uc1`�W.`�[�c1`�\<`<]n^.`�\<`�o � |kR| = O(M 2

∗ )
X Re(kR) = O(mM∗) ��p

jd]�_K]nT�^.XQo�^.`�oVR<U�U�W.`�c�ZCT�ehR���T�T Ω2(r) \dU.XQW.X'f1`QY�^.`�o�`�m<]�R<Z&[�T�\d��]�R<\�^.`1e}U.`��
W�_7Y�c1XdU.`aehR"]�`�o>\<X&]nT m T�^.X

Λ1/2 � 1/M∗ b d�p�f ��u i
e�` � ^.`,U.`<]�b m T.[$� � f�w:d��

ω = ω(0) − i
Ω1M∗Λ

4
{m2(1 − q)2 +M 2

∗ (1 + q2)2}, b d�p�f ��� i
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��YnX ω(0) `�U�W.X'YnX&]�_�XC[�Z�_ b d�p�f � �+i�p
��[�Z y Y
Rw\�T�Y�^.` XSm [<`K\wU�W�T.m<]nT � XQ^�T�T b d�p�f ��u ih\<X&]nT m T�^�R Re(ω) X `�U�W.X'YnX��

]�_ y�s R"_�Z&[<XQU.XQ^	� �"R<c�W7b7[�c�T�ZCU�T�W�R"]�XQo b ZQerp b d�p�f � c+i_i X ^.X,T��"e�XQ^7_�XC[�Z�_vph��Y�^�R#�
c1`�T�^�c�W.XIe�XQ^.[�^.X&b1Z&[<`�o m T�\<`�Z&[�T Im(ω) b�e�XQ^	�
�KRLXC[�Z�_�Yn`�\<`<]
��^.`�W.X"�Ic1`�p	�+[<`
U�W�T�\<`QY�T.[VcaY�\Lb�et\�R � ^�j�egZ']�X'Y�Z&[�\�T7_nerp � `�� U.XQW�\�j+f X \<`��"e�b s XQ^�T7_>ZdehR"]nj�em T�Z']�`1e�ZCU�T�W�R"]�XQo>`�c7R��Ij�\�R y [�Z�_�m�`<]�XCXx^.X&b1Z&[<`�o m T�\�j�ekT X'm XIe�\<`��"e�b s XQ^�T7_�Z
m � 1 p � `�� \<[<`�W�j+f X `�m s XCX b T `�ZC^.`�\�^.`�X,T��"� �"R M∗ � 1 i�b�e�XQ^	�
�wXQ^�T.X�T�^��
c�W.XIe�XQ^.[LRx\wZ&`�`�[�\<XC[�Z&[�\�T�TaZ b d�p�f � ¡�i�b.\<X&]nT m T�\�RLXC[Sf7R<W�R<c.[<XQW�^�j�oPehR<Z �w[LRLm Ls

b7m�j�\�R<^�T7_yR�ekU7]nT.[LbIY�j \<`��"e�b s XQ^�T�o \>W�RIY�T�R"]
��^.`1e�^�R<U�W�R<\L]�XQ^�T�T Xhm [<`�W�R<Z5�
�BT�W�_�XC[�`�m<]�R<Z&[
�K]�`�c7R"]nT��"R���T�T��&XQ^.XQW�T�W7b�XIe�`��&`�ZCU�T�W�R"]
��^.`��&`�b��Q`�W�R.p� W.XIR"]
��^�j+f�ZCU�T�W�R"]
��^�j+f��'R"]�R<c.[�T�c7RIf�Z�Y�\Lb.�&`�W.m�j�ekT�c�W�T�\�j�ekT�\�W�R#�s XQ^�T7_ � W�R��"ehR��Ic7R � W�R��IW�j�\�R Ω �"R�e�XC[�^.`�m�`<]
�
�wX XJm XIe Yn`�U7b1ZCc7RLXC[�b1Z']�`�\�T.Xb d�p�f ��u i�p���`
�C[<`1e�b X W�R<ZCZQehRL[�W�T�\�R"_�U.`<]�b m XQ^�^�jrXV\�j1�wX�W.X"�Cb"]
�I[LRL[�j�\�e�`CYnX&]nT
Z&`aZ']�RLm�`�o � W�R��"ehR��Ic1`�o � Zd[<` m c�T �IW.XQ^�T7_�`�U�W.X'YnX&]�XQ^�T7_�[<XQ^�YnXQ^	��T�Ts\aT��"e�XQ^.X��
^�T�T Im(ω) X Z']�X'Y�b�XC[,\�Z&X � Xw\�j m T�Z']�_�[
�VU.`�Z']�X'Y�^ y�y b c7R<c�T Re(ω) ir^�R,e�`��
YnX&]�_7f,Z�c�W�T�\�j�ekTV\�W�R s XQ^�T7_ X m<]nT��Ic�T�ekTVc,W.XIR"]
��^�j�erp � c7R m XQZ&[�\<X�[LR<c�`�oGe�`��
YnX&]nTPT�ZCU.`<]
���Cb�XIe�c�W�T�\Lb y \�W�R s XQ^�T7_ b d�p�f�¡�c+i X `�m<]�RIY
R y�s b y [<XIe�ZC\<`�o�Z&[�\<`1e Xm [<`G\VU�W.X'YnX&]�X L/R → 0 �C[LR|V�b.^�c	��T7_}U.XQW.X'f�`QY�T.[a\VT�ZCZ']�X'Yn`�\�R<^�^�j�o�\�j1�wX
W�R��IW�j�\ Ω pn�l[LR<c1`�o>c�W�T�\<`�o>\�W�R s XQ^�T7_>ZCT�Z&[<XIe�bVb.W�R<\�^.XQ^�T�o b d�p�f�¡:dSi X b d�p�f�¡�¡�i
e�` � ^.`�W.X �KRL[
� m T�Z']�XQ^�^.`�^�Ry� ��� c7R<c �"RIY
R m b�[�T�U�Rt� [Lb.W�ehR#� (xT7b.\�T7]�]�_b `�U�W.X'YnX&]�_�[
�KZ&`�m�Z&[�\<XQ^�^�jrX�V�b.^�c	��T�T p̃ X ξ̃ TGZ&`�m�Z&[�\<XQ^�^�jrX'�I^�R m XQ^�T7_ ω i
U�W�T
�CW�R<^�T m ^�j+fPb1Z']�`�\�T7_7f

∂ ln(p̃)

∂r |r→∞
= i k

(0)
2 ; ξ|r=0

= 0, b d�p�f �<z i
��YnX

k
(0)
2 =

1

cs

√

(ω −mΩ2)2 − 4 Ω2
2; Im(k

(0)
2 ) > 0. b d�p�f � |+i

�SZC^.` X�m [<` X U.`<]�R<�'R"_�W�RIY�T�R"]
��^.`�X�ZQe�X s XQ^�T.X ξ = 0 \��.XQ^.[�W.XwY�T�ZCc7R X ekj T�Z5�
c7] y�m RLXIetT��wW�R<ZCZQe�`�[�W.XQ^�T7_�e�`QY�b m = 1 p

�%U�T	�wXIe�c�W�RL[�c1`�W.X"�Cb"]
�Q[LRL[�j�\>^�R<T.m�`<]�XCX�T�^.[<XQW.XQZC^.`�o�ZK[<` m c�T �IW.XQ^�T7_
U�W�T7]�` � XQ^�T�oi`�m<]�R<Z&[�TiU�R<W�R�e�XC[�W.`�\ M∗ = RΩ1/cs � 1 � q = Ω2/Ω1 � 1� f�w:d X f�c z#X f�c+¡#���

f�p � j�Z �BT.X e�`QY�j b m > 2 i�Z&[LRLm�T7]nT��IT�W7b y [�Z�_ U.`<]n^.`�Z&[
� y U�W�T
Λ >∼ 1/m p � `QY
R m = 2 Z&[LRLm�T7]nT��IT�W7b�XC[�Z�_ U�W�T Λ >∼ 0,45 b \�U�W.X'YnX&]�X
q → 0 i�p��+[<`�[BW.X"�Cb"]
�I["RL[B^.XC[�W7bQY�^.`KU.`�^7_�[
� �1\<`w\�W�R s R y�s XQo�Z�_,^.XQZ � T�ehRLXIe�`�o� T�Y�c1`�Z&[�TPY�]�_�W�R<ZCc7R m c�T�\<`��"e�b s XQ^�T�oPZ m 6= 0 ^.XC`�mQf1`QY�T�e�` X(m [<`�m�j+�"R<\�T�f��
W.XQ^�^.`�Z&[
� d(∂e2/2Ω)/dr T��"e�XQ^7_.]�R �I^�R<ctU�W�Tgc1`�^.X m ^.`1e r 6= 0

� fQ|#f���p�jd]�_
Ω(r) b d�p�f�¡�c+i�[<` m c�TyT��"e�XQ^.XQ^�T7_ �I^�R<c�Rab.U.`1e�_�^7b7[<`�o�\<X&]nT m T�^�j�Z'b s XQZ&[�\Lb y [
U�W�T Λ < 1/

√
3 ' 0,58 p'��[�c7]�`�^.XQ^�T.XB�CW�R<^�T	��j�b1Z&[<`�o m T�\<`�Z&[�T�\,^�R��wXIetZ']�b �
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#%$'&�( +'( _*(
�gL!>@5�&YB�$ Z�G�\%$'9'$�u/'G�1.5�9'$*; /65!�Y>�$'I'9'2QM \%GiZW
m = 2, 3, 4, . . .

R�E'G $'9�uA'/'3:\%3:9*B�H 1 E�>�G�&:A�G�&YB�$ E65?u/65�\%3YB�/'G�1
M∗ = RΩ1/cs

]
q = Ω2/Ω1

N � � E'/'$
Λ = L/R = 0,02

] � �E'/'$
Λ = 0,1

(��0$'&s>@5h1��:/65?u9'$'I'9'2QM B�G�I'A�5?M A'/'$'1�2QM �$'9'A'/'3:\%3:9*B.2 1�3sZ�$'9'$��65?M
Ω1

#%$'&�(6+'( Pid*(�-0/'$'1�2�3[\x5�/��:$'965?>���9'G�~JH.&YB�G�~'I'$'1�G�&YB�$�\%G!uZ�2
m = 2

ClA�5!k�Z@5!; B�G�I'A�5 A�G�B�G�/'2QM W�E65�/65 �`965?uI'3:9'$'~�W
q,Λ
R�R0G�E'/'3sZ�3s>6;'3YBKE'/'G�o[$�>��tA'/'$'1�G�~h1�/65!783su9'$*;mW�+'( P?U�).RsCfZ'>6;=A�G�B�G�/'G��YG

Im(ω) = +0
E'/'$ &:G�G�B!u1�3YB�&YB�1�H���7l3:\ �`965?I'3:9'$'$ E65�/65�\%3YB�/65

M∗

( 	0/'G�o[$�>�$
V
1�/

(r)
C!&:G�G�B�1�3YB�&YB.1�H���7l$'3�B�G�I'A�5�\ ∗ � 1, 2, 3

C � &:\�(/'$'&�(6+'( P�P

#%$'&�(�+'( P�P�(.-0/'$'1�2�3�1�/65!783:9'$*;tW�G�A'/'3:&YB�9'G�&YB.� 1�9*H�B�/'3:9�u9'3,�:G �:G�/'L.5.RsC?Z�G�E*H�&:A*5���78$'3	1�G��`L�H�k�Z�3:9'$'3QZ�1�H.M*/*H�A*5�1!u9'G��:G &:E'$'/65?>���9'G��:G H��`G�/65 &�\x5?>�2�\j$'9'A'/'3:\%3:9*B�G�\ W�&:\�(/'$'&�('+'( Pid.R�E'/'$
M∗ = 10

( �QG�1�G�A*H�E'9'G�&YB��cE65�/65�\%3YB�/'G�1
{Λ; q; nmin = min(d ln Ω/d ln r)} Z'>6; !YB�$�M�A'/'$'1�2QM$'\%3:3YBJ&s>�3sZ6H���7l$'3l�`965iI'3:9'$*;DN%P � {0,36; 0,1; −1,8} ], � {0,29; 0,2; −1,7} ]�) � {0,24; 0,3; −1,5}

m RLX%\�e�XQ^	�
�xb y Z&[<`�W.`�^7bGU.`KU�R<W�R�e�XC[�W7b Λ `�m<b1Z']�`�\L]�XQ^.` X U.`�� \�T�Y�T�e�`1e�b X Z&[LR#�
m�T7]nT��IT�W7b y�s T�eg\L]nT7_�^�T.XIetZ � T�ehRLXIe�`�Z&[�T�ZCW.X'Y�jSp

w7p � `�m<]�R<Z&[�T�U�R<W�R�e�XC[�W.`�\ M∗ � 1 X q � 1 ^�R<T.m�`<]�XCXw^.X&b1Z&[<`�o m T�\�j�ekTb m�X"�db m XC[LR,e�`QY m = 0 T m = 1 Z�`�m �C[<`1egZQerp�^�T � X:ir`�c7R��Ij�\�R y [�Z�_PY�\Lb1f��
W7b.c7R<\�^�jrX b m = 2 i�\<`��"e�b s XQ^�T7_vpQ�+[<`�[>W.X"�Cb"]
�I[LRL[PT7]�] y Z&[�W�T�W7b�XC[>W�T�Z�p'd�p | X
��YnX�\BU7]�`�ZCc1`�Z&[�TaU�R<W�R�e�XC[�W.`�\ M∗

X q T��Q`�m�W�R � XQ^�jl`�m<]�R<Z&[�T,Yn`1ekT�^�T�W.`�\�R<^�T7_
U.`BT�^�c�W.XIe�XQ^.[Lbae�`CY m ≥ 2 U�W�T Λ = 0,02 T Λ = 0,1 p � T�Y�^.` XSm [<`BZ�W.`�Z&[<`1e
U�R<W�R�e�XC[�W�R Λ `�m<]�R<Z&[
�%Yn`1e�T�^�T�W.`�\�R<^�T7_Ge�`CY�j m = 2 m�j�Z&[�W.`wW�R<Z �BT�W�_�XC[�Z�_vp

c.p.jd]�_}Y�\Lb1f�W7b.c7R<\�^�j+fy\<`��"e�b s XQ^�T�o `�m<]�R<Z&[
��^.X&b1Z&[<`�o m T�\<`�Z&[�Ty\�U7]�`�Z5�
c1`�Z&[�TsU�R<W�R�e�XC[�W.`�\ q X Λ Yn`�\<`<]
��^.`a\<X&]nT�c7R b W�T�Z�pGd�p�f��+irT�XCXwW�R��"e�XQW�j Z']�RLm�`
�"R<\�T�Z�_�[P`�[�\<X&]nT m T�^�j M∗ U�W�T M∗ � 1 p��SRPW�T�Z�p.d�p�f�fwY�]�_�U�W�T�e�XQW�R>U�W�T��
\<X'YnXQ^�jg[�W�Tac�W�T�\�jrX�\�W�R s XQ^�T7_ b d�p�f�¡�c+i b \d`�c�W.XQZ&[�^.`�Z&[�Ta\�^7b7[�W.XQ^�^.XQ�&`w�&`�W.m1R+i X
f7R<W�R<c.[<XQW�T��Cb�XIekjrXdU�R<W�R�e�XC[�W�R�ekT X `�m�XQZCU.X m T�\�R y�s T�ekTP\<`��Qm<b � YnXQ^�T.X%Y�\Lb1f�W7b �
c7R<\�^.`�o�ZCU�T�W�R"]nT�\Ve�`QYnX&]nT�Z M∗ = 10 ZwehR"]nj�egT�^�c�W.XIe�XQ^.[<`1erp � T�Y�^.` XGm [<`
Y�]�_s\<`��Qm<b � YnXQ^�T7_sZCU�T�W�R"]
��^.`��&`,b��Q`�W�R,ZwU.`1e�` s � y T��Cb m RLXIe�`��&`V^�R�ekTse�X'f7R#�
^�T��"ehR%U7]�`�ZCc�`�o���R"]�R<c.[�T�c1XrYn`�Z&[LRL[<` m ^.`d`�m<]�RIY
RL[
�dc�W�T�\<`�o�\�W�R s XQ^�T7_wY
R � X�Z&`
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#%$'&�(�+'( P?,�(��D5�1�$'&:$'\%G�&YB���\x5�&suXbB�5�L.5 /65?Z�$65?>���9'G��:G H�L�2�1.5?u9'$*; 5�\%E�>�$*B�H`Z�2 1�G��:\%H�783Y9�u9'G�~{E�>�G�B�9'G�&YB�$
Ls

G�B E65?u/65�\%3YB�/65
Λ = L/R

A'/'$'1�G�~1�/65!783:9'$*;�W�+'( P?U�).R�Z'>6;j\%G`Z�2
m = 2

S P`_.,?V

#%$'&�( +'( Pi)*("�QG��`\FH�783:9'965!; E'G�1�3:/�M*9'G�&YB�965!;E�>�G�B�9'G�&YB��
σ̃(r)

9'3YH.&YB�G�~'I'$'1�G�~w\%GiZ�2
m = 21 Z�$'&:A�3 &mA'/'$'1�G�~ 1�/65!783:9'$*; W�+'( P?U�).RsN�� �

q = 0,1
]

Λ = 0,335
]
M∗ = 20

]
Ls = 2R

]�� �
q = 0,1

]
Λ = 0,385

]
M∗ = 5

]
Ls = 6R

Z']�RLm�`�\�j�W�R � XQ^�^.`�owY�\Lb.�&`�W.m�`�Z&[
� y p � R<c�T.Xrc�W�T�\�jrX�\�W�R s XQ^�T7_BW�R<ZCU�W.`�Z&[�W�R<^.X��
^�juYn`�\<`<]
��^.`��BT�W.`�c1` � ¡ X(u#X'��X�z#X'� d z#XG� d1| XG� ¡�����p

d�p��tW.`�Z&[<`1e�U�R<W�R�e�XC[�W�R Λ = L/R U�W.`�T�Z�f1`QY�T.[w^.XQc�`�[�`�W.`�X�b�e�XQ^	�
�wXQ^�T.X
Re(ω) ph�%W�T�Yn`�Z&[LRL[<` m ^.`sehR"]�`1e Λ <∼ M−2

∗ b ZQerp
b1Z']�`�\�T.X b d�p�f ��u i_i�`�[Q]nT m T.X
Re(ω) `�[0�I^�R m XQ^�T�o b d�p�f � �+i+^.XxU�W.XQ\�j1�KRLXC[�ft� \�Z&`�`�[�\<XC[�Z&[�\�T�T�ZdW.X"�CbI]
�I[LR#�
[<`1e b d�p�f ��� i�p·��`GU�W�T�c1`�^.X m ^�j+f Λ �C[<`�[ ��VWV%XQc.[GZ&[LR<^.`�\�T.[�Z�_ �"R�e�XC[�^�j�e � T
U�W�T�\<`QY�T.[,c>Z&`�`�[�\<XC[�Z&[�\Lb y�s T�egW.`�Z&[Lb��KR<�'RKZCU�T�W�R"]nT b ZQerp b d�p�f � �+i_i�TGb�e�XQ^	���
�wXQ^�T y b.��]�`�\<`�o>ZCc�`�W.`�Z&[�T>XCXd\�W�R s XQ^�T7_ Ωp = Re(ω)/m b ZQerp b d�p�f � dSi_i�p

¡7p � `V\�Z&XQo�T�ZCZ']�X'Yn`�\�R<^�^.`�o>`�m<]�R<Z&[�T�U�R<W�R�e�XC[�W.`�\ q X M∗
X Λ f7R<W�R<c.[<XQW��

^�j�olehR<Z �w[LRLm b7m�j�\�R<^�T7_lR�ekU7]nT.[LbIY�j \<`��"e�b s XQ^�^.`�otU7]�`�[�^.`�Z&[�T Ls ZPbQY
R#�
]�XQ^�T.XIe�`�[ � W�R��IW�j�\�R � \�`�m<]�R<Z&[
� r > R bIYn`�\L]�XC[�\<`�W�T.[<X&]
��^.`�`�U�T�ZCj�\�RLXC[�Z�_
Z&`�`�[�^.`$�wXQ^�T.XIe b ZCW p�Z b d�p�f � ¡�i_i

Ls '
cs

Im(ω)
. b d�p�f z �+i

� R<c�T�e�`�m�W�R��Q`1e X Z'b s XQZ&[�\<XQ^�^.`�X�b�e�XQ^	�
�wXQ^�T.X�T�^�c�W.XIe�XQ^.[LRw^.X&b1Z&[<`�o m T�\<`�Z&[�TGZ
W.`�Z&[<`1e�U�R<W�R�e�XC[�W�R Λ U�W�T�\<`QY�T.[Bc,\<XQZ ��ehR!�"R�e�XC[�^.`1e�b�W�R<Z �BT�W.XQ^�T y `�m<]�R<Z&[�T
]�`�c7R"]nT��"R���T�Ta�&XQ^.XQW�T�W7b�XIe�`��&`xZCU�T�W�R"]
��^.`��&`xb��Q`�W�R.p��+[<`�[ ��VWV%XQc.[KT7]�] y Z&[�W�T��
W7b�XC[VW�T�Z�pGd�p�f�w b �"R<\�T�ZCT�e�`�Z&[
� Ls(Λ) i�T�W�T�Z�pGd�p�f�c X ^�R,c1`�[<`�W.`1elT��Q`�m�W�R � XQ^�j
U�W�T�e�XQW�j�Z&`�m�Z&[�\<XQ^�^�j
f�V�b.^�c	��T�o�\<`��"e�b s XQ^�^.`�oPU7]�`�[�^.`�Z&[�T σ̃(r) p� R � ^�j�el[LR<c � XK_�\L]�_�XC[�Z�_�\<`�U�W.`�Zw` �"R<\�T�ZCT�e�`�Z&[�T�U�W�T�\<X'YnXQ^�^�j+f�\�j1�wX
W.X"�Cb"]
�I["RL[<`�\,`�[�f7R<W�R<c.[<XQW�R�c�W�T�\<`�o�\�W�R s XQ^�T7_��"R�U�W.X'YnX&]�R�ekT��Q`�^�j � W�R��"ehR��"�
c�T � W�R��IW�j�\�R Ω p�jwXQo�Z&[�\�T.[<X&]
��^.` X W.XIR"]
��^�jrXwc�W�T�\�jrXB\�W�R s XQ^�T7_��'R"]�R<c.[�T�cs\
� � 
���� $�(�� $%.�� ������� 
�.� �0 � .�&������ � �� �"�* ����"

Λ >
∼ 0,2

.�� (%"���"� %

Re(ω)

���� ���	 � ��&�(%� �%
�����&�* "��B � 2 ��� � E  %
 ��� ÷ � ��� 2
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`�m<]�R<Z&[�T r � R `�m�j m ^.`af7R<W�R<c.[<XQW�T��Cb y [�Z�_ �"R<c1`�^.`1eu\�W�R s XQ^�T7_ Ω(r) ∝ rn

Z n = −1 X~m [<`uZ'b s XQZ&[�\<XQ^�^.`g`�[Q]nT m RLXC[�Z�_ `�[ �"R<c1`�^�Rg\�W�R s XQ^�T7_ b d�p�f�¡�c+i��
Ω ' Ω2 = `�
���]�� U�W�T r � R p�jBR�T�\,`�m<]�R<Z&[�T r < R \�W�R s XQ^�T.XwW.XIR"]
��^�j+f
�'R"]�R<c.[�T�c �"R�e�XC[�^.`�`�[C]nT m RLXC[�Z�_x`�[�[�\<XQW�Yn`�[<X&]
��^.`��&`�pI� �.X&]
� y \�j�_�ZC^.XQ^�T7_S\L]nT��
_�^�T7_ �C[�T�f�VdR<c.[<`�W.`�\Pm�j�]yU�W.`�\<X'YnXQ^}ZCW�R<\�^�T.[<X&]
��^�j�o�W�R<Z m XC[ab1Z&[<`�o m T�\<`�Z&[�T
\�W�R s XQ^�T7_G�'R��"Rw\K�'R"]�R<c.[�T�c1X � z f%TP\Ke�`QYnX&]
��^.`�oG�'R"]�R<c.[�T�c1XdZ'�"R<c1`�^.`1ei\�W�R#�s XQ^�T7_ b d�p�f�¡�c+iBZPU�W�R<c.[�T m XQZCc�TgZ&`�\�U�RIY
R y�s T�ekTib m R<Z&[�c7R�ekT V \�W (r) e�X � Y�b
\�^7b7[�W.XQ^�^�T�e��&`�W.m�`1esTBZ']�X'Y�b y�s T�e �"R�^�T�e�ekT�^�T�e�b�e�`1e V \�W p��SRLm<] y Y
RLXIekjrXm R<Z&[�TGc�W�T�\<`�oP\�W�R s XQ^�T7_G\w`�m<]�R<Z&[Q_7f r ≤ 1,6 c�U�c � d�d u � T r ≥ 3,6 c�U�c � � dS¡#�
m�j�]nTsZ �BT.[�j�U.`<]nT�^.`1e�`1e�[�W.XC[
�<XQo�Z&[<XQU.XQ^�T�\V`�m<]�R<Z&[�T 1,6 < r < 3,6 p(~�R<Z5�
U�W.X'YnX&]�XQ^�T.X σ0(r) [LR<c � X�m�W�R"]�`�Z �ST���^�RLm<] y YnXQ^�T�o � � dS¡#� X R cs(r) U.`<]�R<�'R"]�R<Z �
e�`�^.`�[<`�^�^.`ab7m�j�\�R y�s XQos`�[ cs(r = 0) = 28 c�e � ZdYn` cs(r ≥ 3) = 10 c�e � Z�p� j m T�Z']�XQ^�T7_lm�j�]nTuU�W.`�\<X'YnXQ^�j�Y�]�_�e�`CY�j m = 2 ^�Ry`�ZC^.`�\<X�b.W�R<\�^.XQ^�T�o X
b m T.[�j�\�R y�s T�f�^.XC`QY�^.`�W.`CY�^.`�Z&[
� σ0(r) T cs(r) b ZCW p�Z b d�p�f�¡:dSi X b d�p�f�¡�¡�i_i��

dp̃

dr
=

2mΩ

r ω̂
p̃+ σ0(ω̂

2 − ∂e2) ξ − g

c2s
p̃+ g(σ′

0 + σ0
g

c2s
) ξ , b d�p�f z f�i

dξ

dr
=

p̃

σ0





m2

r2ω̂2
− 1

c2s



−




2mΩ

r ω̂
+

1

r
− g

c2s



 ξ , b d�p�f z w�i
��YnX g = −p′0/σ0 p � `CYnX&]
��^�R"_Vc�W�T�\�R"_V\�W�R s XQ^�T7_�`�U�T�ZCj�\�R"]�R<Z �dZ']�X'Y�b y�s T�ekT
U�R<W�R�e�XC[�W�R�ekT � Λ = 0,18 � q = 0,1 � R = 1,5 c�U�c � Ω1 = 280 c�e � Z � c�U�cb M∗ = 10 i�p � W.X"�CbI]
�I[LRL[<Xs\�j m T�Z']�XQ^�T�otY�]�_l^.XCX�U.`<]�b m XQ^.` ω(m = 2) =
(0,88 + i 0,41)Ω1 p�jd]�_�^�RLm<] y Y
RLXIe�`�o � XBc�W�T�\<`�o�\�W�R s XQ^�T7_ � z f � ω(m =
2) = (0,90 + i 0,39)Ω1 p � R<c�T�eP`�m�W�R��Q`1e X \�j m T�Z']�XQ^�T7_xU.`�c7R��"R"]nT X)m [<`�b m R<Z&[<`�c
� W�R��IW�j�\�R � Ω(r) _�\L]�_�XC[�Z�_%`�U�W.X'YnX&]�_ y�s T�eVY�]�_xU�R<W�R�e�XC[�W.`�\�^.X&b1Z&[<`�o m T�\<`�Z&[�T
T X Z']�X'Yn`�\�RL[<X&]
��^.` X �&XQ^.XQW�T�W7b�XIe�`��&`�ZCU�T�W�R"]
��^.`��&`�b��Q`�W�R.p

~�R<ZCZQe�`�[�W�T�e [<XQU.XQW	��\<`�U�W.`�ZP`�\<`��Qm<b � YnXQ^�T�T�e�`QY m = 0 T m = 1 p  ZCc7] y�m T�e�T�� b d�p�f�¡:dSi X b d�p�f�¡�¡�iK\<`��"e�b s XQ^�^.`�XGY
R<\L]�XQ^�T.X X \yW.X"�CbI]
�I[LRL[<X>Y�]�_
m = 0 U.`<]�b m T�e

1

r

d

dr

(

r
dξ

dr

)

+





ω2 − ∂e2

c2s
− 1

r2



 ξ = 0 , b d�p�f z c+i
��YnXSZQe�X s XQ^�T.X ξ Yn`<] � ^.`�bQYn`�\L]�XC[�\<`�W�_�[
���CW�R<^�T m ^�j�e�b1Z']�`�\�T7_ne ξ(r = 0) =
0 � ξ(r → ∞) = 0 p � ek^.` � R"_ �C[<`�b.W�R<\�^.XQ^�T.XG^�R rξ∗ b �I^�R m `�c � `��I^�R m RLXC[
c1`1ekU7]�XQc�ZC^.`�XdZ&`�U�W�_ � XQ^�T.X:i�T>T�^.[<XQ�CW�T�W7b�_�`�[ r = 0 Yn` r = ∞ X U.`<]�b m RLXIe

ω2 =
∞
∫

0







∣

∣

∣

∣

∣

dξ

dr

∣

∣

∣

∣

∣

2

c2s + |ξ|2(∂e2 + c2s/r
2)







r dr
/

∞
∫

0

|ξ|2r dr . b d�p�f z dSi
��[�Z y Y
Rs\�T�Y�^.` X�m [<` ^.X&b�Z&[<`�o m T�\<`�Z&[
� e�`QY�j m = 0 b ω2 < 0 iwe�` � XC[

T�e�XC[
�Pe�XQZ&[<`V[<`<]
��c1`P\V[<`1euZ']�b m RLX X XQZ']nTsZ'b s XQZ&[�\Lb�XC[aT�^.[<XQW�\�R"] ∆r = r2 −
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r1 6= 0 X \�^7b7[�W�T�c�`�[<`�W.`��&` b r1 < r < r2 ia\<X&]nT m T�^�R ∂e2 `�[�W�T	��RL[<X&]
��^�R.p
��`�Z']�X'Y�^.XCXde�` � XC[,T�e�XC[
�,e�XQZ&[<` X XQZ']nT

nmin = min
r

{

d ln Ω

d ln r

}

< −2 . b d�p�f z ¡�i
jd]�_ m�`<]
�
�BT�^�Z&[�\�R �'R"]�R<c.[�T�c Z Y�\Lb.�&`�W.m�j�ekT c�W�T�\�j�ekT \�W�R s XQ^�T7_

nmin > −2 T�e�`QY
R m = 0 \�^�T�f�\<`��Qm<b � Y
RL[
��Z�_y^.XVe�` � XC[ b \�È�R"]�R<c.[�T�c1X
nmin ' −1,5 ± 0,2 U.`Pc�W�T�\�j�e�\�W�R s XQ^�T7_ � RCbQY
R � w��#f��kT�q�]�XIe�XQ^�ZQR � c3dS¡#�Ài�p� [<` � Xx\�W.XIe�_>e�`QY
R m = 2 ^.X&b1Z&[<`�o m T�\�R�TPU�W�T nmin > −2 X#m [<`,U.`�c7R��"R"]nT
W�R<Z m XC[�j � f�w:d X f�c+¡ X fQ|+w#� b ZQerp�W�T�Z�p#d�p�f�f�i�p  ZCZ']�X'Y�b�_,`�Z&XQZCT�ehe�XC[�W�T m ^�jroGe�X'f7R<^�T��"ey\<`��Qm<b � YnXQ^�T7_aZCU�T�W�R"]�XQoa\wT��Q`��
]nT�W.`�\�R<^�^.`�o��'R"]�R<c.[�T�c1X X ekj Yn`<] � ^�j T�ZCc7] y�m T.[
��T��yW�R<ZCZQe�`�[�W.XQ^�T7_ e�`CY�b
m = 1 X U.`�ZCc1`<]
��c7b}W�R<ZCc7R m c7RG[LR<c�T�f�\<`��"e�b s XQ^�T�o}Z�Y�\�T��'RLXC[��.XQ^.[�WyehR<ZCZ��'R#�
�Q`�\<`�o�U.`QY�ZCT�Z&[<XIekj `�[�^.`�ZCT.[<X&]
��^.` �.XQ^.[�W�R ehR<ZCZ �I\<X"�&Y�^.`�o � ξ(r = 0) 6= 0 ��p
��`�Z']�X'Y�^.XCXs\<`��"e�` � ^.` X U.`�� \�T�Y�T�e�`1e�b X [<`<]
��c1`tU�W�T�^�R"]nT m T�T�\�^.X �B^�T�fu\<`��"�
YnXQo�Z&[�\�T�o�^�R�W�R<ZCZQehRL[�W�T�\�RLXIe�b y ZCT�Z&[<XIe�b�p� �"R<c7] y�m XQ^�T.XtW�R<ZCZQe�`�[�W�T�e \<`�U�W.`�Zi`�\L]nT7_�^�T�T \<`��"e{b s XQ^�T�o��CW�R<\�T��
[LR���T.`�^�^.`��&`sU.`�[<XQ^	��T�R"]�R�^�R�U�R<W�R�e�XC[�W�j �&XQ^.XQW�T�W7b�XIe�`�o ZCU�T�W�R"]
��^.`�oyZ&[�W7b.c��
[Lb.W�j Zib m XC[<`1e U�W�T�\<X'YnXQ^�^.`�o�\<`�\�\<X'YnXQ^�T�T c�Y
R<^�^.`1e�b�W�R��&YnX&]�b�`$�.XQ^�c�T �
kJ � k p�jd]�_ �C[<`��&`�\ W�R�ekc�RIfgW�R<ZCZQe�`�[�W.XQ^�^.`�ot\�j1�wX�e�`QYnX&]nTtW�R��IW�j�\�R Ω
b U�W�T M∗ � 1 i �"R�e�XQ^�T�e�\<`��"e�b s XQ^�^.`�XBY
R<\L]�XQ^�T.X p̃ ^�R (1 − 2kJ/k)p̃

X ��YnX
kJ = π Gσ0/c

2
s
X R�\<X&]nT m T�^7b k(0) b d�p�f � |+id^�R k = k(1) X `�U�W.X'YnX&]�_�XIe�b y T��

Z&`�`�[�^.`$�wXQ^�T7_ k2 − 2kJk − k(0)2 = 0 [k(1) ' k(0) + kJ + k2
J/2k

(0)2] p(~�X �KR"_
T�ZCU�W�R<\L]�XQ^�^.`�X�Zrb m XC[<`1e��C[<`�o0�"R�e�XQ^�jiY�T�ZCU.XQW�ZCT.`�^�^.`�X�b.W�R<\�^.XQ^�T.X b d�p�f u dSike�X��
[<`QYn`1eg\<`��"e�b s XQ^�T�o b ω = ω(0) + ω(3) i X ^�RIf�`QY�T�e � f�w:d��

ω(3) ' iΩ1(kJR)2(1 − q2)/M {M 2(1 − q2)2 +m2(1 − q)2} . b d�p�f z�u i� j m T�Z']�_._ �"RL[<XIe
VdR��CbP\<`��"e�b s XQ^�^.`�oPU7]�`�[�^.`�Z&[�T�U�W�T r > R X U.`<]�b m T�e
σ̃ ∝ exp

{

im
[

ϕ+
Ω1(1 − q) + 2 kJcs/m

2 cs
r
]

− Im(ω(0))

cs
r
}

. b d�p�f z+� i
��[�Z y Y
Rs\�T�Y�^.` X�m [<` X ^.XQZQe�`�[�W�_�^�RPYnXQZ&[LRLm�T7]nT��IT�W7b y�s XCXP\L]nT7_�^�T.X b Yn`��

\<`<]
��^.`VZ']�RLm�`�X:i�\<`��"e�b s XQ^�T�o>�CW�R<\�T.[LR���T.`�^�^.`��&`VU.`�[<XQ^	��T�R"]�R X ehR<Z �w[LRLm�b7m�j �
\�R<^�T7_lR�ekU7]nT.[LbIY�j \<`��"e�b s XQ^�^.`�otU7]�`�[�^.`�Z&[�Tl^.X�T��"e�XQ^7_�XC[�Z�_vpb�
[�`�ZC\L_��"R<^.`
ZG[<XIe X�m [<`y^�R<W�_7Y�b�ZPU.`I_�\L]�XQ^�T.XIe U.`�U�W�R<\�c�Ttc Im(ω) b d�p�f z�u iBT��"e�XQ^7_�XC[�Z�_
T�`�U�W.X'YnX&]�XQ^�T.X Im(k) m XQW.X"� m R<Z&[<`�[Lb�p � W.X"�Cb"]
�I[LRL[<XB`�m1R���VWV%XQc.[LRa\��"R<T�ek^.`
c1`1ekU.XQ^�ZCT�W7b y [�Z�_vp � e�XQ^	�
�KRLXC[�Z�_G]nT	� � �KR<�SZCU�T�W�R"]nT b ZCW p�Z b d�p�f � c+i_i��

S =
2 πmcs

Re(ω −mΩ2) + kJcs
, b d�p�f z�z i

^.`,^.X"�I^�R m T.[<X&]
��^.` X \�ZC\L_��ITPZ%[<XIe X(m [<`VU�W�T M∗ � 1

Re(ω −mΩ2) ' Re(k(0)cs) � kJcs .
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  ZCZ']�X'Y�b�XIe�[<XQU.XQW	�}\<`�U�W.`�Za` \L]nT7_�^�T�T�W.X"�Ic1`��&`�T��"e�XQ^.XQ^�T7_iU7]�`�[�^.`�Z&[�T
�'R��Q`�\<`��&`wY�T�ZCc7RK\�`�c�W.XQZ&[�^.`�Z&[�T � W�R��IW�j�\�R � Ω ^�R�U�R<W�R�e�XC[�W�j �.XQ^.[�W.`�m�X � ^.`�o
^.X&b1Z&[<`�o m T�\<`�Z&[�T�Ty\<`��Qm<b � Y
RLXIekj+fyZ&[�W7b.c.[Lb.W p��%W.X � YnXa\�Z&XQ�&`��"R�e�XC[�T�e Xhm [<`
W�R<ZCZQe�`�[�W.XQ^�^�jrX>\�j1�wXG`QY�^.`�W.`QY�^�jrX�e�`QYnX&]nT�Z � ~�b.��]�`�\<`�o�ZCc�`�W.`�Z&[�T�m�j�]nT
T�� �Q^.[�W.`�U�T m XQZCc�T�ekT b dS0/dr ≡ 0 i�px�%W�T�^�R"]nT m T�T,ZCc7R m c7R%U7]�`�[�^.`�Z&[�TV^.XC`�mQf1`��
Y�T�e�`PT�Z�f1`CY�T.[
�PT���^.XQT�� �Q^.[�W.`�U�T m XQZCc�T�f e�`QYnX&]�XQo p(jxXQo�Z&[�\�T.[<X&]
��^.` X Y�]�_}W�R��"�
W�j�\�^.`�o�e�`CYnX&]nT>Z b d�p�f�¡�w�i+T

σ0(r) = σ01 + (σ02 − σ01) Θ(r −R) b d�p�f z |+i
^.XQ\<`��"e�` � ^.`V`CY�^.`�\�W.XIe�XQ^�^.`�XB\�jrU.`<]n^.XQ^�T.Xwb�Z']�`�\�T�o�W�R<\�^.`�\<XQZCT7_ b d�p�f�f�i�T�T��"�
�Q^.[�W.`�U�T m ^.`�Z&[�T b S0 = `�
���]�� Y�]�_ b d�p u dSi_i�p�� R�e�XC[�T�e X�m [<` X U.`�ZCc1`<]
��c7bGe�`CYnX&]nT
Z&`�ZCc7R m c1`1eGY
R<\L]�XQ^�T7_ p0 [�W.XCm<b y [%^�R"]nT m T7_BZCc7R m c7R��CW�R<\�T.[LR���T.`�^�^.`��&`%U.`�[<XQ^��
��T�R"]�R X ekj�\�j�^7b � YnXQ^�j�`��CW�R<^�T m T.[
��Z�_>Z']�b m RLXIe |g| <∞ b g = −p′0/σ0 i X [<`
XQZ&[
�,Y
R<\L]�XQ^�T.XwYn`<] � ^.`>m�jr[
�P^.XQU�W.XQW�j�\�^.`�o>V�b.^�c	��T.XQo r X ^.`>e�` � XC[PT�e�XC[
�
T��C]�`1erp

� R<U�T	�wXIe b1Z']�`�\�T7_GZ �BT�\�c�T�Y�]�_G\<`��"e�b s XQ^�^�j+fV\<X&]nT m T�^ p̃ T ξ X T�Z�f1`QY�_
T�� b d�p�f z f�i X b d�p�f z w�i��

ξ|r=R−0
= ξ|r=R+0

,

p̃|r=R+0
− p̃|r=R−0

=
g1 + g2

2
(σ02 − σ01)ξ −

σ01 + σ02

2
Rξ(Ω2

2 − Ω2
1) b d�p�fQ|��+i

Y�]�_
g(r) = g1 + (g2 − g1)Θ(r −R). b d�p�fQ|#f�i

�%T � X�`��CW�R<^�T m T�ekZ�_ Z']�b m RLXIe g ≡ 0 X [<`�XQZ&[
� p01 = p02 T δ ≡ σ02

σ01
=
c2s1
c2s2

p
jxXQo�Z&[�\Lb�_>\BY�b1f1XxU p#d�p¢¡7p�f X U.`<]�b m T�e�Y�T�ZCU.XQW�ZCT.`�^�^.`�XSb.W�R<\�^.XQ^�T.X

R2k2
2α1 −R2k2

1α2 +
1 + δ

2
M 2

∗ (q
2 − 1)α1α2 = 0, b d�p�fQ|+w�i

��YnX k2
1,2 = {4Ω2

1,2 − (ω −mΩ1,2)
2}/c2s1,2

X Re(k1,2) > 0 � M∗ = RΩ1/cs1 ��Y�]�_
α1,2 ZQerp b d�p�f u ¡�i X b d�p�f u�u i�p� U�W.X'YnX&]�X M∗ � m U.`<]�b m RLXIe

ω =
Ω1

1 +
√
δ

{

m (1 + q
√
δ) + iM∗

1 + δ

2
(1 − q2)

}

, b d�p�fQ|�c+i
m [<`�Z&`�\�U�RIY
RLXC[}Z b d�p�f u dSiSY�]�_ δ = 1 pJ�%W�T�e�X m RL[<X&]
��^.`�oi`�Z&`�m�XQ^�^.`�Z&[
� y U.`��
]�b m XQ^�^.`��&`>W.X"�Cb"]
�I[LRL["RG_�\L]�_�XC[�Z�_}^.X"�"R<\�T�ZCT�e�`�Z&[
�PT�^�c�W.XIe�XQ^.["RP`�[>\<X&]nT m T�^�j
ZCc7R m c7RPU7]�`�[�^.`�Z&[�T δ = σ02/σ01 U�W�T δ � 1 T X ^�RL`�m�`�W.`�[ X U�W.`�U.`�W	��T.`�^�R"]
���
^.`�Z&[
� √

δ U�W�T δ � 1 p� � 
� � �01* ���  ����  %
���"%��
� � 2 � 2 �+���-'���.�0 � 2
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� j1�wX�ekj�W�R<ZCZQe�`�[�W.X&]nT�U�W.X'YnX&]
��^�j�o}Z']�b m R<o�Z&`�\�e�X s XQ^�^�j+fsW�R��IW�j�\<`�\
\>W�R<ZCU�W.X'YnX&]�XQ^�T7_7f V \�W (r) T σ0(r) p �SZC^.` X.m [<`�U�W.X'Y�U.`<]�` � XQ^�T7_ `�W�R��IW�j�\��
^.`�Z&[�T}`�U�W.X'YnX&]�_ y�s T�f}^.X&b1Z&[<`�o m T�\<`�Z&[
�>W�R<\�^.`�\<XQZC^�j+f}U�R<W�R�e�XC[�W.`�\>T Z&`�\�e�X��s XQ^�^.`�Z&[�T �C[�T�f�W�R��IW�j�\<`�\>Z'b s XQZ&[�\<XQ^�^.`>T�YnXIR"]nT��IT�W7b y [�^�RLm<] y Y
RLXIekjrX,W�R<Z5�
U�W.X'YnX&]�XQ^�T7_vpvq%W.`1e�XK[<`��&` X U.`>c�W�R<o�^.XQo�e�XQW.X�\�È7R"]�R<c.[�T�c1X X ^.X�\�j�U.`<]n^7_�XC[�Z�_
b1Z']�`�\�T.X p0 = `�
���]�� p

�
]�X'Y�b�XC[%`�[�e�XC[�T.[
�dX s X�`QY�^.`S`�m�Z&[<`I_�[<X&]
��Z&[�\<`�px�%W�T m T�Z']�XQ^�^.`1e e�`QYnX&]nT��
W.`�\�R<^�T�TaU�W.`$�.XQZCZQRx\<`��Qm<b � YnXQ^�T7_aZCU�T�W�R"]
��^.`��&`xb��Q`�W�Rw\w�'R"]�R<c.[�T�c1X%Z�Y�\Lb.�&`�W��
m�`�o�c�W�T�\<`�oy\�W�R s XQ^�T7_y\�j�_�ZC^�T7]�`�Z � XYm [<`s\>`QY�^.`�W.`QY�^.`1e b \�^�R m R"]
��^�j�o�e�`��
e�XQ^.[xi �'R��Q`�\<`1eVY�T�ZCc1X
W�R<ZCc7R m c7R�^.X&b1Z&[<`�o m T�\<`�Z&[�TwU�W�T�\<`QY�T.[�cx\<`��I^�T�c�^.`�\<XQ^�T y
\�`�c�W.XQZ&[�^.`�Z&[�Tg\�^7b7[�W.XQ^�^.XQ�&`�ehR<c�ZCT�e�b�ehR V \�W W.X"�Ic1`��&`}�CW�RIY�T.XQ^.[LR}U7]�`�[�^.`��
Z&[�T X ^�R<U.`1ekT�^�R y�s XQ�&`G^�RLm<] y Y
RLXIekj�o}\HÈ7R"]�R<c.[�T�c1X � � f�c�|���p·��`
�C[<`1e�bs\<XQZ ��ehR
R<c.[Lb�R"]
��^.`�T�ZCZ']�X'Yn`�\�R<^�T.X�\L]nT7_�^�T7_�ZCc7R m c7R U7]�`�[�^.`�Z&[�Tl^�R�U�R<W�R�e�XC[�W�j \<`��"�
m<b � Y
RLXIe�`��&`�b��Q`�W�R.p

~�R<ZCZQe�`�[�W�T�e�c7]�R<ZCZ�e�`QYnX&]�XQo X \>c1`�[<`�W.`1e�W�R<ZCU�W.X'YnX&]�XQ^�T7_ W�R<\�^.`�\<XQZC^�j+f
[<XQW�e�`QY�T�^�R�ekT m XQZCc�T�f�\<X&]nT m T�^P`�U�W.X'YnX&]�XQ^�j�Z&`�`�[�^.`$�wXQ^�T.XIe

dp0

dr
= α c2s

dσ0

dr
, b d�p�fQ|3dSi

��YnX α Z m T�Z']�`�\<`�olU�R<W�R�e�XC[�W b �I^�R m XQ^�T.X α = 1 Z&`�`�[�\<XC[�Z&[�\Lb�XC[iT�� �Q^.[�W.`��
U�T m XQZCc1`�ose�`QYnX&]nTPY�T�ZCc7R+i�p���`V`�U�W.X'YnX&]�XQ^�T y ZCc1`�W.`�Z&[�T �I\Lb.c7R,\�[�`�^�c�`1elZ']�`�X
T�YnXIR"]
��^.`��&` �'R��"R p0 = σ0c

2
s/γ p�jwT�VWV%XQW.XQ^	��T�W7b�_gU.`�Z']�X'Y�^.XCX>Z&`�`�[�^.`$�wXQ^�T.X

U.` r T>ZCW�R<\�^�T�\�R"_�W.X"�CbI]
�I[LRL[,Z b d�p�fQ|3dSi X U.`<]�b m RLXIe
cs(r) = const · [σ0(r)]

(αγ−1)/2 . b d�p�fQ|+¡�i� R<c�T�e�`�m�W�R��Q`1e X U.`>W�R<ZCU�W.X'YnX&]�XQ^�T y σ0(r) T�Y�\Lb�e m T�Z']�`�\�j�e�U�R<W�R�e�XC[�W�R�e
α T γ e�` � ^.`�`�U�W.X'YnX&]nT.[
��W�R<ZCU�W.X'YnX&]�XQ^�T7_G] y m�j+fP[<XQW�e�`QY�T�^�R�ekT m XQZCc�T�f>\<X��
]nT m T�^�\��'R��Q`�\<`1e�Y�T�ZCc1X�p� jrm�XQW.XIe�c1`�^�c�W.XC[�^.`�XsW�R<ZCU�W.X'YnX&]�XQ^�T.X σ0(r) \y\�T�YnX �.XQ^.[�W�T�W.`�\�R<^�^.`�o
^�R r = Rσ T � W�R��"ehR��"R<^�^.`�o � ^�RK`�m<]�R<Z&[
� �BT�W�T�^.`�o ∆r ' 2Lσ Z&[Lb.U.XQ^	��c�T �

σ0(r) = σ01

[

1 + Σ

2
+

Σ − 1

π
arctg

(

r −Rσ

Lσ

)]

, b d�p�fQ| u i
Y�]�_�c1`�[<`�W.`��&` σ0(r � Rσ) ' σ01 b U�W�T Lσ � Rσ i�T σ0(r � Rσ) ' σ01Σ p� XIe�ZQR�ekj�e�U�R<W�R�e�XC[�W Σ f7R<W�R<c.[<XQW�T��Cb�XC[>\<X&]nT m T�^7b}ZCc7R m c7R σ0(r) p�q%W�T�\�R"_
\�W�R s XQ^�T7_

Ω(r) = Ω1

[

1 + q

2
+

1 − q

π
arctg

(

r −R

L

)]



1 + ν
r2

R2





−1/2

b d�p�fQ| � i
��� 
�������"%� �)
�� 
 ��� ����& ��(%&��� �&���� &�(%��'�& C-
���
 .�&��� �"�� 
���� . ��"%� (%�� � �0 � C-
���& $%"� �
���"���������"�� ��& $%� (���� �

��
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= rΩ
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q = 0,2
]
L/R = 0,25

]
ν = 0,0625

`�m�XQZCU.X m T�\�RLXC[�\�j+f1`CY�^�R � U7]�RL[<` � U�W�T�Yn`�Z&[LRL[<` m ^.`1e bQY
R"]�XQ^�T�T `�[ �.XQ^.[�W�Rb ν = `�
���]�� i�p�jwT�ZCU.XQW�ZCT7_�ZCc1`�W.`�Z&[<XQo��'R��Q`�\�j+f�`�m<]�R<c1`�\}\�Y�T�ZCc7RIf��'R"]�R<c.[�T�c
U�W�R<c.[�T m XQZCc�Ts^.XwT��"e�XQ^7_�XC[�Z�_�\"Yn`<]
�VW�RIY�T�R"]
��^.`�o�c�`�`�W�Y�T�^�RL[�j b �"R�T�ZCc7] y�m X��
^�T.XIe �.XQ^.[�W�R"]
��^.`�o m R<Z&[�T�Y�T�ZCc7R+ikT,W�R<\�^�RxU�W�T�e�XQW�^.`zf��dc�e � Z � ��u f�� X R�f7R<W�R<c��
[<XQW�^�jrX b \P`�m<]�R<Z&[�T U7]�RL[<` r � R i �I^�R m XQ^�T7_ V \�W ' 150 ÷ 250 c�e � Z � c+¡#��p
��`
�C[<`1e�babQYn`�m�^.`,\�\<XQZ&[�T m T�Z']�` � RIf7R�Z']�X'Y�b y�s T�e�`�m�W�R��Q`1e �

M = [V \�W (r)/cs(r)]|r=5R
.

� bIYnXIe�T�Z�f�`QY�T.[
��T��+b.W�R<\�^.XQ^�T�o b d�p�f z f�i X b d�p�f z w�i�p)jBR<^�^�R"_wZCT�Z&[<XIehR�Yn`<] � �
^�R�Z']�b � T.[
��Y�]�_ `�U�W.X'YnX&]�XQ^�T7_ c7R<c�Z&`�m�Z&[�\<XQ^�^�j+f V�b.^�c	��T�o p̃(r) X ξ(r) X
[LR<c�TyZ&`�m�Z&[�\<XQ^�^.`��&` �I^�R m XQ^�T7_UZ m R<Z&[<`�[�j ω p��%W.`�Z&[<`�oiR<^�R"]nT��Vb.W�R<\�^.XQ^�T�ob d�p�f z f�iVT b d�p�f z w�iV\�U�W.X'YnX&]�X r → 0 U.`�c7R��Ij�\�RLXC[ X�m [<` p̃(r → 0) ∝ rm X
ξ(r → 0) ∝ rm−1 p���ZCT�ekU.[<`�[�T�c7R>W.X �wXQ^�T�o}U�W�T r → ∞ Zwb m XC[�`1e�ZC\<`�o�Z&[�\
^�R��wXQoPe�`QYnX&]nTGT�e�XCXC[K\�T�Y p̃, ξ ∝ exp{iωr/cs} p � �C[<`�o>R<ZCT�ekU.[<`�[�T�c1Xd\�jrm�`�W
�I^�R<c7R>U.XQW.X'Y�ek^�T�e�`�o�X'Y�T�^�T	�.XQoy\ �Qc�ZCU.`�^.XQ^.[<X,`�m�XQZCU.X m T�\�RLXC[Pb7m�j�\�R<^�T.XaR�e �
U7]nT.[LbIY�jl^.X&b�Z&[<`�o m T�\�j+f b Im(ω) > 0 i�\<`��"e�b s XQ^�T�o�ZrbQY
R"]�XQ^�T.XIe}`�[S`�m<]�R<Z&[�T
ZCc7R m c7R Ω(r) p � R<c�T�e�`�m�W�R��Q`1e X XQZ&[<XQZ&[�\<XQ^�^�jrXa�CW�R<^�T m ^�jrXVb1Z']�`�\�T7_}Y�]�_iZCT��
Z&[<XIekj b d�p�f z f�i X b d�p�f z w�i�\aZ']�b m RLXB\<`��"e�b s XQ^�T�o�Z m ≥ 2 T�e�X y [GZ']�X'Y�b y�s T�o
\�T�Y �

d ln(p̃)

dr |r→∞
= i

ω

cs
; ξ|r=0

= 0. b d�p�fQ| z i
� ]nT7_�^�T.Xt\�T�Y
R�c�W�T�\<`�o V \�W (r) ^�R�U�R<W�R�e�XC[�W�j ^.X&b�Z&[<`�o m T�\<`�Z&[�T m�j �

]�`gT��Cb m XQ^.`g\gU pod�p¢¡7ped�p���`
�C[<`1e�b��&YnXQZ � �"R�VST�c�ZCT�W7b�XIe c�W�T�\Lb y \�W�R s XQ^�T7_ �
q = 0,2 � Λ = L/R = 0,25 � ν = 0,0625 b \�T�Y V \�W (r) U�W�Ti[LR<c�T�f �I^�R m X��
^�T7_7f�U�R<W�R�e�XC[�W.`�\aU.`�c7R��"R<^�^�R,W�T�Z�pGd�p�f�dSi�p
�%T�Z']�`aZCU�T�W�R"]�XQo�m<bQYnXIe�U.`<]�R<�'RL[
�
W�R<\�^�j�e�Y�\Lb�e b m = 2 i�p��+`�ZCW.X'Yn`�[<` m T�e�^�R��wX�\�^�T�ehR<^�T.X}^�RiU�R<W�R�e�XC[�W�RIf
e�`QYnX&]nTs�'R��Q`�\<`��&`�Y�T�ZCc7R.p q ^�T�elU�W.X � YnX�\�Z&XQ�&`V`�[�^.`�ZCT.[�Z�_}\<X&]nT m T�^�RaZCc7R m c7R
U.`�\<XQW�f�^.`�Z&[�^.`�o�U7]�`�[�^.`�Z&[�T��'R��"R Σ p � È7R"]�R<c.[�T�c1X Σ ∝ 3 · 10−2

� ��u f���p��SR#�
W�R�e�XC[�W α b ZQerp b d�p�fQ|3dSi_i X `�U�W.X'YnX&]�_ y�s T�oG\<X&]nT m T�^7bVW�RIY�T�R"]
��^.`��&`��CW�RIY�T.XQ^.[LR
Y
R<\L]�XQ^�T7_ X `�[�^.`�ZCT.[�Z�_ X U.`�� \�T�Y�T�e�`1e�b X c m T�Z']�bs[�W7bIY�^.`�^�RLm<] y Y
RLXIekj+f p��SR<W�R#�
e�XC[�W.`1e xσ = Rσ/R bIYn`�m�^.`P`�U�T�ZCj�\�RL[
�PZQe�X s XQ^�T.X��.XQ^.[�W.`�\PZCc7R m c1`�\ σ0(r)

T Ω(r) p�jd]�_ �I^�R m XQ^�T�o�U�R<W�R�e�XC[�W.`�\ Λσ = Lσ/R = 1/4 � 1/16 � γ = 1 �
2 � M = 20 � 10 � xσ = 0,9 � 1,0 � 1,1 � 10−2 ≤ Σ ≤ 101 � 0 ≤ α ≤ 1,25
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m T�Z']�XQ^�^.`�X�W.X �wXQ^�T.XKU.`�Z&[LR<\L]�XQ^�^.`�o�\�j1�wX �"RIY
R m Ts[�T�U�R�� [Lb.W�ehR#� (xT7b.\�T7]�]�_
U.`�c7R��Ij�\�RLXC[ XSm [<`BU�W�TV\�Z&X'f��I^�R m XQ^�T7_7f,W�R<ZCZQehRL[�W�T�\�RLXIekj+f,U�R<W�R�e�XC[�W.`�\wT�e�XCXC[
e�XQZ&[<`w^.X&b1Z&[<`�o m T�\<`�Z&[
� X U�W�T�\<`QY�_ s R"_Vc,\<`��Qm<b � YnXQ^�T y Y�\Lb1f�W7b.c7R<\�^.`�o,ZCU�T�W�R#�
]nT � Im(ωm=2) > 0 � � f�c+¡#��p � R<c7R"_KW�R<Z&[Lb s R"_KU.`dR�ekU7]nT.[LbQYnX�U�W.`�U.`�W	��T.`�^�R"]
��^.`
exp{Im(ω)t} ZCU�T�W�R"]
��\�W�R s RLXC[�Z�_gZab.��]�`�\<`�otZCc1`�W.`�Z&[
� y Ωp = Re(ω)/m p
��`�U.`�\<X'YnXQ^�T y Z&`�m�Z&[�\<XQ^�^�j+fUV�b.^�c	��T�o p̃(r) X \>U�W�T�^	��T�U.X X \<`��"e�` � ^.`>`�U�W.X��
YnX&]�XQ^�T.XPY�]nT�^�j \<`<]n^�j ZCU�T�W�R"]
��^.`��&` b��Q`�W�R λs ^�R�T��I\<XQZ&[�^.`1e�W�R<ZCZ&[<`I_�^�T�T
`�[ �.XQ^.[�W�RlY�T�ZCc7R.pq�+[LR�\<X&]nT m T�^�R X c1`�^.X m ^.` X ]�`�c�R"]
��^�R"_vp � Z']�b m RLXg`CY�^.`��
W.`QY�^.`��&`�Y�T�ZCc7R�W�R<ZCZQehRL[�W�T�\�RLXIehR"_ e�`QYnX&]
�uY�]�_ γ = 2 X M = 20 Y
RLXC[
Ωp = Ω(0)

p = 0,822 Ω(R) p���[�c7]�`�^.XQ^�T.X Ωp `�[x\<X&]nT m T�^�j Ω(0)
p U.` m [�TV^�Rd\�Z&XQo

U7]�`�ZCc1`�Z&[�T (α,Σ) ^.X"�I^�R m T.[<X&]
��^.`�p � `<]
��c1`V\�`�m<]�R<Z&[�T�U�R<W�R�e�XC[�W.`�\,�'R��Q`�\<`��&`
Y�T�ZCc7R Σ � 1 X α ' 1 \<`��"e�` � ^.`��"R�e�XC[�^.`�XKb.\<X&]nT m XQ^�T.XKb.��]�`�\<`�o ZCc1`�W.`�Z&[�T
\�W�R s XQ^�T7_�ZCU�T�W�R"]
��^.`��&`�b��Q`�W�R Ωp U.`VZCW�R<\�^.XQ^�T y Z Ω(0)

p p�~�R<Z m XC[�j U.`�c7R��Ij �
\�R y [ X(m [<`�\<X&]nT m T�^�R λs [LR<c � XwZ']�RLm�` �"R<\�T�ZCT.[K`�[�\�Z&X'fGU�R<W�R�e�XC[�W.`�\�e�`QYnX&]nT X
c�W.`1e�XdU�R<W�R�e�XC[�W�R M � λs ' (0,5 ÷ 0,7)R U�W�T M = 20 T λs ' (1 ÷ 1,5)R

U�W�T M = 10 p� R<c�T�e `�m�W�R��Q`1e X b m XC[�W.XIR"]
��^�j+f b c1`�^.X m ^.`�o �BT�W�T�^�j~i�ZCc7R m c1`�\ U7]�`�[��
^.`�Z&[�Ty\��'R��Q`�\<`1elY�T�ZCc1XV^.Xae�` � XC[�\�W�R�ekc7RIf ]nT�^.XQo�^.`�o�[<XC`�W�T�TyU�W�T�\<XQZ&[�Tyc
Z'b s XQZ&[�\<XQ^�^.`1e�bdT��"e�XQ^.XQ^�T y `�ZC^.`�\�^.`��&`�Y�T�^�R�ekT m XQZCc1`��&`�U�R<W�R�e�XC[�W�R�ZCU�T�W�R"]
���
^.`��&`Kb��Q`�W�R Ωp p� `��'b7[u]nT c7R<c�T.X�� ^�T.m<bIY �lY�W7b.�CT.X
VST��IT m XQZCc�T.XTVdR<c.[<`�W�j U�W�T�\<XQZ&[�T c
�"R�e�XC[�^.`1e�b}b�e�XQ^	�
�wXQ^�T y \<X&]nT m T�^�j Ωp

� ��^�R"]�`��&`�\<`�XGe�`QYnX&]nT�W.`�\�R<^�T.XaZCU�T��
W�R"]
��^.`��&`xb��Q`�W�R b ZQerp�� u p¢w�ikU.`�c7R��Ij�\�RLXC[wW�R��C]nT m T.X%e�X � Y�bVU�W.X'Y�ZCc�R��Ij�\�RLXIe�`�o
]nT�^.XQo�^.`�ol[<XC`�W�T.XQou\<X&]nT m T�^.`�o Ω(0)

p TlXCX �Qc1ZCU.XQW�T�e�XQ^.[LR"]
��^�j�e �I^�R m XQ^�T.XIe
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Im(ω/Ω1)

W �iRO$[L�3Y�`/65!�`\%3:/'9'G�~ H���>�G�1�G�~[&:A�G�/'G�&sB�$b1�/65?u783:9'$*; &:E'$'/65?>���9'G��:G H��`G�/65
Ωp/Ω1

W �:R
G�B G�B�9'G�&:$�uB�3s>���9'G��:Gm&:A�5?I'A�5 &:A�G�/'G�&YB�$ 1�/65!783:9'$*;
q = Ω2/Ω1Z'>6; 1�2�&:G�A�G�I65�&YB�G�B�9'G�~ W�A'/'$'1�2�3 P?Rt$ 9'$*�`A�G�I65�&YB�G�B!u9'G�~yW�A'/'$'1�2�3=,�R�\%G`Z�( �QE�>�G�X89'2�3 A'/'$'1�2�3w&:G�G�B�1�3YB!u&YB�1�H���Bc&s>6H�I65��

L/R = 0,3
C
M = 10

C�XbB�/'$�M�G�1�2�3 �
L/R = 0,15

C
M = 20

�70��10 ��0��%D 	C91:<N.8LM'J":<J";.8IE �.AC;.J"?.:��<A� �;.8IEa;.A���M'J":<O.N.D.=<:�M'J �

�%W.`�\<X'YnXQ^�^.`�X�\�j1�wX�W�R<ZCZQe�`�[�W.XQ^�T.X�\�j�_�\�T7]�`x`QY�^7b,^.X&b1Z&[<`�o m T�\Lb y e�`QY�b X
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]�R<c.[�T�c X m�j�]�`}U.`�c7R��"R<^.`}^�R"]nT m T.XP\<[<`�W.`�o�^.X&b1Z&[<`�o m T�\<`�ote�`QY�jSp0�+[LR�^.`�\�R"_
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�BT�ekT��I^�R m XQ^�T7_nekT
c7R<c Re(ω) X [LR<c�T Im(ω) b W�T�Z�p#d�p�f�¡�i�p� Z&`�`�[�\<XC[�Z&[�\�T�TxZ �C[�T�eP`�ZC^.`�\�^7b y e�`CY�b �.XQ^.[�W.`�m�X � ^.`�ow^.X&b1Z&[<`�o m T�\<`�Z&[�T
Y
R"]�XCX�m<bIYnXIe�^�R��Ij�\�RL[
� � � 
 �	� ��� g 
�� ��� � � � X R�\<[<`�W7b y Z ^�T��Ic1` m R<Z&[<`�[�^.`�o p
q%W.`1e�XS[�`��&` X(m [<`V\�j�Z&`�c1` m R<Z&[<`�[�^�R"_se�`QY
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�BT�etT�^�c�W.XIe�XQ^.[<`1e
\<`B\�Z&XQo,W�R<ZCZQe�`�[�W.XQ^�^.`�o,`�m<]�R<Z&[�T��I^�R m XQ^�T�oVU�R<W�R�e�XC[�W.`�\ b ZQerp�W�T�Z�p+d�p�f�¡�i X \<`��"�
e�b s XQ^�T7_ �C[<`�o�e�`QY�j�e�`��'b7[P^�R<W�R<Z&[LRL[
�>\G[<X'f�Y�T�R<U�R��Q`�^�RIf}U�R<W�R�e�XC[�W.`�\ X ��YnX
^�T��Ic1` m R<Z&[<`�[�^�R"_�e�`QY
R�Z&[LRLm�T7]nT��IT�W7b�XC[�Z�_ X R�T�e�XQ^�^.` X U�W�Tue�XQ^	�
�wXIe�ZCc7R m c1X
ZCc1`�W.`�Z&[�T�\�W�R s XQ^�T7_sT�U�W�T�ehR"]nj+f m T�Z']�RIf � RIf7R b M <∼ 2 i�p(~{R��I\�T.[�T.XB\<`��"�
e�b s XQ^�T�oa`�m�XQT�fPe�`QY�U�W�T�\<`CY�T.[,cG�&XQ^.XQW�R���T�Ta`�[�Z&[LR y�s T�fG]�`��'R<W�T�VdekT m XQZCc�T�f
ZCU�T�W�R"]
��^�j+f}\<`<]n^ p � Yn`�Z&[LRL[<` m ^.`.�BT�W.`�c1`�os`�m<]�R<Z&[�T �I^�R m XQ^�T�o�U�R<W�R�e�XC[�W.`�\
�"R<\�T�ZCT�e�`�Z&[�T Re(ω) T Im(ω) `�[ M Y�]�_x`�m�XQT�fwe�`QYKU�W�T.m<]nT��IT.[<X&]
��^.`%U�R<W�R"]��
]�X&]
��^�j X U�W�T m XIe}T�e�X y [�Z�_Bb m R<Z&[�c�T X ��YnXrW�R��C]nT m T.X�^.X�U�W.XQ\�j1�KRLXC[kf�� ÷ c��p�� f�c � ��p � R<c�T�e�`�m�W�R��Q`1e X U�W�T,`�U�W.X'YnX&]�XQ^�^�j+f�b1Z']�`�\�T7_7f,\<`��"e�` � ^.`wT�f,`QY�^.`�\�W.X��
e�XQ^�^.`�Xd\<`��Qm<b � YnXQ^�T.X�p
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b7[�\<XQW � YnXQ^�T.X�` m XQ\�T�Y�^.` X XQZ']nTlb m XQZ&[
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�Qc�ZCU.XQW�T�e�XQ^.[LRIfaZ � e�X&]nc1`�oa\<`CYn`�o �kb ��]�p u i X U.`�ZCc1`<]
��c7bV\w^�T�f X \<`�`�m s X��&`�\<`�W�_ X
^.Xx\�j�U.`<]n^7_.]�`�Z ��^�TP`QY�^.`,T��db.c7R��"R<^�^�j
fPb1Z']�`�\�T�o p
� ��� ��&�� �#
�����&�� " ��
������ $% ������  %
 ��&�
!$%�� �"��  �"�� � &��%
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� `��"e�` � ^.`�Z&[
� Z'b s XQZ&[�\<`�\�R<^�T7_ c�W7b.U�^.`1ehR<Z �w[LRLm�^�j+f bIY
R<W�^�j+f \<`<]n^b �-� ih\wU.`<]�X�ZCU�T�W�R"]
��^.`�oV\<`<]n^�jlU7]�`�[�^.`�Z&[�TVm�j�]�RxU�W.X'Y�ZCc7R��"R<^�R *xbIY � T�e�`�[�`� w�������p � U.`�Z']�X'Y�b y�s T�fsW�RLm�`�[LRIf � f u f X w u | X·� c�c X·� c3d X
z �3d���m�j�]nT�W�R<ZCZ m T.[LR<^�j
ZC\<XQW�f��I\Lb.c1`�\�jrX�[<X m XQ^�T7_V��R��"RSU�W�T,U�W.`Qf1` � YnXQ^�T�T m XQW.X"��\<`<]n^7b�U7]�`�[�^.`�Z&[�T b [<`
XQZ&[
��VdR<c.[�T m XQZCc�T m XQW.X"��U.`�[<XQ^	��T�R"]
��^7b y _ne�b(i�ZB\<`��I^�T�c�^.`�\<XQ^�T.XIe�bIY
R<W�^�j+f
\<`<]n^ p<~�`<]
��[<XQU7]�`�\�j+fKU�W.`$�.XQZCZ&`�\ X ZQR�e�`��CW�R<\�T.[LR���T�T X ek^.`��&`+VdR��I^.`�Z&[�TB�'R��"R�U.`��
Y�W.`�m�^.`d`�U�T�ZQR<^�RS\xe�`�^.`��CW�R�VST7_7f � R<W.` m ^�T�c�RdTV�
b m c1`�\�R � f�� � ��T{È1`�W.m1R���c1`��&`� c+¡#��p � \�j1�wXQU.XQW.X m T�Z']�XQ^�^�j+fSW�RLm�`�[LRIfS]nT.m�`�[<X m XQ^�T.X
Z m T.[LR"]�`�Z ��`QY�^.`1e�XQW�^�j�e X
]nT.m�`VT�ZCU.`<]
���Q`�\�R"]�`�Z ��U�W�T.m<]nT � XQ^�T.XBZ']�RLm�`��"R<c�W7b m XQ^�^�j+fG]�`��'R<W�T�VdekT m XQZCc�T�f
ZCU�T�W�R"]�XQo b sin(i) � 1 i�p'�%W�T>U.XQW.X'f1`CYnXxc>ZCU�T�W�R"]
��^�j�etc1`�`�W�Y�T�^�RL[LR�e η T ξ

η = cos(i) ln(r/R) + (ϕ− ΩBt) sin(i) , b d�p�fQ|�|+i
ξ = (ϕ− ΩBt) cos(i) − sin(i) ln(r/R) b d�p¢w����+i

VSW.`�^.[VZCU�T�W�R"]nTP`�U�W.X'YnX&]�_�XC[�Z�_Gb.W�R<\�^.XQ^�T.XIe η = const
� � p

�
b s XQZ&[�\<`�\�R<^�T.XG�'R"]�R<c.[�T m XQZCc�T�f�bIY
R<W�^�j+fi\<`<]n^�\s�'R��Q`�\<`1e�Y�T�ZCc1XaU.`QY	�
[�\<XQW � Y
RLXC[�Z�_�W�_7Yn`1et^�RLm<] y Y
RL[<X&]
��^�j+f�VdR<c.[<`�\�p��%W.X � YnXx\�Z&XQ�&`�c>^�T�et`�[�^.`��
ZCT.[�Z�_}U.`�\�j1�wXQ^�^�R"_}c�`�^	�.XQ^.[�W�R���T7_ye�`<]�`QY�j+f �I\<X"�&Y T�U�j�]nT}\Vb��Ic1`�o�U.`<]�`�Z&X
\"Yn`<]
�PZCU�T�W�R"]
��^.`�o \<`<]n^�j b \G`�m<]�R<Z&[�T>VSW.`�^.[LR �-� i X.m [<`P`�m<b1Z']�`�\L]�XQ^.`>Z � R#�
[�T.XIe�\<X s XQZ&[�\�R�\�bIY
R<W�^.`�o�\<`<]n^.XGT�[<XIe ZQR�ekj�e�bI]�b m �wXQ^�T.XIe�b1Z']�`�\�T�o Y�]�_
�I\<X"�&Yn`�`�m�W�R��Q`�\�R<^�T7_vp
�703210��{0�� �.D.?.8IH��<;.8IE>M'J"? ��9.J ��?.8x=���D�M'918 "GM �<8"?.:��

È W�R<\�T.[LR���T.`�^�^�R"_�U.`�[<XQ^	��T�R"]
��^�R"_P_nehR X U�W�T�\<`CY�_ s R"_Pc>\<`��I^�T�c�^.`�\<XQ^�T y
bIY
R<W�^�j+f�\<`<]n^ X e�` � XC[,m�jr[
��`�m<b1Z']�`�\L]�XQ^�RK[LR<c � Xw^�R"]nT m T.XIetm1R<W�R b T7]nT�ehR<Z5�
ZCT�\�^�j�e�ZCU7b7[�^�T�c�`1eJi�p � ]nT7_�^�T.X �.XQ^.[�W�R"]
��^.`��&`sm1R<W.`�U.`QYn`�m�^.`��&`�\<`��"e�b s XQ^�T7_
^�RKU�W.`$�.XQZCZS\<`��Qm<b � YnXQ^�T7_>T �Q\<`<] y ��T�T>ZCU�T�W�R"]
��^.`��&`Kb��Q`�W�RK�'R"]�R<c.[�T�c>T�ZCZ']�X��
Yn`�\�R"]�`�Z ��\�ek^.`��&` m T�Z']�XQ^�^�j+fd�'R��Q`QY�T�^�R�ekT m XQZCc�T�f m T�Z']�XQ^�^�j+f-�Qc�ZCU.XQW�T�e�XQ^.["RIf� z ¡ X�z�u#X w:dx� X w�¡:d XGu f�����p� `�ZC^.`�\<Xa`�m�Z'b � Y
RLXIekj+fiW�RLm�`�[�]�X � T.[ m T�Z']�XQ^�^.`�XGW.X �wXQ^�T.XG^.XQZ&[LR���T.`��
^�R<W�^�j+fPb.W�R<\�^.XQ^�T�o>�'R��Q`QY�T�^�R�ekT�c�T>\<`,\�^.X �B^.XIe�U.`�[<XQ^	��T�R"]�X

Φ = Φ0(r) + Φ1(r, ϕ, t), b d�p¢w��#f�i
��YnX Φ0(r) Z `�Z&XQZCT�ehe�XC[�W�T m ^�R"_ m R<Z&[
�}U.`�[<XQ^	��T�R"]�R X R�^.XC`�Z&XQZCT�ehe�XC[�W�T m ^.`�X
\<`��"e�b s XQ^�T.XS`�m�j m ^.`V\�jrm�T�W�RLXC[�Z�_�\lV%`�W�e�X

Φ1 = Φ0 ε(r, t) cos[2 (ϕ− ΩBt)]. b d�p¢w��+w�i
� � � 
���&�* ��& $���&�$+
� %
)(%&9C�"����� /�%
�������&������� � �&���� $ 
)(%��� . � � 2 � 2
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jd]�_ m�X"�IW�R��"e�XQW�^.`�o R�ekU7]nT.[LbIY�j ε(r, t) \Pb�Z']�`�\�T7_.f Z&[LR���T.`�^�R<W�^.`��&`�Z&`�Z&[<`I_��
^�T7_�e�` � ^.` �"R<U�T�ZQRL[
�

ε = ε0
(r/a)2

[1 + (r/a)2]3/2
, b d�p¢w���c+i

�&YnXQZ � a Z�f7R<W�R<c.[<XQW�^�j�o�ehR<Z �w[LRLm�m1R<W�R.p� `�m<]�R<Z&[Q_7f�Y�T�ZCc7R X \�W�R s R y�s T�f1Z�_xe�X'Y�]�XQ^�^.XCXhm1R<W�R X �&XQ^.XQW�T�W7b�XC[�Z�_�Y�\Lb1f��
W7b.c7R<\�^�j�oPZCU�T�W�R"]
��^�j�oGb��Q`�W p � `�c�W.XQZ&[�^.`�Z&[�T>c1`�W.`�[LR���T�T � ΩB = Ω(rc) �v\<`��"�
e�` � ^.`t`�m�W�R��Q`�\�R<^�T.X c�`<]
�
�.XC`�m�W�R��I^�j+f�Z&[�W7b.c.[Lb.W p�È1XQ^.XQW�R���T7_�ZCU�T�W�R"]
��^.`��&`
b��Q`�W�RPZCT7]
��^.`��"R<\�T�ZCT.[P`�[�Z&`�`�[�^.`$�wXQ^�T7_�b.��]�`�\�j+f ZCc1`�W.`�Z&[<XQo}m1R<W�RPTsY�T�ZCc7R.p
�%W�TPU�W.` m T�f�W�R<\�^�j+fGb1Z']�`�\�T7_7f X#m XIeim�`<]
�
�wXdZCc1`�W.`�Z&[
��\�W�R s XQ^�T7_Pm1R<W�R X [<XIe
m�`<]
�
�wX>b.�&`<] �"R<c�W7b7[�c�TlZCU�T�W�R"]�XQo � z ¡ X
z�u ��p
��b.\<X&]nT m XQ^�T.XIe�U�R<W�R�e�XC[�W�R ε0

b.�&`<] i b�e�XQ^	�
�KRLXC[�Z�_vp � �Qc�ZCU.XQW�T�e�XQ^.[LRIf>\0�"R<\�T�ZCT�e�`�Z&[�TP`�[,U�R<W�R�e�XC[�W.`�\Ve�`��
YnX&]nTsU.`<]�b m R y [�Z�_}c7R<c�]�`��'R<W�T�VSekT m XQZCc�T.X X [LR<c�T}R<W�f�T�e�X'Yn`�\�j�ZCU�T�W�R"]nT p.��`
W.X"�Cb"]
�I["RL[LR�euW�RLm�`�[�j � u f�����Y
R � XwY�]�_ ε0 = 0,01 ^�RLm<] y Y
R"]�`�Z ��V%`�W�ekT�W.`�\�R#�
^�T.XSbIY
R<W�^�j+f>\<`<]n^ p
�7032103/{0 � 9�M��.AC?.D��kAC;.J ��M �&=<:LH�� ��D.:<;.D.? ����@BACO ��AC?.A�� �rN.9�:<O

~�R<ZCZQe�`�[�W�T�e Y�T�^�R�ekT�c7b��'R��"Rs\ �.XQ^.[�W�R"]
��^.`�o m R<Z&[�T�Y�T�ZCc�R b r <∼ a iB\
�CW�R<\�T.[LR���T.`�^�^.`1e U.`<]�XP^�R<W�R<Z&[LR y�s XQ�&`}m1R<W�R X Z']�X'Y�b�_iW�RLm�`�[LR�e � | X ¡ ��� ��p   ^��
[<XQW.XQZac Y
R<^�^.`�o�U�W.`�m<]�XIe�XaZC\L_��"R<^ X \ m R<Z&[�^.`�Z&[�T X ZVU�W.`�m<]�XIe�`�oy`�m�¥ _�ZC^.XQ^�T7_
R<c.[�T�\�^�j+f��'R"]�R<c.[�T m XQZCc�T�fy_7YnXQW b �Hf�pedSi�p��%W.X � YnXP\�Z&XQ�&` X ^�RLm<] y Y
RLXC[�Z�_ic1`�W��
W.X&]�_ ��T7_Pe�X � Y�bGR<c.[�T�\�^.`�Z&[
� y _7Y�W�RwTa^�R"]nT m T.XIeym1R<W�R b T7]nTaZCU7b7[�^�T�c7R+i � c�c�c Xz ��� Xkz c z ����\�m<]nT � R<o	�BT�ftZ&XQo�V%XQW.[<`�\�ZCc�T�f��'R"]�R<c.[�T�c�RIf�`�m�^�R<W7b � XQ^�j �I^�R m T��
[<X&]
��^�jrXw^.XQc�W7b.�&`�\�jrX�Y�\�T � XQ^�T7_��'R��"R X T��C]�b m R y�s XQ�&`�\0�"R<U�W.X s XQ^�^�j+fG]nT�^�T��
_7f � f�� X ¡ z�z � X�m [<`�b.c7R��Ij�\�RLXC[�^�R�\<`��"e�` � ^.`�Xx^�R"]nT m T.XSbIY
R<W�^�j+f�\<`<]n^ p

�
b s XQZ&[�\Lb�XC[�[<` m c�R �IW.XQ^�T7_ X:m [<`d��R"]�R<c.[�T�c�T�ZrR<c.[�T�\�^�j�ekTB_7Y�W�R�ekTBU�W.X'Y	�
Z&[LR<\L]�_ y [KZ&`�m�`�oV`�Z&`�m�j�o X Yn`�\<`<]
��^.`�ehR"]�` m T�Z']�XQ^�^�j�oa[�T�UG�'R"]�R<c.[�T�c � dxc���p7�+`��
��]�R<ZC^.`�U�W.`�[�T�\<`�U.`<]�` � ^.`�owc1`�^	�.XQU	��T�T X m�`<]
�
�BT�^�Z&[�\<`��'R"]�R<c.[�T�cxU�W.`Qf�`QY�T.[rYn`��
\<`<]
��^.`�c1`�W.`�[�c7b y R<c.[�T�\�^7b y VdR��Cb b `�m�Z'b � YnXQ^�T y �C[�T�fBc1`�^	�.XQU	��T�oKU.`�ZC\L_ s XQ^
`�m��Q`�WEjwT.m1R"_ � d�d��Ài�p � U.`<]
���Cb}\<[<`�W.`�o�c1`�^	�.XQU	��T�T��&`�\<`�W�T.[>[<`�[�VdR<c.[ Xhm [<`s\
�.X&]�`1e�Z&[�W7b.c.[Lb.W�R�Z&XQo�V%XQW.[<`�\�ZCc�T�f���R"]�R<c.[�T�c b �"RyT�ZCc7] y�m XQ^�T.XIe R<c.[�T�\�^.`��&`
_7Y�W�R+ikU�W�R<c.[�T m XQZCc�Ta^.X�`�[Q]nT m RLXC[�Z�_V`�[wZ&[�W7b.c.[Lb.W�jl`�m�j m ^�j+f,U7]�`�ZCc�T�fV�'R"]�R<c��
[�T�c � d��hT}m�`<]
�
�BT�^�Z&[�\<`>m<]nT��Ic�T�f Z&XQo�V%XQW.[<`�\�ZCc�T�f �'R"]�R<c.[�T�c}`�m<]�RIY
R y [Gf1`�[Q_
m�j�^.XCm�`<]
�
�BT�eim1R<W.`1e � z c z ��p
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ur(ϕ)E'/'$
r = a

Z'>6;
ε = 0,1

#%$'&�(F+'( Pi^*( �f3:\%Ej1�2�B�3:A*5�9'$*;
Ṁout

C�B�3:\%E 1�B�3:A�5�9'$*;
Ṁin

$q&YH�\%\x5�/'9'2�~qB�3:\%E
Ṁ = Ṁin + Ṁout

E'/'G�B�3suA*5�9'$*; �s5!�i5cI'3:/'3Y�8G�A'/*H�kT9'G�&YB��T/65?Z�$*H.&:G�\
r = 0,1 aZ'>6;

ε00 = 0,05
]

0,1
(�� B�/'$�M�G�1.5!;w>�$'9'$*; � B�3:\%EE'G�&YB�H�E�>�3`9'$*; �Y5!�i5g1 �'3:9*B�/65?>���9*H���G�L!>@5�&YB��01gG�B�&YH�B!u&YB�1�$'3[L.5�/65b�i5l&:I'3YBcI'$'&s>�3:9'9'G�~jW�&�M.3:\%9'G�~�R�1�;*�`A�G�&YB�$

��m�Z'bIY�T�e�W.X"�Cb"]
�I[LRL[�j e�`QYnX&]nT�W.`�\�R<^�T7_��'R��Q`�\<`��&`�Y�T�ZCc7Ri\tU.`�[<XQ^	��T�R"]�X
\�T�Y
R b d�p¢w��+w�i X b d�p¢w���c+i X ^.`VW�R<Z&[Lb s T�etU.`VR�ekU7]nT.[LbIYnXwZ&`�\�W.XIe�XQ^.XIe

ε0 = ε00[1 − exp(−t/τB)] b d�p¢w��3dSi
Z τB ' 2π/ΩB ph�SR � �"RIY�^.XQo � c�W.`1ekc1X�W�R<Z&[Lb s XQ�&`>U.`�R�ekU7]nT.[LbIYnX�m1R<W�R�V%`�W��
ekT�W7b�XC[�Z�_�VSW.`�^.[�bQY
R<W�^.`�o�\<`<]n^�j ��� X U�W�T��C[<`1eib1Z&[LR<^�R<\L]nT�\�RLXC[�Z�_Pm�T�ZCT�ehe�XC[��
W�T m ^�R"_sZ&XQc.[<`�W�T�R"]
��^�R"_sZ&[�W7b.c.[Lb.W�R,[<X m XQ^�T7_ �n�'R��w\�jr[<XQc7RLXC[aT�� �.XQ^.[�W�R"]
��^.`�om R<Z&[�TyY�T�ZCc7Rs\�b��Ic�T�f�Z&XQc.[<`�W�RIfiT�\<[<XQc7RLXC[}\�Z'b s XQZ&[�\<XQ^�^.`�m�`<]�XCX �BT�W.`�c�T�f
Z&XQc.[<`�W�RIf b W�T�Z�p6d�p�f u i�p � R<c�ZCT�ehR"]
��^.`�X �I^�R m XQ^�T.X ur \i\�jr[<XQc7R y�s XIe�U.`�[<`��
c1Xt`�c7R��Ij�\�RLXC[�Z�_�^.XQZCc1`<]
��c1`�m��`<]
�
�BT�e U.`<]�`�\�T�^�j ZCc1`�W.`�Z&[�T�\�W�R s XQ^�T7_ �'R#�
�"Ry^�R r ' a b W�T�Z�p6d�p�f � i X6m [<`�Y�]�_�Z&XQo�V%XQW.[<`�\�ZCc�T�fu�'R"]�R<c.[�T�c�Z&`�Z&[LR<\L]�_�XC[
∼ 100 ÷ 150 c�e � Z�p���c1`�W.`�Z&[�T�^�R<U�W�R<\L]�XQ^�^�j+f�c,�.XQ^.[�W7bgY�T�ZCc7RiU.`�[<`�c1`�\
Z&`�Z&[LR<\L]�_ y [�^.X%m�`<]�XCX 30÷ 50 c�e � Z�p���`�[<`�c�TP\<[<XQc7R y�s XQ�&` b Ṁin i+TG\�jr[<XQc7R#�y�s XQ�&` b Ṁout i
�'R��"RS]nT	� � m R<Z&[�T m ^.`�c1`1ekU.XQ^�ZCT�W7b y [xY�W7b.��Y�W7b.�'R b W�T�Z�pSd�p�f z i�p
�
b�ehehR<W�^�j�otW�RIY�T�R"]
��^�j�ogU.`�[<`�cg�'R��"RsZ'b s XQZ&[�\<XQ^�^.` �"R<\�T�ZCT.[�`�[�\<X&]nT m T�^�j
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W.`�Z&[
��\<[<XQc7R y�s XQ�&`�p

��^�R"]nT��Bm1R"]�R<^�ZQR�U.`�[<`�c1`�\,m�T�Z&XQc.[<`�W�T�R"]
��^.`��&`V[<X m XQ^�T7_��'R��"R�c�W�R<o�^.XB\�R#�� XQ^aY�]�_�U.`�^�T�ehR<^�T7_�U�W�T�W.`CY�j R<c.[�T�\�^.`�Z&[�T��'R"]�R<c.[�T m XQZCc�T�fG_7YnXQW pG�SR<T.m�`<]�XCX
�I^�R m T�ekj�ekT�U�W.X'Y�Z&[LR<\L]�_ y [�Z�_tY�\�R�W.X"�CbI]
�I[LRL[LR �
c�\�R��IT�U.XQW�T.`QY�T m ^.`�Z&[
��\<X&]nT��m T�^�j�Z'b�ehehR<W�^.`��&`}U.`�[<`�c7R m XQW.X"�P`�c�W7b � ^.`�Z&[
�yehR"]�`��&`sY�T�R�e�XC[�W�R}\ �.XQ^.[�W.Xb � U�W.`�c7R m c7R � ��R��"R m XQW.X"� _7Y�W.`SiaT,�"R<\�T�ZCT�e�`�Z&[
�&�C[<`�o�c�R<W.[�T�^�j `�[gc1`�^.[�W�R#�
Z&[LRi�CW�R<\�T.["R���T.`�^�^.`��&`tU.`�[<XQ^	��T�R"]�Rim1R<W�R.p � j�Z&`�c7b y ZC\<XC[�T�e�`�Z&[
�tR<c.[�T�\�^�j+f
�'R"]�R<c.[�T m XQZCc�T�fa_7YnXQW b 1046 �QW�� � Z�i `�m�j m ^.`�ZC\L_��Ij�\�R y [�Z%R<c�c�W.X ��T.XQoP�'R��"Rw^�R
ehR<ZCZCT�\�^�j�o �.XQ^.[�W�R"]
��^�j�oGT�Z&[<` m ^�T�caZ�[<XIekU.`1e Ṁ ∼ 1

�
�
� �&`QYP^�RwehR<Z �w[LR#�

m1RIf r ' 1016 ÷ 1017 ZQerp.��Y�^�R<c1`a[LR<c7R"_}Z�f1XIehRVU�W.X'Y�U.`<]�R<��RLXC[ X·m [<`PU�W�T m T�^�R
R<c.[�T�\�^.`�Z&[�T,ZC\L_��"R<^�R�Z+Y�T�^�R�ekT m XQZCc1`�o�Z&[�W7b.c.[Lb.W.`�o,�'R"]�R<c.[�T�c�T X T�\ �C[<`1e Z']�b �m RLXw\�W.XIe�_ � T��I^�TsR<c.[�T�\�^�j+f�_7YnXQW>`�c7R��Ij�\�RLXC[�Z�_�U.`�W�_.Y�c�R 109 ÷ 1010 ]�XC[�Z
� Y�]nT�^�^�R"_ � �Bc7R"]�RdR<c.[�T�\�^.`�Z&[�T � d�d���px� �.XQ^�c7RS\�W.XIe�XQ^�T,R<c.[�T�\�^.`�o|VdR��Ij�U.` m R#�
Z&[<`�[<Xa\�Z&[�W.X m RLXIe�`�Z&[�T�R<c.[�T�\�^�j+fi�'R"]�R<c.[�T m XQZCc�T�f _7YnXQW�Y
RLXC[ 107 ÷ 108 ]�XC[Ip
~�XQc7b.W�W.XQ^.[�^�j�o � X%f7R<W�R<c.[<XQW�R<c.[�T�\�^.`�Z&[�T�ZC\L_��"R<^a[<`<]
��c1`VZ%^.XQZ&[LR���T.`�^�R<W�^�j �
ekT>ZC\<`�o�Z&[�\�R�ekT>ZCT�Z&[<XIekjSp� `QYnX&]nT>Z �Q\<`<] y ��T.`�^�T�W7b y�s T�etm1R<W.`1e�Y
R y [,\<`��"e�` � ^.`�Z&[
��ZC^7_�[
��U�W.`��
[�T�\<`�W.X m T.X+e�X � Y�b � Y�]nT�^�^.`�o � T � c1`�W.`�[�c1`�o � �Bc7R"]�R�ekTxR<c.[�T�\�^.`�Z&[�T p � `�[~VdR<c.[ Xm [<`wm�`<]
�
�BT�^�Z&[�\<`wZ&XQo�V%XQW.[<`�\�ZCc�T�f,�'R"]�R<c.[�T�c,`�m<]�RIY
RLXC[dm1R<W.`1e X b.c�R��Ij�\�RLXC[x^�R
[<` X.m [<`�R<c.[�T�\�^.`�Z&[
� m R<Z&[�T}�'R"]�R<c.[�T m XQZCc�T�fs_7YnXQW}e�` � ^.`Gb.\L_��"RL[
�PZKW�RLm�`�[<`�o
� c�\�R��IT�U.XQW�T.`QY�T m XQZCc1`��&` � e�X'f7R<^�T��"ehRs^�R<c7R m c�T �.XQ^.[�W�R"]
��^.`�o � R<c�c�W.X ��T.`�^�^.`�o
ehR��BT�^�j � �'R��Q`1e Y�T�ZCc7R.p � `��Qm<b � YnXQ^�T.Xim1R<W�� e�`QY�j \ �.XQ^.[�W�R"]
��^�j+f m R<Z&[Q_7f
�I\<X"�&Y�^�j+fwY�T�ZCc1`�\d�'R"]�R<c.[�T�c,U�W�T�\<`QY�T.[wc�[LR<c1`�o,U.XQW.XQZ&[�W.`�o�c1XrY�\�T � XQ^�T7_V�'R��"R X
U�W�Twc1`�[<`�W.`�oB\�_7Y�W.`��'R"]�R<c.[�T�c�TKe�` � XC[�U.XQW�T.`QY�T m XQZCc�TwU.`�Z&[LR<\L]�_�[
��Z�_dYn`�\<`<]
���
^.` �I^�R m T.[<X&]
��^�R"_iehR<ZCZQRP��R��"R.p � R<c X U�W�T [�T�U�T m ^�j�f �I^�R m XQ^�T7_7f a = 3 c�U�c X
ΩB = 100 c�e � Z � c�U�c�T σg(r <∼ 0,3 ) ' 2 · 103 �

�
� U�c 2 \<X&]nT m T�^�R Ṁ ' 1�

�
� �&`QY b ZQerpkW�T�Z�p�d�p f z i�p �_��XQW.XQW�RLm�`�[�c�R � �C[<`��&`��'R��"R �.XQ^.[�W�R"]
��^�j�e�R<c�c�W.X��

��T�W7b y�s T�e `�m�¥vXQc.[<`1e�e�` � XC[ X \ U�W�T�^	��T�U.X X `�m�XQZCU.X m T.[
��^�RLm<] y Y
RLXIe�b y R<c��
[�T�\�^.`�Z&[
� _7YnXQWg�'R"]�R<c.[�T�c�Zaf7R<W�R<c.[<XQW�^�j�e�U.XQW�T.`QYn`1e�U�W.`I_�\L]�XQ^�T7_�U.`�W�_7Y�c7R
^.XQZCc1`<]
��c�T�faYnXQZ�_�[�c1`�\�ekT7]�]nT.`�^.`�\�]�XC["p

��[�e�XC[�T�e X�m [<`}U�W�T m T�^.`�o�V%`�W�ekT�W.`�\�R<^�T7_im1R<W�R�U.`1ekT�e�`�\<`��Qm<b � YnXQ^�T7_
m1R<W�� e�`QY�jt\ �I\<X"�&Y�^.`1e�Y�T�ZCc1X b ��]�p+c+ike�` � XC[xZ']�b � T.[
�xU�W.`<]�XC[LR y�s T�o,ZCU7b7[�^�T�c
�'R"]�R<c.[�T�c�T X c1`�[<`�W�j�o X c�W.`1e�Xw[<`��&` X e�` � XC[aU�W�T�\<`QY�T.[
�GT�csc�\�R��IT�U.XQW�T.`CY�T m X��
ZCc1`1e�bGU.`�Z&[Lb.U7]�XQ^�T y �'R��"RK\��.XQ^.[�WGY�T�ZCc7R � c�c�c���p
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e�XQW X c�`���Y
RaW.X m �PT�YnXC[G`PU�W.`�[<`��I\<X"�&Y�^�j+f X U�W.`�[<`�U7]�R<^.XC[�^�j+f X �'R"]�R<c.[�T m XQZCc�T�f
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�~jVp@��`
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Z']�b m RLXw�'R"]�R<c.[�T m XQZCc�T�f��'R��Q`�\�j+faY�T�ZCc1`�\,\�^.X �B^�T�o�U.`�[<XQ^	��T�R"]s`�U�W.X'YnX&]�_�XC[�Z�_
W�R<ZCU�W.X'YnX&]�XQ^�T.XIe �I\<X"�&Y�^.`��&`x\<X s XQZ&[�\�R b ZQerp b w7ped�dSi_i X TVZQR�e�`��CW�R<\�T.[LR���T7_ m R<Z&[<`
`�c7R��Ij�\�RLXC[�Z�_>\<XQZ ��ehRB\�R � ^�j�eTVdR<c.[<`�W.`1erp

��Y�^.`�oaT��Sc7] y�m XQ\�j+fPU�W.`�m<]�XIe�VST��IT�c�TPR<c�c�W.X ��T.`�^�^�j+fVY�T�ZCc�`�\w_�\L]�_�XC[��
Z�_�\<`�U�W.`�Z�`we�X'f7R<^�T��"ehRIfK`�[�\<`QY
R%b.��]�`�\<`��&`we�`1e�XQ^.[LR X `�m�XQZCU.X m T�\�R y�s T�f�U�RIYnX��
^�T.X+\<X s XQZ&[�\�R�^�R��CW�R<\�T.[�T�W7b y�s T�o �.XQ^.[�W p�jx`�Z&[�T��C^7b7[�j�oBU�W.`��CW.XQZCZ \�^.XIehR"]�`�o
Z&[<XQU.XQ^�Tx`�ZC^.`�\�R<^x^�R�\L_��Ic�T�fwe�`QYnX&]�_7fwR<c�c�W.X ��T.`�^�^�j+fdY�T�ZCc�`�\ b �~jki � w�¡�w X w�¡�c X
w z � X c��3d X�u�z | X+� |�� X�z f�d X<z dSw�TwY�W p ��p���`�� \�T�Y�T�e�`1e�b X U.XQW�\�j�e�W�R<ZCZQe�`�[�W.X&],e�X'f7R#�
^�T��"elU.XQW.XQ^.`�ZQRae�`1e�XQ^.["RaT�ekU7b"]
��ZQRVT��"� �"RKYnXQo�Z&[�\�T7_}\L_��Ic�`�Z&[�T�X s Xl��p � p�� 
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\a^�R<Z&[<`I_ s XCXB\�W.XIe�_s^.XC[Ip � _��Ic�`�Z&[
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[Lb.W.m<b"]�XQ^.[�^.`�Z&[�T�\aR<c�c�W.X ��T�W7b y�s T�fsZCT�Z&[<XIehRIf�[<`<]
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Z�_,^�RSW�R<ZCZ&[<`I_�^�T�T r X le(r, t) Z�bIYnX&]
��^�jroae�`1e�XQ^.[xT�ekU7bI]
��ZQRS[<`��&`w\<X s XQZ&[�\�R X
c1`�[<`�W.`�X>`�U�W.X'YnX&]�_�XC[�Z�_�T�Z&[<` m ^�T�c1`1e Me

X c1`1ekU.`�^.XQ^.[LR�[<XQ^��Q`�W�R}\L_��Ic�T�fi^�R#�
U�W�_ � XQ^�T�o X U�W.`�T�^.[<XQ�CW�T�W.`�\�R<^�^�R"_sU.` z � c1`�`�W�Y�T�^�RL[<X X T�e�XCXC[�\�T�Y

Wrϕ = σ ν

(

∂v

∂r
− v

r

)

, b ¡7p�c+i
��YnX ν Z�U.XQW�\�R"_ b Z�Y�\�T��&`�\�R"_'i
c�T�^.XIehRL[�T m XQZCc�R"_>\L_��Ic1`�Z&[
��p � b ¡7p¢w�i
U.`�Z']�X'Y�^.XCX
Z']�R<�'RLXIe�`�XK`�U�T�ZCj�\�RLXC[���VWV%XQc.[�T�\�^.`�XaU�W�T7]nT�\�^.`�X,\��"R<T�e�`QYnXQo�Z&[�\�T.X X `�m<b1Z']�`�\��
]�XQ^�^.`�Xs\<[<`�W.`�olc1`1ekU.`�^.XQ^.[<`�o�ehR<ZCZCj M2 T B Z bIYnX&]
��^�j�o�[<XIekU�U.`�[<XQW�T
b.��]�`�\<`��&`,e�`1e�XQ^.[LR�\<X s XQZ&[�\<`1erp� b.W.m<b"]�XQ^.[�^7b y ZCW.X'Y�bVe�` � ^.`�U�W�TV`�U�T�ZQR<^�T�Tac�W7b.U�^.`1ehR<Z �w[LRLm�^.`��&`xY�\�T��� XQ^�T7_�W�R<ZCZQehRL[�W�T�\�RL[
�>c7R<c � T�Y�c1`�Z&[
� X `�m<]�RIY
R y�s b y [Lb.W.m<b"]�XQ^.[�^.`�oy\L_��Ic�`��
Z&[
� y νt

X `�[Q]nT m ^.`�o�`�[�T�Z&[�T�^�^.`�o b e�`<]�XQc7bI]�_nW�^.`�oGi%c�T�^.XIehRL[�T m XQZCc�`�oy\L_��Ic�`��
Z&[�T � |+w#��p(~�R��I\�T.[Lb y [Lb.W.m<bI]�XQ^.[�^�`�Z&[
��e�` � ^.`>W�R<ZCZQehRL[�W�T�\�RL[
�Pc�R<c}T.XQW�R<W�f�T y
[Lb.W.m<b"]�XQ^.[�^�j+f�U7b"]
��ZQR���T�o X W�R��C]nT m R y�s T�f�Z�_gU�W.`�Z&[�W�R<^�Z&[�\<XQ^�^�j�ekTlehR<Z �w[LR#�
m1R�ekT p��kZ']nT m XQW.X"� vt T lt `�m�`��I^�R m T.[
�KZ&`�`�[�\<XC[�Z&[�\<XQ^�^.`�ZCc1`�W.`�Z&[
�BTPehR<Z �w[LRLm
� � ��" �)
�� &�� ��&�$���& $%�#.���&�(% ��#�������-�� %
 
� %
)(%&9C�"�� � �%
)$ 
�� � "%� &�����"�� 
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`�ZC^.`�\�^.`��&` b ^�R<T.m�`<]�XCX�c�W7b.U�^.`1ehR<Z �w[LRLm�^.`��&`Si�[Lb.W.m<bI]�XQ^.[�^.`��&`yY�\�T � XQ^�T7_ X [<`
U.`,U.`�W�_7Y�c7bP\<X&]nT m T�^�j e�` � ^.` �"R<U�T�ZQRL[
�

νt ∼ vt lt. b ¡7pedSi� U�W.X'Y�U.`<]�` � XQ^�T�T�`�m,T��Q`�[�W.`�U�^.`�o�[Lb.W.m<b"]�XQ^.[�^.`�Z&[�T�XQZ&[<XQZ&[�\<XQ^�^.`,U�W.X'Y	�
U.`<]�` � T.[
� lt <∼ h pp��`�ZCc1`<]
��c7b�ZC\<XQW�f��I\Lb.c1`�\�jrXi[Lb.W.m<b"]�XQ^.[�^�jrX�U7b"]
��ZQR���T�T
m�j�Z&[�W.`�Y�T�ZCZCT�U�T�W7b y [ X [�` vt <∼ cs p � W.X"�Cb"]
�I["RL[<XwT�e�XCXIe

νt <∼ cs h. b ¡7p¢¡�i� fQ| � cP��p���R<c7b.W�RPTy� y ^7_�XQ\ � � |����k`�[�e�X m R"]nT � ���
XQo m R<Z X \P`�[�Z'b7[�Z&[�\�T.XVU.`<]��
^.`�o�[<XC`�W�T�T�[Lb.W.m<b"]�XQ^.[�^.`�Z&[�T X Z�`QY�^.`�o�Z&[<`�W.`�^�j X Tl^�RLm<] y Y
RLXIekj+ftY
R<^�^�j+f
Z'b s XQZ&[�\<`�\�R<^�T7_�[Lb.W.m<b"]�XQ^.[�^.`�Z&[�T�\VY�T�ZCc7RIfEZ ZwY�W7b.�&`�o X ekj�e�` � XIe�[<`<]
��c�`
U�W.X'Y�U.`<]�` � T.[
�gXCX U�W�T�Z'b7[�Z&[�\�T.X � p �+[<` �"R�e�X m R<^�T.X ^.X}b1Z&[LR<W.X&]�`gU.`gU�W.`$�wX��
Z&[�\�T�T m�`<]�XCX�[�W.X'f�YnXQZ�_�[�c1`�\G]�XC[Ip���XQZQe�`�[�W�_ ^�R �C[<` X e�`QYnX&]nT�R<c�c�W.X ��T.`�^�^�j+f
Y�T�ZCc1`�\�ZP[Lb.W.m<bI]�XQ^.[�^�`�o�\L_��Ic1`�Z&[
� y Yn`�Z&[LRL[<` m ^.`�U.`QY�W.`�m�^.`yW�R��IW�RLm�`�[LR<^�j T
\<XQZ ��ehRyU.`�U7b"]�_�W�^�jSp � `�U�W.`�Zs`�\L_��Ic1`�Z&[�Tu\�[<XC`�W�T�T�R<c�c�W.X ��T.`�^�^�j+flY�T�ZCc�`�\
_�\L]�_�XC[�Z�_ X U.` � R"]�b.o X ^�R<T.m�`<]�XCXK^.X&_�ZC^�j�erp(qSR<c�b � XBb.U.`1ekT�^�R"]�`�Z � X ^.XK\�j �Ij �
\�RLXC[tZ&`1ek^.XQ^�T7_ Xom [<`le�`<]�XQc7b"]�_�W�^�R"_�\L_��Ic1`�Z&[
� νmol ' cslft b lft �tY�]nT�^�R
ZC\<`�m�`QY�^.`��&`�U�W.`�m�XQ�'R+i�^.Xae�` � XC[�`�m�XQZCU.X m T.[
��^.XC`�mQf�`QY�T�ekj�o�[<XIekUyR<c�c�W.X ��T�T p
��`
�C[<`1e�b X c1`���Y
R�\�[<XC`�W�T�TSY�T�ZCc1`�\<`�oxR<c�c�W.X ��T�TwT�YnXC[�W.X m ��`�\L_��Ic1`�Z&[�T X `�m�j m ^.`
U.`QY�W�R��Cb�e�XQ\�RLXC[�Z�_P[Lb.W.m<bI]�XQ^.[�^nR"_�\L_��Ic1`�Z&[
� νt � νmol p� `�[�Z'b7[�Z&[�\�T.XyZCc1`<]
��c�`�� ^�T.m<bIY � �"R<c1`�^ m XQ^�^.`�ou[<XC`�W�T�T�[Lb.W.m<b"]�XQ^.[�^.`�Z&[�Tm W.X"�I\�j m R<o�^.`>\�R � ^.`�o Z&[LR"]�RPW�RLm�`�[LR���R<c7b.W�j � w�w�f�� X c1`�[<`�W�j�o X U.`�e�XC[�c1`1e�b
\�j�W�R � XQ^�T ytX � ZC\<X&]i\�Z&Xa^�R��wXa^.X"�I^�R<^�T.XV[Lb.W.m<b"]�XQ^.[�^.`�Z&[�T�cy`QY�^.`1e�b�m�X"�IW�R��"�
e�XQW�^.`1e�b,U�R<W�R�e�XC[�W7b α � � f�������p�jd]�_V[<XQ^��Q`�W�Rx\L_��Ic�T�fV^�R<U�W�_ � XQ^�T�oGU�W�T�^�T�ehR#�
XC[�Z�_

Wrϕ = −α 2hP, b ¡7p u i
��YnX P Z b�ZCW.X'Y�^.XQ^�^.`�XBU.` z � c1`�`�W�Y�T�^�RL[<XxY
R<\L]�XQ^�T.X�� α Z ZC\<`�m�`CY�^�j�osU�R<W�R#�
e�XC[�W p � `QYnX&]nT X \w`�ZC^.`�\<X%c1`�[<`�W�j+fa]�X � T.[�Z&`�`�[�^.`$�wXQ^�T.X�[�T�U�R b ¡7p u i X U�W�T�^7_�[<`
^�R��Ij�\�RL[
� α � e�`QYnX&]�_nekTPT7]nT�Z&["R<^�Y
R<W.[�^�j�ekTse�`QYnX&]�_nekT �~jVp� b.W�R<\�^.XQ^�T�TyZ&`�Z&[<`I_�^�T7_y\<X s XQZ&[�\�RGm<bIYnXIe�b m T.[�j�\�RL[$�s�'R��Q`�\<`�X X W�RIY�T�R#�
��T.`�^�^.`�XxT�ehR<�C^�T.[�^.`�XSY
R<\L]�XQ^�T.X

P = Pgas + Prad + Pm, b ¡7p � i
��YnX Pgas = R σ T/(2hµ) X Prad = a T 4/3 X T Z [<XIekU.XQW�RL[Lb.W�R X R = 8,31 ·
107 �QW�� � b e�`<]
� · %pi X U.`�Z&[<`I_�^�^�R"_�T��C]�b m XQ^�T7_ a = 7,56 · 10−15 �QW�� � b ZQe 3· % 4 i X
µ Z�e�`<]�_�W�^�R"_xehR<ZCZQR b \�Z']�b m RLX U.`<]n^.`�Z&[
� y T.`�^�T��Q`�\�R<^�^.`�od\<`QYn`�W.`QY�^.`�odU7]�R��"�
ekj µ = 0,5 i�p�jd]�_�`�U�W.X'YnX&]�XQ^�T7_�ehR<�C^�T.[�^.`��&`�Y
R<\L]�XQ^�T7_ Pm [�W.XCm<b y [�Z�_>Yn`��
U.`<]n^�T.[<X&]
��^�jrXwU�W.X'Y�U.`<]�` � XQ^�T7_�`,Z&[�W7b.c.[Lb.W.XBehR<�C^�T.[�^.`��&`VU.`<]�_vp
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~�R<ZCZQe�`�[�W�T�e�Z&[�W7b.c.[Lb.W7bxY�T�ZCc7R�\ z � ^�R<U�W�R<\L]�XQ^�T�T p�� bIYnXIe�U.`<]�R<�'RL[
� X3m [<`
\ z � ^�R<U�W�R<\L]�XQ^�T�T�\<X s XQZ&[�\<`u^�RIf1`QY�T.[�Z�_�\u�CT�Y�W.`�Z&[LRL[�T m XQZCc1`1e W�R<\�^.`�\<XQZCT�Tb ZQerp b d�p¢w�i_i

∂P(z)

∂z
= ρ(z)

∂

∂z

GM1√
r2 + z2

. b ¡7p z i
� W�R<\�^.XQ^�T.Xdm1R"]�R<^�ZQR0�Q^.XQW��CT�TP\ z � ^�R<U�W�R<\L]�XQ^�T�T>T�e�XCXC[,\�T�Y

1

ρ

dF

dz
=
Fν

σ
, b ¡7p |+i

��YnX F = − c

3 k ρ

d

dz
(aT 4) Z U.`�[<`�cB]�b m T�Z&[<`�o��Q^.XQW��CT�T � Fν Z�T�Z&[<` m ^�T�c��Q^.XQW��

�CT�T X k(ρ, T ) Z�^.XQU�W.`��IW�R m ^.`�Z&[
� � c Z ZCc1`�W.`�Z&[
�dZC\<XC[LR.p��
`�\�e�XQZ&[�^.`�X�W.X �wXQ^�T.X
b.W�R<\�^.XQ^�T�o b ¡7p z#X ¡7p |+iS`�U�W.X'YnX&]�_�XC[ z � Z&[�W7b.c.[Lb.W7b�[<`�^�c1`��&`�Y�T�ZCc7R.p � m T.[�j�\�R"_
\�j�U.`<]n^.XQ^�T.X h � r X b�Z']�`�\�T.X��CT�Y�W.`�Z&[LRL[�T m XQZCc1`��&`PW�R<\�^.`�\<XQZCT7_ b ¡7p z i�e�` � ^.`
�"R<U�T�ZQRL[
��\�\�T�YnX �

p = 2hP = C2 σ h2 GM1

r3
, b ¡7p�f��+i

��YnX C2 ∼ 1 b ZQerp�U p�d�p�f�p�f�i�p
��m�W�RL[�T�ekZ�_�c>W�RIY�T�R"]
��^.`�o�c�`1ekU.`�^.XQ^.[<Xdb.W�R<\�^.XQ^�T7_GY�\�T � XQ^�T7_ b d�p�f��+i

∂(σ u)

∂t
+
∂(r σ u2)

r∂r
−σ v

2

r
= −∂p

∂r
+

3Dp

2r
−σ GM1

r2
+
∂(rWrr)

r∂r
−Wϕϕ

r
, b ¡7p�f�f�i

��YnX Wrr = 2 σ ν (∂u/∂r)+σ (µ−ν) div(~u) � µ(∼ ν) Z�\<[<`�W�R"_Vc�T�^.XIekRL[�T m X��
ZCc7R"_x\L_��Ic1`�Z&[
� � Wϕϕ = 2σνu/r+σ(µ−ν) div(~u) p � `�ZCU.`<]
���Cb�XIekZ�_S` m XQ\�T�Y�^.`�o
`$�.XQ^�c1`�o X \�jr[<XQc�R y�s XQo�T�� b ¡7p�f��+i��

cs '
√

p

σ
' h

r
v , b ¡7p�f�w�i

[<`���Y
R�T�� b ¡7p�f�i X b ¡7p¢w�i�Z%b m XC[<`1e b ¡7p¢¡�i�T b ¡7p�f�w�i�Z']�X'Y�b�XC[
|u| ∼ ν/r ∼ csh/r . b ¡7p�f�c+i� R<c�T�e�`�m�W�R��Q`1e X ZV[<` m ^.`�Z&[
� y Yn` ehR"]�`�oi\<X&]nT m T�^�j (h/r)2 \�W�RIY�T�R"]
��^.`1e

^�R<U�W�R<\L]�XQ^�T�T b ZQerp b ¡7p�f�f�i_iST�e�XCXC[�Z�_�m1R"]�R<^�Z,[<`<]
��c�`��CW�R<\�T.[LR���T.`�^�^.`�o�T �.XQ^��
[�W.`�m�X � ^.`�o�ZCT7]�T�e�` � ^.`��"R<U�T�ZQRL[
�

v = rΩ =

√

√

√

√

GM1

r
. b ¡7p�f�dSi

�
]�X'Y�b�XC[aU.`QY m XQW�c�^7b7[
�GU�W�T.m<]nT � XQ^�^�j�o�f7R<W�R<c.[<XQWsZ&`�`�[�^.`$�wXQ^�T7_ b ¡7p�f�dSi Xm [<`l`�Z&`�m�XQ^�^.`l\�R � ^ 
 U�W�T T��Cb m XQ^�T�T�Y�T�^�R�ekT�c�T �I\Lb.c1`�\�j+f�\<`��"e�b s XQ^�T�o�\
U7]�`�ZCc1`�Z&[�T�Y�T�ZCc7R.p�jwT�ZCc�^.XG_�\L]�_�XC[�Z�_tZ&[�W.`��&` c1XQU7]�XQW.`�\�ZCc�T�e X \}U�W.`�[�T�\�^.`1e
� � (%"������%
���� ��� &����� �� �%
��-��& "%����&�(%������������� .�01�%
�
 �� �"�� ��"��%
 B � 2 � E � B � 2 � � E � B � 2 � � E �

σ = 2 ρ h
"

� 2���2 ���%
��-(%"��%
�� � "������ � & � � � "�'�"��� ��)
�� " ��&�����$���
 �-$%"� �"�'�0#�,����& �-.�����
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z
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Z']�b m RLX+\�^.XIe�^.X�e�`���]nTxm�jyW�R<ZCU�W.`�Z&[�W�R<^7_�[
��Z�_Bc�W7b.U�^.`1ehR<Z �w[LRLm�^�jrX b kh > 1 i
�I\Lb.c1`�\�jrXK\<`<]n^�jSpY��[Q]nT m T.X�ZCc1`�W.`�Z&[�T�\�W�R s XQ^�T7_s`�[Pc1XQU7]�XQW.`�\�ZCc�`�os`�m<b1Z']�`�\��
]�XQ^.`,U�W�R<c.[�T m XQZCc�T�[<`<]
��c1`�Y
R<\L]�XQ^�T.XIe X U.`�ZCc1`<]
��c7baY�T�ZCZCT�U�RL[�T�\�^�jrX m ]�XQ^�j�\b ¡7p�f�f�irehR"]nj [∝ (h/r)4] p  ZCU.`<]
���Cb�_ b ¡7p�f�dSi X T�ZCc7] y�m T�e T�� b ¡7p�f�iST b ¡7p¢w�iSW�RIY�T�R"]
��^7b y ZCc1`�W.`�Z&[
� X
\wW.X"�Cb"]
�I[LRL[<X%U.`<]�b m T�e �Q\<`<] y ��T.`�^�^.`�X�b.W�R<\�^.XQ^�T.X�Y�]�_aU.`�\<XQW�f�^.`�Z&[�^.`�oaU7]�`�[��
^.`�Z&[�T
∂σ

∂t
=

3∂

r∂r

[

√
r∂

∂r
(νσ

√
r)
]

+
∂Ṁe

2πr∂r
+

∂

πr∂r

{

r
[

1−
√

re
r

]∂Ṁe

∂r

}

+
2∂

r∂r

Bσ

Ω
, b ¡7p�f�¡�i

��YnX re = l2e/GM1 XQZ&[
��c1XQU7]�XQW.`�\�ZCc�T�odW�RIY�T7b1Z X Z&`�`�[�\<XC[�Z&[�\Lb y�s T�odbQYnX&]
��^.`1e�b
b.��]�`�\<`1e�bVe�`1e�XQ^.[Lb le X RwU.`�Z']�X'Y�^�T�oV`�U�W.X'YnX&]�_�XC[�Z�_G\<X&]nT m T�^.`�o q = M2/M1 p
�%ZC^.`�\�^�j�e�Z']�R<�'RLXIekj�e X `�U�W.X'YnX&]�_ y�s T�e�Z&[�W7b.c.[Lb.W7bdY�T�ZCc7R X _�\L]�_�XC[�Z�_w\ b ¡7p�f�¡�i
U.XQW�\<`�X Z']�R<�'RLXIe�`�X X `�m<b1Z']�`�\L]�XQ^�^.`�X \L_��Ic1`�Z&[
� y p:�%Z&[LR"]
��^�jrX m ]�XQ^�j b.W�R<\�^.XQ^�T7_
e�`��'b7[�T��CW�RL[
�iW.`<]
�y[<`<]
��c1`�\<`�\�^.X �B^.XQo�`�m<]�R<Z&[�TtY�T�ZCc7R.p � R<c�T�e `�m�W�R��Q`1e X
T�e�XCXIe [�T�U�T m ^.`�X�b.W�R<\�^.XQ^�T.X�Y�T�VWV�b��IT.`�^�^.`��&`B[�T�U�R b m [<`K`�Z&`�m�XQ^�^.`w^�R<��]�_7Y�^.`
\�T�Y�^.`�T�� b ¡7p�c � i_i�p�jd]�_x\L_��Ic1`�Z&[�TdZkb m XC[<`1e b ¡7p�c+i X b ¡7p u i X b ¡7p�f��+i e�` � ^.` �"R<U�T�ZQRL[
�

ν =
2

3
αh2 Ω. b ¡7p�f u i  Z�f1`QY�_ T�� b ¡7p�f�i%T b ¡7p¢w�i X ^.XC[�W7bIY�^.`sU.`<]�b m T.[
��\�j�W�R � XQ^�T.X�Y�]�_yW�RIY�T�R"]
��^.`�o

ZCc1`�W.`�Z&[�T
u =

1

σ







− 3√
r

∂

∂r
(
√
rσ ν) +

1

π

(

√

re
r
− 1

)∂Ṁe

∂r
− 2 σ B

rΩ







. b ¡7p�f � i
� Z&[LR���T.`�^�R<W�^.`1euY�T�ZCc�X�m�X"�Kb m XC[LRVY�\Lb1f U.`�Z']�X'Y�^�T�f Z']�R<�'RLXIekj+f�\�j�W�R � XQ^�T.X
Y�]�_�ZCc1`�W.`�Z&[�T>U�W�T�^�T�ehRLXC[VU�W.`�Z&[<`�o>\�T�Y u = −3 ν/(2 r) p

~�R<ZCZQe�`�[�W�T�e�b.W�R<\�^.XQ^�T.X,m1R"]�R<^�ZQR �Q^.XQW��CT�TsY�]�_y\<X s XQZ&[�\�RVY�T�ZCc7R>\>Z']�X��
Y�b y�s XIet\�T�YnX��

σ T

(

∂S

∂t
+ u

∂S

∂r

)

= Fν − Frad + Fconv + F∂e + Y, b ¡7p�f z i
��YnX S Z bIYnX&]
��^�R"_ �Q^.[�W.`�U�T7_�\<X s XQZ&[�\�R.p ��U�W�R<\�RGZ&[<`I_�[>Z']�R<�'RLXIekjrX X `�U�T�ZCj �
\�R y�s T.X-�Q^.XQW��CT ytX c1`�[<`�W�R"_�U.`�Z&[<b.U�RLXC[,^�R�X'Y�T�^�T	�7b>U7]�` s RIY�T b T7]nT>b1f�`QY�T.[VZ
^.XCX:i �"RKX'Y�T�^�T	�7b�\�W.XIe�XQ^�T px��^.XQW��CT7_�\�j+YnX&]�_�XC[�Z�_�\�Z']�X'Y�Z&[�\�T.Xx\L_��Ic1`�oGY�T�ZCZCT��
U�R���T�T �

Fν =
W 2

rϕ

σ ν
= ν σ

(

r
dΩ

dr

)2

=
9

4
ν σΩ2 . b ¡7p�fQ|+i  �C]�b m XQ^�T.XsZ�U.`�\<XQW�f�^.`�Z&[�Tl`�U�T�ZCj�\�RLXC[�Z�_ m ]�XQ^.`1e Frad p � W�R�ekc7RIfue�`CYnX&]nT

`�U.[�T m XQZCc�T>[<`<]nZ&[<`��&` �~j�Z�b m XC[<`1e�Y�\Lb1f>XQ�&`�Z&[<`�W.`�^�e�` � ^.` �"R<U�T�ZQRL[
� � w�w�w#���
Frad =

4

3

a c T 4

σ k
. b ¡7p¢w��+i
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��^.XQW��CT7_ge�` � XC[ U.XQW.XQ^.`�ZCT.[
��Z�_tc1`�^�\<XQc	��T.XQo�\}\<XQW.[�T�c7R"]
��^.`1e�^�R<U�W�R<\L]�XQ^�T�T
Fconv b ZQerp X ^�R<U�W�T�e�XQW X � z f�d��Ài�p � X&]nT m T�^�R F∂e `�m<b1Z']�`�\L]�XQ^�R�Y�T�VWV�b��IT.`�^�^�j�e
U.XQW.XQ^.`�Z&`1e��Q^.XQW��CT�T,\"Yn`<]
�wW�RIY�T�R"]
��^.`�oac1`�`�W�Y�T�^�RL[�jSp � X s XQZ&[�\<` X \<[<XQc7R y�s XCX
\�Y�T�ZCc X U�W�T�^.`�ZCT.[%^.X�[<`<]
��c�`de�`1e�XQ^.[�T�ekU7b"]
��ZQR X ^.`%T �Q^.XQW��CT ytX:m [<`�b m T.[�j�\�R#�
XC[,Z']�R<�'RLXIe�`�X Y p��+[LR �Q^.XQW��CT7_>ZC\L_	�"R<^�RKU�W.X � YnXB\�Z&XQ�&`�ZxU.XQW.X'f�`QYn`1eg\�[<XQU7]�`
c�T�^.XC[�T m XQZCc1`�o��Q^.XQW��CT�Tu��R��Q`�\<`�olZ&[�W7b.T X \<[<XQc7R y�s XQou\<`i\�^.X �B^ y�y `�m<]�R<Z&[
�
�~j�Z%`�m�W�R��Q`�\�R<^�T.XIe�bIY
R<W�^.`�o�\<`<]n^�jSp� c7R m XQZ&[�\<Xy`�ZC^.`�\�^�j+f�T�Z&[�` m ^�T�c�`�\u^.XQU�W.`��IW�R m ^.`�Z&[�T \<X s XQZ&[�\�Rt\ �~j
`�m�j m ^.`,U�W�T�^�T�ehR y [ � w�w�w#����W�R<ZCZ&X&_�^�T.XS^�R�ZC\<`�m�`QY�^�j+f��&]�XQc.[�W.`�^�RIf

kes = 0,4 fe ZQe 2/ � , kT = 0,4 ZQe 2/ � ; b ¡7p¢w�f�i
ZC\<`�m�`QY�^.`�� ZC\<`�m�`QY�^.`�XSU.`���]�` s XQ^�T.X b `�m�W�RL[�^.`�Xx[<`�W�e�`��I^.`�XxT��C]�b m XQ^�T.X:i

kff = 0,645 · 1023fefiZ

A
gff ρ T

−7/2 ZQe 2/ � , b ¡7p¢w�w�i
��YnX gff ' 1 � fe Z m T�Z']�`�ZC\<`�m�`QY�^�j+f-�&]�XQc.[�W.`�^.`�\ X U�W�T�f1`QY�_ s T�f�Z�_x^�R�m1R<W�T.`�^ �
fi Z Yn`<]�_uRL[<`1e�`�\ X T.`�^�T��Q`�\�R<^�^�j+f�Yn`��"RIY
R<^�^.`��&`yZ&`�Z&[<`I_�^�T7_ Z Z �"R<W�_7Y X
A Z RL[<`1ek^�j�o�\<XQZ�p� R<c�T�e `�m�W�R��Q`1e X �"RIY
R m Rl`�U�W.X'YnX&]�XQ^�T7_ �Q\<`<] y ��T�T �~j \�W�R�ekc7RIf�U.`��
Z&[�W.`�XQ^�^.`�ose�`QYnX&]nT�ZC\<`QY�T.[�Z�_�c�Z&`�\�e�XQZ&[�^.`1e�bPW.X �wXQ^�T y ZCT�Z&[<XIekj�b.W�R<\�^.XQ^�T�ob ¡7p�f�¡�i ÷ b ¡7p¢w�f%T7]nT}¡7p¢w�w�i X b ¡7p � i X b ¡7p�f��+i�p � W.X"�Cb"]
�I[LRL[<X�Y�]�_P`�U�W.X'YnX&]�XQ^�^.`��&`K^�R#�m R"]
��^.`��&`�Z&`�Z&[<`I_�^�T7_iW�R<ZCZ m T.[�j�\�RLXC[�Z�_ �"R<\�T�ZCT�e�`�Z&[
�sU�R<W�R�e�XC[�W.`�\>Y�T�ZCc7R b σ X
T X h X ν X k X u X p5p5p¢i+`�[V\�W.XIe�XQ^�T>T�W�RIY�T�R"]
��^.`�o�c1`�`�W�Y�T�^�RL[�jSp.�%W�T>[LR<c�`1e�U.`QY	�
f1`QYnXtV�b.^�c	��T�T Ṁe(r, t)

X Y (r, t) X B(r, t) Yn`<] � ^�j �"RIY
R<\�RL[
��Z�_sT��Bc7R<c�T�f���[<`
Yn`�U.`<]n^�T.[<X&]
��^�j+faZ&`�`�m�W�R � XQ^�T�o p��%W.`$�.X'Y�b.W�Rd\�\<`QY
RS\%Y�T�ZCc�\<X s XQZ&[�\�R%T �Q^.XQW��
�CT�Tw`�U�T�ZQR<^�R�\ � w z � X w z f X w z w#��p � m XC[LbBU�W�T7]nT�\�^.`��&`S\��"R<T�e�`QYnXQo�Z&[�\�T7_K\�W�R�ekc7RIf
`�Z&XQZCT�ehe�XC[�W�T m ^�j+f�e�`QYnX&]�XQo>U.`�ZC\L_ s XQ^�j�W�RLm�`�[�j � ¡<|+w X(u |#f XG� fQ| Xnz f�d���p

� R<W�R<c.[<XQW�^�j�ekTG\�W.XIe�XQ^�R�ekT�Y�T�ZCc1`�\<`�oGR<c�c�W.X ��T�T,_�\L]�_ y [�Z�_ ��Y�T�^�R�ekT m X��
ZCc1`�X�\�W.XIe�_ tϕ ' 1/Ω X \�W.XIe�_xb1Z&[LR<^.`�\L]�XQ^�T7_K�CT�Y�W.`�Z&[LRL[�T m XQZCc1`��&`%W�R<\�^.`�\<XQZCT7_
\ z � ^�R<U�W�R<\L]�XQ^�T�T tz ' h/cs

X [<XQU7]�`�\<`�o,\�W.XIe�XQ^�^.`�o�ehR<Z �w[LRLm tth ' σ c2s/Frad

TV`�m<b1Z']�`�\L]�XQ^�^.`�X%\L_��Ic�`�Z&[
� y tν ' r/u ' (r/h)2tϕ/α p��+`�`�[�^.`$�wXQ^�T7_>e�X � Y�b
�C[�T�ekTB\<X&]nT m T�^�R�ekT �"R<\�T�Z�_�[�`�[�W�RIY�T�R"]
��^.`�oBc1`�`�W�Y�T�^�RL[�j X ^.`�\ �.X&]�`1ese�` � ^.`
Z m T.[LRL[
�

tϕ ' tz <∼ tth � tν. b ¡7p¢w�c+i� ZCT7]�b��C[�T�fa`$�.XQ^.`�c X U.`�ZCc1`<]
��c7b T dS/dt = Cq dT/dt
X�m R<Z&[<`�U�W.XQ^.XCm�W.XQ�'R y [

[<XQU7]�`�XIekc1`�Z&[
� y Cq T>`��CW�R<^�T m T�\�R y [�Z�_�Z']�X'Y�b y�s T�etU�W�T.m<]nT � XQ^�T.XIe b ¡7p�f z i��
Fν − Frad + Fconv + F∂e + Y = 0.

�%Z&[LR<^.`�\�T�ekZ�_�^.XQZCc1`<]
��c1`aU.`QY�W.`�m�^.XCXB^�R�b m XC[<XBU�W�T7]nT�\�^.`��&`G\��"R<T�e�`QYnXQo��
Z&[�\�T7_vpG��`QYPYnXQo�Z&[�\�T.XIe�\L_��Ic�T�fGZCT7]PY�T�ZCcP\K`�[�Z'b7[�Z&[�\�T.XxU�W�T7]nT�\�^.`��&`,\��"R<T�e�`��
YnXQo�Z&[�\�T7_�^.XC`��CW�R<^�T m XQ^�^.` � W�R<ZCU.`<]	�"RLXC[�Z�_ � \VW�RIY�T�R"]
��^.`1el^�R<U�W�R<\L]�XQ^�T�T p ~�R#�
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Y�T7b1ZwY�T�ZCc7RPZ&[�W.XIekT.[�Z�_�c}m�XQZCc1`�^.X m ^.`�Z&[�T p � ��]�`�\<`�o�e�`1e�XQ^.[Gm<]�R<�&`QY
R<W�_}[�W.X��
^�T y `�[�\<`QY�T.[�Z�_PT��%\�^7b7[�W.XQ^�^�T�fa`�m<]�R<Z&[<XQo�Y�T�ZCc7Rx\<`B\�^.X �B^�T.X�TaU�W�Ta^�R"]nT m T�T
`�m�¥vXQc.[LR#� Yn`�^.`�W�RsY�T�ZCc�e�` � XC[yU�W.`�Z&[�T�W�RL[
��Z�_�[<`<]
��c1`}Yn`yW�RIY�T7b1ZQR X ^�R c1`�[<`��
W.`1e�U�W�T7]nT�\�^.`�X�\��"R<T�e�`QYnXQo�Z&[�\�T.X}ZCU.`�Z&`�m�^.`�`�[�\<XQZ&[�T�\<XQZ ��b.��]�`�\<`�o�e�`1e�XQ^.[
T��KY�T�ZCc7R.p � Z&[LR���T.`�^�R<W�^.`1e�Z']�b m RLX�`�m s T�osb.��]�`�\<`�o e�`1e�XQ^.[P\<X s XQZ&[�\�RaXQZ&[
�
\<X&]nT m T�^�R�U.`�Z&[<`I_�^�^�R"_ X Z']�X'Yn`�\�RL[<X&]
��^.` X Yn`<] � XQ^�\�j�U.`<]n^7_�[
��Z�_>m1R"]�R<^�Z

Ṁe

√
GM1re =

∫ R

r1

σ B 2πr dr , b ¡7p¢w:dSi
��YnX r1 X R Z�\�^7b7[�W.XQ^�^�T�oxTd\�^.X �B^�T�oSW�RIY�T7b1ZCj�Y�T�ZCc7R�Z&`�`�[�\<XC[�Z&[�\<XQ^�^.`�p"�sb m X��
[<`1e�U�W�T7]nT�\�^.`�oVZCT7]nj �~j `�c7R��Ij�\�RLXC[�Z�_�c1`�^.X m ^�j�e�\dW�RIY�T�R"]
��^.`1e�^�R<U�W�R<\L]�X��
^�T�T p

�
`<]
�
�BT�^�Z&[�\<`BW�RLm�`�[ X \xc1`�[<`�W�j+f,b m T.[�j�\�R"]�`�Z �w\ b ¡7p�f�¡�ikU�W�T7]nT�\�^.`�X�\��"R#�
T�e�`QYnXQo�Z&[�\�T.X X `�ZC^.`�\�j�\�RLXC[�Z�_i^�R�W.X"�Cb"]
�I[LRL[LRIf
�SR<U�R"]�`�T��CbyT
�%W�T�^���]�R � u |#f���p� Yn`�m�^.`V\<X&]nT m T�^7b B U�W.X'Y�Z&["R<\�T.[
�V\�\�T�YnX

B =
r2Ω2

π q2
f(r) , b ¡7p¢w�¡�i

��YnX q = M1/M2
X M2 Z�ehR<ZCZQR�`�m�¥vXQc.[LR#� Yn`�^.`�W�R X R f(r) Z T��I\<XQZ&[�^�R"_wm�X"�IW�R��"�

e�XQW�^�R"_�V�b.^�c	��T7_ � u |#f���pn�rehR<c � z f�d���T�ZCU.`<]
���Q`�\�R"]�U�W.`�Z&[Lb y R<U�U�W.`�c�ZCT�ehR���T y
f = const · r5 ; b ¡7p¢w u i

�C[LRtV%`�W�e�b"]�Rw`�U�T�ZCj�\�RLXC[BW.X"�Cb"]
�I[LRL[�j�W�R<Z m XC[<`�\l�SR<U�R"]�`�T��CbVTH�%W�T�^���]�R � u |#f��
Y�]�_�Z']�b m R"_ q ' 1 p�jd]�_>`�[�^.`$�wXQ^�T7_�ehR<ZCZ q � 1 e�` � ^.` �"R<U�T�ZQRL[
�

f ∼ 1

[(a/r) − 1]2[1 − (ω/Ω)]2
, b ¡7p¢w � i

��YnX ω2 = G (M1 +M2)/a
3 X a Z W�R<ZCZ&[<`I_�^�T.Xwe�X � Y�bG`�m�¥vXQc.[LR�ekT p

�1054L0��{0��
JC8 �.D.:<;.8"?.;��rA �k:���A&H�D

�%W�T�T��Cb m XQ^�T�T}Z&[LR���T.`�^�R<W�^�j+f�e�`QYnX&]�XQo�Yn`�Z&[LRL[<` m ^.`�\<`>\�Z&X'f �Q\<`<] y ��T��
`�^�^�j+fVb.W�R<\�^.XQ^�T7_7fGU p(¡7p�f�p�f�U.`<]�` � T.[$� ∂

∂t
≡ 0 p � W�R�e�c7RIfG^.XQc1`�[<`�W�j+fPU�W.X'Y	�

U.`<]�` � XQ^�T�ol`�\�T�YnX �"R<c1`�^.`�\�^.XQU�W.`��IW�R m ^.`�Z&[�T X \L_��Ic�`�Z&[�TlTlU.XQW.XQ^.`�ZQR �Q^.XQW��
�CT�T�bIY
RLXC[�Z�_VU.`<]�b m T.[
��R<^�R"]nT.[�T m XQZCc�T.X �"R<\�T�ZCT�e�`�Z&[�TVU�R<W�R�e�XC[�W.`�\ �~j�`�[wW�R#�
Y�T�R"]
��^.`�ogc1`�`�W�Y�T�^�RL[�jSp6��m�j m ^.` X Z']�X'Y�b�_l��R<c7b.W.X�T�� y ^7_�XQ\Lb � � |���� X Y�T�ZCc
W�R��Qm�T�\�RLXC[�Z�_�^�Ra^.XQZCc1`<]
��c1`G`�m<]�R<Z&[<XQo X \Gc�`�[<`�W�j+f U�W.XQT�e�b s XQZ&[�\<XQ^�^7b y W.`<]
�
T��CW�R y [S`�U�W.X'YnX&]�XQ^�^�jrX�U�W.`$�.XQZCZCj�U.XQW.XQ^.`�ZQR�T��C]�b m XQ^�T7_ b kes T7]nT kff i�TBY
R<\��
]�XQ^�T.X b Pgas T7]nT Prad i X U�W�T7]nT�\�^.`�XK\��"R<T�e�`CYnXQo�Z&[�\�T.XB^.Xdb m T.[�j�\�RLXC[�Z�_ X U���T��
^�T�ehRLXC[�Z�_ Fν = Frad p
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f�p � ZQR�e�`�oy\�^7b7[�W.XQ^�^.XQoiW�RIY�T�R���T.`�^�^.`�Yn`1ekT�^�T�W7b y�s XQo b prad � pgas i
�Q`�^.X�Y�T�ZCc7R ��� � Z%b m XC[<`1et\�j�U.`<]n^.XQ^�T7_ kT � kff T�e�XCXIe �

σ = 2,4R3/2(α ṁL)−1 � � ZQe 2 , T = 2,3 · 107R−3/8(αm)−1/4 % ,
h = 3 · 106ṁmL ZQe , ur = 14 · 1010α ṁ2R−5/2L ZQe � Z , b ¡7p¢w z i

�&YnXQZ � m = M1/M�
X ṁ = Ṁ/(m · 3 · 10−8M�/)

X R = r/(3Rg) = r/(9m ) X
L = R

−1/2
1 − R−1/2 pr��`I_�\L]�XQ^�T.XzV�b.^�c	��T�T L(r) `�m<b1Z']�`�\L]�XQ^.`��CW�R<^�T m ^�j�e

b1Z']�`�\�T.XIe Wrϕ(R = R1) = 0 p
w7p�jd]�_>`�m<]�R<Z&[�T � � � X ��YnX pgas � prad T kT � kff

X e�` � ^.` �"R<U�T�ZQRL[
� �
σ = 0,81 · 105ṁ3/5m1/5α−4/5R−3/5 L3/5 � � ZQe 2

T = 3,1 · 108(ṁL)2/5(αm)−1/5R−9/10 % ,
h = 1,64 · 104(ṁL)1/5m9/10α−1/10R21/20 ZQe ,
ur = 4,1 · 106α4/5ṁ2/5m−1/5R−2/5L−3/5 ZQe � Z . b ¡7p¢w<|+i

c.p � `,\�^.X �B^.XQoG`�m<]�R<Z&[�TGY�T�ZCc7R � � ��b pgas � prad
X kT � kff i��

σ = 3,3 · 105α−4/5ṁ7/10m1/5R−3/4L7/10 � � ZQe 2,

T = 7,6 · 107α−1/5ṁ3/10m−1/5R−3/4L3/10 % ,
h = 8,1 · 103α−1/10ṁ3/20m9/10R9/8L3/20 ZQe ,
ur = 106α4/5ṁ3/10m−1/5R−1/4L−7/10 ZQe � Z . b ¡7p�c��+i

��[�e�XC[�T�e X�m [<`y\ �"R<\�T�ZCT�e�`�Z&[�Ti`�[�c1`�^�c�W.XC[�^�j+f&�I^�R m XQ^�T�otU�R<W�R�e�XC[�W.`�\
ZCT�Z&[<XIekj�[LR�T7]nT�T�^�R"_>`�m<]�R<Z&[
�,e�` � XC[�`�[�Z'b7[�Z&[�\<`�\�RL[
�V\BY�T�ZCc1X�p� ^�R<Z&[<`I_ s XCXP\�W.XIe�_�T�e�XCXC[�Z�_im�`<]
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\<`QY�T.[acse�X'Y�]�XQ^�^.`1e�b>U�W�T.m<]nT � XQ^�T y \�^7b7[�W.XQ^�^.XQos�CW�R<^�T	��j�Y�T�ZCc7R,c�m�X&]�`1e�b
c7R<W7]nT�c7b�pG��`�ZCc1`<]
��c7bVU�W�T �C[<`1eiT��"� �"Rx[�\<XQW�Yn`�[<X&]
��^.`��&`Bf�R<W�R<c.[<XQW�RK\�W�R s XQ^�T7_
ZCc1`�W.`�Z&[
�xY�\�T � XQ^�T7_PZCT7]�`�\�j+fV]nT�^�T�oab�e�XQ^	�
�KRLXC[�Z�_ X [<`�\B`�U�W.X'YnX&]�XQ^�^�j�oPe�`��
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e�XQ^.[ ��VWV%XQc.[ � U�W.`�U.X&]�]�XQW�R � T�Z m X"�"RLXC[ X�m [<`}U�W�T�\<`CY�T.[}c�e�` s ^.`�oiR<c�c�W.X ��T�Tb \�ZCU�j1�Bc1X:i�p·��`�Z']�X �C[<`��&`GZCT�Z&[<XIehR�`�c7R��Ij�\�RLXC[�Z�_s\aT�Z�f�`QY�^.`1elZ&`�Z&[<`I_�^�T�T p � R#�
c�T�ey`�m�W�R��Q`1e X \BW�R�ekc7RIfV`�U�T�ZQR<^�^.`��&`KZ �.XQ^�R<W�T7_ac7]�R<U�R<^.`1ey_�\L]�_�XC[�Z�_GehR<�C^�T.[��
^.`�XxU.`<]�XdZQR�e�`��&`,R<c�c�W.X ��T�W7b y�s XQ�&`�`�m�¥vXQc.[LR.p
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�� � � � � � �"- � � p���m�Z'bIY�T�e�W.X"�Cb"]
�I[LRL[�j�e�`QYnX&]nT�W.`�\�R<^�T7_�^.XQZ&[LR���T.`��
^�R<W�^�j+f �~j X `�ZC^.`�\�R<^�^.`��&`t^�R�b m XC[<X�c1`�^�\<XQc.[�T�\�^.`�o�^.X&b1Z&[<`�o m T�\<`�Z&[�T X W�R<Z5�
ZQe�`�[�W.XQ^�^.`�og\�U pq¡7p�f�p�c � c�|+w X�u f u#X z f�d X z+��u ��p � XQZ ��ehR�U.`<]n^.`�X�T�ZCZ']�X'Yn`�\�R<^�T.X
m�j�]�`�U�W.`�\<X'YnXQ^.`��rehR<c1`1e � z f�d���p �%T�Z']�XQ^�^.`�W.X �KR"]nT�Z �Gb.W�R<\�^.XQ^�T7_}Y�T�ZCc1`�\<`�o
R<c�c�W.X ��T�T b U pq¡7p�f�p�f�iwZab m XC[<`1e�c�`�^�\<XQc.[�T�\�^.`��&`yU.XQW.XQ^.`�ZQR�\ z � ^�R<U�W�R<\L]�XQ^�T�Tb U p#¡7p�f�p�c+i�p � [�X m XQ^�T.X�\�Z&XQ�&`x\�W.XIe�XQ^�TVW�R<Z m XC[LRd[<XIekUaU.`�Z&[Lb.U7]�XQ^�T7_G\<X s XQZ&[�\�Rd\
�~j Ṁe T,U�R<W�R�e�XC[�W α `�Z&[LR<\�R"]nT�Z �dU.`�Z&[<`I_�^�^�j�ekT p��%ZC^.`�\�^.`�o�T�^.[<XQW.XQZ�U�W.X'Y	�
Z&[LR<\L]�_ y [�\�W.XIe�XQ^�^ �jrX �"R<\�T�ZCT�e�`�Z&[�TuZC\<XC[�T�e�`�Z&[�T�Y�T�ZCc�R Ld(t) Tu\�^.X �B^.XQ�&`
W�RIY�T7b1ZQR�Y�T�ZCc7R R(t) X U.`�ZCc1`<]
��c7b �C[�T�\<X&]nT m T�^�j�_�\L]�_ y [�Z�_}^�RLm<] y Y
RLXIekj�ekTb ZQerp7U p�f�p¢¡�i�p���` m [�TG\<`K\�Z&X'faZ']�b m R"_7faU.`<]�b m XQ^�j�c�\�R��IT�U.XQW�T.`CY�T m XQZCc�T.XSW.X � T��
ekjtR<c�c�W.X ��T�T p+�%W�T �C[<`1e�^�RLm<] y Y
R y [�Z�_BY�\�R�[�T�U�R%W.X �wXQ^�T�o � � � � � Z�U.XQW�\<`��
^�R m R"]
��^.`�^.X&b1Z&[<`�o m T�\<`�Z&[
��\<`��I^�T�c7RLXC[�\<`�\�^.X �B^.XQo �Q`�^.X Y�T�ZCc�R�T X �"RIf�\�RL[�j�\�R"_
\�Z&X
m�`<]�XCX�\�^7b7[�W.XQ^�^�T.X�`�m<]�R<Z&[�T X W�R<ZCU�W.`�Z&[�W�R<^7_�XC[�Z�_Bc �.XQ^.[�W7b �~j b W�T�Z�p�¡7p¢wrg)i�p
*w`�W�ehRdc�W�T�\<`�o�ZC\<XC[�T�e�`�Z&[�T,\<`d\�W.XIe�_�\�ZCU�j1�Bc�T�^.XQZCT�ehe�XC[�W�T m ^�R X RSU.`�\<[<`�W�_��
XIe�`�Z&[
�VU.` m [�T�Z&[�W.`��&`aU.XQW�T.`QY�T m XQZCc7R"_vp(jd]�_ � � �Gg �tf7R<W�R<c.[<XQW�^.`G\<`��I^�T�c�^.`��
\<XQ^�T.X+^.X&b1Z&[<`�o m T�\<`�Z&[�Tw\�^�R m R"]�X�\<`�\�^7b7[�W.XQ^�^.XQox`�m<]�R<Z&[�T � r ' (0,1÷0,2)R �7T
U.`�Z']�X'Y�b y�s XCX�W�R<ZCU�W.`�Z&[�W�R<^.XQ^�T.Xr\�^7b7[�W	�%TB^�R<W7b � b��~j � p��%W�T �C[<`1es^.X&b1Z&[<`�o��m T�\<`�Z&[
�Se�` � XC[S\�^.XQc1`�[<`�W�j+fKZ']�b m R"_7fB^.X
Yn`�Z&[�T��'RL[
�%\�^.X �B^.XQow`�m<]�R<Z&[�TxY�T�ZCc�Rb W�T�Z�p�¡7p¢w��1i�p � �.X&]�`1e�\�ZCU�j1�Bc�Tw[�T�U�R B _�\L]�_ y [�Z�_Ke�XQ^.XCX�W.XQ�'bI]�_�W�^�j�ekT p��%W�T
U�W.` m T�fwW�R<\�^�j+fdb1Z']�`�\�T7_7fd\�ZCU�j1�Bc�Td[�T�U�R A f7R<W�R<c.[<XQW�^�j Y�]�_wm�`<]�XCX
\�j�Z&`�c1`��
�&`x[<XIekU�RxU�W�T.[�`�c�RB\<X s XQZ&[�\�R.p � `��"e�` � ^�jlc1`1e�m�T�^�T�W.`�\�R<^�^�jrX�\�ZCU�j1�Bc�T AB X
c1`���Y
R�`CY�^.`�\�W.XIe�XQ^�^.`S\<`��I^�T�c7R y [S^.X&b1Z&[<`�o m T�\<`�Z&[�T�\<`S\�^.X �B^.XQoBTK\�^7b7[�W.XQ^�^.XQo
`�m<]�R<Z&[Q_7f!�~jVp

�%W�T�W.`QY
R�\�ZCU�j/�BX m ^.`�oKR<c.[�T�\�^.`�Z&[�TK`�m�`�T�fw[�T�U.`�\%Z&[LR<^.`�\�T.[�Z�_B_�ZC^.`�oBU�W�T
W�R<ZCZQe�`�[�W.XQ^�T�T �Q\<`<] y ��T�TxU.`�\<XQW�f�^.`�Z&[�^.`�owU7]�`�[�^.`�Z&[�T�e�X � Y�bwR<c.[�T�\�^�j�ekT[VdR#�
�"R�ekT p � �C[<`�[�U.XQW�T.`QYi\<X&]nT m T�^�R>U.`�\<XQW�f�^.`�Z&[�^.`�oyU7]�`�[�^.`�Z&[�T�e�XQ^	�
�wX,Z&[LR���T��
`�^�R<W�^.`��&` �I^�R m XQ^�T7_TZ U�W.`�T�Z f1`QY�T.[i^�R<c1`�U7]�XQ^�T.X}\<X s XQZ&[�\�R.p+q�`���Y
R�U.`�\<XQW�f��
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^.`�Z&[�^�R"_ U7]�`�[�^.`�Z&[
�GYn`�Z&[�T���RLXC[P`�U�W.X'YnX&]�XQ^�^.`��&` �I^�R m XQ^�T7_ X Z&`�`�[�\<XC[�Z&[�\Lb y�s X��
�&`�c�W�T.[�T m XQZCc1`�o�\<X&]nT m T�^.XUZ [<` m c1X�U.`�\<`�W.`�[LRg^�Rgc�W�T�\<`�o T ��VWV (σ) b ZQerp
W�T�Z�p@¡7p�f X [<` m c7R B i X W�R��I\�T�\�RLXC[�Z�_l^.X&b1Z&[<`�o m T�\<`�Z&[
�UZ ^�R m T�^�RLXC[�Z�_u\�ZCU�j1�-�
c7R.p � j�ZC\<X m T�\�R y�s R"_��Q^.XQW��CT7_}XQZ&[
���CW�R<\�T.[LR���T.`�^�^�R"_ �Q^.XQW��CT7_ X [<`�XQZ&[
�Pb.\<X��
]nT m T�\�RLXC[�Z�_�W�RIY�T�R"]
��^�j�o�U.`�[<`�c�\<X s XQZ&[�\�R.p��%W.`�T�Z�f1`QY�T.[tW�R<ZCU�W.`�Z&[�W�R<^.XQ^�T.X
`�m<]�R<Z&[�T ^.X&b1Z&[<`�o m T�\<`�Z&[�T�\P`�m�X�Z&[<`�W.`�^�j�`�[>U.XQW�\<`�^�R m R"]
��^.`��&`P` m R<�'R.p � XIekU
R<c�c�W.X ��T�T>b.\<X&]nT m T�\�RLXC[�Z�_ X �"R<U�R<ZCj�\<X s XQZ&[�\�R�\KY�T�ZCc1Xdb�e�XQ^	�
�KR y [�Z�_�T�\,c1`��
^.X m ^.`1euZ m XC[<Xwb1Z']�`�\�T7_�Y�]�_}c1`�^�\<XQc	��T�T�T�Z m X"�"R y [ X�m [<`>U�W�T�\<`QY�T.[Pc�U�W.XQc�W�R#�s XQ^�T y \�ZCU�j1�Bc�T p

��[�e�XC[�T�e�`�[Q]nT m T.[�X&]
��^7b y `�Z&`�m�XQ^�^.`�Z&[
�y\�U.`�\<X'YnXQ^�T�T R(t) �
\�Z']�b m RLX
\�ZCU�j1�Bc�TV[�T�U�R A W�RIY�T7b1Z�Y�T�ZCc7Rdb.\<X&]nT m T�\�RLXC[�Z�_G^�R <∼ w��k� X Y�]�_G\�ZCU�j1�-�
c�TG[�T�U�R B f�R<W�R<c.[<XQW�^.`�` m XQ^	��ehR"]�`�XST��"e�XQ^.XQ^�T.XS\<X&]nT m T�^�j R b <∼

� ��i X R
\P^.XQc1`�[<`�W�j+f Z']�b m R"_7f � \<`<]n^�RP^.X&b1Z&[<`�o m T�\<`�Z&[�T � Y
R � X,^.XBYn`Qf1`QY�T.[>T��V\�^7b7[��
W.XQ^�^.XQoP`�m<]�R<Z&[�T�\<`�\�^.X �B^ y�y p

q�`�^�\<XQc.[�T�\�^�R"_�^.X&b1Z&[<`�o m T�\<`�Z&[
�>U.`�U.XQW.XQc U7]�`�ZCc1`�Z&[�TsY�T�ZCc7RG^.X�_�\L]�_�XC[��
Z�_�X'Y�T�^�Z&[�\<XQ^�^.`�\<`��"e�` � ^.`�oy^.X&b1Z&[<`�o m T�\<`�Z&[
� ytX U�W�T�\<`QY�_ s XQoyc�c�\�R��IT�U.XQW�T��
`QY�T m XQZCc1`1e�b W.X � T�e�b�R<c�c�W.X ��T�T p�q R<^�R"]�`��CT m ^�j�e�U.`�Z']�X'Y�Z&[�\�T7_ne�U�W�T�\<`QY�T.[
W�R<ZCZQe�`�[�W.XQ^�^�R"_KR<\<[<`�W�R�ekT � f�dS¡#�7�CW�RIY�T.XQ^.[�^.`�� �Q^.[�W.`�U�T�o�^�R"_K^.X&b1Z&[<`�o m T�\<`�Z&[
�%\
� 
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 � ��
�� � Y�T�ZCc�R b ZQerp�U pxd�p�c.pedBT}�0¡7p�c+i�p+jd]�_aW�R��I\�T.[�T7_�È	�)� ^.X&b1Z&[<`�o m T�\<`�Z&[�T
^.XC`�mQf1`QY�T�e�`B\�j�U.`<]n^.XQ^�T.X�`�U�W.X'YnX&]�XQ^�^�j+fVZ&`�`�[�^.`$�wXQ^�T�oGe�X � Y�b�f7R<W�R<c.[<XQW�^�j �
ekT�ehR<Z �w[LRLm1R�ekT�^.XC`QY�^.`�W.`QY�^.`�Z&[<XQo�U.`�\<XQW�f�^.`�Z&[�^.`�o�U7]�`�[�^.`�Z&[�T Lσ Tu[<XIe �
U.XQW�RL[Lb.W�j LT p���b1Z&[
��\�^�R m R"]
��^�j�oie�`1e�XQ^.[�\�W.XIe�XQ^�T��CW�RIY�T.XQ^.[�j�\<X&]nT m T�^
σ(r) T T (r) [LR<c1`�\�j X�m [<` �~j _�\L]�_�XC[�Z�_TÈ	�)� b1Z&[<`�o m T�\�j�erpq��Y�^�R<c1`�Z&["R���T��
`�^�R<W�^.`�U.`�Z&[Lb.U�R y�s XCXy^�Rt\�^.X �B^�T�o�c�W�R<o �~j \<X s XQZ&[�\<` b Ṁe = `�
���]�� iGT
^�R<�CW.XQ\ �"RiZ m XC[���_�W�c1`��&`tU7_�[�^�R � b.\<X&]nT m T�\�R y [g�CW�RIY�T.XQ^.[�j U.`�\<XQW�f�^.`�Z&[�^.`�o
U7]�`�[�^.`�Z&[�TwTS[<XIekU.XQW�RL[Lb.W�j X:m [<`�\�c�`�^.X m ^.`1e�Z m XC[<X
Z&`��&Y
RLXC[�^.XC`�mQf1`QY�T�ekjrX�Y�]�_
È	�)� ^.X&b1Z&[<`�o m T�\<`�Z&[�T�b1Z']�`�\�T7_vp{~�`�Z&[sR�ekU7]nT.[LbQY�j�\<`��"e�b s XQ^�T�o�\��~j U�W�T�\<`��
Y�T.[Bc�b.\<X&]nT m XQ^�T y b.W.`�\�^7_,[Lb.W.m<b"]�XQ^.[�^.`�oa\L_��Ic1`�Z&[�T p��SR<c1`�U7]�XQ^�^.`�X�\<`w\�^.X �-�
^.XQo m R<Z&[�T �~j�\<X s XQZ&[�\<` ��VWV%XQc.[�T�\�^.`KR<c�c�W.X ��T�W7b�XC[w^�Rdc1`1ekU�R<c.[�^�j�o,`�m�¥vXQc.[b \�ZCU�j1�Bc7R+i X T��CW�RIY�T.XQ^.[�j σ(r) T T (r) �Q\<`<] y ��T.`�^�T�W7b y [dc �I^�R m XQ^�T7_ne X U�W�T
c1`�[<`�W�j+f �~j�Z&[LR<^.`�\�T.[�Z�_{È	�)� b1Z&[<`�o m T�\�j�erpx��XrU.`QY�YnXQW � T�\�RLXIekR"_�^.X&b1Z&[<`�o m T��
\<`�Z&[
� y [Lb.W.m<b"]�XQ^.[�^nR"_�\L_��Ic1`�Z&[
��Tw`�U�W.X'YnX&]�_�XIe�jrX+X y R<c�c�W.X ��T.`�^�^�jrX�U�W.`$�.XQZ5�
ZCj �"RL[Lb1f7R y [ X ^.`sZ&[LR���T.`�^�R<W�^.`�U.`�Z&[Lb.U�R y�s XCXV^�R�\�^.X �B^�T�o�c�W�R<o �~j \<X s X��
Z&[�\<`�U.`QY��&`�[LR<\L]nT�\�RLXC[�ZCT�Z&[<XIe�bGcP^.`�\<`1e�bGR<c�c�W.X ��T.`�^�^.`1e�b���T�c7]�b b \�ZCU�j1�Bc1X:ib f1`QYsc�W�T�\<`�o Ld(t) R<^�R"]�`��CT m XQ^>T��Q`�m�W�R � XQ^�^.`1e{b>^�R�W�T�Z�p'¡7p¢w�i�p� ZC\L_��IT�Z�\�j1�wXQT��C]�` � XQ^�^�j�ekT�W.X"�Cb"]
�I[LRL[LR�ekT e�` � ^.`�Z�YnX&]�RL[
� Z']�X��
Y�b y�s XCX �"R�e�X m R<^�T.X�p � `�m�`�T�f Z']�b m R"_7f b T Z c1`�^�\<XQc.[�T�\�^.`�o X T È	�)�
^.X&b1Z&[<`�o m T�\<`�Z&[Q_nekTGi �"RIY
R m R�ehRL[<XIehRL[�T m XQZCc�T>ZC\<`QY�T.[�Z�_>cPW.X �wXQ^�T y ^.X&]nT�^.XQo��
^.`��&`Gb.W�R<\�^.XQ^�T7_�Y�T�VWV�b��IT�TyZ�T�Z&[<` m ^�T�c1`1erp � `�W.`$�w`�T��I\<XQZ&[�^.` X.m [<`sek^.`��CT.X
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_�\L]�XQ^�T7_�ZQR�e�`�`�W��'R<^�T��"R���T�T b b1Z&[LR<^.`�\L]�XQ^�T.Xt\�Y�T�ZCZCT�U�RL[�T�\�^.`�o�^.XQW�R<\�^.`�\<XQZ5�
^.`�o>ZCW.X'YnXdU�W.`�Z&[�W�R<^�Z&[�\<XQ^�^�j+f�Z&[�W7b.c.[Lb.W X �Q\<`<] y ��T.`�^�T�W7b y�s T�f�\<`,\�W.XIe�XQ^�TGi
`�U�T�ZCj�\�R y [�Z�_s\,W�R�ekc7RIf>X'Y�T�^�j+fse�`QYnX&]�XQo X ehRL[<XIehRL[�T m XQZCc�T�\�j�W�R � R y�s T�f�Z�_
^.X&]nT�^.XQo�^�j�ekTPb.W�R<\�^.XQ^�T7_nekTaY�T�VWV�b��IT.`�^�^.`��&`,[�T�U�R � f ��u ��p� � ) - 
 � 
 � - 
�� g � � � �Gg � �
��� ��� �	� �	� � � �pg 
 
 � �+~�R<ZCZQe�`�[�W�T�e�`�[�c7]nT�c
R<c�c�W.X ��T.`�^�^.`��&`BY�T�ZCc7RK^�Rwb.\<X&]nT m XQ^�T.XS[<XIekU�R�U�W�T.[<`�c�R�\<X s XQZ&[�\�R Me(t) b `�m��
Z'b � YnXQ^�T.XiU�W�T m T�^�^.XQZ&[LR���T.`�^�R<W�^.`�Z&[�T�\<X&]nT m T�^�j Me \�j+f1`QY�T.[��"RgW�R�ekc�T
Y
R<^�^.`�o,c�^�T��CT � i�p ��R<Z&`1e}Tz�%W�T�^���]�`1e}m�j+]nT,U�W.`�\<X'YnXQ^�jgU.`QY�W.`�m�^�jrX�W�R<Z m XC[�j
^.XQZ&[LR���T.`�^�R<W�^.`��&` �~j m�X"�sb m XC[LRiU�W�T7]nT�\�^.`��&`t\��"R<T�e�`CYnXQo�Z&[�\�T7_�ZEV�b.^�c	��T��
XQo Me(t)

X [�T�U�T m ^�j�o�\�T�Y�c1`�[<`�W.`�o�T��Q`�m�W�R � XQ^y^�R>W�T�Z�p�¡7p�c�gLp��SR>W�T�Z�p�¡7p�c��
U.`�c7R��"R<^.`�T��"e�XQ^.XQ^�T.X�ZC\<XC[�T�e�`�Z&[�T �~j X U�W.X'Y�Z&[LR<\L]�_ y�s XCX�Z&`�m�`�og`�[�c7]nT�cl^�R
\�^.X �B^.XCX�\<`��&YnXQo�Z&[�\�T.X � Ṁe(t) �wU�W�T�U.`�Z&[�`Q_�^�^.`1e �I^�R m XQ^�T�T�U�R<W�R�e�XC[�W�R α p
jw\�T � XQ^�T.Xa\<X s XQZ&[�\�R>\�W�RIY�T�R"]
��^.`1e ^�R<U�W�R<\L]�XQ^�T�Ty`�m<b1Z']�`�\L]�XQ^.`PYnXQo�Z&[�\�T.XIe
\L_��Ic1`�Z&[�T b T�� b ¡7p�f � i�Z']�X'Y�b�XC[>`$�.XQ^�c7R u ∼ −ν/r i X [<`�XQZ&[
�}VdR<c.[�T m XQZCc�T�\<X��
]nT m T�^.`�o α p ��^�R"]nT��>Y�T�^�R�ekT�c�TgU�W.`$�.XQZCZ&`�\}TgZCW�R<\�^.XQ^�T.X>Z>^�RLm<] y YnXQ^�T7_nekT
U.`��I\<`<]�_�XC[w`$�.XQ^�T.[
� �I^�R m XQ^�T.X�U�R<W�R�e�XC[�W�R α p � Yn`�\L]�XC[�\<`�W�T.[<X&]
��^.`�XSZ&`���]�R<ZCT.X
Yn`�Z&[�T��'RLXC[�Z�_�U�W�T 0,01 <∼ α <∼ 0,5 p� c7] y�m XQ^�T.X}\�W�R<Z m XC[iU�W�T7]nT�\�^.`��&`�\��"R<T�e�`QYnXQo�Z&[�\�T7_u\?V%`�W�e�X b ¡7p¢w u g)i
U.`��I\<`<]nT7]�`0(xT�\�T.`�T � XQW.m<b.^.[Lb � ¡<|+w#�vT�ZCZ']�X'Yn`�\�RL[
�xY�T�^�R�ekT�c7bGW�RIY�T7b1ZQRxY�T�ZCc�R
R(t) X \�j �I\�R<^�^7b y T��"e�XQ^.XQ^�T.XIe [<XIekU�RyU.XQW.XC[<XQc7R<^�T7_u\<X s XQZ&[�\�R.p6��b�Z&[$� �Q\<`��
] y ��T7_tY�T�ZCc7R�U.`QY m T�^7_�XC[�Z�_gb.W�R<\�^.XQ^�T y b ¡7p¢w:dSi X c1`�[<`�W.`�X X c7R<clekj U.`1ek^�T�e X
_�\L]�_�XC[�Z�_>Z']�X'Y�Z&[�\�T.XIe&�"R<c�`�^�R�Z&`Cf�W�R<^.XQ^�T7_se�`1e�XQ^.[LRBY�\�T � XQ^�T7_vp���XQW.XQU�T	�wXIeb ¡7p¢w:dSi�Z�b m XC[<`1e b ¡7p¢w�¡�i��

Ṁe

√
GM1re =

2GM1

q2

∫ R

r1

σ f dr. b ¡7p�c+w�i
(dXQ\�R"_ m R<Z&[
��Z&`�`�[�^.`$�wXQ^�T7_ b ¡7p�c+w�ix_�\L]�_�XC[�Z�_�]nT�^.XQo�^.`�ot`�[�^.`�ZCT.[<X&]
��^.` Ṁe p
��`QY �I^�R<c1`1elT�^.[<XQ�CW�R"]�Ra[<`<]
��c1`P\<X&]nT m T�^�R σ �"R<\�T�ZCT.[a`�[ Ṁe �
U�W�T�e�XIe X�m [<`
σ ∝ Ṁn

e p   � b ¡7p¢w<| X ¡7p�c��+i�Z']�X'Y�b�XC[ Xqm [�` n = 0,6; 0,7 pl�+[�T �I^�R m XQ^�T7_g_�\��
]�_ y [�Z�_uYn`�Z&[LRL[<` m ^.`g[�T�U�T m ^�j�ekT � u+� |���p��kZ']nT n < 1 X [<`gZ}W.`�Z&[<`1e \<X&]nT��m T�^�j Ṁe m<bIYnXC[Pb.\<X&]nT m T�\�RL[
��Z�_yW�RIY�T7b1ZKY�T�ZCc7R R p��%ZC^.`�\�j�\�R"_�Z �P^�R��C[<`1e X
e�` � ^.`�c7R m XQZ&[�\<XQ^�^.`i`�U�T�ZQRL[
�iW.XIR<c	��T y Y�T�ZCc7R�^�R�b.\<X&]nT m XQ^�T.X Ṁe po��b1Z&[
�
� � ������ ��� �"�� �������%
 "%�-�������� �"�� .�� � ���-��.�
 "�� &�����"�������� &9C�& ��&�����&� ��� ��)
 . � ��� ��&�
 ��� ��01���/.�01��.�
� �&

$%"� %
���"���������"%��"  ������-��&�*���"�.�&��-���%��"/. ��.����-$�� � � ��� � � ��� � � ��� � � � � � ������� 2
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Ṁe(t)

S U�_.,?V ( 	0G�A�5!�i5?u9'2 o0H�9'A��'$'$DN�� � Ṁe(t)
$B�3:\%E 5�A'A'/'3 �'$'$ 965 �'3:9*B�/65?>��!u9'2�~�G�L���3:A*B

Ṁ(t)
] � � R(t)

�I^�R m XQ^�T y Ṁe0 Z&`�`�[�\<XC[�Z&[�\Lb�XC[iW�R<\�^.`�\<XQZC^�j�o�W�RIY�T7b1Z R0
X R Ṁe1 Z \<X&]nT��m T�^�R R1 pJ�kZ']nT Ṁe0 < Ṁe1

X [�` R0 < R1 p � [<XQc7R y�s XCX>\�Y�T�ZCc�\<X s XQZ&[�\<`
`�m<]�RIY
RLXC[}bIYnX&]
��^�j�e�b.��]�`�\�j�e�e�`1e�XQ^.[<`1e le

X c�`�[<`�W.`1e�bgZ&`�`�[�\<XC[�Z&[�\Lb�XC[�W�R#�
Y�T7b1Z re = l2e/GM1 < R0 p%�
]�X'Yn`�\�RL[<X&]
��^.` X U�W�T�b.\<X&]nT m XQ^�T�T�\<X&]nT m T�^�j
Ṁe `�[ Ṁe0 Yn` Ṁe1 \�^�R m R"]
��^�j�o�e�`1e�XQ^.[ Y�T�ZCcuZ � T�ehRLXC[�Z�_gYn`�W�RIY�T7b�ZQR
R2 b re < R2 < R0 i�p � W.X"�Cb"]
�Q[LRL[<Xa\�e�XQZ&[<X,Z�W.`�Z&[<`1e�U7]�`�[�^.`�Z&[�Ty\<X s XQZ&[�\�R
\<`s\�^.X �B^.XQo�`�m<]�R<Z&[�T Y�T�ZCc�R>b.\<X&]nT m T�\�RLXC[�Z�_�Ty\L_��Ic1`�Z&[
� b ν ∼ αΩh2 ∝ σ i�p� XIe�ZQR�ekj�e \�^.X �B^7_._,�CW�R<^�T	��R�Y�T�ZCc7RS`�[<`QY�\�T��'RLXC[�Z�_�Yn`x^.`�\<`��&`wW�R<\�^.`�\<XQZC^.`��&`
W�RIY�T7b1ZQR R1 p � [<X m XQ^�T.X �C[<`��&`>\�W.XIe�XQ^�T ehR<ZCZQRaT}ZC\<XC[�T�e�`�Z&[
�!�~j�b.\<X&]nT m T��
\�R y [�Z�_vph�kZ']nT �"RL[<XIeu[<XIekU U�W�T.[<`�c7RP\<X s XQZ&[�\�Ra\<XQW�^7b7[
�>c U�W.X � ^.XIe�b �I^�R m X��
^�T y Ṁe0

X [<`SY�T�ZCc�U�W�T�e�XC[dU.XQW�\<`�^�R m R"]
��^�jrX�W�R��"e�XQW�jSp � R<W�R<c.[<XQW�^�jrX�\�W.XIe�X��
^�RK`�U�W.X'YnX&]�_ y [�Z�_>\L_��Ic�T�ekTPU�W.`$�.XQZCZQR�ekT pG�SRKW�T�Z�pG¡7ped�U.`�c7R��"R<^�j�W.X"�CbI]
�I[LRL[�jm T�Z']�XQ^�^.`��&`,W.X �wXQ^�T7_Gb.W�R<\�^.XQ^�T�o>^.XQZ&[LR���T.`�^�R<W�^.`�o�R<c�c�W.X ��T�T p

�SR<T.m�`<]�XCXB\�R � ^�j�e�W�R��C]nT m T.XIeue�X � Y�bsW�R<ZCZQe�`�[�W.XQ^�^�j�ekT�Y�\Lb�e�_}e�`QYnX��
]�_nekT b ^.X&b1Z&[<`�o m T�\�j�oBY�T�ZCc�T�U.XQW.XIe�XQ^�^�j�oB[<XIekU�U.`�Z&[Lb.U7]�XQ^�T7_�\<X s XQZ&[�\�R+iv_�\��
]�_�XC[�Z�_P^�R"]nT m T.Xd\<`�\<[<`�W.`1e�Z']�b m RLXSc1`�W.`�[�c1`��&`�U�W.`1e�X � b7[�c7R�\�W.XIe�XQ^�T X c1`���Y
R
W�R��"e�XQW�Y�T�ZCc7R W.X"�Ic1`}b�e�XQ^	�
�KRLXC[�Z�_gTt[<`<]
��c1`yU.`�[�`1e�\<`��IW�R<Z&[LRLXC["p   e�X y [�Z�_
Y
R<^�^�jrX X ZC\�T�YnXC[<X&]
��Z&[�\Lb y�s T.Xd`�[LR<c1`�o>`�Z&`�m�XQ^�^.`�Z&[�TGb ����� � b ZQerp�U p.f�p¢¡7p�f�i�p

~�R<ZCZQe�`�[ �.XQ^�^�jrX�\�j1�wXye�`QYnX&]nT�_�\L]�_ y [�Z�_�U��.X'YnX&]
��^.`gU��.`�Z&[�j�ekT X0m [<`
ZC\L_��"R<^.`S\dU.X ��\Lb y ` m X �.X'Y �SZ�V%XQ^.`1e�XQ^.`<]�`��CT m XQZCc�T�e}U.`QY�f1`QYn`1e \dU.`�Z&[ �.`�XQ^�T�T
\L_��Ic�T�f�e�`QYnX&]�XQo �~j X \�`�ZC^.`�\<Xac�`�[<` ��j+fy]�X � RL[�Z&`�`�[�^.`$�wXQ^�T7_y[�T�U�R b ¡7p�f u i�p
~�R��Cb�e�XCXC[�Z�_ X U���T�T��"e�XQ^.XQ^�T�T�Z&`�Z&[<`I_�^�T7_lY�T�ZCc7R b U7]�`�[�^.`�Z&[�T X [<XIekU.X ��RL[Lb���j
Ti["pkU p¢iw\L_��Ic1`�Z&[
� e�` � XC[ �Q\<`<] y ��T.`�^�T��.`�\�RL[
� ZPZ'b s XQZ&[�\<XQ^�^.`�o �"RIYnX � � c1`�o X
^�R"]nT m T.XSTa^�R���R<Z&[LR<^�T.XSe�X&]nc1`1ehR<Z �w[LRLm�^�j+fGehR<�C^�T.[�^�j+fGU.`<]�XQoa["R<c � Xxe�` � XC[
T�����RL[
�,\�R � ^7b y �.`<]
� � c�c u ��p
�1054L0��{0���=<J":��k:���A&H��<;��rAS;.AQM'JC8 �.D.:<;.8"?.;��rAd?.A �BAC;.D7E

� ZC\L_��ITPZSW�R<ZCZQe�`�[�W.XQ^�^�j�ekT�\�j1�wXd^.XQZ&[LR���T.`�^�R<W�^�j�ekT�W.X �wXQ^�T7_nekT X U.`��
]�b m XQ^�^�j�ekTK\�W�R�ekc�RIf m T�Z']�XQ^�^.`��&`%R<^�R"]nT��"R X U�W.X'Y�Z&[LR<\L]�_�XC[�^.XQZ&`1ek^.XQ^�^�j�oBT�^��
[<XQW.XQZ�R<\<[<`1e�`QYnX&]
��^�j�o}U.`QY�f1`QY X W�R��I\�T�\�RLXIekj�o�\GW�RLm�`�[LRIf � c�| ��X c�| z ��p � \<X'YnXIe
^.`�\�jrX `�m�`��I^�R m XQ^�T7_ X c1`�[<`�W�jrX
m<bIY�b7[�T�ZCU.`<]
���Q`�\�RL[
��Z�_S[<`<]
��c1`�\�Y
R<^�^.`1e>U7b.^�c��
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[<X
F = −Wrϕr

2, Ṁ = −2 π r σ u . b ¡7p�c�c+i� X&]nT m T�^�R Ṁ W�R<\�^�RGehR<ZCZ&X X U�W.`Qf1`QY�_ s XQo m XQW.X"��W�RIY�T7b1Z r �"R,X'Y�T�^�T	�7b�\�W.X��
e�XQ^�T p��kZ']nTVU�W.XQ^.XCm�W.X m �x\L]nT7_�^�T.XIey\<[<`�W.`�oVc1`1ekU.`�^.XQ^.[�ju\wZCT�Z&[<XIe�X X [<`wb.W�R<\��
^.XQ^�T.X b ¡7p�f�i�U�W�T>U.XQW.X'f1`QYnXdc>U.XQW.XIe�XQ^�^.`�o l =

√
GM1r U�W�T�e�XC[,\�T�Y

∂σ

∂t
=

1

2 π r

∂Ṁ

∂r
=

1

4 π

(GM1)
2

l3
∂Ṁ

∂l
. b ¡7p�c3dSi

��^�R"]�`��CT m ^.`Vb.W�R<\�^.XQ^�T.X b ¡7p¢w�i�� Ṁ(r, t) = 2 π
∂F

∂l
p·��`QY�Z&[LR<\L]�_._sU.`�Z']�X'Y�^.XCXB\

b ¡7p�c3dSi X U.`<]�b m RLXIe �
∂σ

∂t
=

1

2

(GM1)
2

l3
∂2F

∂l2
. b ¡7p�c+¡�i

jd]�_K`�U�W.X'YnX&]�XQ^�T7_�X s Xr`QY�^.`�o�ZC\L_��IT�e�X � Y�b σ T F e�` � ^.`x\<`�ZCU.`<]
���Q`�\�RL[
��Z�_
b.W�R<\�^.XQ^�T.XIe�m1R"]�R<^�ZQR �Q^.XQW��CT�T b ¡7p�f z i+\�U�W�T.m<]nT � XQ^�T�T

Fν = Frad. b ¡7p�c u i� W.X"�Cb"]
�I[LRL[<X �Q\<`<] y ��T.`�^�^.`�XSb.W�R<\�^.XQ^�T.XxU�W�T�e�XC[,\�T�Y
∂F

∂t
= A

Fm

ln
∂2F

∂l2
, b ¡7p�c � i

��YnX A Z U.`�Z&[<`I_�^�^�R"_ X �I^�R m XQ^�T7_uU.`�c7R��"RL[<X&]�XQo m T n �"R<\�T�Z�_�[y`�[i\�jrm�`��
W�Rsc1`�^�c�W.XC[�^.`�oge�`QYnX&]nT b �"R<c1`�^.`�\�\L_��Ic1`�Z&[�TiTi^.XQU�W.`��IW�R m ^.`�Z&[�T X b.W�R<\�^.XQ^�T7_
Z&`�Z&[<`I_�^�T7_y\<X s XQZ&[�\�R+i�p � R<c X ^�R<U�W�T�e�XQW X XQZ']nT���R��Q`�\<`�XKY
R<\L]�XQ^�T.XaU�W.XC`�m<]�RIY
R#�
XC[�^�RIYtW�RIY�T�R���T.`�^�^�j�e X [<` m = 2/5 X n = 6/5 Y�]�_iZ']�b m R"_ kT � kff T
m = 0,3 X n = 0,8 \�`�m�W�RL[�^.`1egU�W.X'YnX&]�X kff � kT p

��b1Z&[
�s\s^�R m R"]
��^�j�o�e�`1e�XQ^.[s\�W.XIe�XQ^�T�\<`�\�^.X �B^.XQoy`�m<]�R<Z&[�T Y�T�ZCc7R�^�R
W�RIY�T7b1Z&X r0 \<X s XQZ&[�\<`�^�RIf�`QY�T.[�Z�_y\>\�T�YnXVc1`<]
�
��R X c1`�[<`�W.`�XV\>U.`�Z']�X'Y�b y�s XIe
R<c�c�W.X ��T�W7b�XC[�^�RPc1`1ekU�R<c.[�^�j�o�`�m�¥vXQc.[Ip � W�R�ekc7RIf�R<\<[<`1e�`QYnX&]
��^.`��&`�U.`CY�f1`QY
R
U.`<]�b m XQ^�j�[�W�T�Z&[LRIY�T�T�R<c�c�W.X ��T�T p
� RK\�W.XIe�_�U.XQW�\<`�o>Z&[LRIY�T�T�\<X s XQZ&[�\<`BYn`Qf1`��
Y�T.[�Yn`�R<c�c�W.X ��T�W7b y�s XQ�&`s`�m�¥vXQc.[LR.p��SR�\<[<`�W.`�o�Z&[LRIY�T�T�\<X s XQZ&[�\<`sR<c�c�W.X ��T��
W7b�XC[ X [<XIekU�R<c�c�W.X ��T�T Ṁ(t) T>ZC\<XC[�T�e�`�Z&[
� L(t) Z&`�\�W.XIe�XQ^.XIe�W�R<Z&[Lb7[ �

Ṁ ∝ t2,47 (kff � kT ) ; Ṁ ∝ t1,66 (kff � kT ) . b ¡7p�c z i� W.XC[
�L_VZ&[LRIY�T7_�f7R<W�R<c.[<XQW�T��Cb�XC[�Z�_,b7m�j�\�R<^�T.XIe�Z&`x\�W.XIe�XQ^.XIe \<X&]nT m T�^ Ṁ(t) T
L(t) �

Ṁ ∝ t−1,44 (kff � kT ) , Ṁ ∝ t−1,25 (kff � kT ) . b ¡7p�c�|+i� `B\�W.XIe�_aZ&[LRIY�T�T I �Q^.XQW��CT7_a\x`�ZC^.`�\�^.`1ey\�j�ZC\<X m T�\�RLXC[�Z�_aT���`�m<]�R<Z&[�T r ∼ r0

Ti`�^�R}ehR"]�R�\�ZCT7]�b�ehR"]�`�Z&[�Tt\<X&]nT m T�^�j r1/r0 p � [<X m XQ^�T.X>Z&[LRIY�T�o � � T � � �
m��`<]
�
�KR"_ m R<Z&[
� �Q^.XQW��CT�TPb1f1`QY�T.[aT��w`�m<]�R<Z&[�T r1 T>`�c7R��Ij�\�RLXC[�Z�_�U�W.`�U.`�W	��T.`��
^�R"]
��^.`�o>[<XIekU7b>R<c�c�W.X ��T�T p
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�%W�T�R<c�c�W.X ��T�T�\<X s XQZ&[�\�R m R<Z&[
�t�CW�R<\�T.["R���T.`�^�^.`�o+�Q^.XQW��CT�T � T�YnXC[�^�R
W�R��Q`��CW.XQ\K�'R��"R X U�W�T m XIe�^�R<T.m�`<]�XCXd�&`�W�_ m T�ekTa_�\L]�_ y [�Z�_>\�^7b7[�W.XQ^�^�T.Xx`�m<]�R<Z&[�T
Y�T�ZCc7R.p � c1`�^.X m ^.`1e Z m XC[<Xa[<XQU7]�`�\�R"_ �Q^.XQW��CT7_�b.^.`�ZCT.[�Z�_iT��C]�b m XQ^�T.XIe X c1`�[<`��
W.`�X%^�RBZC\<`�XIe�U7b7[�TP\�Z&[�W.X m RLXC[xY�\�T��'R y�s XCXQZ�_a^�R<\�Z&[�W.X m ba\<X s XQZ&[�\<`KTGU�W.XQU7_�[��
Z&[�\Lb�XC[,R<c�c�W.X ��T�T p'�%ZC^.`�\�^�j�e�T�Z&[<` m ^�T�c1`1eg^.XQU�W.`��IW�R m ^.`�Z&[�TGY�]�_>U.`<]n^.`�Z&[
� y
T.`�^�T��Q`�\�R<^�^.`�o�U7]�R��"ekj _�\L]�_�XC[�Z�_iW�R<ZCZ&X&_�^�T.XzV%`�[<`�^.`�\ ^�RsZC\<`�m�`QY�^�j+f �&]�XQc��
[�W.`�^�RIf X c1`�[<`�W.`�Xd`�U�W.X'YnX&]�_�XC[�Z�_�V%`�W�e�b"]�`�o � `1ekZ&`�^�R

σT =
8 π

3





e2

mec2





2

= 0,665 · 10−24 ZQe 2 . b ¡7pedx�+i
� ZCW.X'Y�^.XIeLV%`�[<`�^lU�W�TlZ&[�`<]nc�^.`�\<XQ^�T�TlU.XQW.X'Y
RLXC[�\<XQZ ��ZC\<`�o�T�ekU7b"]
��Z.�&]�XQc��
[�W.`�^7b X R �"RL[<XIe T�U�W.`�[<`�^7b�m<]�R<�&`CY
R<W�_+�&]�XQc.[�W.`�Z&[LRL[�T m XQZCc1`�o�ZC\L_��IT p0��b1Z&[
�
ZC\<XC[�T�e�`�Z&[
��W�R<\�^�R L b �QW�� � Z�i�p � R<cyc7R<c��Q^.XQW��CT7_MV%`�[<`�^�R ∼ pc XYm T�Z']�`�V%`��
[<`�^.`�\ X U.XQW.XQZ&XQc7R y�s T�f�\�X'Y�T�^�T	�7b�\�W.XIe�XQ^�T�X'Y�T�^�T m ^7b y U7]�` s RIY�c7b X W�R<\�^.`
N = L/(4πr2pc) p.�(RdX'Y�T�^�T	�7b,\�W.XIe�XQ^�T �&]�XQc.[�W.`�^aT�ZCU�jr[�j�\�RLXC[ NσT Z&[<`<]nc��
^.`�\<XQ^�T�o pS��b1Z&[
�S\dZCW.X'Y�^.XIe �"R�`QY�^.`xZ&[<`<]nc�^.`�\<XQ^�T.X�V%`�[<`�^,U.XQW.X'Y
RLXC[ �&]�XQc.[�W.`��
^7b,T�ekU7bI]
��Z p p���`�ZCc1`<]
��c7b�ZCT7]�R X YnXQo�Z&[�\Lb y�s R"_a^�R �&]�XQc.[�W.`�^ X XQZ&[
�xZCc1`�W.`�Z&[
�
U.XQW.X'Y
R m T>T�ekU7b"]
��ZQR X [<`

frad =
LσT

4 π r2c
. b ¡7ped(f�i

��T7]�R�[Q_��&`�[<XQ^�T7_ X YnXQo�Z&[�\Lb y�s R"_u^�R�U�W.`�[<`�^ X R�Z']�X'Yn`�\�RL[<X&]
��^.` X T�^�R �&]�XQc��
[�W.`�^ X [LR<c � XGU�W.`�U.`�W	��T.`�^�R"]
��^�R 1/r2 p���`
�C[<`1e�b�\�U�W�T.m<]nT � XQ^�T�T�Z)V%XQW�T m X��
ZCc1`�oKZCT�ehe�XC[�W�T�T�Z'b s XQZ&[�\Lb�XC[%c�W�T.[�T m XQZCc7R"_�ZC\<XC[�T�e�`�Z&[
� b c1`�[<`�W7b y ^�R��Ijr\�R y [
��Y�Y�T�^��&[<`�^.`�\�ZCc�T�e�U�W.X'YnX&]�`1eJi X `�U�W.X'YnX&]�_�XIehR"_dm1R"]�R<^�Z&`1e>�CW�RIY�T.XQ^.[LR�W�RIY�T�R���T��
`�^�^.`��&`KY
R<\L]�XQ^�T7_>T�ZCT7]nj�[Q_ � XQZ&[�T �

Lcrit =
4 π cGM1mp

σT
= 1,3 · 1038(M1/M�) �QW�� � Z . b ¡7pedSw�i

q%W�T.[�T m XQZCc1`1e�b �I^�R m XQ^�T y ZC\<XC[�T�e�`�Z&[�TwZ&`�`�[�\<XC[�Z&[�\Lb�XC[�c�W�T.[�T m XQZCc1`�X �I^�R m XQ^�T.X
[<XIekU�R�R<c�c�W.X ��T�T Ṁcrit p� Z']�b m RLXdZC\<XQW�f�c�W�T.[�T m XQZCc1`�oVY�T�ZCc1`�\<`�o>R<c�c�W.X ��T�T>U�W�TPU�W�T.m<]nT � XQ^�T�T�c
�.XQ^.[�W�R"]
��^.`1e�b�[<X&]�byY�T�ZCctU.XQW.XQZ&[LRLXC[}m�jr[
� [<`�^�c�T�e b r ∼ 2h i�p
~�RIY�T7b1Z X ^�R
c1`�[<`�W.`1egZC\<XC[�T�e�`�Z&[
�BYn`�Z&[�T��'RLXC[ Lcrit

X ^�R��Ij�\�R y [,W�RIY�T7b1Z&`1etZ)V%XQW�T��"R���T�T �
r Z)V =

GM1 Ṁcrit

Lcrit
=
ṀcritσT

4 πmpc
=

2

3
1014 Ṁcrit

M�/ �&`QY ( ` e ) . b ¡7pedxc+i
��^�R"]�`��CT m ^�R"_�`$�.XQ^�c�R>U.`<]�b m RLXC[�Z�_�T��VW�R<\<XQ^�Z&[�\�R r Z)V = 2h Y�]�_y\<X&]nT m T�^�j
h X `�U�W.X'YnX&]�_�XIe�`�o b ¡7p¢w z i�p   �a`�m<]�R<Z&[�T r < r Z)V m R<Z&[
�s\<X s XQZ&[�\�R�^�R m T�^�RLXC[

3 � �-�)
�'�"�&� %
��� �&�* ��& $%�-(%"���&�(% %
)� �-.�����"%��&��-����$%"%����
�&������-$%� (�������������&�(%&�.�"� �&�*�C��%
�.�"��)
�'�"�&� � �&�* �� ���� :C�"�" �%
)$ 
�� � ��C�& .�� � ���-��.�
�2
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T�Z&[<XQc7RL[
�t\t\�T�YnX c�\�R��IT�Z)V%XQW�T m XQZCc1`�ou`�m�`<]�` m c�T p�qSR<c�Z m T.[LR y [u��R<c7b.W�RiT
� y ^7_�XQ\ X \tZ']�b m RLX Ṁ > Ṁcrit W.XIR"]nT��Cb�XC[�Z�_�ZQR�e�`�Z&`���]�R<Z&`�\�R<^�^�j�o�W.X � T�e
R<c�c�W.X ��T�T X `�m�XQZCU.X m T�\�R y�s T�oGZC\<XC[�T�e�`�Z&[
� X ]nT	� �K^.XQ^�R�ek^.`��&`�U�W.XQ\�j1�KR y�s b y
��Y�Y�T�^��&[<`�^.`�\�ZCc�T�ouU�W.X'YnX&]�po�%W�T �C[<`1e \y`�m<]�R<Z&[�T r > r Z)V Y�T�ZCc�`�Z&[LRLXC[�Z�_
[<`�^�c�T�e�T%XQ�&`�Z&[�W7b.c.[Lb.W�R�R<^�R"]�`��CT m ^�R+Yn`�c�W�T.[�T m XQZCc1`1e�bSW.X � T�e�b1p1jd]�_ m XQW�^.`�o
Y�j�W�j�U�W�T�e�XIe r Z)V = 10 c�e X [<`���Y
R�T�� b ¡7pedxc+i+U.`<]�b m RLXIe

Ṁcrit =
4 π r Z)V mp c

σT
=

3

2
10−8M�/ �&`QY . b ¡7ped�dSi

��m�Z'bIY�T�esZ&[�W7b.c.[Lb.W7b � [�`<]nZ&[<`��&`�Y�T�ZCc7R � X m<]nT��Ic1`��&`%c��CT�Y�W.`�Z&[LRL[�T m XQZCc�`1e�b�W�R<\��
^.`�\<XQZCT ytX ^�RIf�`QY�_ s XQ�&`�Z�_a^�Rwm1R"]�R<^�Z&XS�CW�RIY�T.XQ^.[LRxY
R<\L]�XQ^�T7_ X �.XQ^.[�W.`�m�X � ^.`�o>T
�CW�R<\�T.[LR���T.`�^�^.`�o,ZCT7] � w�w ��X w:d ��X w z ¡ X d�dSw X ¡�f u#X ¡ � | X+u�z�z ��p+�%W.X � YnX�\�Z&XQ�&`!�"R�e�X��
[�T�e X�m [<`GU�W�Ts^�R"]nT m T�T�Z'b s XQZ&[�\<XQ^�^.`��&`V�CW�RIY�T.XQ^.[LR�Y
R<\L]�XQ^�T7_sZCc1`�W.`�Z&[
�a\�W�R#�s XQ^�T7_�\<X s XQZ&[�\�R%e�` � XC[x\<XQZ ��ehR�ZCT7]
��^.`d`�[C]nT m RL[$��Z�_�`�[dc�XQU7]�XQW.`�\�ZCc1`�o X TK[<XIe
ZQR�ekj�et`�m s T�o�[<XIekUPY�T�ZCZCT�U�T�W7b y�s XQo.�Q^.XQW��CT�Tse�` � XC[Vm�jr[
�Gek^.`��&`ae�XQ^	�
�wX Xm XIe �I^�R m XQ^�T.X ∼ GM1Ṁ/r1

X f7R<W�R<c.[<XQW�^.`�X%Y�]�_>[<`�^�c�T�f �~jVp� [<XC`�W�T�T�R<c�c�W.X ��T.`�^�^�j+fsY�T�ZCc�`�\P\<`�U�W.`�ZB`>\L_��Ic1`�Z&[�T�_�\L]�_�XC[�Z�_�^�R<T.m�`��
]�XCX�^.XQ\�j�_�ZC^.XQ^�^�j�e X Tw[<`<]
��c1`%m<]�R<�&`QY
R<W�_KU�W.X'Y�U.`<]�` � XQ^�T y `SekR"]�`�oB[<`<] s T�^.X
�~j b h/r � 1 i�bIY
RLXC[�Z�_uU.`�Z&[�W.`�T.[
�yYn`�Z&[LRL[<` m ^.`tU�W�R<\"Yn`�U.`QYn`�m�^�jrX}TuU�W.`��
Z&[�jrX�e�`QYnX&]nT p � Z']�b m RLX � X>[<`<]nZ&[<`��&`�Y�T�ZCc7R�\<`�U�W.`�ZG` \<X&]nT m T�^.X�\L_��Ic1`�Z&[�T
�I^�R m T.[<X&]
��^.`ab�Z']�` � ^7_�XC[�Z�_ X Ts\aW�RLm�`�[LRIf � w�w ��X ¡�f u#X·u�z�z ��U.`�Z&[�W.`�XQ^�j e�`CYnX&]nT
[<`<]nZ&[�j+fPY�T�ZCc1`�\�m�X"�x\L_��Ic1`�Z&[�T p'��`�� � Xx\�W�_7YnXxT�ZCZ']�X'Yn`�\�R<^�T�o � f�dSw X f�dxc X w:d ��X
w z ¡ X d�dSw X ¡ � |�� W�R<ZCZQehRL[�W�T�\�R"]�R<Z �P`�m<]�R<Z&[
� r1 � r � r Z)V ZKb m XC[<`1euY�T�ZCZCT��
U�RL[�T�\�^�j+f�U�W.`$�.XQZCZ&`�\�p���XaU�W.`�\<`QY�_iU.`QY�W.`�m�^�j+fi\�j�c7]�RIYn`�c X b.c7R � XIe [<`<]
��c�`
U�W�T�^	��T�U�T�R"]
��^�j�o�U.`QY�f1`CYg\�U.`�Z&[�W.`�XQ^�T�Ty[LR<c1`��&`�W.`QY
R�e�`QYnX&]�XQoy\sZ)V%XQW�T m X��
ZCc1`�osZCT�Z&[<XIe�XBc1`�`�W<Y�T�^�RL[ (r, ϕ,Θ) pGjBR<^�^�j�osU.`QY�f�`QY�Z&`�Z&[<`�T.[a\aU.`�Z&[�W.`�XQ^�T�T
Z&[LR���T.`�^�R<W�^�j+f�`�Z&XQZCT�ehe�XC[�W�T m ^�j+f (∂/∂ϕ ≡ 0) W.X �wXQ^�T�o X f7R<W�R<c.[<XQW�T��Cb�X��
ekj+f�\��"R<T�e�`�Z&`���]�R<Z&`�\�R<^�^�j�e�W�R<ZCU�W.X'YnX&]�XQ^�T.XIe�U�R<W�R�e�XC[�W.`�\y[<X m XQ^�T7_u��R��"R�\
�.XQ^.[�W�R"]
��^.`1e��CW�R<\�T.[LR���T.`�^�^.`1e�U.`<]�X�\"Yn`<]
�wW�RIY�T�R"]
��^.`�oaTGe�XQW�T�Y�T.`�^�R"]
��^.`�o
c1`�`�W�Y�T�^�RL[�j Θ

� pg�+[<`s`�c7R��Ij�\�RLXC[�Z�_�\<`��"e�` � ^�j�e X XQZ']nTyZ&`�`�[�^.`$�wXQ^�T7_ie�X � �
Y�b,W�RIY�T�R"]
��^�j�ekTac1`1ekU.`�^.XQ^.[LR�ekT�YnXQo�Z&[�\Lb y�s T�fa^�Rx\�W�R s R y�s XCXQZ�_,\<X s XQZ&[�\<`
ZCT7] b �CW�R<\�T.[LR���T.`�^�^.`�o X �.XQ^.[�W.`�m�X � ^.`�oGT,`�m<b1Z']�`�\L]�XQ^�^.`�oV�CW�RIY�T.XQ^.[<`1e Y
R<\L]�X��
^�T7_'i+`�Z&[LR y [�Z�_�U.`�Z&[<`Q_�^�^�j�ekT�\"Yn`<]
��W�RIY�T�R"]
��^.`�o�c�`�`�W�Y�T�^�RL[�jSp � �C[<`1etZ']�b �m RLX Θ � W�R<ZCU�W.X'YnX&]�XQ^�T7_�\�Z&X'fK\<X&]nT m T�^�^�R%W�R��C]nT m ^�j+f�W�R<ZCZ&[<`I_�^�T7_7fK`�[ �.XQ^.[�W�R
m<bIY�b7[�U.`QYn`�m�^�j�Y�W7b.�BY�W7b.�'b X RPU.`�[<`�c�\<X s XQZ&[�\�R m T�Z&[<`�W�RIY�T�R"]
��^�j�erp{~�X �wX��
^�T.X�b.W�R<\�^.XQ^�T�ol�'R��Q`QY�T�^�R�ekT�c�TlT s b7[i\MV%`�W�e�X f(r,Θ) = f∗(Θ) r−af X ��YnX
f = {ρ, ~u, T, s, p, ...} X af = `�
���]�� p@�%W�T �C[<`1e U�R<W�R�e�XC[�W�j af \�jrm�T�W�R y [
[LR<c X'm [<`�m�j \,c7R � Yn`1e�T��xb.W�R<\�^.XQ^�T�o�\�Z&XxZ']�R<�'RLXIekjrXdm�j+]nT�U�W.`�U.`�W	��T.`�^�R"]
���
^�ji`QY�^.`�oKTB[<`�o � X�Z&[<XQU.XQ^�TKW�RIY�T�R"]
��^.`�o�c1`�`�W<Y�T�^�RL[�jSp � R<c�T.X�W.X �wXQ^�T7_BXQZ&[<X��	 �#"%
� DC � � ����� ��&��-����&�"�(+�-.�&�" ��& $%�-(%"/. '�"�(�"� �$%��"�������� &�*+�-"%�-������� ��&�&���$%"� %
��

(r, ϕ, z)
2
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Z&[�\<XQ^�^.`s^�R��Ij�\�RL[
��R<\<[<`1e�`QYnX&]
��^�j�ekT b ZCW p�ZVU p�¡7p¢w7p¢w�i�p � W.X"�Cb"]
�I[LRL[<XGU�W.`CYnX��
]�R<^�^.`�o�U�W.`$�.X'Y�b.W�j b.W�R<\�^.XQ^�T7_�\ m R<Z&[�^�j+f�U�W.`�T��I\<`QY�^�j+f�ZC\<`QY�_�[�Z�_sc�`�m�j�c��
^.`�\<XQ^�^�j�eiY�T�VWV%XQW.XQ^	��T�R"]
��^�j�etb.W�R<\�^.XQ^�T7_net`�[�^.`�ZCT.[<X&]
��^.`aU.XQW.XIe�XQ^�^.`�o Θ
b T7]nT t ≡ z/r X c7R<c�b (xT�R<^��'R � ¡ � |�� X \ ��T7]nT�^�Y�W�T m XQZCc1`�oaZCT�Z&[<XIe�X�c1`�`�W�Y�T�^�RL[xi�p
� RL[<XIe �"RIY
R y [�Z�_t`�U�W.X'YnX&]�XQ^�^�j�ekTg�CW�R<^�T m ^�j�ekT�b1Z']�`�\�T7_nekTtU�W�T Θ = π/2

T Θ = Θ0 (0 ≤ Θ0 < π/2) ��U.`<]�b m XQ^�^�R"_i[LR<c�T�e�`�m�W�R��Q`1e c�W�RLXQ\�R"_ �"RIY
R#�m RsW.X �KRLXC[�Z�_ m T�Z']�XQ^�^.`�p � W.X"�Cb"]
�I[LRL[<XG`�U�W.X'YnX&]�_ y [�Z�_�W�R<ZCU�W.X'YnX&]�XQ^�T7_i\�Z&X'f
VST��IT m XQZCc�T�f>\<X&]nT m T�^�^�R�U7]�`�ZCc1`�Z&[�T (r,Θ) p

��Y�^�T�e T��t��]�R<\�^�j+f�Yn`�Z&[<`�T�^�Z&[�\�R<\<[<`1e�`CYnX&]
��^�j+f�W.X �wXQ^�T�o�_�\L]�_�XC[�Z�_
U�W.`�Z&[<`�[LRVT�f�U.`�Z&[�W.`�XQ^�T7_ X'm [<`aU.`��I\<`<]�_�XC[,T��Cb m RL[
�V\L]nT7_�^�T.XBW�R��I^.`�`�m�W�R��I^�j+f
VdR<c.[<`�W.`�\x^�R%Z&[�W7b.c.[Lb.W7b,R<c�c�W.X ��T�W7b y�s XQ�&`S[<X m XQ^�T7_vpx��Y�^�R<c�` X U.`�� \�T�Y�T�e�`1e�b X
\gW�R�ekc7RIf�R<\<[<`1e�`QYnX&]
��^.`��&`gU�W�T.m<]nT � XQ^�T7_�e�` � ^.`��&`�\<`�W�T.[
�g[<`<]
��c1`�`gU.`��
]�b m XQ^�T�T�c7R m XQZ&[�\<XQ^�^.`�o�c�R<W.[�T�^�j T [�W7bIY�^.`�` � T�Y
RL[$��^�RIYnX � ^�j+f�c1`<]nT m X��
Z&[�\<XQ^�^�j+f�W.X"�Cb"]
�I["RL[<`�\�p�q%W.`1e�X�[<`��&` X Z'b s XQZ&[�\Lb y [�U�W.`�m<]�XIekj X ZC\L_��"R<^�^�jrX�Z
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�� � ^.XC`�Z&XQZCT�ehe�XC[�W�T m ^.`��&`SY�T�ZCc7R.p � �C[<`1eyZ']�b m RLX�^.X&b1Z&[<`�o��m T�\�j�ekTw_�\L]�_ y [�Z�_�^.XC`�Z&XQZCT�ehe�XC[�W�T m ^�jrXr\<`��"e�b s XQ^�T7_KTKU�W�T m T�^�R%c1`�^�\<XQc	��T�T
ZC\L_��"R<^�RBZ%W�RIY�T�R"]
��^.`�o>^.XC`QY�^.`�W.`QY�^.`�Z&[
� y c�\�R��IT�c1XQU7]�XQW.`�\�ZCc1`��&`xY�T�ZCc7R.pnq�`�^��
\<XQc.[�T�\�^.`�X�U.XQW.XIe�X �BT�\�R<^�T.XP\ U7]�`�ZCc1`�Z&[�T�Y�T�ZCc7R e�` � XC[�U�W�T�\<`QY�T.[
��\ ZCW.X'Y	�
^.XIe�c W�RIY�T�R"]
��^.`1e�bsY�\�T � XQ^�T y \<X s XQZ&[�\�R b R<c�c�W.X ��T�TGi�m�X"��b m XC[LRaYnXQo�Z&[�\�T7_
\L_��Ic�T�faZCT7]�p � R<c�T�ey`�m�W�R��Q`1e X c1`�^�\<XQc.[�T�\�^�R"_P^.X&b1Z&[<`�o m T�\<`�Z&[
��e�` � XC[KT��CW�RL[
�
\�R � ^7b y W.`<]
�S\pVST��IT�c1X�R<c�c�W.X ��T�W7b y�s T�f,ZCT�Z&[<XIe}T�\<`��"e�` � ^.`�Z&[
�pV%`�W�ekT�W.`��
\�R<^�T7_ c1`�^�\<XQc.[�T�\�^�j+f [<X m XQ^�T�o U�W.`QYnXIe�`�^�Z&[�W�T�W.`�\�R<^�RP\PW�R�ekc7RIf W�R��C]nT m ^�j+f
e�`QYnX&]�XQo>R<c�c�W.X ��T�T p
�Y§��q§���°
� �+°���®�³W³W°x´ ��®�¯�­�¬(± �r®���¹ ���'¬(±¤¬G¹�¹���° 	�®�±
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qSR<cPekjub.\�T�YnX&]nTG\z��¡7p�f X \KW�R�ekc7RIfG`�Z&XQZCT�ehe�XC[�W�T m ^�j+fPe�`QYnX&]�XQoVbIY
RLXC[��
Z�_VU.`�^7_�[
��ek^.`��CT.X�^�RLm<] y Y
RLXIekjrX%U�W.`Q_�\L]�XQ^�T7_ �~jVp � [<` � X%\�W.XIe�_a\x[<XQZC^�j+f
Y�\<`�o�^�j+fPZCT�Z&[<XIehRIfPR<c�c�W.X ��T.`�^�^�jrX�Y�T�ZCc�Ta_�\L]�_ y [�Z�_PU�W�T�^	��T�U�T�R"]
��^�`,^.XC`�Z&X��
ZCT�ehe�XC[�W�T m ^�j�ekT�\�ZCT7]�b��CW�R<\�T.["R���T.`�^�^.`��&`�\L]nT7_�^�T7_yZ&`�Z&[<`�W.`�^�j ^.`�W�ehR"]
���
^.`�o �I\<X"�&Y�j�Tt[<`��&` Xqm [<`�\<X s XQZ&[�\<`�U.`�U�RIY
RLXC[y\ �~j \UV%`�W�e�X�Z&[�W7b.T m XQW.X"�
\�^7b7[�W.XQ^�^ y�y ]�R<�CW�R<^ � XQ\Lb�[<` m c7b1p��kZ']nTVT��Cb m R y [�Z�_,Yn`�Z&[LRL[<` m ^.`xY�]nT.[<X&]
��^�jrX
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U�W.`1e�X � b7[�c�T�\�W.XIe�XQ^�T X Z'b s XQZ&[�\<XQ^�^.`�U�W.XQ\�j1�KR y�s T.X�U.XQW�T.`QY�`�m�W�R s XQ^�T7_ X [<` X
c7R��"R"]�`�Z �Pm�j X Z&[LR<^�Y
R<W.[�^�jrXPe�`CYnX&]nT �~j _�\L]�_ y [�Z�_�f1`�W.`$�BT�e�U�W�T.m<]nT � XQ^�T��
XIerpJ��`�ZCc1`<]
��c7b�\<X s XQZ&[�\<`�U�W�TgZC\<`�XIe�Y�\�T � XQ^�T�T�cgR<c�c�W.X ��T�W7b y�s XIe�b�`�m�¥ �
XQc.[Lb�YnX&]�RLXC[�ek^.`��&`y`�m�`�W.`�[<`�\ X [<` �"R �C[<`i\�W.XIe�_�U�W.`�T�Z�f1`CY�T.[iU.XQW.XIe�X �BT�\�R#�
^�T.Xr\<X s XQZ&[�\�R�U.`�b.��]�b1p�È W�R<\�T.[LR���T.`�^�^�R"_�ZCT7]�R�^.`�W�ehR"]
��^.`�oKc1`1ekU.`�^.XQ^.[�jtU�W�T
U�W�T.m<]nT � XQ^�T�TGc,c1`1ekU�R<c.[�^.`1e�b,`�m�¥vXQc.[Lb,Z&[LR<^.`�\�T.[�Z�_aZCc1`<]
�Sb.�&`QY�^.`KehR"]�`�o,U.`
ZCW�R<\�^.XQ^�T y ZdZCT7]�`�o X `�m<b1Z']�`�\L]�XQ^�^.`�o �.XQ^.[�W�R"]
��^.`�o�ehR<ZCZ&`�o p� `��I^�T�c7RLXC[tW�_7Y T�^.[<XQW.XQZC^�j+f�\<`�U�W.`�Z&`�\ �rU�W�T�c7R<c�T�f�b1Z']�`�\�T7_7f�\ � jK�
\<`��I^�T�c7RLXC[ �~j � qSR<c�R"_ m R<Z&[
��\<X s XQZ&[�\�RP[<XQW�_�XC[�Z�_yZCT�Z&[<XIe�`�o � � bIYnXC[>]nTy\<X��s XQZ&[�\<`�R<c�c�W.X ��T�W.`�\�RL[
��m�X"�,\L_��Ic�`�Z&[�T � � RIY
R m T}[LR<c1`��&`�W.`QY
Ra_�\L]�_ y [�Z�_sY�]�_
] y m�T.[<X&]�XQotR<^�R"]nT.[�T m XQZCc�T�f�W.X �wXQ^�T�oiU�W�R<c.[�T m XQZCc�Tt^.XQW�R��IW.X �BT�ekj�ekTi\�ZCT��
]�b,^.XQZ&[LR���T.`�^�R<W�^.`�Z&[�TGTa^.XC`QY�^.`1e�XQW�^.`�Z&[�T p   U.` m [�TVX'Y�T�^�Z&[�\<XQ^�^�j�oG\�j+f�`QY�Zm T�Z']�XQ^�^.`�Xwe�`CYnX&]nT�W.`�\�R<^�T.X�p� X s XQZ&[�\<`ge�` � XC[gU.`�c�T�Y
RL[
�g`�U.[�T m XQZCc7b y �I\<X"�&Y�bl\
V%`�W�e�X �I\<X"�&Y�^.`��&`
\<XC[�W�R X [<`�XQZ&[
�yZ&`y\�Z&XQo�U.`�\<XQW�f�^.`�Z&[�T �I\<X"�&Y�jSprjwW7b.�&`�o�W.X � T�e e�` � XC[�\<`��"�
^�T�c7RL[
�PU�W�T �"R<U.`<]n^.XQ^�T�Ts^.`�W�ehR"]
��^.`�o �I\<X"�&Yn`�osZC\<`�XQo�c�W�T.[�T m XQZCc1`�o�`�m<]�R<Z&[�T
~�`$�KR X c1`���Y
Ra\<X s XQZ&[�\<`PT�Z&[<XQc�RLXC[>\�V%`�W�e�X�Z&[�W7b.T m XQW.X"�BYn`�Z&[LRL[<` m ^.`�ehR"]�b y
`�c�W.XQZ&[�^.`�Z&[
��\�^7b7[�W.XQ^�^.XQo [<` m c�T (wR<�CW�R<^ � R.ph�%W�T��C[<`1e�XQZ']nT ZCc�`�W.`�Z&[
���'R��"R
Yn`�Z&[LRL[<` m ^.`V\<X&]nT�c7R X [<`,[�W7bQY�^.`V` � T�Y
RL[$��`�m�W�R��Q`�\�R<^�T7_GY�T�ZCc�R.p  �VZQR�ekj
f `�m s T�f Z&`�`�m�W�R � XQ^�T�o}_�ZC^.` X.m [<`sU�W�TyR<c�c�W.X ��T�T�\ � jK��\<`��"�
e�` � ^.`�\<`��I^�T�c�^.`�\<XQ^�T.X}bIY
R<W�^�j+f�\<`<]n^ p �+T�W�ehR<^ � w<| � � X U.`�� \�T�Y�T�e�`1e�b X m�j�]
U.XQW�\�j�e X c.[<`P\VW�R�ekc7RIf��CT�Y�W.`QY�T�^�R�ekT m XQZCc1`��&`aU.`QY�f1`QY
RVW�R<ZCZQe�`�[�W.X&]s[<X m XQ^�T.X
�'R��"R�\�m<]nT��Ic1`�oGY�\<`�o�^.`�o�ZCT�Z&[<XIe�Xx\,W.X � T�e�X-�I\<X"�&Y�^.`��&`,\<XC[�W�R.p � XC[<`QYn`1e�f7R#�
W�R<c.[<XQW�T�Z&[�T�c�m�j�]�`VW�R<ZCZQe�`�[�W.XQ^.`�[<`<]
��c1`VZC\<XQW�f��I\Lb.c1`�\<`�XS[<X m XQ^�T.X�p�� R<\<X'Yn`1e�`
[LR<c1`�X�W.X �wXQ^�T.X ^.X�e�` � XC[gZ&`CYnXQW � RL[
��bQY
R<W�^�j+f�\<`<]n^ p � W�RLm�`�[<X � z w:d��SU.`��
]�b m XQ^�R�c1`�^�T m XQZCc7R"_ bIY
R<W�^�R"_�\<`<]n^�R��"R�R<c�c�W.X ��T�W7b y�s T�e�`�m�¥vXQc.[<`1erp���Y�^�R#�
c1`GT�ZCU.`<]
���Cb�XIekj�o�e�XC[<`CY�c1`�^.X m ^�j+f�W�R��I^.`�Z&[<XQo X T�e�X y�s T�o�U.XQW�\�j�osU.`�W�_7Yn`�c
[<` m ^.`�Z&[�T X U�W�T�\<`CY�T.[ac�Z']nT	�Bc1`1etm�`<]
�
�w`�o m T�Z']�XQ^�^.`�o�\L_��Ic1`�Z&[�T p
q%W.`1e�Xd[<`��
�&` X YnXQc7R<W.[<`�\�R�Z&XC[�c7R�^.XVU.`��I\<`<]�_�XC[�U�W�R<\�T7]
��^.`.�"RIY
RL[
���CW�R<^�T m ^�jrX,b1Z']�`�\�T7_
^�R�U.`�\<XQW�f�^.`�Z&[�T>`�m�XQT�f �I\<X"�&Y{p� W�RLm�`�[LRIf � u ��| X�u f�f XG��u�u#XG��u+��X(��u�z#XG��u | X�z c����vU�W�T�e�XQ^7_.]nT�Z � m T�Z']�XQ^�^�jrX
Z�f1XIekj�\<[<`�W.`��&`%U.`�W�_7Y�c7R�^�R�c�W�T�\<`<]nT�^.XQo�^.`�oKZ&XC[�c1X X c1`�`�W�Y�T�^�RL[�^�jrXr]nT�^�T�TKc1`��
[<`�W.`�o�m<]nT��Ic�T�c�T��Q`<]nT�^�T7_ne ��VWV%XQc.[�T�\�^.`��&`}U.`�[<XQ^	��T�R"]�RsZCT�Z&[<XIekj X Z&`�Z&[<`I_��s XQoxT��hY�\Lb1fx[<X&] b q = M2/M1 = 1 i X ^�RIf1`QY�_ s T�f�Z�_x^�R�W�R<ZCZ&[<`I_�^�T�T a Y�W7b.� `�[
Y�W7b.�'RST,\�W�R s R y�s T�f�Z�_�Z�b.��]�`�\<`�o,ZCc1`�W.`�Z&[
� y Ω0 pS��Y�^�RdT�� �I\<X"�&Y �"R<U.`<]n^7_�XC[
ZC\<` y c�W�T.[�T m XQZCc7b y `�m<]�R<Z&[
�a~�`$�KR X R�W�RIY�T7b1Z%Y�W7b.�&`�o�^.XxU�W.XQ\�j1�KRLXC[ 0,03a p
�@VWV%XQc.[�j X ZC\L_��"R<^�^�jrX,Z,`Qf7]�R � YnXQ^�T.XIe X ^�R<�CW.XQ\<`1e X \L_��Ic�`�Z&[
� y � T�ehR<�C^�T.[��
^�j�ekT�U.`<]�_nekT X ^.X�U�W�T�^�T�ehR"]nT�Z �S\<`S\�^�T�ehR<^�T.X�p+�SR�U.`�\<XQW�f�^.`�Z&[�T�^.`�W�ehR"]
��^.`�o
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N
� � c0 � aΩ0

] � � c0 ' aΩ0
]

� � c0 >
∼ aΩ0

�I\<X"�&Y�j �"RIY
R<\�R"]nT�Z � �I^�R m XQ^�T7_�U7]�`�[�^.`�Z&[�T ρ0 T>ZCc1`�W.`�Z&[�T �I\Lb.c7R c0 p  ZCZ']�X'Yn`�\�R<^�T y [<X m XQ^�T�owU�W�TxW�R��C]nT m ^�j+f β = c0/aΩ0 U.`�ZC\L_ s XQ^�j W�RLm�`��
[�j � u ��| X+��u+� �7Y�]�_ q = 1 p+�kZ']nT�ZCc�`�W.`�Z&[
�!�I\Lb.c7RSehR"]�R b β <∼ 0,75 i X [<`d\<`�c�W7b.�
c1`1ekU�R<c.[�^.`��&`�`�m�¥vXQc.["R�\<`��I^�T�c7RLXC[ Y�T�ZCc�ZGY�\Lb�e�_lZCU�T�W�R"]
��^�j�ekTgbIY
R<W�^�j�e�T
\<`<]n^�R�ekT � b W�T�Z�pq¡7p¢¡rg)i�p � R<c�ZCT�ehR"]
��^.`�X m T�Z']�` � RIf7R M = |~u|/cs ^.X�U�W.X��
\�j1�KRLXC[ 3 p � Z']�b m RLX 0,75 <∼ β <∼ 0,9 U�W.`�T�Z f1`QY�T.[�U.XQW.XQZ&[�W.`�o�c7RP[<X m XQ^�T7_ �
Y�T�ZCc,Z&[LR<^.`�\�T.[�Z�_ae�XQ^.XCX�\�j�W�R � XQ^�^�j�e X U�W�T �C[<`1e `�Z&[LRLXC[�Z�_,[<`<]
��c1`w`CY�^�RxZCU�T��
W�R"]
��^�R"_xbIY
R<W�^�R"_B\<`<]n^�R b W�T�Z�p3¡7p¢¡��1i�p3�%W�T-�I^�R m XQ^�T7_7f β X ]�X � R s T�fw\�`�m<]�R<Z&[�T
0,9÷ 1,0 X \<`��I^�T�c7RLXC[�c1`�^�T m XQZCc7R"_VbIY
R<W�^�R"_>\<`<]n^�R b W�T�Z�p(¡7p¢¡���i X \�^7b7[�W�T>c1`�^7b �
ZQRs[<X m XQ^�T.X�Z&[LR<^.`�\�T.[�Z�_gZ'b s XQZ&[�\<XQ^�^.`sYn`��I\Lb.c1`�\�j�erpJ�%W�T�Y
R"]
��^.XQo	�wXIe b.\<X��
]nT m XQ^�T�T�ZCc1`�W.`�Z&[�T �I\Lb.c7R b β >∼ 1 id`�m�W�R��Cb�XC[�Z�_y_�W�c�`}\�j�W�R � XQ^�^�j�otW.X � T�e
�I\<X"�&Y�^.`��&`x\<XC[�W�R.p7�gW.`�Z&[<`1eyZCc1`�W.`�Z&[�T �I\Lb.c7Rd^�RdU.`�\<XQW�f�^.`�Z&[�T �I\<X"�&Y�j � Yn`�^.`�W�R
b.�&`<]ge�X � Y�b�bIY
R<W�^�j�ekT�\<`<]n^�R�ekTiZ&[LR<^.`�\�T.[�Z�_ge�XQ^	�
�wX�p��%W.`Qf1`QY�_ m XQW.X"�>c1`��
^�T m XQZCc7b y bQY
R<W�^7b y \<`<]n^7b X ZCc1`�W.`�Z&[
�B�'R��"RxZCT7]
��^.`Bb�e�XQ^	�
��RLXC[�Z�_aT m R<Z&[
�wXQ�&`
R<c�c�W.X ��T�W7b�XC[�^�R�c1`1ekU�R<c.[�^�j�oB`�m�¥vXQc.[Ip � �`<]
�
�KR"_ m R<Z&[
��\<X s XQZ&[�\�R�T��rZCT�Z&[<XIekj
b1f1`QY�T.[Ip���`Qf1` � T.XdW.X"�Cb"]
�I[LRL[�j�U.`<]�b m XQ^�j�\�W�RLm�`�[<X � � |+¡#��p� R<c�T�el`�m�W�R��Q`1e X [�T�U}R<c�c�W.X ��T�W7b y�s XQ�&`G[<X m XQ^�T7_ b T�Z&[<X m XQ^�T.XKZw`�m�W�R��Q`��
\�R<^�T.XIe�Y�T�ZCc7R%T7]nT�\WV%`�W�e�X/�I\<X"�&Y�^.`��&`S\<XC[�W�R%Z�\<`��I^�T�c�^.`�\<XQ^�T.XIe}c�`�^�T m XQZCc1`�o
bIY
R<W�^.`�ot\<`<]n^�j~iB\}ZCT�Z&[<XIe�XPZ �"R<U.`<]n^�T�\
�wXQo�ZC\<` y U.`<]�`�Z&[
�y~v`$��R �I\<X"�&Yn`�o��
Yn`�^.`�W.`1e�`�U�W.X'YnX&]�_�XC[�Z�_ �I^�R m XQ^�T.XIe�U�R<W�R�e�XC[�W�R c0/aΩ0 p � T�U�T m ^.`�oVY�]�_PW�R<Z5�
ZQehRL[�W�T�\�RLXIekj+f�ZCT�Z&[<XIe�_�\L]�_�XC[�Z�_�`$�.XQ^�c7R aΩ0 ∼ 107 ZQe � Z Xom [<`�Z&`�`�[�\<XC[��
Z&[�\Lb�XC[>[<XIekU.XQW�RL[Lb.W.X 106 qKp � `�[�Z'b7[�Z&[�\�T.X��I\<X"�&Y�^.`�o}c1`�W.`�^�j�[<XIekU.XQW�RL[Lb.W�R
T�Z&[<XQc7R y�s XQ�&`>T�� �I\<X"�&Y�j�\<X s XQZ&[�\�RPek^.`��&`�e�XQ^	�
�wX 106 %�pv�
]�X'Yn`�\�RL[<X&]
��^.` X
^�R<T.m�`<]�XCX�\<XQW.`I_�[<XQ^VW.X � T�eyT�Z&[<X m XQ^�T7_ m XQW.X"��\�^7b7[�W.XQ^�^ y�y [<` m c7b�(wR<�CW�R<^ � R
Zw`�m�W�R��Q`�\�R<^�T.XIelR<c�c�W.X ��T.`�^�^.`��&`VY�T�ZCc7RV\<`�c�W7b.�Kc1`1ekU�R<c.[�^.`��&`G`�m�¥vXQc.[LR.p.�%W�T
U.XQW.XC[<XQc7R<^�T�T�\<X s XQZ&[�\�R m XQW.X"��\�^7b7[�W.XQ^�^ y�y [<` m c7b (wR<�CW�R<^ � RV\<X&]nT�c�bIYnX&]
���
^�j�odb.��]�`�\<`�owe�`1e�XQ^.[�\<X s XQZ&[�\�R X�m [<`%U�W�T�\<`QY�T.[�cx`�m�W�R��Q`�\�R<^�T y Y�T�ZCc7R.p � Z']�b �m RLX �I\<X"�&Y�^.`��&`B\<XC[�W�RdbIYnX&]
��^�j�oVb.��]�`�\<`�oGe�`1e�XQ^.[xYn`�Z&[LRL[<` m ^.`�ehR"]>T�Y�T�ZCcG^.X
`�m�W�R��Cb�XC[�Z�_ � ¡�f�f���p� W�RLm�`�["RIf � f u#X c��+w X�u d z �dT��Cb m R"]�R<Z �tZ&[�W7b.c.[Lb.W�RgU.XQW.XC[<XQc7R<^�T7_��'R��"Ri\� jK� \�W�R�ekc7RIfu[�W.X'f�e�XQW�^�j+f�e�`QYnX&]�XQo p���`QY�W.`�m�^.`tT�ZCZ']�X'Yn`�\�R<^�j ��VWV%XQc.[�j
\��"R<T�e�`QYnXQo�Z&[�\�T7_��'R��Q`�\<`��&`�U.`�[<`�c7R m XQW.X"�w\�^7b7[�W.XQ^�^ y�y [<` m c7b (wR<�CW�R<^ � R L1b ZQerp�W�T�Z�pr¡7p¢¡�i�ph~�X"�CbI]
�I[LRL[�j�W�R<Z m XC[<`�\�YnXIe�`�^�Z&[�W�T�W7b y [ m�`<]�XCXGZ']�` � ^�j�o�f7R#�
� � � 2���&�$%��&��� ���� ��2 � 2 � 2 � 2
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W�R<c.[<XQWw[<X m XQ^�T7_KU.`�ZCW�R<\�^.XQ^�T y ZhY�\Lb�e�XQW�^�j�ekT p�*w`�W�ekT�W7b y [�Z�_KU.`�[<`�c�TK�'R��"R�Z
^.XCm�`<]
�
�BT�e�bQYnX&]
��^�j�e�b.��]�`�\�j�e�e�`1e�XQ^.[<`1es\�j1�wX�U7]�`�ZCc1`�Z&[�TKZCT�Z&[<XIekj X c1`�[<`��
W�jrX�U�W�T�\<`QY�_�[ScB`�m�W�R��Q`�\�R<^�T y �&`�W�_ m XQoBc1`�W.`�^�jSp � W.X'f�e�XQW�^.`�X m T�Z']�XQ^�^.`�X�e�`��
YnX&]nT�W.`�\�R<^�T.XxU.`��I\<`<]nT7]�`,W�R<ZCZQe�`�[�W.XC[
�,T��I�CT.m�^�jrXd^.X&b1Z&[<`�o m T�\<`�Z&[�T��~j � u d � ��p
�10��10��{0���=<J":��k:���A&H��<;��rA � ��8"?.;��rAd=<:LH�;��

�%W.X'Y�U.`<]�` � XQ^�T.Xw`,[<`1e X'm [<`G\V�'R��Q`�\�j+fGY�T�ZCc�RIf X \�W�R s R y�s T�f�Z�_�\<`�c�W7b.�
c1`1ekU�R<c.[�^�j+fa`�m�¥vXQc.[<`�\ X e�`��'b7[B\<`��I^�T�c7RL[
�BZCU�T�W�R"]
��^�jrX�bIY
R<W�^�jrX%\<`<]n^�j X \�j �
ZCc7R��Ij�\�R"]�`�Z ��^.XC`QY�^.`�c�W�RL[�^.` � ¡<| ��XLz �+¡#��p��%W�T.[Q_��'RL[<X&]
��^.`�Z&[
�ST�fBT��Cb m XQ^�T7_KZC\L_��
�"R<^�R ZP[<XIe XJm [�`�ZCU�T�W�R"]
��^�jrX>bIY
R<W�^�jrX�\<`<]n^�j e�`��'b7[�U.XQW.XQ^.`�ZCT.[
� b.��]�`�\<`�o
e�`1e�XQ^.[�T��d\�^7b7[�W.XQ^�^�T�fG`�m<]�R<Z&[<XQoVY�T�ZCc7RB\<`�\�^.X �B^�T.X�p � [<`�^�c�T�f�R<c�c�W.X ��T.`�^��
^�j+fGY�T�ZCc7RIf b h/r � 1 i�[<X m XQ^�T.Xd_�\L]�_�XC[�Z�_�ZC\<XQW<f��I\Lb.c1`�\�j�e X�m [<`�Yn`�U7b1ZCc7RLXC[
\<`��"e�` � ^.`�Z&[
��\<`��I^�T�c�^.`�\<XQ^�T7_�bQY
R<W�^�j+f�\<`<]n^ pq�%W�T m T�^�R�ekTg\<`��I^�T�c�^.`�\<XQ^�T7_
bIY
R<W�^�j+f�\<`<]n^�e�`��'b7[P_�\L]�_�[
��Z�_�\<[<`�W�R"_�c1`1ekU.`�^.XQ^.[LR>\>ZCT�Z&[<XIe�X�]nT.m�`�R<ZCT�e �
e�XC[�W�T m ^�R"_yehR<�C^�T.[<`�Z)V%XQW�RP\<`�c�W7b.��c1`1ekU�R<c.[�^.`��&`>`�m�¥vXQc.[LR � u w�¡#��p � ]�R<�&`CY
R<W�_
Y�T�ZCZCT�U�RL[�T�\�^�j�e U�W.`$�.XQZCZQR�es^�R�VSW.`�^.[<X�\<`<]n^�j X \<X s XQZ&[�\<`Se�` � XC[SU.`dZCU�T�W�R"]nT
U�RIY
RL[
�,^�R��.XQ^.[�W p

~�R<ZCZQe�`�[�W�T�esZ&[LR���T.`�^�R<W�^.`�X�[<X m XQ^�T.X X Z&`QYnXQW � R s XCX Y�\<X�Txm�`<]�XCX�ZCU�T�W�R"]�X��
\�T�Y�^�jrX bIY
R<W�^�jrX�\<`<]n^�j X \�W�R�ekc7RIfwR<\<[<`1e�`QYnX&]
��^.`��&`�U.`QY�f1`CY
R � z w<|���pI� R<U�T	�wXIe
Z&[LR���T.`�^�R<W�^�jrXdb.W�R<\�^.XQ^�T7_��'R��Q`CY�T�^�R�ekT�c�T>\�Z']�X'Y�b y�s XQo�V%`�W�e�X��

∂

r ∂r
(h ρ u r) +

∂

r ∂ϕ
(h ρ v) = 0 , b ¡7pedS¡�i

ρ



u
∂u

∂r
+
v∂u

r∂ϕ
− v2

r



 = −∂p
∂r

− ρ
GM1

r2
, b ¡7ped u i

ρ

(

u
∂v

∂r
+
v∂v

r∂ϕ
+
u v

r

)

= − ∂p

r∂ϕ
. b ¡7ped � i

� bIYnXIe U.`<]�R<�'RL[
� Xxm [<`wU.`<]�b7[<`<] s T�^�R h e�` � XC[ �"R<\�T�Z&XC[
�d[<`<]
��c1`x`�[wW�RIY�T�R"]
���
^.`�o>c1`�`�W�Y�T�^�RL[�jSp � m R<Z&[�^.`�Z&[�T X T��Cb m T�e�Y�\�R�Z']�b m R"_ �

h = h0 = const, b ¡7ped z i
h(r) =

√

R T̂ /(µΩ2) . b ¡7ped1|+i
��XQW�\�j�o�Z']�b m R<o�Z&`�`�[�\<XC[�Z&[�\Lb�XC[}Z&[�W.`��&`�Y�\Lb�e�XQW�^.`1e�b�[<X m XQ^�T y \sU7]�`�ZCc1`�Z&[�T
Y�T�ZCc7R.p � `�� \<[<`�W.`1e U�W�T�^�T�ehRLXC[�Z�_ X6m [<`���R���^�RIf1`QY�T.[�Z�_u\��CT�Y�W.`�Z&[LRL[�T m XQZCc1`1e
W�R<\�^.`�\<XQZCT�T�\ z � ^�R<U�W�R<\L]�XQ^�T�T � ZCW prZ b ¡7p�f�w�i ��p � b ¡7ped1|+iV\<X&]nT m T�^�R T̂ (r) Z
f7R���R<c.[<X ��^�R"_�[<XIekU.XQW�RL[Lb.W�RV^�R,W�R<ZCZ&[<`I_�^�T�T r X Ω(r) =

√

G 1/r3 p � W�R<\�^.XQ^�T.X
Y�]�_��Q^.[�W.`�U�T�TaZrb m XC[<`1eyT��C]�b m XQ^�T7_VZ�U.`�\<XQW<f�^.`�Z&[�TKY�T�ZCc7R �"R<U�T	�wXIe \�V%`�W�e�X

h ρ T

(

u
∂S

∂r
+
v ∂S

r ∂ϕ

)

= −σSBT
4
s , b ¡7p¢¡��+i
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��YnX Ts Z [<XIekU.XQW�RL[Lb.W�R�U.`�\<XQW�f�^.`�Z&[�TGY�T�ZCc7R X σSB Z�U.`�Z&[<`I_�^�^�R"_s�+[<X�VdR<^�R �
�
`<]
�
��ehR<^�R.p�jd]�_ �Q^.[�W.`�U�T�T�\�Z']�b m RLXdT�YnXIR"]
��^.`��&`,�'R��"RKT�e�XCXIe �

S = cV ln{p/ργ} . b ¡7p¢¡�f�i
� Z']�b m RLXS[<XQW�e�`QY�T�^�R�ekT m XQZCc1`��&`,W�R<\�^.`�\<XQZCT7_aY�]�_>m�`<]
�
�w`�oP`�U.[�T m XQZCc1`�o>[<`<]��s T�^�j τ � 1 e�` � ^.`,U�W�T�^7_�[
� � f z�u ���

T 4 =
3

4
τ T 4

s , τ = h ρ̂ k . b ¡7p ¡�w�i
� m T.[LRLXIe X~m [<`l^.XQU�W.`��IW�R m ^.`�Z&[
� k Tuf7R���R<c.[<X ��^�R"_�U7]�`�[�^.`�Z&[
� ρ̂ _�\L]�_ y [��
Z�_}V�b.^�c	��T7_nekT�[<`<]
��c1`VW�RIY�T�R"]
��^.`�o�c1`�`�W�Y�T�^�RL[�jSp �'�IT�e�b7[LR"]
��^7b y ZCc�`�W.`�Z&[
�
U�W.X'Y�Z&[LR<\�T�et\�\�T�YnX

v = rΩ + v1 . b ¡7p¢¡�c+i
��`<]
���Cb�XIekZ�_>m�X"�IW�R��"e�XQW�^�j�ekT�\<X&]nT m T�^�R�ekT X c1`�[<`�W�jrXKU.`1e�XC[�T�elZC\<XQW<f7b��I^�R m �
c1`1e�� ˜ � �

(u, v1) = Ω0r0(ũ, ṽ); h = r0h̃; p = r2
0Ω

2
0ρ0p̃; ρ = ρ0ρ̃ , b ¡7p¢¡:dSi

��YnX r0 Z ^.XQc�`�[<`�W�j�o�f�R<W�R<c.[<XQW�^�j�o}W�RIY�T7b1Z � ρ0 Z U�W.`�T��I\<`<]
��^�j�o}ehR<Z �w[LRLm
U7]�`�[�^.`�Z&[�T p � \<X'YnXIei^.`�\�jrX � ZCU�T�W�R"]
��^�jrX � c�`�`�W�Y�T�^�RL[�j � z w<|����

x = r/r0 , Ψ = ϕ+ β(x) , b ¡7p¢¡�¡�i
V�b.^�c	��T7_ β(x) m<bIYnXC[�`�U�W.X'YnX&]�XQ^�R>^�T � X X ^.`>_�ZC^.` XYm [<`sZ']�b m R<o Ψ = `�
���]��
`�U�W.X'YnX&]�_�XC[�ZCU�T�W�R"]
��p�� m T.[LRLXIe Xqm [<`�^.XQU�W.`��IW�R m ^.`�Z&[
� _�\L]�_�XC[�Z�_TV�b.^�c	��T.XQo
[<`<]
��c1`VW�RIY�T�R"]
��^.`�o�c�`�`�W�Y�T�^�RL[�j

k = k0x
ν. b ¡7p¢¡ u i

�lb m XC[<`1e b ¡7p¢¡�c+i ÷ b ¡7p¢¡�¡�i b.W�R<\�^.XQ^�T7_ b ¡7pedS¡�i ÷ b ¡7ped � i�U�W�T�e{b7[V\�T�Y �
ρ̃
[(

x−3/2 +
ṽ

x

) ∂ũ

∂Ψ
+ ũ

∂ũ

∂x
+
dβ

dx
ũ
∂ũ

∂Ψ
− ṽ2

x
− 2 ṽ

x3/2

]

= −∂p̃
∂x

− dβ

dx

∂p̃

∂Ψ
, b ¡7p¢¡ � i

ρ̃
[(

x−3/2 +
ṽ

x

) ∂ṽ

∂Ψ
+ ũ

∂ṽ

∂x
+
dβ

dx
ũ
∂ṽ

∂Ψ
+

ũ

2 x3/2
+
ũ ṽ

x

]

= − ∂p̃

x ∂Ψ
, b ¡7p¢¡ z i

∂

∂x
(h̃ ρ̃ ũ x) +

∂

∂Ψ

[

h̃ ρ̃
(dβ

dx
ũ x+ ṽ + x−1/2

)]

= 0 . b ¡7p¢¡<|+i
~�X �wXQ^�T7_sT s XIe�\GR<\<[<`1e�`QYnX&]
��^.`1el\�T�YnX qi = xnQi(Ψ) X n = ni p � X&]nT m T�^�j
ni `�U�W.X'YnX&]�_ y [�Z�_VT���b1Z']�`�\�T7_V^.X"�"R<\�T�ZCT�e�`�Z&[�T�b.W�R<\�^.XQ^�T�o,`�[wU.XQW.XIe�XQ^�^.`�o x p
jd]�_��C[<`��&`,^.XC`�mQf1`QY�T�e�`�U.`<]�` � T.[
� �

ũ = x1/2U(Ψ), ṽ = x−1/2V (Ψ) ,

ρ̃ = x−nR(Ψ), p̃ = x−n−1P (Ψ),
dβ

dx
= x−1B, h̃ = xmC , b ¡7p u �+i
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��YnX B X C X m X n Z U.`�Z&[<`I_�^�^�jrX�pY�kZ']nT Θ XQZ&[
�Vb.�&`<] e�X � Y�b�c7R<ZQRL[<X&]
��^.`�o
c>ZCU�T�W�R"]nT b Ψ = `�
���]�� i�T>W�RIY�T�R"]
��^�j�eg^�R<U�W�R<\L]�XQ^�T.XIe b W�T�Z�p'¡7p u i X [<`

B = tg(Θ). b ¡7p u f�i
��XC[�W7bIY�^.` �"R�e�XC[�T.[
� X·m [<`PZ']�b m R<o B = `�
���]�� Z&`�`�[�\<XC[�Z&[�\Lb�XC[V]�`��'R<W�T�VdekT m X��
ZCc1`�o�ZCU�T�W�R"]nT p·�%`�c�R��"RL[<X&]
� m W�R<\<XQ^�^7b"] y Y�]�_>Y�T�ZCc7RVU.`�Z&[<`I_�^�^.`�o�[<`<] s T��
^�j b ¡7ped z i�p � Z']�b m RLX/�"R<c1`�^�R b ¡7ped1|+i m = 1 TKY�]�_�[<XIekU.XQW�RL[Lb.W�jlZCU�W�R<\<X'Y�]nT�\<`
T ∝ p̃/ρ̃ ∝ x−1 p��kZ']nT�\�jrm�W�RL[
�a\,c7R m XQZ&[�\<XSf7R<W�R<c.[<XQW�^.`��&`��I^�R m XQ^�T7_�[<XIekU.X��
W�RL[Lb.W7b>U�W�T Ψ = 0 X [�`

C =
√

P (0)/R(0) . b ¡7p u w�i
qSR<c�\�T�Y�T�e X U�R<W�R�e�XC[�W C XQZ&[
�dT��Q`�[<XQW�ekT m XQZCc7R"_,ZCc1`�W.`�Z&[
� �I\Lb.c7RS\SX'Y�T�^�T	��RIf
c1XQU7]�XQW.`�\�ZCc1`�osZCc1`�W.`�Z&[�T Ω0r0 T7]nTs`�m�W�RL[�^.`�X m T�Z']�` � RIf7R.p ��b m XC[<`1e b ¡7p u �+i
b.W�R<\�^.XQ^�T7_ b ¡7p¢¡ � i ÷ b ¡7p¢¡<|+i(U�W�T�^�T�ehR y [�\�T�Yw`�m�j�c�^.`�\<XQ^�^�j+f%Y�T�VWV%XQW.XQ^	��T�R"]
���
^�j+fGb.W�R<\�^.XQ^�T�o>`�[�^.`�ZCT.[<X&]
��^.` Ψ �

W U ′ − 1

2
U 2 − V 2 − 2V = (n+ 1)

P

R
−B

P ′

R
, b ¡7p u c+i

W V ′ +
1

2
U V +

1

2
U = −P

′

R
, b ¡7p u dSi

(RW )′ +
(

1

2
+m− n

)

RU = 0, b ¡7p u ¡�i
�&YnXQZ � W = 1+V +B U p+�%U�W.X'YnX&]nT�e�\<X&]nT m T�^7b n p+�%W.`�T�^.[<XQ�CW�T�W7b�XIe b ¡7p u ¡�i X
\�W.X"�CbI]
�I[LRL[<XwU.`<]�b m T�e

(RW )|2π0 +

(

1

2
+m− n

)

∫ 2π

0
RU dΨ = 0. b ¡7p u�u i

��XQW�\<`�X%Z']�R<��RLXIe�`�X�\ b ¡7p u�u i
W�R<\�^.`�^7b"] y p � [<`�W.`�o m ]�XQ^a`�U�W.X'YnX&]�_�XC[B[<XIekUPR<c��
c�W.X ��T�T X c1`�[<`�W�j�o�`�[Q]nT m XQ^�`�[V^7bI]�_�\,Z']�b m RLXx^�R"]nT m T7_�bQY
R<W�^�j+f�\<`<]n^ p
�
]�X��
Yn`�\�RL[<X&]
��^.` X

1

2
+m− n = 0. b ¡7p u+� i  [LR<c X \VZ']�b m RLX h = `�
���]�� n = 1/2 X RKY�]�_ h ∝ x n = 3/2 p(��b m XC[<`1eb ¡7p u+� i
b.W�R<\�^.XQ^�T.Xx^.XQU�W.XQW�jr\�^.`�Z&[�T b ¡7p u ¡�ire�` � ^.`VU.XQW.XQU�T�ZQRL[
��\�\�T�YnX
(RW )′ = 0. b ¡7p u�z i
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jd]�_ Z&`Qf�W�R<^.XQ^�T7_ R<\<[<`1e�`CYnX&]
��^.`�Z&[�T b.W�R<\�^.XQ^�T7_ b ¡7p¢¡��+i X Z�b m XC[<`1e b ¡7p¢¡�f�i Xb ¡7p¢¡�w�i X b ¡7p¢¡ u i X ^.XC`�mQf1`QY�T�e�`�U.`<]�` � T.[
� ν = −1/2 X [<`���Y
R.�"R<c1`�^�T��"e�XQ^.XQ^�T7_
�Q^.XQW��CT�TPU�W�T�^�T�ehRLXC[V\�T�Y �

W





P ′

P
− γ

R′

R



 + U (γ n− n− 1) + F
P 3

R4
= 0, b ¡7p u |+i

��YnX
F =

4

3

σSBT
3
0

ρ2
0k0cV Ω0r2

0C
2
. b ¡7p � �+i

�nYnXQZ � T0R/µ = p0/ρ0 = Ω2
0r

2
0 p

��T�Z&[<XIe�bGb.W�R<\�^.XQ^�T�o b ¡7p u c ÷ ¡7p � �+i X b ¡7p u |+i+`�[�^.`�ZCT.[<X&]
��^.`V^.XQT��I\<XQZ&[�^�j+f
U X V X P X R ^.XC`�mCf1`QY�T�e�`�Yn`�U.`<]n^�T.[
�}�CW�R<^�T m ^�j�ekTyb1Z']�`�\�T7_nekT p�~�R<ZCZQe�`�[��
W�T�e N `QY�T�^�R<c1`�\�j+f�bIY
R<W�^�j+f}\<`<]n^ X W�R��&YnX&]�XQ^�^�j+fEVST�c�ZCT�W.`�\�R<^�^�j�elb.��]�`1e
∆Ψ X [<`���Y
RxW.X �wXQ^�T7_�Yn`<] � ^�jum�jr[
�BU.XQW�T.`QY�T m ^�juZ�U.XQW�T.`QYn`1e ∆Ψ = 2π/N p
� R<U�T	�wXIei\�j�W�R � XQ^�T7_aY�]�_>^.`�W�ehR"]
��^.`�oPTPc7R<ZQRL[<X&]
��^.`�o>ca]nT�^�T�T Ψ = const

c1`1ekU.`�^.XQ^.[,ZCc1`�W.`�Z&[�T b W�T�Z�p'¡7p u i��
V‖ = sin Θ

{

U

B
− 1 − V

}

= (1 +B2)−1/2{U −B (1 + V )}, b ¡7p � f�i
V⊥ = cos Θ{1 + V +B U} = (1 +B2)−1/2W. b ¡7p � w�i� R<c�T�e `�m�W�R��Q`1e X ^.`�W�ehR"]
��^�R"_�c1`1ekU.`�^.XQ^.[LR�U.`�[<`�c7R�\<X s XQZ&[�\�RuU�W.`�U.`�W	��T.`��

^�R"]
��^�RK\<X&]nT m T�^.X W p(�%W�TPU.XQW.X'f1`QYnX m XQW.X"�pVSW.`�^.[�bIY
R<W�^.`�oP\<`<]n^�juYn`<] � ^�j
m�jr[
��^.XQU�W.XQW�j�\�^�j ^.`�W�ehR"]
��^�R"_lc1`1ekU.`�^.XQ^.[LRyU.`�[<`�c7Ry\<X s XQZ&[�\�R X [LR<^��&XQ^	��T��
R"]
��^�R"_>c1`1ekU.`�^.XQ^.[LR�ZCc1`�W.`�Z&[�T X U.`�[<`�c�T�e�U7b"]
��ZQR X U.`�[<`�c �Q^.XQW��CT�T � |+w#��p � T�Z5�
U.`<]
���Cb�XIekj+f ^�R�ekT `�m�`��I^�R m XQ^�T7_.f �C[�T b�Z']�`�\�T7_ye�` � ^.` �"R<U�T�ZQRL[$�>\�Z']�X'Y�b y �s XQoHV%`�W�e�X��

{RW} = 0 , b ¡7p � c+i
{V‖} = 0 , b ¡7p � dSi

{P +RW 2/(1 +B2)} = 0 , b ¡7p � ¡�i
{ γ

γ − 1

P

R
+

1

2

W 2

1 +B2
} = 0 . b ¡7p ��u i

�nYnXQZ � m XQW.X"� {A} `�m�`��I^�R m XQ^�R�W�R��I^.`�Z&[
� �I^�R m XQ^�T�o�\<X&]nT m T�^�j A U.`aW�R��I^�jrX
Z&[<`�W.`�^�jÇVSW.`�^.[LR�bIY
R<W�^.`�o�\<`<]n^�jSp � Z']�`�\�T.X b ¡7p � c+i�\�ZCT7]�b b ¡7p u�z i
bIYn`�\L]�XC[�\<`��
W�_�XC[�Z�_GR<\<[<`1ehRL[�T m XQZCc�T p � Z']�`�\�T7_ b ¡7p � dSi X b ¡7p � ¡�i T b ¡7p ��u ik`�U�W.X'YnX&]�_ y [B[<`<]
��c�`
[�W�TKU.`�Z&[<`I_�^�^�jrXrT�^.[<XQ�CW�T�W.`�\�R<^�T7_vp:jd]�_BU.`<]�b m XQ^�T7_ m XC[�\<XQW.[<`��&`�b1Z']�`�\�T7_KZC\<X��
YnXIetZCT�Z&[<XIe�b b ¡7p u c+i X b ¡7p u dSi X b ¡7p u�z i X b ¡7p u |+i�cGb.W�R<\�^.XQ^�T y
[

(1 +B2) c2 −W 2
]

V ′ =
1

2
UW (V +1)−BQc2 −Uc2

(

n− n+ 1

γ

)

+F
P 4

R5
,

b ¡7p ��� i



��� � �1��� �1�+��-�-�� ��	����"����)����(�
��-��

#%$'&�(pU�( ��( �D5�1�$'&:$'\%G�&YB��=H���>@5
Θ
G�B

γ
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��YnX Q = 1
W

[1

2
U 2 + V 2 + 2V +

1

2
B U (V + 1) + (n+ 1)

c2

γ

] X c2 = γP/R Z
m�X"�IW�R��"e�XQW�^�R"_sRIY�T�RLm1RL[�T m XQZCc7R"_sZCc1`�W.`�Z&[
���I\Lb.c7R.p � W�R<\�^.XQ^�T.X b ¡7p ��� i�U�W�Ts\�j �
U.`<]n^.XQ^�T�T (1 + B2) c2 = W 2 b T7]nT�Z%b m XC[<`1e b ¡7p � w�i V 2

⊥ = c2 �Ài�T�e�XCXC[,ZCT�^��'b �
]�_�W�^.`�Z&[
� X c1`�[<`�W�R"_�Z&`�`�[�\<XC[�Z&[�\Lb�XC[a^�R"]nT m T y �I\Lb.c1`�\<`�o>[<` m c�T�U�W�T Ψ = Ψs p
~�R<\<XQ^�Z&[�\<`B^7b"] y U�W�R<\<`�o m R<Z&[�T b ¡7p ��� ih\-�I\Lb.c1`�\<`�o,[<` m c�X Ψs Y
RLXC[ m XC[�\<XQW.[<`�X
b1Z']�`�\�T.X




1

2
U W (V + 1) −BQc2 − U c2

(

n− n+ 1

γ

)

+
F P 4

R5





|Ψ=Ψs

= 0 . b ¡7p �<z i
� Z']�`�\�T7_ b ¡7p � d ÷ ¡7p ��u i X b ¡7p �<z iB`�U�W.X'YnX&]�_ y [yU.`�Z&[<`I_�^�^�jrX�T�^.[<XQ�CW�T�W.`�\�R<^�T7_
b.W�R<\�^.XQ^�T�o b ¡7p u c+i X b ¡7p u dSi X b ¡7p u�z i X b ¡7p u |+i�p� U�W.X'YnX&]
��^.`1etZ']�b m RLXSm�`<]
�
�B`��&` m T�Z']�RBbIY
R<W�^�j+f�\<`<]n^�e�` � ^.`VW.X �BT.[
�
�"RIY
R m b�R<^�R"]nT.[�T m XQZCc�T � z w<|���p{~�R<ZCZQe�`�[�W�T�e�[<`<]
��c�`}RIY�T�RLm1RL[�T m XQZCc1`�X,[<X m XQ^�T.X�
F ≡ 0 \ b ¡7p u |+i ��p.�kZ']nT}T�Z�f1`QY�T.[
�>T��,ehR"]�`�Z&[�T}U�R<W�R�e�XC[�W�R ε = 1/N � 1 T
U�W.X'Y�U.`<]�` � XQ^�T7_�`>[<`1e Xhm [<`�V�b.^�c	��T�T U, V, R, P _�\L]�_ y [�Z�_}]nT�^.XQo�^�j�ekT
e�X � Y�b>bIY
R<W�^�j�ekTs\<`<]n^�R�ekT X [<`Pe�` � ^.` �"R<U�T�ZQRL[
�aZ&`�`�[�^.`$�wXQ^�T.XKe�X � Y�b γ T
b.��]�`1e�ZCU�T�W�R"]nT Θ

� z w<|����
B2 = tg2Θ =

2

γ − 1
− 2

n+ 1

γ
− 1. b ¡7p � |+i

�%T�Z']�XQ^�^�j�o�U.`QY�f�`QYac�W.X �wXQ^�T y Z)V%`�W�e�bI]nT�W.`�\�R<^�^.`�o,\�j1�wX/�"RIY
R m T�U.`��"�
\<`<]�_�XC[aW�R<ZCZQehRL[�W�T�\�RL[
�GU�W.`�T��I\<`<]
��^.`�X m T�Z']�`VbIY
R<W�^�j+f�\<`<]n^ X \V[<`1e m T�Z']�XKZ
b m XC[<`1e W�RIY�T�R���T.`�^�^�j+f�U.`�[<XQW	��pk~�X"�CbI]
�I[LRL[�j�[LR<c1`��&`sW.`QY
R�W�R<Z m XC[<`�\�U�W�T�\<X��
YnXQ^�j�^�R}W�T�Z�pq¡7p � p � c7] y�m XQ^�T.X�W�RIY�T�R���T.`�^�^�j+f�U.`�[<XQW	��U.`��I\<`<]�_�XC[}`$�.XQ^�T.[
�
��VWV%XQc.[�T�\�^�j�o α � U�R<W�R�e�XC[�W X VST��'b.W�T�W7b y�s T�os\ � \L_��Ic�T�fP`�Z&XQZCT�ehe�XC[�W�T m ^�j+f
e�`QYnX&]�_7f ��b ZQerp���¡7p�f�i�pG�kZ']nT>`�U�W.X'YnX&]nT.[
�,ZCW.X'Y�^�T�o>W�RIY�T�R"]
��^�j�o�U.`�[<`�c

〈u〉 =
∫

uρ dϕ
/ ∫

ρ dϕ b ¡7p z �+i
TP[<XIekU�R<c�c�W.X ��T�T

Ṁ = −2 π r σ 〈u〉 , b ¡7p z f�i
[<` X ZCW�R<\�^�T�\�R"_�ZSW.X"�Cb"]
�I[LRL[<`1e X \�jr[<XQc7R y�s T�egT��xZ&[LR<^�Y
R<W.[�^.`�ose�`QYnX&]nT!�~j

Ṁ = 3 π σ ν ��VWV = 3 π σ α ��VWV Ωh2 , b ¡7p z w�i
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Ṁe(t)$

Ṁ(t)
E'G /'3Y�:Hi>��iB�5!B�5�\

!:A�&:E'3:/'$'\%3`9*B�G�1

U.`<]�b m T�e
α ��VWV =

2

3
rΩ−1h−2 |〈u〉| . b ¡7p z c+i

�SR�W�T�Z�p�¡7p z U.`�c7R��"R<^yc1`
��VWVST	��T.XQ^.[ α ��VWV c7R<c�V�b.^�c	��T7_yb.��]�R Θ p � Z']�b �m RLX�Y�\Lb1f�bIY
R<W�^�j+fu\<`<]n^ b N = 2 i,T�e�XCXC[�Z�_�ehR<c1ZCT�e�b�e�U�W�T Θ ' π/4 T
max{α ��VWV } = 1,02 · 10−2 p
�10��103/{0�� �.D.?.8IH��<;��rA � ��8"?.;��rAx=<:LH�;���= � � ��0F�8 	C:���D.;.8 �kD.N.AQM'91:<A �k:���A&H�D.?.:�=<8";.D.A

� U p'¡7p¢w7p�f�b � XSb.U.`1ekT�^�R"]nT�Z ��^.XQc1`�[<`�W�jrXxW.X"�Cb"]
�I["RL[�j � � 
 
 - �
� ��� � �'R��Q`��
Y�T�^�R�ekT m XQZCc1`��&`�e�`QYnX&]nT�W.`�\�R<^�T7_iU.XQW.XC[<XQc7R<^�T7_i\<X s XQZ&[�\�R>\�[<XQZC^.`�o Y�\<`�o�^.`�o
ZCT�Z&[<XIe�X�ph��m�Z'bIY�T�e��&YnXQZ �PU.`QY�W.`�m�^.XCX,U�W.`�m<]�XIe�b}ZCU�T�W�R"]
��^�j+f}bQY
R<W�^�j+f�\<`<]n^
\S�'R��Q`�\<`1e>Y�T�ZCc1X X T�^�T	��T�T�W.`�\�R<^�^�j+f,�CW�R<\�T.[LR���T.`�^�^�j�e U.`�[<XQ^	��T�R"]�`1e ZCU7b7[�^�T��
c7R[Z ^.`�W�ehR"]
��^.`�o��I\<X"�&Yn`�o p

�%W.X � YnXx\�Z&XQ�&` X \�W�RLm�`�[LRIf � ��u�u#XG��u+� �vm�j�]�`,U.`�c7R��"R<^.` X(m [<`
�
f�i��'R���[<XQW�_�XC[�Z�_�^.`�W�ehR"]
��^.`�o0�I\<X"�&Yn`�o m XQW.X"��`�c�W.XQZ&[�^.`�Z&[
�S[<` m c�T L1 \�V%`�W�e�X
ZC\<XQW�f��I\Lb.c1`�\<`�oPZ&[�W7b.T b ZQerp�W�T�Z�p.f�p�c+i��
w�i,`�ZC^.`�\�^�R"_ m R<Z&[
��\<X s XQZ&[�\�R�\�W�R s RLXC[�Z�_�\<`�c�W7b.�}c�`1ekU�R<c.[�^.`��&`t`�m�¥vXQc.[LRi\
V%`�W�e�XwR<c�c�W.X ��T.`�^�^.`��&`,c1`<]
�
��R � Y�T�ZCc7R �
c+i+\KW.X"�Cb"]
�Q[LRL[<XdU�W�T7]nT�\�^.`��&`�\��"R<T�e�`QYnXQo�Z&[�\�T7_G`�m�W�R��Cb�XC[�Z�_VY�\<XST7]nTG[�W�T>ZCU�T��
W�R"]�XQ\�T�Y�^�jrXSbIY
R<W�^�jrXx\<`<]n^�j b �-� i��
dSi%�'R��V^�R<�CW.XQ\�RLXC[�Z�_y\ �-� X [<XQW�_�XC[�ZC\<`�o}b.��]�`�\<`�oye�`1e�XQ^.[�`�[�^.`�ZCT.[<X&]
��^.`�R<c��
c�W.X ��T�W7b y�s XQo��I\<X"�&Y�jSprq�`<]nT m XQZ&[�\<`ib.��]�`�\<`��&`te�`1e�XQ^.[LR X [<XQW�_�XIe�`��&`�\ �-� X
m�`<]
�
�wX X�m XIe�T��"� �"R m T�Z']�XQ^�^.`�o b Z�f�XIek^.`�oGi�\L_��Ic1`�Z&[�T �
¡�i�ZCT�Z&[<XIehR�e�` � XC[�[<XQW�_�[
���I^�R m T.[<X&]
��^7b y m R<Z&[
�,\<X s XQZ&[�\�R m XQW.X"�d[<` m c7b L2 �
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τ
G�B

q
E'Gy/'3Y�:H`>��iB�5!B�5�\

!:A�&:E'3:/'$'\%3:9*B.G�1�S �*P�P:V

u iV\<X&]nT m T�^�Ri[<XIekU�R�U.`�[<XQW�T�\<X s XQZ&[�\�Ry`�U.[�T m XQZCc1`�o �I\<X"�&Yn`�o Ṁe(t) e�` � XC[
Yn`�Z&[LRL[<` m ^.`>ZCT7]
��^.`G`�Z ��T7]�]nT�W.`�\�RL[
� X \V[<`>\�W.XIe�_�c7R<cs[<XIekU}R<c�c�W.X ��T�T Ṁ(t)

_�\L]�_�XC[�Z�_Pm�`<]�XCXd��]�RIY�c1`�o�V�b.^�c	��T.XQo b W�T�Z�p'¡7p |+i��� i
`�[�^.`$�wXQ^�T.X Ṁ/Ṁe ZCT7]
��^.`1�"R<\�T�ZCT.[�`�[�U�R<W�R�e�XC[�W.`�\�ZCT�Z&[<XIekj TxZ&`�Z&["R<\L]�_�XC[
∼ 20 ÷ 90 �Gp

�%W�T m T�^.`�oG\<`��I^�T�c�^.`�\<XQ^�T7_abIY
R<W�^�j+fG\<`<]n^V_�\L]�_�XC[�Z�_a\<[�`�W�R"_Pc�`1ekU.`�^.XQ^��
[LR X [<`BXQZ&[
�w�&XQ^.XQW�RL[<`�W,^�RIf1`QY�T.[�Z�_a^�RxU.XQW�T�V%XQW�T�T �~j X [<XIeyZQR�ekj�e�\<`��I^�T�c7RLXC[
\<`�U�W.`�Zh`�[<`1e X c7R<cdm<]nT��Ic�`�cxR<c�c�W.X ��T�W7b y�s XIe�bS`�m�¥vXQc.[Lbxe�`��'b7[�U�W.`�Z&[�T�W�RL[
��Z�_�-� p�jd]�_ W.X �wXQ^�T7_ �C[<`�o�U�W.`�m<]�XIe�j m�j�]�RPU�W.`�\<X'YnXQ^�RPZ&XQW�T7_ �Qc�ZCU.XQW�T�e�XQ^.[<`�\� ��u�z � X \Vc1`�[<`�W�j+fsW�R��"e�XQW�c1`1ekU�R<c.[�^.`��&`V`�m�¥vXQc.[LR,W�R<\�^7_.]nZ�_ r∗ = 0,01 a p·��`��
ZCc1`<]
��c7b Y�]�_�[<XQZC^�j+fyY�\<`�o�^�j+f�ZGU.XQW�T.`QYn`1e `�[}^.XQZCc1`<]
��c�T�f m R<Z&`�\�Yn`�Y�^.XQo
\<X&]nT m T�^�R a Z&`�Z&[LR<\L]�_�XC[ ∼ 1010 ÷ 1011 ZQe X [<` r∗ ' 108 ÷ 109 ZQe X�m [<`�Z&`�`�[��
\<XC[�Z&[�\Lb�XC[xW�RIY�T7b1Z'b�m�X&]�`��&`dc7R<W7]nT�c7R.p��kZ']nT,c�`1ekU�R<c.[�^�j�e�`�m�¥vXQc.[<`1e}_�\L]�_�XC[�Z�_
^.XQo.[�W.`�^�^�R"_ �I\<X"�&Y
R,Z�ehR<�C^�T.[�^�j�euU.`<]�XIe ∼ 1012 È�Z X [<`VY�T�ZCc�W�R��IW7b��KRLXC[�Z�_
^�RKW�R<ZCZ&[<`I_�^�T�T ∼ 5 · 108 ZQe � dx�#f���p�~{R<Z m XC[�j�b7m�X'Y�T.[�X&]
��^.`,U�W.`CYnXIe�`�^�Z&[�W�T�W.`��
\�R"]nT X(m [<`�bQY
R<W�^�jrXw\<`<]n^�j�U�W.`�Z&[�T�W�R y [�Z�_�\�U7]�`�[$�BYn` r = r∗ p

��m�Z'bIY�T�e \L]nT7_�^�T.X m T�Z']�XQ^�^.`�o \L_��Ic1`�Z&[�T p   ZCU.`<]
���Cb�XIekjrX m T�Z']�XQ^�^�jrX
Z�f1XIekjiY�]�_VW.X �wXQ^�T7_�b.W�R<\�^.XQ^�T�o,�'R��Q`QY�T�^�R�ekT�c�T,T�e�X y [ � � U.`�W�_7Yn`�c�[<` m ^.`�Z&[�T
T�Y
R y [PZ�f1XIek^.`�X m T�Z']�`�~�XQo�^.`<]
�"Y�ZQR Rc ∼ (r/δr)2 b δr Z W�R��"e�XQW�_ m XQo�c�TGi�p� m<]nT��ITVc1`1ekU�R<c.[�^.`��&`B`�m�¥vXQc.[LR Rc ∼ 100 p � R<c�T�ey`�m�W�R��Q`1e X b.��]�`�\<`�oae�`1e�XQ^.[
`�[�\<`QY�T.[�Z�_G^�R<W7b � bVTV�'R���U�RIY
RLXC[w^�R �.XQ^.[�W�Y
R � X%\xZ']�b m RLX�`�Z&XQZCT�ehe�XC[�W�T m ^.`��
�&`>U.`�[<XQ^	��T�R"]�R b m�X"��bQY
R<W�^�j+f�\<`<]n^Gi�p	�@VWV%XQc.[ m T�Z']�XQ^�^.`�o \L_��Ic�`�Z&[�T�e�` � ^.`
ZC^�T��IT.[
� X b�e�XQ^	�
�KR"_x\<X&]nT m T�^7b δr p)jd]�_x`�[�\<XC[LR�^�R�\<`�U�W.`�Z �Ic7R<c7R"_ m R<Z&[
��b.��]�`��
\<`��&`de�`1e�XQ^.[LR�[<XQW�_�XC[�Z�_�\ �-� X m�j�],U.`�Z&[LR<\L]�XQ^0�Qc�ZCU.XQW�T�e�XQ^.[ � ��u�u � X \Sc1`�[<`�W.`1e
\�e�`1e�XQ^.[�\�W.XIe�XQ^�T t = 22/Ω0 b Y�T�ZCc�^�RIf1`QY�T.[�Z�_y\�Z&`�Z&[<`Q_�^�T�T�c�\�R��IT�Z&[LR���T��
`�^�R<W�R+i�c7R � Y
R"_�U�W.`�Z&[�W�R<^�Z&[�\<XQ^�^�R"_>_ m XQo�c7RK\�W�RIY�T�R"]
��^.`1et^�R<U�W�R<\L]�XQ^�T�TGYnX��
]nT7]�R<Z �aU.`�U.`<]�R�elT�W�R<Z m XC[aU�W.`QYn`<] � R"]nZ�_�Yn` t = 27/Ω0 p � �.X&]�`1el��]�`�m1R"]
���
^�R"_iZ&[�W7b.c.[Lb.W�Rs[<X m XQ^�T7_�^.XPT��"e�XQ^7_.]�R<Z � X R>b1ZCW.X'Y�^.XQ^�^�R"_i\<X&]nT m T�^�R Ṁ/Ṁe

b�e�XQ^	�
�KR"]�R<Z �,`�[ 0,9 Yn` 0,7 p � R<c�T�e�`�m�W�R��Q`1e X U.`a`$�.XQ^�c7R�elR<\<[<`�W.`�\ X `�c1`<]�`u � ÷ � �[� `�m s T�fVU.`�[<XQW	�db.��]�`�\<`��&`we�`1e�XQ^.[LRxZC\L_��"R<^.`xZ�bIY
R<W�^�j�ekTa\<`<]n^�R�ekT p
�%W.`$�.XQZCZ R<c�c�W.X ��T�T bQYn`�m�^.` f�R<W�R<c.[<XQW�T��Q`�\�RL[
� \�W.XIe�XQ^.XIe R<c�c�W.X ��T�T

τ = M/Ṁ b M Z�ehR<ZCZQRxY�T�ZCc7R+i�p'�SR�W�T�Z�pG¡7p�f���U.`�c7R��"R<^�R0�Qc1ZCU.XQW�T�e�XQ^.[LR"]
���
^�R"_ �"R<\�T�ZCT�e�`�Z&[
�w\<X&]nT m T�^�j τ `�[B`�[�^.`$�wXQ^�T7_PehR<ZCZ�c1`1ekU.`�^.XQ^.[ q = M2/M1
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� u f�f���p�È1`�W�T��Q`�^.["R"]
��^�R"_ ]nT�^�T7_ Z&`�`�[�\<XC[�Z&[�\Lb�XC[ `�Z&XQZCT�ehe�XC[�W�T m ^.`�o e�`CYnX&]nTb q = 0 i X \gc1`�[<`�W.`�o R<c�c�W.X ��T7_ U.`<]n^.`�Z&[
� y `�m<b1Z']�`�\L]�XQ^�R m T�Z']�XQ^�^.`�o�\L_��"�
c1`�Z&[
� y p � W�R�ekc7RIft\L_��Ic1`�o�Z&[LR<^�Y
R<W.[�^.`�ole�`QYnX&]nT �~j \<X&]nT m T�^�R τ = r2/ν
b U p'¡7p�f�p�f�i�p�jd]�_>\L_��Ic1`�Z&[�T ν = α c2s/Ω T�e�XCXIe

τ =
1

αΩ

(

Ω r

cs

)2

=
M 2

αΩ
, b ¡7p z dSi

��YnX M Z m T�Z']�` � RIf7R.p'�%W�T�^�T�ehR"_PY�]�_�\�^.X �B^�T�f>`�m<]�R<Z&[<XQo M ∼ 3 TP`�m�W�R#�s R"_�Z �BcGW�T�Z�p(¡7p�f�� X Y�]�_ q = 10−3 ÷ 1 U.`<]�b m T�e α ��VWV ' 5 · 10−4 ÷ 4 · 10−1 p� U.XQW.X m T�Z']�XQ^�^�j+fP\�j1�wXSW�RLm�`�[LRIfP\�W�R<Z m XC[�j�^.XS\�c7] y�m R"]nT�Z ��W�RIY�T�R���T��
`�^�^�jrXGU.`�[<XQW�T X�m [<`}U�W�T�\<`CY�T7]�`}ci\�j�Z&`�c�`�oy[<XIekU.XQW�RL[Lb.W.X X m<]nT��Ic1`�o�c�\�T�W�T��
R"]
��^.`�o p � m XC[�U�W.`$�.XQZCZ&`�\�`Qf7]�R � YnXQ^�T7_xYn`<] � XQ^ X Z `QY�^.`�owZ&[<`�W.`�^�j X b.\<X&]nT m T.[
�
f7R<W�R<c.[<XQW�^.`�X m T�Z']�` � RIf�R.p � Y�W7b.�&`�o�Z&[<`�W.`�^�j X \�W�R�ekc7RIftR<\<[<`1e�`QYnX&]
��^.`��&`
U.`QY�f1`QY
R b U pY¡7p¢w7p¢w�i�Zwb�e�XQ^	�
�wXQ^�T.XIe�[<XIekU.XQW�RL[Lb.W�j�b�e�XQ^	�
�KRLXC[�Z�_}R�ekU7]nT.[LbIY
R
bIY
R<W�^�j+f�\<`<]n^ p � j�_�ZC^.XQ^�T.XdW.`<]nT �C[�T�f�VdR<c.[<`�W.`�\,X s X%[�W.XCm<b�XC[VR<^�R"]nT��"R.p

��m�Z'bIY�T�e W.X"�CbI]
�I[LRL[�j X \�jr[<XQc7R y�s T.XyT��y`�U�T�ZQR<^�^.`��&`g\�j1�wX �'R��Q`QY�T�^�R#�
ekT m XQZCc1`��&`te�`QYnX&]nT�W.`�\�R<^�T7_ X \�ZCW�R<\�^.XQ^�T�T�Z}R<\<[<`1e�`QYnX&]
��^�j�ekT�W.X �wXQ^�T7_nekTb U p'¡7p¢w7p¢w�i�p   �xW�T�Z�pG¡7p � \�T�Y�^.` X(m [<`,Z&[LR���T.`�^�R<W�^�jrXBR<\<[<`1e�`QYnX&]
��^�jrXxW.X �wXQ^�T7_ X
Z&`QYnXQW � R s T.X�Y�\<X ZCU�T�W�R"]
��^�j�X �-� \yY�T�ZCc1X}U.`�Z&[<`I_�^�^.`�o�[<`<] s T�^�j X ^.XQ\<`��"�
e�` � ^�j�Y�]�_ γ > 1,6 p �%T�Z']�XQ^�^.`�X,e�`QYnX&]nT�W.`�\�R<^�T.X�U�W�T γ = 5/3 U�W�T�\<`QY�T.[
cPZCT7]
��^.`K`�Z ��T7]�]nT�W7b y�s T�e�[<X m XQ^�T7_ne b ZQerp.W�T�Z�p(¡7p |+i X [<`�XQZ&[
��Z&["R���T.`�^�R<W�^�jrX
W.X �wXQ^�T7_B[LR<c � X�^.X�U.`<]�b m R y [�Z�_vpx�%W�T γ = 1,2 `�Z ��T7]�]�_
��T�T�ehR"]nj b W�T�Z�p+¡7p |+i X
Tw^.XQU.`�ZCW.X'Y�Z&[�\<XQ^�^.`�X�Z&`�U.`�Z&[LR<\L]�XQ^�T.X
b.��]�R�ZCU�T�W�R"]nT Θ R<\<[<`1e�`QYnX&]
��^.`�oB\<`<]n^�j
Z �Qc�ZCU.XQW�T�e�XQ^.[LR"]
��^�j�ekT>W.X"�Cb"]
�I[LRL[LR�ekTGY
RLXC[KbIYn`�\L]�XC[�\<`�W�T.[<X&]
��^.`�XwZ&`���]�R<ZCT.X�p
��W�R<\�^.XQ^�T y W.X"�Cb"]
�I[LRL[<`�\ m T�Z']�XQ^�^.`��&`,e�`QYnX&]nT�W.`�\�R<^�T7_PbQY
R<W�^�j+f�\<`<]n^ X R<\<[<`��
e�`QYnX&]
��^�j+fxW.X �wXQ^�T�oxTxZ&[LR<^�Y
R<W.[�^.`�oB[<XC`�W�T�TSY�T�ZCc1`�\<`�owR<c�c�W.X ��T�TwU.`�ZC\L_ s XQ^�R
W�RLm�`�[LR � u f�f���pL� R<\�T�ZCT�e�`�Z&[
��b.��]�R1�"R<c�W7b7[�c�T �-� Θ `�[�U.`�c7R��"RL[<X&]�_�RIY�T�RLm1RL[�j �
U.`�c7R��"R<^�R�^�R�W�T�Z�pr¡7p�f�f�p   �"e�XQW.XQ^�T7_ Θ `�[�^.`�Z�_�[�Z�_ic�\�^7b7[�W.XQ^�^.XQo �Q`�^.X �~j X
��YnX�\L]nT7_�^�T.X�\<[<`�W.`�oac1`1ekU.`�^.XQ^.[�j�ekT�^�T�ehR"]
��^.`�p � `�m<]�R<Z&[�T γ <∼ 1,4 T�e�XCXC[��
Z�_�f1`�W.`$�wXCX�Z&`���]�R<ZCT.X�p � m T�Z']�XQ^�^�j+f �Qc1ZCU.XQW�T�e�XQ^.[LRIfVU�W�T γ >∼ 1,55 Y�\<X�Z&[LR#�
��T.`�^�R<W�^�jrX%bQY
R<W�^�jrXd\<`<]n^�j�^.XSU.`I_�\L]�_.]nT�Z � X R<\<[<`1e�`CYnX&]
��^�j�oPU.`QY�f1`QY>[LR<c � X
�"R<U�W.X s RLXC[}T�ftZ'b s XQZ&[�\<`�\�R<^�T.X>U�W�T γ > 1,595 b ZQe�pkW�T�Z�pq¡7p ��X ¡7p�f�f�i�p � `�m��
]�R<Z&[�T 1,595 < γ <

√
3 \<`��"e�` � ^�j�Z&[LR���T.`�^�R<W�^�jrXVW.X �wXQ^�T7_�Z m T�Z']�`1e � �

m�`<]
�
�wXhY�\Lb1f p3�SR�W�T�Z�p3¡7p�f�w�U.`�c7R��"R<^�j�W�RIY�T�R"]
��^�jrX �"R<\�T�ZCT�e�`�Z&[�T m T�Z']�R � RIf�R
bIY
R<W�^.`�o,\<`<]n^�j M p��SRLm<] y Y
RLXC[�Z�_VZ'b s XQZ&[�\<XQ^�^.`�X�W�R��C]nT m T.X�U.`wZCW�R<\�^.XQ^�T y Z
R<\<[<`1e�`QYnX&]
��^�j�ekT>W.X �wXQ^�T7_nekTP\<`�\�^.X �B^.XQoG`�m<]�R<Z&[�T!�~j X c1`�[<`�W.`�XSb�e�XQ^	�
�KR#�
XC[�Z�_,U�W�T,U�W�T.m<]nT � XQ^�T�Tac �.XQ^.[�W7b1p � R<c1`�X�U.`�\<X'YnXQ^�T.X X U.`�� \�T�Y�T�e�`1e�b X \�j �I\�R<^.`
[<XIe XYm [<`�U�W�T7]nT�\�^.`�XV\��"R<T�e�`CYnXQo�Z&[�\�T.X,U�W�T U.`�Z&[�W.`�XQ^�T�TyR<\<[<`1e�`CYnX&]
��^�j+f�W.X��
� � �-.�����" � .�0 ��&���&�� .��-(%"���"� �0 ��&���
���
����-(�� 
)$%"%
���
���0 � (%�-$%�����
��&��� �"����%� ����&/�� %
����� �"��

γ = 5/3
.

�������������� �&�� � (%� �%
��#�-&�&���.������-��.������
γ = 3/2

.!$%.��������� �0 �/��&�$%�-(���� B ��2 � 2 � 2 � E 2
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#%$'&�(!U�( P�P�( �D5�1�$'&:$'\%G�&sB�$ H���>@5
Θ
G�B

γ
( �QE�>�G�X8965!;[>�$�u9'$*; � 5�1�B�G�\%GiZ�3 >���9'G�38/'3YX83:9'$'3bZ'>6;�Z�1�H.M � � W N =

2
RsCiE*H�9'A*B�$'/'965!; >�$'9'$*; � Z'>6; N = ∞ W�&:\�(Q/'$'&�( U�( ��Rs(-0/*H�kTA�G�\qE'G�A*5!�i5�9'2=/'3Y�:H`>��?B!5!B.2 E'GpZ@5�9'9'2�\hI'$'&s>�3:9�u9'2QM !:A�&:E'3:/'$'\%3`9*B.G�1'C@E'/'$�M�G`Z6;*78$�M�A�&YB!55�'$'G�965�/'9'G�\FH&:G�&YB�Gi;'9'$'�bCx5t�`1�3Y�YZ�G�I'A�G�~ � Z'>6; \%GiZ�3s>�3Y~DCfZ@5?>�3:A'$�MG�Bc&YB!55�'$'G�965�/'9'G��:GT&:G�&YB�Gi;'9'$*;jS �*P�P:V

#%$'&�(�U�( P?,�( �D5!1�$'&:$'\%G�&YB��cI'$'&s>@5 �t5?M�58HiZ@5�/'9'G�~J1�G!>�9'2G�B[/65?Z�$65?>���9'G�~lA�G�G�/.Z�$'965!B�20(��[$'9'$*;6\%$lE'G�A*5?�i5�9'2 5�1!uB�G�\%G`Z�3s>���9'2�3 /'3YX83:9'$*;

#%$'&�(DU�( P`)*( �D5�1�$'&:$'\%G�&YB��TL�3Y�`/65!�`\%3:/'9'G�~tB�3:\%E'3:/65!B�H*/'2
y = T/T

1�$'/
[T
1�$'/

= µGM1/(R r)]
G�B B�3:\%E655�A'A'/'3 �'$'$rZ'>6; Z�$'&:A�G�1=&q5�1�B�G�\%G`Z�3s>���9'2�\%$�HiZ@5�/'9'2Qu\%$c1�G!>�965�\%$lZ'>6;c/65!�Y>�$'I'9'2QMTE'G�A�5!�i5!B�3s>�3:~ 5?Z�$65�L.5!B�20(

�QE�>�G�X8965!;g>�$'9'$*; � &FH�I'3YB�G�\t/65?Z�$655�'$'G�9'9'2QM[E'G�B�3:/'�'CE*H�9'A*B�$'/'965!; � 5?Z�$65�L.5!B�$'I'3:&:A�5!;�5�A'A'/'3 �'$*;

�wXQ^�T�o>^.XSb m T.[�j�\�R"]�`�Z ��p� Y�T�\�T.[<X&]
��^�j�e X ^�R�U.XQW�\�j�ow\��I��]�_7Y X R<ZCU.XQc.[<`1e�\�j1�wXC`�U�T�ZQR<^�^�j+fxW.X"�Cb"]
���
[LRL[<`�\B_�\L]�_�XC[�Z�_a\<`��"e�` � ^.`�Z&[
��R<c�c�W.X ��T�Tam�X"�SW�RIY�T�R���T.`�^�^�j+fPU.`�[<XQW	��p � U�W.`��
[�T�\<`�U.`<]�` � ^.`�Z&[$�'�C[<`1e�bd\�W�R�ekc7RIfxZ&[LR<^�Y
R<W.[�^.`�oSY�T�ZCc1`�\<`�owR<c�c�W.X ��T�Tx\�Z�_%Y�T�Z5�
ZCT�U�T�W7b y�s R"_��Q^.XQW��CT7_�\�j�ZC\<X m T�\�RLXC[�Z�_vp � ZC\L_��IT�Z1�C[�T�e�W�R<ZCZQe�`�[�W�T�eyR<\<[<`1e�`��
YnX&]
��^�jrX%\<`<]n^�juZ�W�RIY�T�R���T.XQo b U p�¡7p¢w7p¢w�i�p7� R<\�T�ZCT�e�`�Z&[
�x[�XIe�U.XQW�RL[<b.W�ju`�[w[<XIe �
U�R�R<c�c�W.X ��T�Tu\�Z']�b m RLX��CT�Y�W.`�Z&[LRL[�T m XQZCc1`��&`�W�R<\�^.`�\<XQZCT7_l\ z � ^�R<U�W�R<\L]�XQ^�T�T
U.`�c7R��"R<^�RK^�R�W�T�Z�pG¡7p�f�c.pn�nYnXQZ �Bm�X"�IW�R��"e�XQW�^�j�oG[<XIekU�R<c�c�W.X ��T�T ṁ `�U�W.X'YnX&]�XQ^
Z']�X'Y�b y�s T�e�`�m�W�R��Q`1e �

ṁ = Ṁ/K, K = 4
√

π a c (γ − 1)

(

µ

R

)2

(GM1)
7/4k−1/2r−1/4, b ¡7p z ¡�i

��YnX a Z U.`�Z&[<`I_�^�^�R"_ T��C]�b m XQ^�T7_ � µ Z ZCW.X'Y�^7_._ e�`<]�_�W�^�R"_ ehR<ZCZQR �
k Z ^.XQU�W.`��IW�R m ^.`�Z&[
��p}� b s XQZ&[�\Lb�XC[ c�W�T.[�T m XQZCc1`�X �I^�R m XQ^�T.X�\<X&]nT m T�^�j
γ = γcrit '

√
6 − 1 ' 1,45 p��%W�T γ < γcrit [�XIe�U.XQW�RL[<b.W�R�Yn`�Z&[�T��'RLXC[}c�`�^.X m �

^.`�o,\<X&]nT m T�^�j X \d[<`w\�W.XIe�_�c7R<c�[<XIekUVR<c�c�W.X ��T�T,^.X�`��CW�R<^�T m XQ^ p � Z']�b m RLX�\�j �
Z&`�c1`��&`G[<XIekU�R>R<c�c�W.X ��T�T}[<X m XQ^�T.X,Z&[LR<^.`�\�T.[�Z�_�^�R<Z&[<`<]
��c1`>`�U.[�T m XQZCc�T ^.XQU�W.`��
�IW�R m ^�j�e X�m [<`xW�RIY�T�R���T.`�^�^�jrX�U.`�[<XQW�T�^.X�T��CW�R y [xW.`<]nT X T�W.X �wXQ^�T7_�R<ZCT�ekU.[<`��
[�T m XQZCc�TyZ&[�W.XIe�_�[�Z�_ycyRIY�T�RLm1RL[�T m XQZCc�T�e�W.X �wXQ^�T7_ne b �&`�W�T��Q`�^.[LR"]
��^�R"_�U7b.^�c��
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[�T�W�^�R"_ ]nT�^�T7_'i�p{�
]�X'Y�b�_ � u f�f�� X U.`�c7R � XIe XYm [<` α � e�`CYnX&]�_ne�U�W�T�Z'b s X,R<^�R"]�`��
�CT m ^.`�XxU.`�\<X'YnXQ^�T.X�p� W�R<\�^.XQ^�T.X b ¡7p�f z i X \�j�W�R � R y�s XCX�m1R"]�R<^�Z/�Q^.XQW��CT�T X �"R<U�T	�wXIe�Y�]�_,Z&[LR���T��
`�^�R<W�^.`��&`,Z']�b m R"_>\�\�T�YnX

σ T u
dS

dr
=

9

4
σ ν Ω2 − 4 a c T 4

3 σ k
. b ¡7p z�u i

��U.`1e�` s � y Z&`�`�[�^.`$�wXQ^�T�o Ṁ = −2πrσu X u = −3ν/(2r) T�ZCc7] y�m T�e σ T��b ¡7p z�u i
Ṁ 2

(

2

3
T r

dS

dr
+ Ω2r2

)

=
16 π2a c T 4

3 k
ν r2. b ¡7p z+� i

�kZ']nTBU�W.X'Y�U.`<]�` � T.[$� k = k0r
−1/2 X [<`%\<`��"e�` � ^�jtR<\<[<`1e�`QYnX&]
��^�j�X�W.X �wXQ^�T7_BZ

h ∝ r X p ∝ r−5/2 X ρ ∝ r−3/2 p�jd]�_BT�YnXIR"]
��^.`��&`��'R��"R X U�W�T�^�T�ehR"_K\<`�\�^�T�ehR<^�T.Xb ¡7p�f u i X �"R<U�T	�wXIe�b.W�R<\�^.XQ^�T.X%Y�]�_�\<X&]nT m T�^�j Ṁ �

Ṁ 2 [y (γ − 5/3) + γ − 1] =
32 π2

9

a c

k0

(

µ

R

)4

(GM1)
7/2α y5, b ¡7p z�z i

��YnX y = RT r/(µGM1) Z�`�[�^.`$�wXQ^�T.Xx[<XIekU.XQW�RL[Lb.W�j�Y�T�ZCc7R�c�\�T�W�T�R"]
��^.`�o
[<XIekU.XQW�RL[Lb.W.X�p�� b m XC[<`1e b ¡7p z ¡�i,Z&`�`�[�^.`$�wXQ^�T.X b ¡7p z�z iVe�` � ^.`tU.XQW.XQU�T�ZQRL[
��\
\�T�YnX

ṁ =

√
2 π α

3

y5/2

√

(γ − 5/3) y + γ − 1
. b ¡7p z |+i

� R<\�T�ZCT�e�`�Z&[�T y(ṁ) R<^�R"]�`��CT m ^�j Z']�b m R y Z}bIY
R<W�^�j�ekT \<`<]n^�R�ekT;Z ^�T � X
c�W�T.[�T m XQZCc1`�oP\<X&]nT m T�^�j γ [�XIe�U.XQW�RL[<b.W�RdY�T�ZCc7RwZ&[�W.XIekT.[�Z�_PcGZC\<`�XIe�bVR<ZCT�ekU��
[<`�[�T m XQZCc1`1e�b �I^�R m XQ^�T y p � U�W.X'YnX&]
��^.`1e�Z']�b m RLXVRIY�T�RLm1RL[�T m XQZCc�`�o�R<c�c�W.X ��T�Tb a→ 0 i�T�� b ¡7p z�z i�T�e�XCXIe

y =
γ − 1

5/3 − γ
. b ¡7p |��+i

  � b ¡7p |��+iKZ']�X'Y�b�XC[ XJm [<`iRIY�T�RLm1RL[�T m XQZCc7R"_lR<c�c�W.X ��T7_�\<`��"e�` � ^�R [<`<]
��c�` Y�]�_
γ < 5/3 phjd]�_ �I^�R m XQ^�T�o γ X m<]nT��Ic�T�fic�X'Y�T�^�T	�.X X [<XIekU.XQW�RL[Lb.W�R�Y�T�ZCc7R�ehR#�
]�R y � 1 p qSR<ci\�T�Y�T�e X Z'b s XQZ&[�\Lb�XC[}ehR<c�ZCT�ehR"]
��^.`�X �I^�R m XQ^�T.XPU.`�c7R��"RL[<X&]�_
RIY�T�RLm1RL[�j X ^�T � X�c1`�[<`�W.`��&`wR<c�c�W.X ��T7_Ve�` � XC[xT�Yn[�T,Z�U�W.`�T��I\<`<]
��^�j�e [<XIekU.`1erp� Z']�b m RLX γ > γcrit T�e�XCXC[�Z�_�ehR<c�ZCT�ehR"]
��^.`t\<`��"e�` � ^�j�o�[<XIekU�R<c�c�W.X ��T�T p
�(^�R m XQ^�T.X γcrit `�U�W.X'YnX&]�_�XC[�Z�_t\�jrm�`�W.`1e�e�`CYnX&]nT �~jVp � R�e�XC[�T�e X�m [<`�T�Y�]�_
Z)V%XQW�T m XQZCc1`�osR<c�c�W.X ��T�TsZ'b s XQZ&[�\Lb�XC[,c�W�T.[�T m XQZCc�`�X �I^�R m XQ^�T.XB\<X&]nT m T�^�j γ T
γcrit = 5/3

� c#f�c���p���`�Z']�X'Y�^.XCXGZC\L_��"R<^.`}Za[<XIe Xrm [<`��CW�R<\�T.[LR���T.`�^�^.`�X�U.`<]�XP\
`�m�`�T�f>Z']�b m R"_7fP`CY�T�^�R<c1`�\<`�X�p

�+`�\<XQW	�wXQ^�^.`x` m XQ\�T�Y�^.` Xxm [<`B`�m�Z'b � Y
RLXIekjrX �&YnXQZ �%bIY
R<W�^�jrX�\<`<]n^�jl\<XQZ ���
ehRdZ�f1`CY�^�jlZ�T��Cb m RLXIekj�ekT,\d[<XC`�W�T�TVZCU�T�W�R"]
��^.`�oVZ&[�W7b.c.[Lb.W�ju�'R"]�R<c.[�T�c p.~�R<Z5�
ZQe�`�[�W�T�e b \<`��"e�` � ^.`>Z']�RLm�j�oGi�T�Z&[<` m ^�T�c ^.XC`�Z&XQZCT�ehe�XC[�W�T m ^�j+f}\<`��"e�b s XQ^�T�o



��� � �1��� �1�+��-�-�� ��	����"����)����(�
��-��

\<` \�^.X �B^.XQo�`�m<]�R<Z&[�TyY�T�ZCc7R.p   e�e�` � XC[�_�\L]�_�[
��Z�_�^.XP[<`<]
��c1` \<[<`�W�R"_gc1`1e �
U.`�^.XQ^.[LR X ^.`lT X ^�R<U�W�T�e�XQW X c7R<c�R"_�� ]nT.m�`u^.X&b1Z&[<`�o m T�\<`�Z&[
��p � R<c1`�X�\<`��"e�b s X��
^�T.X�W�R<ZCU�W.`�Z&[�W�R<^7_�XC[�Z�_aU.`SY�T�ZCc7b X U�W�T�^�T�ehR"_aZCU�T�W�R"]
��^7b y V%`�W�e�b�m<]�R<�&`QY
R<W�_
Y�T�VWV%XQW.XQ^	��T�R"]
��^.`�Z&[�T}\�W�R s XQ^�T7_vp � `<]n^�j�\,[LR<c1`�o�ZCT.[Lb�R���T�T�U.XQW.XQ^.`�Z�_�[�b.�5�
]�`�\<`�oae�`1e�XQ^.[ X \��"R<T�e�`QYnXQo�Z&[�\Lb�_VZ�\<X s XQZ&[�\<`1esY�T�ZCc7R.pe�+["RwU�W.`�m<]�XIehR �BT�W.`�c�`
`�m�Z'b � Y
R"]�R<Z ��\�U�W�T7]�` � XQ^�T�T�c>�'R"]�R<c.[�T�c7R�e � u ¡ z#X�z �+w X�z ¡�c���p
�Y§�¦6§���° � ��´+����¯�®���� ��´#® ��¬G¹�¹���° 	�®��G­�­�µ�� �r®���¹Y¬��

�SR��I\�R<^�T.XwY
R<^�^.`��&`>W�R��&YnX&]�RaU�W.XC[<XQ^�Y�b�XC[�^�RGZ'b s XQZ&[�\<XQ^�^.`Gm�`<]
�
�wXCX�c1`��
]nT m XQZ&[�\<`SZ&[�W�R<^�T	� X�m XIesZ&`QYnXQW � T.[S\�Z�_ �C["R�c�^�T��'R.p+��`�ZCc1`<]
��c7bBR<c�c�W.X ��T.`�^�^�jrX
Y�T�ZCc�TWZ+�C[<`��'R��Q`�\�jrX�Y�T�ZCc�T X [<`�cx^�T�e>\�U.`<]n^.`�oxe�XQW.X `�[�^.`�Z�_�[�Z�_xW.X"�Cb"]
�I[LRL[�j X
c7R<ZQR y�s T.XQZ�_i\<`��"e�` � ^.`�Z&[�TtW�R��I\�T.[�T7_�\}��R��Q`�\�j+f�Y�T�ZCc7RIfi^.X&b1Z&[<`�o m T�\<`�Z&[<XQo X
W�R<ZCZQe�`�[�W.XQ^�^�j+f>\���]�p#d,TE��¡7p�f�p� X s XQZ&[�\<`�\ �~j�U�W.X'Y�Z&[LR<\L]�_�XC[�Z&`�m�`�oxU.`<]n^.`�Z&[
� y T7]nT m R<Z&[�T m ^.`%T.`�^�T��Q`��
\�R<^�^7b y U7]�R��"e�b1p � U7]�R��"e�X�e�` � XC[SZ'b s XQZ&[�\<`�\�RL[
��m�`<]
�
�w`�X m T�Z']�`S^.X&b1Z&[<`�o m T��
\�j+f�e�`QY � f�f�w X f�f�c�� X W�R��I\�T.[�T.X�c�`�[<`�W�j+f ��VWV%XQc.[�T�\�^.`x[Lb.W.m<bI]nT��Cb�XC[x\<X s XQZ&[�\<`�p� ` � ^.`�ZCc7R��"RL[
� X�m [<`�[Lb.W.m<bI]�XQ^.[�^�`�XdZ&`�Z&[<`I_�^�T.X�_�\L]�_�XC[�Z�_aXQZ&[<XQZ&[�\<XQ^�^�j�e Y�]�_
U7]�R��"ekjSp�qSR<cKU.`�c7R��Ij�\�R y [%`$�.XQ^�c�T X [LR<c�T.X�e�`QY�j�\%`�ZC^.`�\�^.`1e�e�X&]nc1`1ehR<Z �w[LRLm��
^�j�U.`KZCW�R<\�^.XQ^�T y Z�[<`<] s T�^.`�o,Y�T�ZCc7R.p���`xY�]�_GU.`�Z']�X'Yn`�\�RL[<X&]
��^.`��&`KW.X �wXQ^�T7_
U�W.`�m<]�XIekj�b1Z&[<`�o m T�\<`�Z&[�Ts^�R��BT�U�W.X'Y�Z&[LR<\L]�XQ^�T7_�`{VST��IT m XQZCc�T�f>b1Z']�`�\�T7_7f>^�R
�C[�T�f�ehR<Z �w[LRLm1RIf>^.X'Yn`�Z&[LRL[<` m ^�jSp·��` �C[<`�o � XwU�W�T m T�^.XKR<\<[<`1ehRL[�T m XQZCc�T�o�U.X��
W.XQ^.`�ZdYn`�Z&[�T � XQ^�T�o>VST��IT�c�T�U7]�R��"ekj�^�RVT��Cb m RLXIekjrX �&YnXQZ �aZCT�Z&[<XIekj�^.XxY
RLXC[
W.XIR"]nT�Z&[�T m ^.`�o�c7R<W.[�T�^�jSp� Y
R<^�^.`1elW�R��&YnX&]�XB\�Yn`�U.`<]n^.XQ^�T.XBc�b � XKW�R<ZCZQe�`�[�W.XQ^�^�j�el\�j1�wXwm<bIYnXIe
`�m�Z'b � Y
RL[
�}c�W7b.U�^.`1ehR<Z �w[LRLm�^�jrXP^.X&b1Z&[<`�o m T�\<`�Z&[�T X Y�]�_�c�`�[<`�W�j+fyYnXC[LR"]
��^.`�X
�I^�R<^�T.Xx\<XQW.[�T�c7R"]
��^.`�o�Z&[�W7b.c.[Lb.W�j�Y�T�ZCc1`�\�^.XxZ'b s XQZ&[�\<XQ^�^.`�p
�103/1054(0��%A���M'J":<O.N.D.=<:�M'J �B?.8 ��D.8 �.D.:<;.;�: 2 ��:��kD.;.D�? ����@BACO�:��LH�8LM'J"D

~�R<ZCZQe�`�[�W�T�e�Z&[LR<^�Y
R<W.[�^7b y e�`QYnX&]
��R<c�c�W.X ��T.`�^�^.`��&`GY�T�ZCc7R b α � e�`QYnX&]
� X
ZQerp��@¡7p�f�i�p � XIekU.XQW�RL[Lb.W�RS�'R��"R%\ �~j�W�R<Z&[<XC[xZ�U�W�T.m<]nT � XQ^�T.XIe�c,R<c�c�W.X ��T�W7b y �s XIe�b,`�m�¥vXQc.[Lb�pxjxXQo�Z&[�\�T.[<X&]
��^.` X T�Z�f1`QY�_GT��%m1R"]�R<^�ZQR �Q^.XQW��CT�T X \�j+YnX&]�_ y�s XQo��
Z�_}\�Z']�X'Y�Z&[�\�T.XBYnXQo�Z&[�\�T7_�\L_��Ic1`�Z&[�T b ¡7p�fQ|+i�Tsb.^.`�ZCT�e�`�o T��C]�b m XQ^�T.XIe b ¡7p¢w��+i�\
U�W�T.m<]nT � XQ^�T�T m XQW�^.`�[<X&]
��^.`��&`,T��C]�b m XQ^�T7_ X T�e�XCXIe

1

2
Wrϕr

dΩ

dr
=

3

8π
Ṁ
GM1

r3

[

1 −
√

r1
r

]

= σSBT
4, b ¡7p |#f�i

��YnX σSB Z U.`�Z&[<`I_�^�^�R"_��+[<X�VdR<^�R � �
`<]
�
��ehR<^�R � r1 Z \�^7b7[�W.XQ^�^7_�_��CW�R<^�T	��R
Y�T�ZCc7R.p   � b ¡7p |#f�irY�]�_ r � r1 ^�RIf1`QY�T�euW�RIY�T�R"]
��^.`�X�W�R<ZCU�W.X'YnX&]�XQ^�T.XB[<XIekU.X��
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W�RL[Lb.W�j
T =





3

8 π σSB

Ṁ GM1

r3





1/4

∝ r−3/4. b ¡7p |+w�i
� W.`�Z&[<`1e�[<XIekU.XQW�RL[Lb.W�j X \<`�� U.XQW�\�j+f X b.\<X&]nT m T�\�RLXC[�Z�_�\�c7]�RIY�Y
R<\L]�XQ^�T7_�T��"�
]�b m XQ^�T7_ Prad ∝ T 4 U.`uZCW�R<\�^.XQ^�T y Zi�'R��Q`�\�j�e�Y
R<\L]�XQ^�T.XIe Pgas

X T X \<`��
\<[<`�W�j+f X W.`<]
�a[<`1ekZ&`�^.`�\�ZCc1`��&`GW�R<ZCZ&X&_�^�T7_s^�RaZC\<`�m�`QY�^�j+f �&]�XQc.[�W.`�^�RIf�Z&[LR<^.`��
\�T.[�Z�_}`�U�W.X'YnX&]�_ y�s XQo p � U ph¡7p�f�p¢w,U�W�T�\<X'YnXQ^�j W.X �wXQ^�T7_�Y�]�_�[�W.X'f}`�m<]�R<Z&[<XQo �
�xg � Z prad � pgas

X kT � kff � � � � Z pgas � prad
X kT � kff � � � � Z

pgas � prad
X kff � kT p(��XC[�W7bQY�^.`�U.`<]�b m T.[
��\�j�W�R � XQ^�T7_VY�]�_P�CW�R<^�T	�Pe�X � �

Y�b �Q`�^�R�ekT � � |������
rab

3Rg
' 102 (αm)

2/21
(ṁ)

16/21
, b ¡7p |�c+i

rbc
3Rg

' 104 (ṁ)
2/3
. b ¡7p |3dSi

qSR<ct\�T�Y�T�e X \ Z']�b m RLX m XQW�^�j+fiY�j�WtTg^.XQo.[�W.`�^�^�j+f �I\<X"�&Y�Z&` Z']�RLm�j�e�ehR<�5�
^�T.[�^�j�e�U.`<]�XIeu\<`��"e�` � ^.`>^�R"]nT m T.X,W�RIY�T�R���T.`�^�^.`GYn`1ekT�^�T�W7b y�s XQo}`�m<]�R<Z&[�Tb r1 ' 3Rg <∼ r <∼ rab i�p� `�U�W.`�ZS`�m�b1Z&[<`�o m T�\<`�Z&[�TPY�T�ZCc1`�\<`�o�R<c�c�W.X ��T�T�^�R m XQW�^7b y Y�j�W7b��I\<X"�&Y	�
^.`�o�ehR<ZCZCj�m�j�]}\�U.XQW�\�jrXBU.`�Z&[LR<\L]�XQ^�\aW�RLm�`�[LRIf � ¡ z � X ¡ z f���p���`QY�W.`�m�^�j�o�R<^�R#�
]nT��wb1Z&[<`�o m T�\<`�Z&[�T�`�[�^.`�ZCT.[<X&]
��^.`a`�Z&XQZCT�ehe�XC[�W�T m ^�j+f�\<`��"e�b s XQ^�T�o�ZSb m XC[<`1e
Y
R<\L]�XQ^�T7_aT��C]�b m XQ^�T7_am�j�]PU�W.`�\<X'YnXQ^G��R<c7b.W.`�oaTP� y ^7_�XQ\�j�e � � |#f���p � U.`�Z']�X��
Y�b y�s T�fGW�RLm�`�[LRIfGW�R<ZCZQehRL[�W�T�\�R"]nT�Z � �7Z&[LRLm�T7]nT��IT�W7b y�s XCXS\L]nT7_�^�T.X!��VWV%XQc.[<`�\
`�m s XQoy[<XC`�W�T�T�`�[�^.`�ZCT.[<X&]
��^.`�Z&[�T � w�w z � X `�m s T.XGU.`<]nT.[�W.`�U�^�jrX�e�`QYnX&]nT � c�c+¡#� X
^.XC`�Z&XQZCT�ehe�XC[�W�T m ^�jrXw\<`��"e�b s XQ^�T7_ � u f � � X b m T.[�j�\�R"]nT�Z ���I\Lb.c1`�\�jrXwT.�QU�T	��T�c��
]nT m XQZCc�T.Xxc1`<]�XCm1R<^�T7_ � w��+¡#��p

�%W.X � YnX m XIe�U.XQW.X'f1`QY�T.[
�%c�T��Cb m XQ^�T y Y�T�ZCU.XQW�ZCT.`�^�^�j+f�ZC\<`�o�Z&[�\%\L_��Ic1`��&`
Y�T�ZCc7RGZ�T��C]�b m XQ^�T.XIe X �"R�e�XC[�T�e X.m [<`�\PZ']�b m RLX p � 	 � � p  	 ] Y�T�^�R�ekT m XQZCc7R"_
\L_��Ic1`�Z&[
��\�Z&[LR���T.`�^�R<W�^.`1egZ&`�Z&[<`I_�^�T�TP\�j�W�R � RLXC[�Z�_ m XQW.X"�xc1`1e�m�T�^�R���T y c1`�^��
Z&[LR<^.[IpojxXQo�Z&[�\�T.[<X&]
��^.` X U�W�T�W�R<\�^�T�\�R"_ b ¡7p�fQ|+iVT b ¡7p¢w��+iaT�T�ZCU.`<]
���Cb�_ b ¡7p�f��+i Xb ¡7p¢w�f�i Y�]�_ p = prad

X U.`<]�b m T�e
ν σ

2h
= 3,5 · 1010C2 � �3` · ZQe ' (1 ÷ 3,5 · 1010) � �3` · ZQe . b ¡7p |+¡�i� W7bIY�^.` ` � T�Y
RL[$� Xtm [<` �I^�R m XQ^�T.X�[Lb.W.m<bI]�XQ^.[�^�`�o�\L_��Ic1`�Z&[�T�\ 
	�~� � � Y�T�Z5�

c1X,m<bIYnXC[�`�U�W.X'YnX&]�_�[
��Z�_ b ¡7p |+¡�i�p � � X �C[<`.�"R<Z&[LR<\L]�_�XC[�U.`QYn`��IW.XQ\�RL[
��\<`��"e�` � �
^.`�Z&[
��W�R��I\�T.[�T7_g[<XQU7]�`�\<`�o�^.X&b1Z&[<`�o m T�\<`�Z&[�T X `�m<b1Z']�`�\L]�XQ^�^.`�og^.XQW�R<\<XQ^�Z&[�\<`1e
Fν 6= Frad p

�%�CW�R<^�T m T�ekZ�_ W�R<ZCZQe�`�[�W.XQ^�T.XIe `�Z&XQZCT�ehe�XC[�W�T m ^�j+f \<`��"e�b s XQ^�T�o
∝ exp{−iωt + ikr} p�jd]�_ \<`��"e�b s XQ^�T�o h � 1/k � r m<bIYnXIe�`�Z&["R<\L]�_�[
��\
]nT�^.XIR<W�T��Q`�\�R<^�^�j+f�b.W�R<\�^.XQ^�T7_7f>]nT	� � m ]�XQ^�j ∝ (kh)2 T�U�W.XQ^.XCm�W.X � XIe m ]�X��
^�R�ekT�U.`�W�_7Y�c7R (h/r)2 T kh2/r p�jd]�_>`�Z&XQZCT�ehe�XC[�W�T m ^�j+f�\<`��"e�b s XQ^�T�oaY�T�ZCc
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`�Z&[LRLXC[�Z�_�c1XQU7]�XQW.`�\�ZCc�T�e}Z�[<` m ^.`�Z&[
� y Yn` (h/r)2 X kh2/r T X Z']�X'Yn`�\�RL[<X&]
��^.` X Z
b m XC[<`1e��"R<c1`�^�Rd\L_	�Ic�`�Z&[�T b ¡7p�f u ihe�` � ^.`K\<`�ZCU.`<]
���Q`�\�RL[
��Z�_�b.W�R<\�^.XQ^�T.XIe b ¡7p�f�¡�i
Z Ṁe ≡ D ≡ 0 �

∂σ

∂t
= 2α

∂

r∂r

(√
r
∂

∂r

(

Ωh2σ
√
r
)

)

. b ¡7p | u i
�%W.X'Y�Z&[LR<\�T�e
V�b.^�c	��T�T σ(r, t) T h(r, t) \�\�T�YnX

σ = σ0(r)[1 + Σ(r, t)], h = h0(r) [1 +H(r, t)] , b ¡7p | � i
��YnX Σ T H ehR"]njSp'��`�Z']�X%]nT�^.XIR<W�T��"R���T�T>T�e�XCXIe

∂Σ

∂t
= 2αΩh2

0

∂2

∂r2
(Σ + 2H) . b ¡7p | z i

� `�ZCU.`<]
���Cb�XIekZ�_Vb.W�R<\�^.XQ^�T.XIe�m1R"]�R<^�ZQR �Q^.XQW��CT�T>\�V%`�W�e�X b Z�� p�Z b d�p�f�w�i_i
d

dt

(

ε

ρ

)

=
P
ρ2

dρ

dt
+ q+ − q−, b ¡7p |�|+i

��YnX�b m T.[�j�\�RLXC[�Z�_aW�RLm�`�[LRxZCT7],Y
R<\L]�XQ^�T7_ X Y�T�ZCZCT�U�R���T7_ q+ TVT��C]�b m XQ^�T.X q− X R
d/dt = ∂/∂t+u∂/∂r+w∂/∂z p � ek^.` � T�e b ¡7p |�|+i�^�R ρ dz TKU�W.`�T�^.[<XQ�CW�T�W7b�XIe
U.`�\�Z&XIe�b�Y�T�ZCc7b X U�W.X'Y�U.`<]�R<�'R"_S`QY�^.`�W.`QY�^.`�Z&[
��W�R<Z �BT�W.XQ^�T7_xT7]nTdZ � RL[�T7_SY�T�ZCc�R
\"Yn`<]
��`�ZCT z �

∂

∂t
(Eh) + P

dh

dt
+

∂

r ∂r
(E + P )uh r − u

∂

∂r
(Ph) = Fν − Frad , b ¡7p�f����+i

��YnX P (r, t) T E(r, t) Z Z��.X'Y�^�T.X U.` z � c1`�` ��Y�T�^�RL[<X�Z&`�`�[�\<XC[�Z&[�\<XQ^�^.`iY
R<\��
]�XQ^�T.X>T�\�^7b7[ �.XQ^�^7_._&�Q^.X ���CT7_ b p(r, t) =

∫ P dz = 2hP Z U.`�\<X ��f�^.`�Z&[�^.`�X
Y
R<\L]�XQ^�T.X:i�p � ��R<\�^.XQ^�T.X b ¡7p�f����+ir_�\L]�_�XC[�Z�_s`�m�`�m s XQ^�T.XIe b d�p�f�c+i�Zwb m XC[<`1egY�T�Z5�
ZCT�U�RL[�T�\�^�j+f ��VWV%XQc.[<`�\%Y�]�_�`�Z&XQZCT�ehe�XC[ ��T m ^.`�o,e�`QYnX&]nT p���R��7_7Y�b�Z��'R��Q`QY�T�^�R#�
ekT m XQZCc�T�e�Y
R<\L]�XQ^�T.XIeim<bIYnXIeib m T.[�j�\�RL[
��Y
R<\L]�XQ^�T.XdT��C]�b m XQ^�T7_ � |����

E =
Pgas

γ − 1
+ 3Prad =

1 + β (3γ − 4)

γ − 1
P , b ¡7p�f��#f�i

��YnX>c1`
��VWVST	��T.XQ^.[ β = Prad/P b P = Prad + Pgas ixf7R���R<c.[<X ��T��Cb�XC[}Yn`<] y
T��C]�b m XQ^�T7_a\wU.`<]n^.`1e Y
R<\L]�XQ^�T�T � γ Z�`�m�¥vXIek^�jroVU.`�c7R��"RL[<X&]
�KRIY�T�RLm1RL[�jSp   Z5�
U.`<]
���Cb�_�b���R<\�^.XQ^�T.XK^.XQU��.X ��j�\�^.`�Z&[�T b d�p � i X b ¡7p�f��#f�i�TsZC\L_��#� p ∝ Ω2σh2 b ZQerpb d�p u i_i X �"R<U�T	�wXIeGb���R<\�^.XQ^�T.X b ¡7p�f����+i
`�[�^.`�ZCT.[<X&]
��^.`%U.`�\<X ��f�^.`�Z&[�^.`��&`�Y
R<\L]�XQ^�T7_
∂pgas

∂t
+ γspgas

∂ru

r∂r
+ u

∂pgas

∂r
+ 7

γ − 1

γ + 1

{

∂prad

∂t
+

9

7
prad

∂ru

r∂r
+ u

∂prad

∂r

}

=

= 4
γ − 1

γ + 1

[

Fν − Frad +
pu

2Ω

dΩ

dr

]

, b ¡7p�f��+w�i
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β0 = prad/p

(�	0/'$
β0 < 3/5\%G`Z�3s>��lZ�$'&:A�5lH.&YB�G�~'I'$'1�5KW

Imω < 0
R

��YnXP\<X&]nT m T�^�R γs `�U��.X'YnX&]�_�XC[�Z�_ b d�p�f u i�p   ZCc7] y�m R"_yY
R<\L]�XQ^�T.X>U���TtU.`1e�` s Tb ¡7p�f��+i+T>Z�b m XC[<`1et\�j ��R � XQ^�T�oGY�]�_ Fν
X Frad

X U.`�Z']�X%]nT�^.XIR���T��"R���T�TPb���R<\�^.X��
^�T.X b ¡7p�f��+w�i�ZC\<`CY�T�e�Y�]�_�Z']�b m R"_ γ = 5/3 c>\�T�Y�b

(8 + 51 β0 − 3 β2
0)
∂H

∂t
+ 3 (4 β2

0 + 3 β0 + 1)
∂Σ

∂t
= b ¡7p�f���c+i

=
2

3
(9 β2

0 + 18 β0 + 5)αΩh2
0

∂2

∂r2
(Σ + 2H) + 6αΩ [(1 + β0) Σ + (5β0 − 3)H],

��YnXsU�R<W�R�e�XC[�W β0 Z&`�`�[�\<XC[�Z&[�\Lb�XC[i^.XQ\<`��"e�b s XQ^�^.`1e�bgZ&`�Z&[<`I_�^�T y p � W�R�ekc7RIf
U�W�T.m<]nT � XQ^�T7_ h� 1/k � r T s XIe W.X �wXQ^�T.X�ZCT�Z&[<XIekj b ¡7p | z i X b ¡7p�f���c+i�\d\�T�YnX
Σ, H ∝ exp{−iωt + ikr} X.m [<`>U�W�T�\<`QY�T.[>c}Z']�X'Y�b y�s XIe�bPY�T�ZCU.XQW�ZCT.`�^�^.`1e�b
b.W�R<\�^.XQ^�T y � �

�

(8 + 51 β0 − 3 β2
0)

(

ω

αΩ

)2

+ i[2 (4 + 23 β0 − 3 β2
0)(k h0)

2 +

+ 6 (3 − 5 β0)]

(

ω

αΩ

)

− 4 (5 − 3 β0)(k h0)
2 = 0 . b ¡7p�f��3dSi

~�X �wXQ^�T.X�b.W�R<\�^.XQ^�T7_ b ¡7p�f��3dSi%^.X,U�W.X'Y�Z&[LR<\L]�_�XC[�[�W7bIY
R X T�^�R>W�T�Z�p�¡7p�f�d�U.`�c�R#�
�"R<^�j �"R<\�T�ZCT�e�`�Z&[�T ω(k) U�W�TsW�R��I^�j+f �I^�R m XQ^�T7_7f β0 p(jd]�_�^.X&b1Z&[<`�o m T�\<`�Z&[�T� � � (ω) > 0 �{^.XC`�mQf1`QY�T�e�`

1

3
(4 + 23 β0 − 3 β2

0)(k h0)
2 < 5 β0 − 3 .

�%W�T β0 < 3/5 b1Z&[<`�o m T�\�j \<`��"e�b s XQ^�T7_�ZS] y m�j�e kh0 p � Z']�b m RLX β0 > 3/5

^.X&b1Z&[<`�o m T�\�j \<`<]n^�j Z k < kcrit p � c1`�W.`�[�c1`�\<`<]n^.`�\<`�o�`�m<]�R<Z&[�T kcrit <

k < k0(β0) T�e�XCXC[�Z�_ [<`<]
��c1`�`QY�^�R ^.X&b�Z&[<`�o m T�\�R"_ e�`QY
R X Y�]�_�c1`�[<`�W.`�o
Re(ω) 6= 0 X [<` XQZ&[
� \<`��"e�b s XQ^�T7_�T�e�X y [ \�T�Y�m�XQ�'b s T�fiU.`�Y�T�ZCc7b�c1`�^	�.XQ^��
[�W�T m XQZCc�T�f}\<`<]n^ p � Z']�b m RLX k < k0 ^�RLm<] y Y
RLXIegY�\<X�^.X&b1Z&[<`�o m T�\�jrX�\<XC[�c�T}Z
Re(ω) ≡ 0 X(m [<`,Z&`�`�[�\<XC[�Z&[�\Lb�XC[VZ&[<`Q_ m T�et\<`<]n^�R�erp � U�W.X'YnX&]�X%Y�]nT�^�^�j+f�\<`<]n^
Y�]�_�T�^�c�W.XIe�XQ^.[<`�\,U.`<]�b m RLXIetT�� b ¡7p�f��3dSi�Z']�X'Y�b y�s T.XxR<ZCT�ekU.[<`�[�T�c�T �

� � (ωT ) ' 6 (5β0 − 3)

8 + 51β0 − 3β2
0

αΩ ,

� ��� � ��&�(%��	 "��1�%
��-(%"���"�� . ��"%� (%&�.�0 � � & � � � "�'�"��� ��)
 �!� �%
��� �0 � 
�.���&���&�. �-.�����
� �0 �-& ����&��-&���&�� ���-���-$ :
 ��� �"�� ��&

z
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���� "%� ��& $% �0 � � �%
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� � (ωD) ' 2 (5 − 3β0)

3 (5β0 − 3)
(k h0)

2αΩ +O





k h2

r



 . b ¡7p�f��+¡�i
*BT��IT�c7R��C[�T�fs^.X&b1Z&[<`�o m T�\<`�Z&[<XQo�W�R��C]nT m ^�R.p   ZCU.`<]
���Cb<_�ZC\L_��#�Ve�X � Y�b�\<`��"e�b �s XQ^�T7_nekT Σ T H X \�jr[<XQc7R y�s b y T�� b ¡7p�f���c+i X TlY�T�ZCU.XQW�ZCT.`�^�^.`�X b.W�R<\�^.XQ^�T.Xb ¡7p�f��3dSi X e�` � ^.`G^�R<o.[�T X'm [<`G^�R�^�T � ^.XQos\<XC[�\�TPY�]�_�m�`<]
�
�BT�fPY�]nT�^�\<`<]n^�\�j �
U.`<]n^7_�XC[�Z�_ Σ = −H X [<`SXQZ&[
�%\L_��Ic1`�Z&[
��^.X�\<`��"e�b s RLXC[�Z�_ � η̃=(Σ+H) η0 ' 0 ��p
��X&b1Z&[<`�o m T�\<`�Z&[
��^�R��Ij�\�R y [KY�T�^�R�ekT m XQZCc1`�o>T7]nT�\L_��Ic1`�o p

jd]�_KY�W7b.�&`�o�^.X&b1Z&[<`�o m T�\<`�o,\<XC[�\�T,T�^�c�W.XIe�XQ^.[ Im(ωT ) ^�R<W�R<Z&[LRLXC[xZrb.\<X��
]nT m XQ^�T.XIeuY�]nT�^�j \<`<]n^�j T�U�R<W�R�e�XC[�W�R β0 p��%W�T β0 = 1 T�e�XCXIe Im(ωT ) '
0,2αΩ p � U�W.X'YnX&]�X k h0 � 1 ^.XC[�W7bIY�^.`%U.`<]�b m T.[
��`$�.XQ^�c7b Σ/H � 1 p � R<c�T�e
`�m�W�R��Q`1e X \<XQW�f�^7_._>\<XC[�\
��`�U�T�ZCj�\�RLXC[�[<XQU7]�`�\Lb y ^.X&b1Z&[<`�o m T�\<`�Z&[
��p  ZCZ']�X'Yn`�\�R<^�T.XGe�`QY�T�VST	��T�W.`�\�R<^�^�j+f α � e�`QYnX&]�XQo X \sc1`�[<`�W�j+f�\L_��Ic1`�Z&[
�
U�W.`�U.`�W	��T.`�^�R"]
��^�R�^.XVU.`<]n^.`1e�b�Y
R<\L]�XQ^�T ytX R>�'R��Q`�\<`1e�b � � �

Wrϕ = −α (1 −
β) 2hP X ZCW p<Z b ¡7p u i � X �&`�\<`�W�T.[�`�mST�fwb1Z&[<`�o m T�\<`�Z&[�T�cB`�Z&XQZCT�ehe�XC[�W�T m ^�j�e�\<`��"�
e�b s XQ^�T7_ne�Y
R � Xw\,W�RIY�T�R���T.`�^�^.`�Yn`1ekT�^�T�W7b y�s XQo�`�m<]�R<Z&[�T p���^�R"]nT�� X U�W.`�\<X��
YnXQ^�^�j�oa\ � w���|�� X U.`�c7R��"R"] XSm [<`�c�W�T.[<XQW�T�oVb1Z&[<`�o m T�\<`�Z&[�T,Y�]�_a[<XQU7]�`�\<`�oGTV\L_��"�
c1`�o>e�`CY�j β < βcrit = 3/5

� � |#f�� ZCU�W�R<\<X'Y�]nT�\B[<`<]
��c1`,U�W�T ∆h = 0 X ∆σ = 0 X
δh = 2 X δσ = 0 b ZQerp�U p.¡7p�c.p u i�p(q%W�T.[�T m XQZCc1`�X �I^�R m XQ^�T.X βcrit \V`�m s XIelZ']�b �m RLX �"R<\�T�ZCT.[s`�[ �I^�R m XQ^�T�oyb.c�R��"R<^�^�j+fiU�R<W�R�e�XC[�W.`�\�p � XQU7]�`�\�R"_te�`QY
R�e�` � XC[
m�jr[
��^.X&b1Z&[<`�o m T�\<`�oGTP\BZ']�b m RLXSU�W.XC`�m<]�RIY
R<^�T7_P�'R��Q`�\<`��&`dY
R<\L]�XQ^�T7_ b β = 0 i X
\ m R<Z&[�^.`�Z&[�T X \,e�`QYnX&]nTP`�U.[�T m XQZCc�T>[<`�^�c1`��&` �~jVp� ��R�ekc7RIf>`QY�^.` �.`QY�^.`�o���R<\�^.`�\<XQZC^.`�o�e�`QYnX&]nTGY�T�ZCU.X ��ZCT.`�^�^�jrXBZC\<`�o�Z&[�\�R
^.XC`�Z&XQZCT�ehe�XC[ ��T m ^�j+f b ∝ exp{−iωt + ikr + imϕ} iS\<`��"e�b s XQ^�T�o `�U�T�ZCj�\�R#�y [�Z�_�b���R<\�^.XQ^�T.XIe b ¡7p�f�� u iSU.`�Z']�X��"R�e�XQ^�j ω ^�R ω − mΩ p � R<c�T�e�`�m ��R��Q`1e X
T�^�c��.XIe�XQ^.[�j ��R<ZCZQe�`�[ �.XQ^�^�j+f�^.X&b�Z&[<`�o m T�\<`�Z&[<XQo�^.Xwe�XQ^7_ y [�Z�_vp

� 
 ��
 ��� � � �	� g���g � - 

�}g ) � g��Og � �kp � �"R<c7] y�m XQ^�T.XxU.`<]�b m T�eg\�j ��R � XQ^�T.X
Y�]�_ ��VWV%XQc.[�T�\�^.`��&`�U7]�`�ZCc1`��&`KU.`�c7R��"RL[<X&]�_>RIY�T�RLm1RL[�j γs Z�b m XC[<`1eyY
R<\L]�XQ^�T7_
T��C]�b m XQ^�T7_ b ZQerpQU p�d�p�f�p�f�i � w��3d���p � U��.X'YnX&]
��^.`1e�Z']�b m RLX prad � pgas b���R<\�^.XQ^�T.Xb ¡7p�f��+w�irU���T�\<`CY�T.[ac�Z&`�`�[�^.`$�wXQ^�T y b d�p�f u i�p � `�m ��RL[�^.`1e�U��.X'YnX&]�X prad � pgas

T�� ��R<\<XQ^�Z&[�\�Ri^7bI] y VST��'b���^.`�o�ZCc1`�m�c�Tu\ b ¡7p�f��+w�i,Z']�X'Y�b�XC[ γs = 9/7 p���`��
ZCc1`<]
��c7blY�]�_�T��C]�b m XQ^�T7_ γ = 4/3 X [<`�ZCU���R<\<X'Y�]nT�\<`�o�`�Z&[LRLXC[�Z�_ÇV%` ��e�b"]�Rb d�p�f u i�p�� ��T U��.`�T��I\<`<]
��^.`1e,�I^�R m XQ^�T�T U�R���R�e�XC[ ��R β \�j ��R � XQ^�T.X�Y�]�_yU7]�`�Z5�
c1`��&`wU.`�c7R��"RL[<X&]�_aRIY�T�RLm1RL[�jue�` � ^.`BU.`<]�b m T.[
� X ��R<ZCZQehRL[ ��T�\�R"_�Y�T�^�R�ekT�c7bVehR#�
]nj+fg`�Z&XQZCT�ehe�XC[ ��T m ^�j+f�\<`��"e�b s XQ^�T�ot^�RUV%`�^.X���R<\�^.`�\<XQZC^.`��&`�`CY�^.` �.`QY�^.`��&`
Z&`�Z&[<`I_�^�T7_ m�X"��b m XC[LRaY�T�ZCZCT�U�R���T�TyT�ZQR�e�`�����R<\�T.["R���T�T p � c1` �.`�[�c�`�\<`<]n^.`�\<`1e
U���T.m<]nT � XQ^�T�TKb���R<\�^.XQ^�T7_ b ¡7p�f��+w�i X b d�p � i X b d�p�f��+i{U���T�\<`QY�_�[ScxY�T�ZCU.X ��ZCT.`�^�^.`1e�b
� � � 
������ .���� � &��-���  %
���01.�
����/�,
 C� �"��� �&�*�2 � ��&+�-.�����
� �& � ����� ������&/��� ����� (%�� ��� �&�� $%"� %
���&�C��� �����"���� :

��� �,
 C� �"��� �&�����&�(%� ~B = (Br, Bϕ)
������"������

Br/Bϕ '
√

h/r
" �,
 C� �"��� �&�� $ 
�.�(%�� �"��

Pm = B2
ϕ/8π�-�%
�.� �"%��& �+C-
���&�.�0 � 2
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Z&`�`�[�^.`$�wXQ^�T y Y�]�_��I\Lb.c1`�\�j+f>\<`<]n^ ω2 = γsp0k
2/σ0 Z

γs = 1 + 2
a3 − a1

a2
, b ¡7p�f�� u i

��YnX a1 = 1 + 3β + 4(3γ − 4)β2 � a2 = (1 + 3β)(1 + γ) + β(3γ − 4)(9 − β) �
a3 = (1 + 3β)(β(3 γ − 4) + γ)

� w��+¡#��p �
`�`�[�^.`$�wXQ^�T.X b ¡7p�f�� u i�Z&`�`�[�\<XC[�Z&[�\Lb �
XC[PZ&["R<^�Y
R��.[�^.`1e�b�`�U��.X'YnX&]�XQ^�T y γs = (∂ ln p/∂ ln σ)s Zwb m XC[<`1e�U.`�Z']�X'Y�^.XQ�&`
Z']�R<�'RLXIe�`��&`xZCU�W�R<\�Rd\ b ¡7p�f��+w�i�p�� ��T γ > 4/3 b m XC[dY
R<\L]�XQ^�T7_aT��C]�b m XQ^�T7_aU���T��
\<`QY�T.[wcae�`�^.`�[<`�^�^.`1e�b�b�e�XQ^	�
�wXQ^�T y \<X&]nT m T�^�j γs p�� ��T γ ≤ 4/3 \�j�U.`<]n^7_��
XC[�Z�_Sb1Z']�`�\�T.X γ ≤ 9/7 X `QY�^�R<c1` �"R<\�T�ZCT�e�`�Z&[
� γs(β) ^.X+e�`�^.`�[<`�^�^�R�Z�T�e�XCXC[�Z�_
ekT�^�T�e�b�erpf�+[<`�[ �.X"�CbI]
�I[LRL[KU.`Qf1` � ^�RwT��I\<XQZ&[�^�j�o ��VWV%XQc.[xY�]�_GU7b��Ij �	��c1`�\<`�o� T�Y�c1`�Z&[�T X \�c1`�[<` �.`�o�ZCc1` �.`�Z&[
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Z&`�Z&[<`I_�^�T7_>T�YnXIR"]
��^.`��&`,�'R��"RKT �"R<c1`�^.`1e�Z&`Qf�W�R<^.XQ^�T7_��Q^.[�W.`�U�T�T p

�%W.`�\<X'YnXIe�U�W.`$�.X'Y�b.W7bg]nT�^.XIR<W�T��"R���T�TlZCT�Z&[<XIekj b.W�R<\�^.XQ^�T�o X U�W.X'Y�Z&[LR<\��
]�_._>c7R � Y�b y \<X&]nT m T�^7bP\�W�R�ekc7RIf � q � � U�W�T.m<]nT � XQ^�T7_�\"Yn`<]
� r X \�\�T�YnX

f(r, ϕ, z, t) = f0(r, z) + f̃(r, ϕ, z, t) ,

f̃ = f̂(z) · exp {−iωt+ ikrr + imϕ} . b ¡7p�f�f��+i� m XC[xW�RIY�T�R"]
��^.`�o��"R<\�T�ZCT�e�`�Z&[�TKb�W�R<\�^.`�\<XQZC^�j+f�U�R<W�R�e�XC[�W.`�\x^.XC`�mQf1`CY�T�esY�]�_
c1`�W�W.XQc.[�^.`��&`�W�R<ZCZQe�`�[�W.XQ^�T7_ ��VWV%XQc.[<`�\u\�W�R s XQ^�T7_ X `�m<b1Z']�`�\L]�XQ^�^�j+f ZCT7]�`�o
q�`�W�T.`<]nT�ZQR.p'�%�CW�R<^�T m T�ekZ�_�Z']�b m RLXIe ~v0 = {0, v0 = rΩ, 0} X ~B0 = {B0, 0, 0} Xm [<`VU�W�T�\<`QY�T.[,cPb1Z']�`�\�T7_ne�W�R<\�^.`�\<XQZCT7_

∂

∂z



P0 +
B2

0

8π



 = −%0 g ,
%0 v

2
0

r
=
∂P0

∂r
+ %0

∂Ψ

∂r
, b ¡7p�f�f�f�i

��YnX g = ∂Ψ/∂z p�� R<U�T	�wXIe�\<XQW.[�T�c7R"]
��^.`�X�ZQe�X s XQ^�T.X ξ m XQW.X"� z � c1`1ekU.`�^.XQ^.[Lb
ZCc1`�W.`�Z&[�T
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w = w̃ =
dξ

dt
=
∂ξ

∂t
+ Ω

∂ξ

∂ϕ
= −iω̂ ξ , b ¡7p�f�f�w�i

��YnX ω̂ = ω−mΩ p   ZCc7] y�m R"_B\<`��"e�b s XQ^�T7_BZCc1`�W.`�Z&[�T ũ X ṽ X ehR<�C^�T.[�^.`��&`%U.`<]�_
B̃r
X B̃ϕ

X B̃z T�U7]�`�[�^.`�Z&[�T %̃ X U.`<]�b m RLXIe�]nT�^.XQo�^7b y ZCT�Z&[<XIe�bPb.W�R<\�^.XQ^�T�o�`�[��
^.`�ZCT.[<X&]
��^.`d\<XQW.[�T�c7R"]
��^.`��&`dZQe�X s XQ^�T7_ ξ̂ T�\<X&]nT m T�^�j Ĵ = P̂+

~B0
~̂B

4π
b T�e�XCXC[

ZQekj�Z']�U.`<]n^.`��&`,\<`��"e�b s XQ^�^.`��&`BY
R<\L]�XQ^�T7_>Z%b m XC[<`1egehR<�C^�T.[�^.`��&`�Y
R<\L]�XQ^�T7_'i��
dĴ

dz
= %0







ω̂2
A +

g

%0

∂%0

∂z
+

g2

c2s + V 2
A



1 − Ω2
MM

2
A

ω̂2
Ω











·ξ̂− g

1 +M 2
A







1 +
Ω2

M

ω̂2
Ω







· Ĵ
c2s
,

b ¡7p�f�f�c+i
dξ̂

dz
=

g/c2s
1 +M 2

A

{

1 +
Ω2

M

ω̂2
∂e

}

·ξ̂ +
Ĵ

%0ω̂2
A

·






k2 − ω̂4 − ω̂2
∂e2k2c2s(1 +M 2

A)/ω̂2
A

(c2s + V 2
A) · ω̂2

Ω







,

b ¡7p�f�f�dSi
��YnX+\�\<X'YnXQ^�jy`�m�`��I^�R m XQ^�T7_ k2 = k2

r +k
2
ϕ
X c2s = γ

P0

%0

X VA =
B0√
4π%0

Z�R"]
�:VS\<X��
^.`�\�ZCc7R"_�ZCc�`�W.`�Z&[
� X ΩA = ( ~B0

~k)/
√

4π%0
X MA = VA/cs

X Ω2
M = Ω2

A/(1+ M 2
A) X

ω̂2
A = ω̂2−Ω2

A
X ω̂2

Ω = ω̂2− ∂e2ω̂2

ω̂2 − Ω2
A

−Ω2
M
X ω̂2

∂e = ω̂2− ∂e2ω̂2

ω̂2 − ∂e2
−Ω2

M p<��T�Z&[<X��
ehRdb.W�R<\�^.XQ^�T�oGZCU�W�R<\<X'Y�]nT�\�RSY�]�_PU�W.`�T��I\<`<]
��^�j+f �"R<\�T�ZCT�e�`�Z&[<XQo v0(z)

X g(z) X
B0(z)

X %0(z)
X U�W�T m XIe v0(z)

X B0(z) T %0(z) e�`��'b7[Bm�jr[
�KW�R��IW�j�\�^�j�ekTPU�W�T
\�j�U.`<]n^.XQ^�T�T b ¡7p�f�f�f�i�p

jx`�U.`<]n^�T�egZCT�Z&[<XIe�bGb.W�R<\�^.XQ^�T�o b ¡7p�f�f�c+i X b ¡7p�f�f�dSi��CW�R<^�T m ^�j�ekT>b1Z']�`�\�T7_��
ekT�\>[<` m c1X z = 0 p�~�R<ZCZQe�`�[�W�T�euY�\�RP[�T�U�R�c1`<]�XCm1R<^�T�o b W�T�Z�p�¡7p�f u i��Jf�i%ZCT�e �
e�XC[�W�T m ^�jrX�c�`<]�XCm1R<^�T7_ b ξ̂(z) = −ξ̂(−z) T7]nT P̂(z) = P̂(−z) i X T X Z']�X'Yn`�\�R#�
[<X&]
��^.` X

ξ̂(0) = 0 T7]nT dP̂
dz

∣

∣

∣

∣

∣

z=0
= 0 b ¡7p�f�f�¡�i

Z [LR<c�T.XGc1`<]�XCm1R<^�T7_y^�R��Ij�\�R y [sU�T�^ m � e�`QYn`�oyT7]nT ��� e�`QYn`�o ��w�idR<^.[�T�ZCT�ehe�XC[��
W�T m ^�jrXwc1`<]�XCm1R<^�T7_ b ξ̂(z) = ξ̂(−z) T7]nT P̂(z) = −P̂(−z) i X T X Z']�X'Yn`�\�RL[<X&]
���
^.` X

P̂(0) = 0 T7]nT dξ̂

dz

∣

∣

∣

∣

∣

z=0
= 0 , b ¡7p�f�f u i
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^.`�Z&[�T�Y�T�ZCc7Rd\S`�[�Z'b7[�Z&[�\�T�T�X�c1`�W.`�^�j�\S]nT�^.XQo�^.`1e�U�W�T.m<]nT � XQ^�T�T�Yn`<] � ^.`B\�j �
U.`<]n^7_�[
��Z�_Pb1Z']�`�\�T.X��

P̂(h) +
∂P0

∂z

∣

∣

∣

∣

∣

z=h
ξ̂(h) = 0 . b ¡7p�f�f � i

�%W�Ts^�R"]nT m T�T}c�`�W.`�^�j�U.`�[�W.XCm<b�XIeu^.XQ\<`��IW�R<Z&["R<^�T.XK\<`��"e�b s XQ^�^�j+fs\<X&]nT��m T�^�^�RKm�XQZCc�`�^.X m ^.`�Z&[�T �
ξ(z = ±∞) = 0 , J(z = ±∞) = 0 . b ¡7p�f�f z i

��`<]�b m RLXIe �"RIY
R m b�^�RGZ&`�m�Z&[�\<XQ^�^�jrX0�I^�R m XQ^�T7_vp��+T�Z&[�XIekRab.W�R<\�^.XQ^�T�o b ¡7p�f�f�c+i Xb ¡7p�f�f�dSi
Z&`�\�U�RIY
RLXC[�Z%W.X"�CbI]
�I[LRL[<`1e�W�RLm�`�[�j � f�w���� X ��YnX%W�R<ZCZQe�`�[�W.XQ^�R � U7]�`�ZCc7R"_ �
�&XC`1e�XC[�W�T7_�\SZ']�b m RLX ∂e = 0 X B0 = 0 px�%W.`1R<^�R"]nT��IT�W7b�XIe�W�R��C]nT m ^�jrX m R<Z&[�^�jrX
e�`QYnX&]nT X `�ZC^.`�\�R<^�^�jrXx^�RBb.W�R<\�^.XQ^�T7_7f b ¡7p�f�f�c+i X b ¡7p�f�f�dSi�p

�Y§�¦h§��Y§��.§ ��� � � �'°�� ³W¬'ª�­�®�´#­��'ª � ²��(¸�± p�~�R<ZCZQe�`�[�W�T�e e�`QYnX&]
�im�X"�
ehR<�C^�T.[�^.`��&`xU.`<]�_vp�q%W.`1e�X0V�b.^�Y
R�e�XQ^.[LR"]
��^�j+f S ��T AS � e�`QYa\dZCT�Z&[<XIe�X�T�e�X��y [�Z�_�Yn`�U.`<]n^�T.[<X&]
��^�jrXg��R<W�e�`�^�T�c�T X c1`�[<`�W�jrXtW�R��C]nT m R y [�Z�_�Y�W7b.��`�[�Y�W7b �
�'R m T�Z']�`1e�b��C]�`�\�\<`��"e�b s XQ^�^.`��&`PY
R<\L]�XQ^�T7_�U.`�U.XQW.XQcyU7]�`�ZCc1`�Z&[�T Y�T�ZCc7R X [LR<cm [<`dY�]�_�f7R<W�R<c.[<XQW�^.`��&`w\<`<]n^.`�\<`��&` m T�Z']�Rx\ z � ^�R<U�W�R<\L]�XQ^�T�T kz ZCU�W�R<\<X'Y�]nT�\�R
`$�.XQ^�c7R �
kzh ' πj ( ��� e�`QY
R ) , kzh ' π (j + 1/2) ( � ��� e�`QY
R ) , b ¡7p�f�fQ|+i

��YnX j Z ^.`1e�XQW��'R<W�e�`�^�T�c�T p *xb.^�Y
R�e�XQ^.[LR"]
��^�jrX b j = 0 i�T�`�[�W�R � RL[�X&]
��^�jrXb j > 0 id�'R<W�e�`�^�T�c�T�Z'b s XQZ&[�\Lb y [sc7R<c Y�]�_iZCT�ehe�XC[�W�T m ^.`�o b ���½i X ["R<ciT Y�]�_
R<^.[�T�ZCT�ehe�XC[�W�T m ^.`�o b�� ���½i�e�`QY�jSp

jd]�_tY�\Lb1flU�R<W�R"]�]�X&]
��^�j+f � ~ ^.X&b1Z&[<`�o m T�\�jrX�\<`��"e�b s XQ^�T7_�Z'b s XQZ&[�\Lb �y [�\�Z&XQ��Y
R � |+w#��p � W�R�ekc7RIf�U�W.`�Z&[<`�o�e�`CYnX&]nT�U7]�`�ZCc1`�o�Z&[�W7b.T b �BT�W�T�^�R�U.XQW.X��
f1`QY�^.`�o �Q`�^�j δ → 0 i X W�R<ZCZQe�`�[�W�T�e�\L]nT7_�^�T.X>ZCT7]�q�`�W�T.`<]nT�ZQR b ∂e 6= 0 iw^�R
U�R<W�R�e�XC[�W�j � � �S~ \�U�W.X'YnX&]�X g = 0 X B0 = 0 p���b1Z&[
�}\s[<` m c7RIf z = ±h
T�e�X y [�Z�_�ZCc7R m c�T�ZCc1`�W.`�Z&[�T ~v0 T�U7]�`�[�^.`�Z&[�T %0

X T�^�YnXQc�ZCj � ex � T � in � m<b �
YnXIe�`�[�^.`�ZCT.[
��Z&`�`�[�\<XC[�Z&[�\<XQ^�^.`scy\�^.X �B^�T�e |z| > h T�\�^7b7[ �.XQ^�^.XQo |z| < h

`�m<]�R<Z&[Q_nerpq�%W�Tt[LR<c�T�f�U�W.X'Y�U.`<]�` � XQ^�T7_7f�c�W�RLXQ\�R"_&�"RIY
R m R}ZC\<`QY�T.[�Z�_�ciY�T�Z5�
U.XQW�ZCT.`�^�^.`1e�b�b.W�R<\�^.XQ^�T ytX c1`�[<`�W.`�X%U.`<]�b m RLXC[�Z�_G\BW.X"�Cb"]
�Q[LRL[<XSZ �BT�\�c�TaW.X �wX��
^�T�oyb.W�R<\�^.XQ^�T�o b ¡7p�f�f�c+i X b ¡7p�f�f�dSi�Y�]�_�Z']�`�T�Z&[<`���`QY�^.`�W.`CY�^.`�o�ZCW.X'Y�j�\�[<` m c7RIf
z = ±h pr~�X �wXQ^�T7_l\<`i\�^7b7[ �.XQ^�^.XQol`�m<]�R<Z&[�T −h < z < h T s XIe�\�\�T�YnX
∝ D1 exp(kin

z z) +D2 exp(−kin
z z)

X RK\<`�\�^.X �B^�T�f ∝ exp(−kex
z |z|) p � Z']�`�\�T.Xb ¡7p�f�f z i�^.XQ\<`�� ��R<Z&[LR<^�T7_�R�ekU7]nT.[LbIY�j \<`��"e�b s XQ^�T�oPU���T z → ±∞ ^�R<c7]�RIY�j �

\�RLXC[�[�W.XCm�`�\�R<^�T.X Re(kex
z ) > 0 p��SW�R<\�T7]�R�Z �BT�\�c�TBW.X �wXQ^�T�ow\�[�` m c�RIf z = ±h

U.`<]�b m T�e�T��SZCT�Z&[�XIe�j b ¡7p�f�f�c+i X b ¡7p�f�f�dSi�p��%W.X'Y�Z&[LR<\�T�eiW�R<\�^.`�\<XQZC^�j�XS\<X&]nT m T�^�j
%0
X v0 Y�]�_ z > 0 \�\�T�YnX

f0(z) = f in
0 + (f ex

0 − f in
0 ) · Θ(z − h) , b ¡7p�f�w��+i
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�&YnXQZ � Θ Z V�b.^�c	��T7_ � XQ\�T�ZQR<o�Y
R X U�W.`�T��I\<`QY�^�R"_a`�[Bc1`�[<`�W.`�o Θ′(z) = δ(z) Z
YnX&]
�I[LR#� V�b.^�c	��T7_>jwT�W�R<c7R.p   ^.[<XQ�CW�T�W7b�XIelb.W�R<\�^.XQ^�T7_ b ¡7p�f�f�c+i X b ¡7p�f�f�dSi�U.`Gb��"�
c1`1e�bPZ']�` y [<`<] s T�^�j 2ε \K`�c�W.XQZ&[�^.`�Z&[�T�U7]�`�ZCc1`�Z&[<XQo z = ±h T X b1Z&[�W.XIe�]�_._
�"RL[<XIe ε → 0 X U.`<]�b m RLXIe�b1Z']�`�\�T7_�Z �BT�\�c�T X c�`�[�`�W�j�XdY
R y [VT�ZCc1`1e�`�X�Y�T�ZCU.XQW��
ZCT.`�^�^.`�X%b.W�R<\�^.XQ^�T.X��

R ω̂2
ex k

in
z

[

th(khβin)

]℘

= −ω̂2
in k

ex
z , b ¡7p�f�w�f�i

��YnX ℘ = 1 Z�ZCT�ehe�XC[�W�T m ^�R"_ b U�T�^ m �½i�e�`QY
R�\�Z&`�`�[�\<XC[�Z&[�\�T�TwZ b ¡7p�f�f�¡�i X ℘ = −1

�%T��I�CT.m�^�R"_we�`QY
R b ZQerp b ¡7p�f�f u i_i X R =
%ex

0

%in
0

X kz = k

√

√

√

√

√

1

1 − ∂e2/ω̂2
− ω̂2

k2c2s
p � Z']�b �

m R"_7f vin
0 = 0 X vex

0 6= 0 T7]nT vex
0 = 0 X vin
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X vin

0 = 0 p � e�`CYnX&]nT b ¡7p�f�w�f�i
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ω
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ω
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√

√

√

√

M 2
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+ 1 −

√
M 2 + 1 . b ¡7p�f�w�w�i

��U.XQc.[�W�Z&`�m�Z&[�\<XQ^�^�j+f m R<Z&[<`�[ X `�U�W.X'YnX&]�_�XIekj�o b ¡7p�f�w�f�i X _�\L]�_�XC[�Z�_uY�T�Z5�
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Y�]�_�ZC\<XQW�f��I\Lb.c�`�\<`�o�U7]�`�ZCc1`�oyZ&[�W7b.T�U�W�T R = 1 p�È�R<W�e�`�^�T�c�T�W�R��C]nT m R y [�Z�_m T�Z']�`1e�b��C]�`�\ j Z&`�m�Z&[�\<XQ^�^�j+fUV�b.^�c	��T�oie�X � Y�b�W�R��IW�j�\�R�ekT p�q�`<]�XCm1R<^�T7_�Z
j = 0 b V�b.^�Y
R�e�XQ^.[LR"]
��^�R"_,e�`QY
R+i{TK`�[�W�R � RL[<X&]
��^�jrX b j ≥ 1 i�W.X �wXQ^�T7_�e�`��'b7[
m�jr[
��^.X&b1Z&[<`�o m T�\�j�ekT p���[�W�R � RL[<X&]
��^�jrX��'R<W�e�`�^�T�c�Tw\�Y�]nT�^�^.`�\<`<]n^.`�\<`1esU�W.X��
YnX&]�XPZ&[LRLm�T7]nT��IT�W7b y [�Z�_ X W�R<Z s XQU7]�_._�Z ��^�R>Y�\<XP^.XQo.[�W�R"]
��^�jrX X Y�]�_�c1`�[<`�W�j+f
W = M ±1 p��SRSW�T�Z�p�¡7p�f � ��� � U�W�T�\<X'YnXQ^VW�R<Z m XC[%Y�]�_ R = 0, 003 Z�b m XC[<`1e ∂e

b χ = 1 i�p �SR<Z&[<`�[�^�jrX �"R<\�T�ZCT�e�`�Z&[�TBZ&`Qf�W�R<^7_ y [�ZC\<`�odf7R<W�R<c.[<XQW�^�j�oK\�T�Y{p � m XC[
�QU�T	��T�c7]nT m XQZCc1`�o m R<Z&[<`�[�j ∂e Y
RLXC[aYn`�U.`<]n^�T.[<X&]
��^.`�X,W.X �wXQ^�T.X W = M X ^.`
U�W�R<c.[�T m XQZCc�TG^.X�\L]nT7_�XC[B^�R%Y�T�ZCU.XQW�ZCT.`�^�^�jrX%ZC\<`�o�Z&[�\�Rx^.X&b1Z&[<`�o m T�\�j+fa�'R<W�e�`��
^�T�c X �"R�T�ZCc7] y�m XQ^�T.XIe�Y�]nT�^�^.`�\<`<]n^.`�\<`��&`,U�W.X'YnX&]�R kh <∼ 0, 1 b W�T�Z�p'¡7p�f � � �
)�i�p

~�R<ZCZQe�`�[�W�T�e�\L]nT7_�^�T.X+\<XQW.[�T�c7R"]
��^.`�ow^.XC`CY�^.`�W.`QY�^.`�Z&[�TwW�R<\�^.`�\<XQZC^�j+fdU�R#�
W�R�e�XC[�W.`�\ X \�U.XQW�\Lb y ` m XQW.X'Y ��Z ^�R"]nT m T.X�c1`�^.X m ^.`�o��BT�W�T�^�j U.XQW.X'f1`CY�^.`�o
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M = 5
C
R = 1

C
χ = 0

W ����:Rs]
M = 30

C
R = 0, 003

C
χ = 1

W � � � � $:RsC
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χ = 0

CbA�G!uB�G�/'2�~ Z�3:\%G�9'&YB�/'$6/*H�3:BG�B�&YH�B�&YB.1�$'3m/65!�Y>�$'I'$'~DC��i5$'&:A�>��pI'3:9'$'3:\ Z'>�$'9'9'G�1�G!>'u9'G�1�G��:G[E'/'3sZ�3s>@5*(��0$'o[/'2 �9'G�\%3:/65 �Y5�/'\%G�9'$'A

`�m<]�R<Z&[�T δv T�ZCT7]nj�[Q_ � XQZ&[�T g(z)
� f�¡�����p�q m T�Z']�b ZC\<`�m�`QY�^�j+f�U�R<W�R�e�XC[�W.`�\

`�[�^.`�Z�_�[�Z�_ � K = kh Z m�X"�IW�R��"e�XQW�^.`�X�\<`<]n^.`�\<`�X m T�Z']�`
����VWV%XQc.[�T�\�^.`�X m T�Z']�`
� RIf7R M =

~k~v0

kcs
\�[<` m c�X z = 0 � δv Z �BT�W�T�^�R�U.XQW.X'f�`QY�^.`�o �Q`�^�j X \}c1`��

[<`�W.`�otZCc1`�W.`�Z&[
�s]nT�^.XQo�^.`�e�XQ^7_�XC[�Z�_i`�[ ZCc�`�W.`�Z&[�T�Y�T�ZCc7R vdisk Yn` ZCc1`�W.`�Z&[�T
c1`�W.`�^�j vcor � vdisk X R�[LR<c � X�U�R<W�R�e�XC[�W�j X `�U�W.X'YnX&]�_ y�s T.X�W�R<\�^.`�\<XQZC^�j�o
Y�T�ZCc pq�%�CW�R<^�T m T�ekZ�_tU�W.X'YnX&]�`1e U7]�`�ZCc1`�otZ&[�W7b.T b χ = 0 iBTt\<XQW.[�T�c7R"]
��^�j�e
U�W.`+VST7]�XIe�U7]�`�[�^.`�Z&[�T %0(z) = %0(0)[(1 − ε) · exp(−z2/h2) + ε] X ��YnX�U�R<W�R#�
e�XC[�W ε = %0(∞)/%0(0) ehR"]�p
�%T�Z']�XQ^�^.`�XwT�^.[<XQ�CW�T�W.`�\�R<^�T.XKZCT�Z&[<XIekj�b.W�R<\�^.X��
^�T�o b ¡7p�f�f�c+i X b ¡7p�f�f�dSi�Z&`�\�e�XQZ&[�^.`>ZBb1Z']�`�\�T7_nekT b ¡7p�f�f z i X b ¡7p�f�f�¡�i b T7]nT b ¡7p�f�f u i_i
U.`��I\<`<]�_�XC[P`�U�W.X'YnX&]nT.[
��Z&`�m�Z&[�\<XQ^�^7b y m R<Z&[<`�[Lb ω p��%W.`�\<XQW�c7RPU.`�c7R��"R"]�R X.m [<`
[LR<c1`�o U.`QY�f1`QYy\PU�W.X'YnX&]�X g → 0 X δ → 0 Y
RLXC[P[<`�[ � X,W.X"�Cb"]
�I["RL[ XYm [<`GY�T�Z5�
U.XQW�ZCT.`�^�^.`�XSb.W�R<\�^.XQ^�T.X b ¡7p�f�w�f�i�p�SRdW�T�Z�pS¡7p�f z U.`�c7R��"R<^�RS[�T�U�T m ^�R"_��"R<\�T�ZCT�e�`�Z&[
�xT�^�c�W.XIe�XQ^.[<`�\ � � (ω) `�[
\<`<]n^.`�\<`��&` m T�Z']�R�Y�]�_�U.XQW�\�j+f���R<W�e�`�^�T�c j p��
`<]�XCX�e�X&]nc1`1ehR<Z �w[LRLm�^�jrX�\"Yn`<]
�
z � c1`�`�W�Y�T�^�RL[�j \<`��"e�b s XQ^�T7_ b j � 1 i�\aU.XQW�\Lb y ` m XQW.X'Y �aZ&[LRLm�T7]nT��IT�W7b y [�Z�_
\�Z']�b m RLX�` m XQ^	� �BT�W.`�c1`�olU.XQW.X'f1`QY�^.`�o �Q`�^�j δv ∼ h X T�[<`<]
��c1`�^�R<T.m�`<]�XCX
c�W7b.U�^.`1ehR<Z �w[LRLm�^�jrXi\<`<]n^�j \ z � ^�R<U�W�R<\L]�XQ^�T�T `�Z&[LR y [�Z�_�^.X&b1Z&[<`�o m T�\�j�ekT p
q�`�^.X m ^�R"_0�BT�W�T�^�R�U.XQW.X'f1`QY�^.`�o �Q`�^�j δv Y�]�_�ZCc1`�W.`�Z&[�Tw_�\L]�_�XC[�Z�_KZ&[LRLm�T7]nT��IT��
W7b y�s T�e�VdR<c.[<`�W.`1e ��Z�b.\<X&]nT m XQ^�T.XIe δv T�^�c�W.XIe�XQ^.[�j�b�e�XQ^	�
�KR y [�Z�_G\�U7]�`�[
�
Yn`PZ&[LRLm�T7]nT��"R���T�T ��� pY�%W�T m XIel\aU.XQW�\Lb y ` m XQW.X'Y �aU�W�T�[LR<c�T�f �I^�R m XQ^�T7_7fsU�R#�
�
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(ω)/Ω

G�B�1�3s>�$'I'$'9'2
kh
Z'>6;hE'$'9'I�uv\%GiZ�2 1t&s>6H�I65�3 !:o[o[3:A�uB�$'1�9'G��:G
I'$'&s>@5 �t5?M�5

M = 5
E'/'$=/65!�Y>�$'I'9'2QMw�`965?I'3:9'$*;�MwX8$'/'$'9'2 E'3:/'3sM.G`Z�9'G�~=�`G�9'20N

�iR
δv = 0, 01

]��:R
δv = 0, 1

]#�`R
δv = 0, 5

( �p965?>�G��:$'I'9'2�3J�i5�1�$'&:$'\%G�&YB�$=Z'>6;=$*� �:$'L�9'2QMA�G!>�3:L.5�9'$'~
W � � $ � '�Rs( �09'A'/'3:\%3:9*B�o0H�9�Z@5�\%3:9*B!5?>���9'G�~J\%G`Z�2 W
j = 0

Rx1�&:�QZ6HT9'3pE'/'3:1�2�Xl5�3YB1�3s>�$'I'$'9'2 d*C d�)

W�R�e�XC[�W.`�\ X U�W�T�c1`�[<`�W�j+f>b.��]nj�W�R<ZCU�W.`�Z&[�W�R<^.XQ^�T7_�\<`��"e�b s XQ^�T�o �I^�R m T.[<X&]
��^.`
`�[Q]nT m R y [�Z�_�`�[}W.X"�Q`�^�R<^�ZC^�j+f X T X c7R<ciZ']�X'Y�Z&[�\�T.X X \<X'YnXC[sc m XC[�c1`1e�bi\�j+YnX&]�X��
^�T y ^�R}c�W�T�\�j+f � � (ω) W.X"�Ic�T�ftU�T�c1`�\ b W�T�Z�pq¡7p�f z g � � iB\ Z']�b m RLX>m<]nT��Q`�Z&[�T
b.��]�`�\BcGW.X"�Q`�^�R<^�ZC^�j�erp��SR"]nT m T.XSZCT7]nju[C_ � XQZ&[�T>Z&[LRLm�T7]nT��IT�W7b�XC[BY�]nT�^�^.`�\<`<]��
^.`�\�jrX b kh � 1 id\<`��"e�b s XQ^�T7_ b ZCW p{c�W�T�\�jrX�Y�]�_ j = 0 ^�R�W�T�Z�p�¡7p�f � � � )�T
W�T�Z�p'¡7p�f z i�p� R<c�T�e�`�m�W�R��Q`1e X ^.X&b1Z&[<`�o m T�\<`�Z&[
��[�T�U�R}R<c7b1Z&[�T m XQZCc1`��&`}W.X"�Q`�^�R<^�ZQRse�`��� XC[GW�R��I\�T�\�RL[
��Z�_s\�Y�T�ZCc1`�\�j+fsZCT�Z&[<XIehRIf X \Vc1`�[<`�W�j+f�f7R<W�R<c.[<XQW�^�jrX�ehR<Z �w[LR#�
m�j�T��"e�XQ^.XQ^�T7_kVST��IT m XQZCc�T�fK\<X&]nT m T�^ b ZCc1`�W.`�Z&[
�%TKU7]�`�[�^.`�Z&[
�S\<X s XQZ&[�\�R X ZCT7]�R
[Q_ � XQZ&[�TGi�ZCW�R<\�^�T�ekj�Zd[<`<] s T�^.`�o>Y�T�ZCc7R.p�*xb.^�Y
R�e�XQ^.[LR"]
��^�jrX�e�`QY�j b j = 0 i
\�`�m<]�R<Z&[�T Y�]nT�^�^�j+fi\<`<]n^ X U�W�T�\<`QY�_ s T.Xa\se�`QYnX&]nTyZCT�ehe�XC[�W�T m ^.`�o�U7]�`�ZCc1`�o
Z&[�W7b.TPcPW�R��IW7b��wXQ^�T y T�Z�f1`CY�^.`��&`K[<X m XQ^�T7_ � u+� c�� X Z&[LRLm�T7]nT��IT�W7b y [�Z�_�\KZ']�b m RLX
Y�T�ZCc7R�U.`�U.XQW.X m ^.`�o>ZCT7]�`�oP[Q_ � XQZ&[�T p

�Y§�¦h§��Y§�¦Y§��»° ��¬G­�®��x³\­�° ����´+����¯�®���� ��´#® [�T�U�RdR<c7b1Z&[�T m XQZCc1`��&`dW.X"�Q`�^�R<^��
ZQRK`�ZC^.`�\�j�\�RLXC[�Z�_�^�RwY�\Lb1f ��VWV%XQc.[LRIf �n`�[�W�R � XQ^�T�Ts\<`<]n^�Z%b1ZCT7]�XQ^�T.XIetU.`aR�e �
U7]nT.[LbIYnXs`�[yZ']�`I_��'R��"R X \�c1`�[<`�W.`1e \<`<]n^�R�Z&[LR���T.`�^�R<W�^�R b ω ≡ ~k ~V i X T�W.X��
�Q`�^�R<^�ZC^.`1et`�m1e�XQ^.X �Q^.XQW��CT.XQo�e�X � Y�b�\<`<]n^.`�o�T�`�ZC^.`�\�^�j�eg[<X m XQ^�T.XIe X U�W.`�T�Z5�
f1`QY�_ s XIe�\V[<`1e � X�c�W�T.[�T m XQZCc1`1euZ']�`�X�p � `�[Q_}Z']�X'Y�Z&[�\�T.XIe�`�m�`�T�f ��VWV%XQc.[<`�\
_�\L]�_�XC[�Z�_Gb1ZCT7]�XQ^�T.X �I\Lb.c1`�\�j+f>\<`<]n^ X T�f�VST��IT�c7R�W�R��C]nT m ^�R.p

��XQW�\�j�o ��VWV%XQc.[ b ZC\<XQW�f1`�[�W�R � XQ^�T.X:i�e�` � XC[�m�jr[
�K]�XQ�Cc1`�U.`�^7_�[�^�R�U�W�T��
e�XQW.X,U�RIYnXQ^�T7_��I\Lb.c�`�\<`�o�\<`<]n^�j�T��V^.XQU.`QY�\�T � ^.`�o�ZCW.X'Y�j�^�R>ZC\<XQW�f��I\Lb.c1`�\<`�ob ∆V > c1 + c2 i�W�R��IW�j�\GZCc1`�W.`�Z&[�T pY�kZ']nT}ZCc�`�W.`�Z&[$��VdR��Ij�U�W.`$�wX'Y �wXQo�\<`<]��
�����  %
)(%&9C�"��� �01� ��"���"  %
 $%���-C�"��/��"%�-�  �� 
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^�j \"Yn`<]
�s\<XQc.[<`�W�R�ZCc1`�W.`�Z&[�T��'R��"RP`�c�R��Ij�\�RLXC[�Z�_ie�XQ^	�
�wXVU.`�Z']�X'Y�^.XQo X [<`s`�[��
^.`�ZCT.[<X&]
��^.`}�'R��"RP]nT�^�T�T�W�R<\�^.`�o?VdR��Ij b ^�R<U�W�T�e�XQW X ehR<c�ZCT�e�b�ekj�Y
R<\L]�XQ^�T7_'i
Y�\�T � b7[�Z�_i\�^�R<U�W�R<\L]�XQ^�T�T X U�W.`�[�T�\<`�U.`<]�` � ^�`1e \<`<]n^.`�\<`1e�b�\<XQc.[<`�W7b � � p���`��
ZCc1`<]
��c7b>VST��IT m XQZCc�T�o ZQekj�Z']�T�e�XCXC[>T�e�XQ^�^.`P`�[�^.`�ZCT.[<X&]
��^.`�X�Y�\�T � XQ^�T.X,\<`��"�
e�b s XQ^�T7_�T�ZCW.X'Y�j X \�c1`�[<`�W.`�ou`�^.`tW�R<ZCU�W.`�Z&[�W�R<^7_�XC[�Z�_ X �C[<`�`��I^�R m RLXC[ X@m [<`
U�W.`$�wX'Y �KR"_�\<`<]n^�RSU.XQW.XQ^.`�ZCT.[ �Q^.XQW��CT y c�W�R��IW�j�\Lb b,+ i X R%^.X�`�[d^.XQ�&`�p � R<c�c7R<c
^�R<U�W�R<\L]�XQ^�T.X%U.`�[<`�c7R �Q^.XQW��CT�Ta\BU�RIY
R y�s XQoaTV`�[�W�R � XQ^�^.`�oP\<`<]n^�RIfV`�m�j m ^.`�X X
�Q^.XQW��CT ytX U�W�T�^.XQZ&XQ^�^7b y cKW�R��IW�j�\LbBU�RIY
R y�s XQoKTKU�W.`$�wX'Y �wXQoB\<`<]n^.`�o X e�` � XC[
b.^.XQZ&[�T�[<`<]
��c�`d`�[�W�R � XQ^�^�R"_V\<`<]n^�R.p��
]�X'Yn`�\�RL[<X&]
��^.` X �Q^.XQW��CT7_ b T�R�ekU7]nT.[LbIY
R+i
`�[�W�R � XQ^�^.`�o�\<`<]n^�j�Zd^.XC`�mCf1`QY�T�e�`�Z&[
� y U�W.XQ\�j1�KRLXC[,R�ekU7]nT.[LbQY�b�U�RIY
R y�s XQo p

*BT��IT�c7R�W.X"�Q`�^�R<^�ZC^.`��&`yT��C]�b m XQ^�T7_ �Q^.XQW��CT�T�T��sc�W�T.[�T m XQZCc1`��&`�Z']�`I_�^.X
Z&[<`<]
�s[�W�T�\�T�R"]
��^�R�TiZ�f�`QY�^�RsZzVST��IT�c�`�o m XQW.XQ^�c1`�\�ZCc1`��&`sT��C]�b m XQ^�T7_iTiU7b m �
c1`�\<`�o�^.X&b�Z&[<`�o m T�\<`�Z&[�T b ��VWV%XQc.[ X `�m�W�RL[�^�j�o��"RL[Lb1f�R<^�T y (wR<^�Y
RCb(i�p{q �C[<`1e�b
\<`�U�W.`�Z'b>ekj�\<XQW�^.XIekZ�_P\�U p'¡7p�c.p�c.p

�Y§�¦h§��Y§ �h§���¯�°x´ ³W¬'ª�­�®�´#­��'ª � ²��(¸�± � ²�«�° ��°+¸r° � �+¹ ��� ²�°x«�° � � ���
­���� ���G­�µ�§ � m [<XIe�ehR<�C^�T.[�^.`�X%U.`<]�X%\xb.W�R<\�^.XQ^�T7_7f b ¡7p�f�f�c+i X b ¡7p�f�f�dSi X c1`�[<`�W.`�X
Z'b s XQZ&[�\<XQ^�^.`yb1Z']�` � ^7_�XC[�U.`�\<X'YnXQ^�T.X�Y�T�ZCU.XQW�ZCT.`�^�^�j+f��"R<\�T�ZCT�e�`�Z&[<XQo ω(~k) Xm [<`PZC\L_��"R<^.`VZSYn`�U.`<]n^�T.[<X&]
��^�j�ekT}ZC\<`�m�`CY�^�j�ekTsU�R<W�R�e�XC[�W�R�ekT b Ωdisk

A
X Ωcor

A
X

V disk
A

X V cor
A

X δB ihTaU.`I_�\L]�XQ^�T.XIey^.`�\�j
fV[�T�U.`�\K\<`<]n^aT��"� �"RxehR<�C^�T.[�^.`��&`KU.`<]�_vp� Z']�b m RLXtY�T�ZCc7R X `�m � RL[<`��&`�ehR<�C^�T.[�^�j�e U.`<]�XIe X U�W�T�`�U�W.X'YnX&]�XQ^�^�j+f
b1Z']�`�\�T7_7fl�CW�R<^�T	��RiU.XQW.X'f�`QY�^.`�o �Q`�^�j δ � h

� w:d1|���p �
`<]�XCX�Z']�` � ^�jrX}Z&[LR#�
��T.`�^�R<W�^�jrX�c1`�^�VST��'b.W�R���T�TuehR<�C^�T.[�^.`��&`�U.`<]�_l\yW.X � T�e�X>Y�T�ZCc1`�\<`�olR<c�c�W.X��
��T�Ta`�m�Z'b � Y
R y [�Z�_>\ � f ��X w�����p.~�R<ZCZQe�`�[�W�T�eiU�W.X'YnX&]
��^�j�oPZ']�b m R<oa`QY�^.`�W.`QY�^.`�o
U7]�`�ZCc1`�oxZ&[�W7b.T b �BT�W�T�^�R�U.XQW.X'f1`QY�^.`�o �Q`�^�j δ → 0 i X c1`�[<`�W�R"_x`�[CYnX&]�XQ^�R�`�[�`QY	�
^.`�W.`QY�^.`�os`�c�W7b � R y�s XQo�^.XQU.`QY�\�T � ^.`�o�ZCW.X'Y�j b c1`�W.`�^�j~irY�\Lb�e�_�U�R<W�R"]�]�X&]
���
^�j�ekT�[LR<^��&XQ^	��T�R"]
��^�j�ekTtW�R��IW�j�\�R�ekT p � [LR<c�`�ote�`QYnX&]nTiU.`�U.XQW.X m ^.`�oiZCT7]�`�o
[Q_ � XQZ&[�T�Z']�X'Y�b�XC[tU�W.XQ^.XCm�W.X m ��p0��b1Z&[
��\�[<` m c7RIf z = ±h T�e�X y [�Z�_�ZCc7R m �
c�T�ZCc1`�W.`�Z&[�T ~v0

X U7]�`�[�^.`�Z&[�T %0
X ehR<�C^�T.[�^.`��&`�U.`<]�_ ~B0 = B0x~ex + B0y~ey T

�'R��Q`QY�T�^�R�ekT m XQZCc1`��&`�Y
R<\L]�XQ^�T7_ P X T�^�YnXQc�ZCj � ex � T � in � m<bIYnXIe�`�[�^.`�ZCT.[
�
Z&`�`�[�\<XC[�Z&[�\<XQ^�^.`Vc>\�^.X �B^�T�e |z| > h T>\�^7b7[ �.XQ^�^.XQo |z| < h `�m<]�R<Z&[Q_nerp

�%W�Ta[LR<c�T�f>U�W.X'Y�U.`<]�` � XQ^�T7_7fPc�W�RLXQ\�R"_ �"RIY
R m RBZC\<`QY�T.[�Z�_PcVY�T�ZCU.XQW�ZCT.`�^��
^.`1e�bdb.W�R<\�^.XQ^�T ytX c1`�[<`�W.`�XrU.`<]�b m RLXC[�Z�_K\�W.X"�Cb"]
�I[LRL[<XrZ �BT�\�c�TwW.X �wXQ^�T�oxb.W�R<\��
^.XQ^�T�o b ¡7p�f�f�c+i X b ¡7p�f�f�dSirY�]�_ Z']�`�T�Z&[<`���`QY�^.`�W.`QY�^.`�o ZCW.X'Y�j \G[<` m c�RIf z = ±h p
��^�R"]�`��CT m ^.`�`�U�W.X'YnX&]�_�XIe�U�W�R<\�T7]�RKZ �BT�\�c�TGW.X �wXQ^�T�oG\B[<` m c7RIf z = ±h Y�]�_
W�R<\�^.`�\<XQZC^�j+f�\<X&]nT m T�^ %0

X v0
X B0 \�T�Y
R b ¡7p�f�w��+i X�m [<`wU�W�T�\<`CY�T.[wc�^.XQU�W.XQW�j�\��

^.`�Z&[�T ξ̂ T Ĵ \S[<` m c7RIf z = ±h p � W.X"�CbI]
�I[LRL[<X�U.`<]�b m RLXIe}`�m�`�m s XQ^�T.X b ¡7p f�w�f�i
Z�b m XC[�`1egehR<�C^�T.[�^.`��&`,U.`<]�_ � d1|�c����
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[

th(khβin)

]℘

= −Zin

Zex
, b ¡7p�f�w�c+i

��YnX ℘ = 1 Z�ZCT�ehe�XC[�W�T m ^�R"_ b U�T�^ m �½i�e�`QY
R�\�Z&`�`�[�\<XC[�Z&[�\�T�TwZ b ¡7p�f�f�¡�i X ℘ = −1

Z T��I�CT.m�^�R"_�e�`QY
R b ZQerp b ¡7p�f�f u i_i X Zin = W 2−A2
in

Wβin

X Zex = R[(W−M)2−A2
ex]

Wβex

X
βin =

√

1 − W 4

W 2(a2
in+1)−A2

in

X βex =
√

1 − s(W−M)4

(W−M)2(sa2
ex+1)−A2

ex

X W = ω/kcsin

X
M = (~k~v0)/kcsin

X s = c2sin
/c2sex

X R = %ex/%in
X ain = Bin/

√

4π%incsin

X aex =

Bex/
√

4π%excsin

X Ain = (~k ~Bin)/
√

4π%inkcsin

X Aex = (~k ~Bex)/
√

4π%exkcsin p� U�W.X'YnX&]�X kh → 0 b.W�R<\�^.XQ^�T.X b ¡7p�f�w�c+i,\�U�W�T7]�` � XQ^�T�T�c�R<c�c�W.X ��T�T�W�R<Z5�
ZQehRL[�W�T�\�R"]�`�Z �}\ � w:d z ��p � X&]nT m T�^�j Zin, Zex Z \<`<]n^.`�\�jrX>T�ekU.X'Y
R<^�ZCj Z&`�`�[��
\<XC[�Z&[�\Lb y�s T�f}ZCW.X'Y{pGjx`<] � ^�j \�j�U.`<]n^7_�[
��Z�_�b1Z']�`�\�T7_ 
o^ (βex) ≥ 0 p ��R"]�R<^�Z
W�R<\�^.`�\<XQZC^�j+faY
R<\L]�XQ^�T�o>\�[<` m c7RIf z = ±h U�W�T�\<`QY�T.[Vc>\�j�W�R � XQ^�T y

s =
c2in
c2ex

=
2R

2 + γ(a2
in −Ra2

ex)
. b ¡7p�f�w:dSi

� `��"e�` � ^.`iW�R��I\�T.[�T.X X U.`�c�W�R<o�^.XQo�e�XQW.X X Y�\Lb1fuc7]�R<ZCZ&`�\�^.X&b1Z&[<`�o m T�\<`��
Z&[<XQo �LehR<�C^�T.[<`��CT�Y�W.`QY�T�^�R�ekT m XQZCc1`�oB^.X&b1Z&[<`�o m T�\<`�Z&[�TB[�T�U�R�R<c7b1Z&[�T m XQZCc1`��&`�W.X��
�Q`�^�R<^�ZQRPT�W�R<ZCc7R m c�Ty^.X&b�Z&[<`�o m T�\�j+f�U.`�\<XQW<f�^.`�Z&[�^�j+f�e�`QYiW�R��IW�j�\<`�\�e�X � Y�b
\<X s XQZ&[�\<`1e Y�T�ZCc7RtT�\�^.X �B^�T�e�ehR<�C^�T.[�^�j�e U.`<]�XIe b W�R<ZCZQe�`�[�W.XQ^�R¤��`�W.[�W.`��
U.`1e � u+� ¡#�rZ U�W�T�^7_�[<`s^�R��Ij�\�RL[
��^.X&b1Z&[<`�o m T�\<`�Z&[
� y q�X&]
��\�T�^�R#�½È1X&]
��ek�&`<]
�
��Rb �dqpÈhi_i�p � U.XQW�\<`1e Z']�b m RLXaU�W�T�Z'b7[�Z&[�\�T.X>\<X s XQZ&[�\�R�\�^.X,Y�T�ZCc7Rs^.XC`�mCf1`QY�T�e�` X
\<`�� \<[<`�W.`1e�^.X&b1Z&[<`�o m T�\<`�Z&[
�iW�R��I\�T�\�RLXC[�Z�_uTuU�W�T %ex = 0 U�W�T�b m XC[<X�[<`�c7R
ZQe�X s XQ^�T7_ b ZQerp�U.`QY�W.`�m�^.XCXK\ � z�z+��X d1|�c��Ài�p(qSR<csU.`�c�R��Ij�\�RLXC[PR<^�R"]nT�� � d1|�c�� X W.X��
�Cb"]
�I["RL[�j W�R<ZCZQehRL[�W�T�\�RLXIe�`��&`�Tt�CT�Y�W.`QY�T�^�R�ekT m XQZCc1`��&` b m�X"�sehR<�C^�T.[�^�j+fgU.`��
]�XQoGi�Z']�b m RLXQ\dc�R m XQZ&[�\<XQ^�^.`xZ&`�\�U�RIY
R y [%Y�]�_,U�W.`�T��I\<`<]
��^�j+f M X kh T R ∼ 1 p� Z']�b m RLX R � 1 �"R<\�T�ZCT�e�`�Z&[
� ω(k;M, ~B0) `�c7R��Ij�\�RLXC[�Z�_xYn`�Z&[LRL[<` m ^.`dZ']�` � �
^.`�o}Z U.`�\<XQW�f�^.`�Z&[�T�b.W.`�\�^.XQo � � (ω) T 
o^ (ω) `�c7R��Ij�\�R y [�Z�_�ek^.`��&`<]nT�Z&[�^�j �
ekT p   ^�c�W.XIe�XQ^.[�j�c7R<c AS � X ["R<cBT S � e�`QYxYn`�Z&[�T��'R y [�ZC\<`�T�fwehR<c�ZCT�e�b�e�`�\�U�W�T
ehR"]nj+f �I^�R m XQ^�T7_7fiU�R<W�R�e�XC[�W�R R ∼ 1/M 2 p��SRsW�T�Z�p�¡7p fQ|sU.`�c�R��"R<^�U�W�T�e�XQW
W�R<Z m XC[LR m R<Z&[<`�[>U�W�T}`�[�Z'b7[�Z&[�\�T�TyehR<�C^�T.[�^.`��&`>U.`<]�_}\�^7b7[�W�T�Y�T�ZCc7R ain = 0 X
^.` aex 6= 0 p   �Q`�m�W�R � XQ^�j
V�b.^�Y
R�e�XQ^.[LR"]
��^�R"_Ve�`QY
R%T�U.XQW�\�jrX z `�[�W�R � RL[�X&]
���
^�j+f��'R<W�e�`�^�T�c p � Z&[<`�o m T�\<`�Z&[
�>V�b.^�Y
R�e�XQ^.[LR"]
��^�j+fte�`QYtZCT7]
��^.` �"R<\�T�ZCT.[�`�[
\��"R<T�ek^.`�oP` ��T.XQ^.[LR���T�T�\<XQc.[<` �.`�\ ~k X ~Bex

X ~Bin
X ~v0 p

��[�e�XC[�T�e X�m [<` \�U�W.X'YnX&]�X � Z']�RLm�`�Z � T�ehRLXIe�`�o�Z��.X'Y�j � b M � 1 X ^.`
v0 > cs i�^.X&b1Z&[<`�o m T�\<`�Z&[
� V�b.^�Y
R�e�XQ^.[LR"]
��^�j+f �'R���e�`�^�T�c XQZ&[
� c7]�R<ZCZCT��m XQZCc7R"_�^.X&b1Z&[<`�o m T�\<`�Z&[
��q�X&]
��\�T�^�R#�½È�X&]
��ek�&`<]
�
��R � |+w#��p�jx]�_�^.XQZ � T�ehRLXIe�`�o� È+j � � T�Y�c�`�Z&[�T \tU�W.X'YnX&]�X `QY�T�^.` m ^.`��&` � ~�U.`<]�b m RLXIe f1`�W.`$�w`gT��I\<XQZ&[�^.`�X
b1Z']�`�\�T.X�b1Z&[<`�o m T�\<`�Z&[�T [ ~Bin × ~Bex]

2 ≥ 4π%ex

1 +R

{

[ ~Bex × ~v0]
2 + [ ~Bin × ~v0]

2
} X
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1�3s>�$'I'$'9'2

kh
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M = 10
]
R = 0, 1

]
s = 1

] ~k ||~v0

]
~k ⊥ ~Bex

]
Bin = 0

W Z�$65�\x5 �:9'$*B�9'2�~JZ�$'&:A�R0S +._�)!V

Ra2
ex + a2

in >
R

1 +R

v2
0

c2s

� |#f���p7��b.\<X&]nT m XQ^�T.XIe ��VWV%XQc.[�T�\�^.`��&` m T�Z']�R � RIf7R M
U�W�T�VST�c�ZCT�W.`�\�R<^�^�j+f.�I^�R m XQ^�T7_7fGY �7b.�CT�f�U�R���R�e�XC[ �.`�\VU��.`�T�Z�f1`QY�T.[aZ&[LRLm�T7]nT��
�"R���T7_vp��+[<`�[ ��VWV%XQc.[>R<^�R"]�`��CT m XQ^sT��I\<XQZ&[�^.`1e{b>Y�]�_�Z']�b m R"_�m�X"��ehR<�C^�T.[�^.`��&`
U.`<]�_ X c1`���Y
R>U���T v0 < 2

√
2 cs ^.X&b1Z&[<`�o m T�\�j�\<`��"e�b s XQ^�T7_�Z,U��.`�T��I\<`<]
��^.`�o

` ��T.XQ^.[LR���T.XQo�\<XQc.[<` ��R ~k X R�U���T v0 > 2
√

2 cs ^.X&b1Z&[<`�o m T�\�j�ekT�`�Z&[LR y [�Z�_
]nT	� �w\<`��"e�b s XQ^�T7_,Z ~k~v0 < 2

√
2 csk

� |#f���p � Z']�b m RLX�Y�\Lb1fVU7]�`�ZCc1`�U�R���R"]�]�X&]
���
^�j+fd[LR<^��&XQ^	��T�R"]
��^�j+f ��R�� ��j�\<`�\�ZCc1` �.`�Z&[�T�V�b.^�Y
R�e�XQ^.[LR"]
��^�jrXre�`QY�j�`�Z&[LR y [��
Z�_>^.X&b1Z&[<`�o m T�\�j�ekT�T>U���T M � 1 \�Z']�X'Y�Z&[�\�T.X ��VWV%XQc.[LR�ZC\<X ��f1`�[ ��R � XQ^�T7_vp  [LR<c X \�Z']�b m RLX�Y�T�ZCc1`�\<`�o�R<c�c�W.X ��T�T>^�R �"R�ehR<�C^�T m XQ^�^�j�oP`�m�¥vXQc.[�\ �~j X
U.`1ekT�e�`>�dqpÈ � u+� ¡ X�z�z+� � X W�R��I\�T�\�R y�s XQo�Z�_y^�R�W�R��IW�j�\�RIfye�X � Y�by\<X s XQZ&[�\<`1e
�~j TyehR<�C^�T.[�^�j�e�U.`<]�XIe�\>\�R<c7b�b�e�X X e�` � XC[�Z'b s XQZ&[�\<`�\�RL[
�>TyehR<�C^�T.[<`��CT�Y	�
W.`QY�T�^�R�ekT m XQZCc7R"_¤� � �S~ X Y�]�_gW�R<ZCc7R m c�Ttc1`�[<`�W.`�ogZ'b s XQZ&[�\<XQ^�^�j�e�_�\L]�_�XC[�Z�_
^�R"]nT m T.X�\<X s XQZ&[�\�Ra\>ehR<�C^�T.[<`�Z)V%XQW.X�pY��`1ekT�e�`HV�b.^�Y
R�e�XQ^.[LR"]
��^�j+fye�`QY�\<`��"�
e�` � ^�R�W�R<ZCc7R m c7R�c�`�W.`�[�c1`�\<`<]n^.`�\�j+f b kh >∼ 1 iB`�[�W�R � RL[�X&]
��^�j+fl�'R<W�e�`�^�T�c p
�%W�T m XIe�\}Z']�b m RLX}�dqpÈl[LR<c � X�\<`��"e�` � ^.`�Z'b s XQZ&[�\<`�\�R<^�T.XP\�j�Z �BT�fi�'R<W�e�`��
^�T�c X `QY�^�R<c1`S`�^�TK`�c7R��Ij�\�R y [�Z�_�^.XQo.[�W�R"]
��^�j�ekT � d1|+w#� X T�^.X&b1Z&[<`�o m T�\�jt[<`<]
��c�`
V�b.^�Y
R�e�XQ^.[LR"]
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R

�"R���T7_�`�ZC^.`�\�^.`�o�^.X&b1Z&[<`�o m T�\<`�Z&[�T�^�Rim�j�Z&[ ��j+f ehR<�C^�T.[<`��I\Lb.c1`�\�j+f�\<`<]n^�RIf X� � � e�`��'b7[�`�Z&[LR<\�RL[
��Z�_�^.X&b1Z&[<`�o m T�\�j�ekT p
� R<c1`�^�j�Y�T�ZCU.X ��ZCT�T � � � T � � � Y�]�_B`QY�^.` �.`QY�^.`�oKZ��.X'Y�jiZ�U�R���R�e�XC[ ��R#�

ekT�\�^.X �B^�T�f�`�m<]�R<Z&[<XQo Y
R y [sb1Z']�`�\�T.X Zex = 0 b ZQerp b ¡7p�f�w�c+i_i X T��Pc1`�[<` �.`��&`
Z']�X'Y�b�XC[

W 2
1,2 =

1 + sa2
ex ±

√

(1 + sa2
ex)

2 − 4A2
exs

2s
, b ¡7p�f�w�¡�i

��YnXPY�]�_ m R<Z&[<`�[�j � � � W1 ^.XC`�mQf1`QY�T�e�`ym�W�RL[
� �I^�R<c � � � X Y�]�_ m R<Z&[<`�[�j� � �
W2 Z �I^�R<c � − � p� c1`�W.`�[�c1`�\<`<]n^.`�\<`1e�U�W.X'YnX&]�X b kh� 1 i+\<XC[�\�T X Z&`�`�[�\<XC[�Z&[�\Lb y�s T.Xdc1`�W��

^7_ne W = M +W1
X Z&[�W.XIe�_�[�Z�_ac �I^�R m XQ^�T y!m R<Z&[<`�[�jlm�j�Z&[�W�j+faehR<�C^�T.[<`��I\Lb �

c1`�\�j+f>\<`<]n^aY�]�_�ZCW.X'Y�^.XQ�&`�Z']�`I_
W4 =

1

2

{

1 + a2
in +

√

(1 + a2
in)

2 − 4A2
in

}

. b ¡7p�f�w u i
�%W�T>\�j�U.`<]n^.XQ^�T�TPb1Z']�`�\�T7_

M > W2 +W4 b ¡7p�f�w � i
\�Z&XQ��Y
RwZ'b s XQZ&[�\Lb�XC[xY�T�R<U�R��Q`�^G^.X&b1Z&[<`�o m T�\�j+fVY�]nT�^P\<`<]n^ b W�T�Z�p(¡7p¢w��+i�p�q%W�T.[<X��
W�T�o b ¡7p�f�w � i+_�\L]�_�XC[�Z�_>m�`<]�XCXwe�_��Cc�T�egU.`VZCW�R<\�^.XQ^�T y Z%b1Z']�`�\�T.XIeg^.X&b1Z&[<`�o m T��
\<`�Z&[�T � � � X Y�]�_�c�`�[<`�W�j+f�^.XC`�mQf1`QY�T�e�` M > W1+W4 > 2 p:jxXQo�Z&[�\�T.[<X&]
��^.` X
U.`�ZCc1`<]
��c7baT�� b ¡7p�f�w�¡�i Z']�X'Y�b�XC[ 0 < W2

X RBT�� b ¡7p�f�w u i W4 ≥ 1 X [<`�U���TG`�U��.X��
YnX&]�XQ^�^�j+f>Z&`�`�[�^.`$�wXQ^�T7_7fPU�R���R�e�XC[ �.`�\�^.X&b1Z&[<`�o m T�\<`�Z&[
�Ve�` � XC[,T�e�XC[
�,e�XQZ&[<`
U���T 1 < M < 2 p

� �.X'Y�Z&[LR<\L]�_�XC[�T�^.[<X �.XQZG`�m<]�R<Z&[
� �I^�R m XQ^�T�o�U�R���R�e�XC[ �.`�\ X U���T�c1`�[<` ��j+f
^.X&b1Z&[<`�o m T�\<`�Z&[
� � � � Z&[LRLm�T7]nT��IT��7b�XC[�Z�_ X `QY�^�R<c1` ^.X&b1Z&[<`�o m T�\<`�Z&[
� � � �
`�Z&[LRLXC[�Z�_vp@��`1ekT�e�`�b.U.`1e�_�^7b7[<`��&`i\�j1�wX�Z']�b m R"_uehR"]nj+f ��VWV%XQc.[�T�\�^�j+f m T��
Z&X&] � RIf7R b 1 < M < 2 i}T�e�XCXC[�Z�_�Y �7b.�'R"_�\<`��"e�` � ^.`�Z&[
� X ZC\L_��"R<^�^�R"_�Z
��VWV%XQc.[<`1e�Z&[LRLm�T7]nT��"R���T�Tg`�[ ��R � RL[�X&]
��^�j+fl�'R���e�`�^�T�c � � � U���T ain <∼ 1 X
s ∼ 1 X R <∼ 1/M 2 � 1 X Y�]�_ m XQ�&`�\}Z&`�`�[�\<XC[�Z&[�\�T�TgZ b ¡7p�f�w:dSiB^.XC`�mQf1`QY�T�e�`
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a2
ex

>∼ 1/R p(�%W�TVYn`�Z&[LRL[<` m ^.`,ZCT7]
��^.`1e�\�^.X �B^.XIe�ehR<�C^�T.[�^.`1e�U.`<]�Xd\�j�U.`<]n^7_��
XC[�Z�_ M −W1 < W4

X T�^.X&b1Z&[<`�o m T�\<`�Z&[
� � � � T�Z m X"�"RLXC[ X `CY�^�R<c1`GU���T �C[<`1e
b1Z']�`�\�T.X b ¡7p�f�w � iGe�` � XC[t`�Z&[LR<\�RL[
��Z�_�ZCU���R<\<X'Y�]nT�\�j�e�T ��R<ZCc7R m c�Rt\<`��"e�b s X��
^�T�o X ZC\L_��"R<^�^�j+fKZ � � � X `�Z&[LRLXC[�Z�_vpx��[�e�XC[�T�e X�m [<` X U.`�ZCc1`<]
��c7b ��VWV%XQc.[�T�\�^.`�Xm T�Z']�` � RIf7R M = ~k~u0/kcsin

X [<`�Y�]�_>Y
R<^�^.`�oPY�]nT�^�j \<`<]n^�j λ = 2π/k \�Z&X��
��Y
RrZ'b s XQZ&[�\Lb�XC[�^�R<U���R<\L]�XQ^�T.X ��R<ZCU��.`�Z&[ ��R<^.XQ^�T7_x\<`��"e�b s XQ^�T�od\�Z'b s XQZ&[�\<XQ^�^.`
ZC\<X ��f��I\Lb.c1`�\<`�oPZ&[ �7b�X b v0 � cs i X U���T>c1`�[<` �.`�o�\�j�U.`<]n^7_�XC[�Z�_ 1 < M < 2 p

�Y§�¦h§��Y§�¨Y§ ��°+¸�®�­�°���­�µ�° �����}°x¹�´�µ�§   �C]�` � XQ^�^�jrX�\�j1�wX�W.X"�CbI]
�I[LRL[�j
U.`<]�b m XQ^�j�\�W�R�ekc7RIfx]nT�^.XQo�^.`�oB[<XC`�W�T�TKT X Z&[�W.`��&`S�&`�\<`�W�_ X ZCU�W�R<\<X'Y�]nT�\�j X U.`�c7R
R�ekU7]nT.[LbIY
Rx^�R<W�R<Z&[LR y�s T�fV\<`��"e�b s XQ^�T�oVehR"]�R.p$(xT�^.XQo�^�j�oVR<^�R"]nT��%U.`��I\<`<]�_�XC[
Z'bIY�T.[
��[<`<]
��c1`�`�U�W.`�Z&[�W�R<^�Z&[�\<XQ^�^�j+f�W�R��"e�XQW�RIflW�R<ZCc7R m T�\�R y�s T�f�Z�_u\<`��"e�b �s XQ^�T�o>Taf7R<W�R<c.[<XQW�^�j+f�\�W.XIe�XQ^�RIfPT�f�W.`�Z&[LR X `�[�^.`�Z�_ s T�f�Z�_P[<`<]
��c1`Vc>ZQR�e�`1e�b
U.XQW�\<`�^�R m R"]
��^.`1e�b �C[LR<U7b1p�~�R��Cb�e�XCXC[�Z�_ X U�W.`�Z']�X'Y�T.[
�sZ'bQY �<m<b \<`��"e�b s XQ^�T�o ^�R
^.X&]nT�^.XQo�^.`1e �C[LR<U.X�e�` � ^.`�[<`<]
��c1`y\�W�R�ekc�RIf m T�Z']�XQ^�^.`��&`��CT�Y�W.`QY�T�^�R�ekT m X��
ZCc1`��&` �Qc�ZCU.XQW�T�e�XQ^.[LR � d u � X�u+� c���p � XQZ ��ehR �I^�R�e�XQ^�RL[<X&]
��^.` X�m [<`yU�W.`�\<X'YnXQ^�^.`�X��`�W�ehR<^.`1e�T � R<W�Y�T � dS¡<| X�u+� c�� YnXC["R"]
��^.`�XwZCW�R<\�^.XQ^�T.XdW.X"�Cb"]
�Q[LRL[<`�\�]nT�^.XQo�^.`��
�&`�R<^�R"]nT��"R�Z
^.X&]nT�^.XQo�^�j�ekTxW�R<Z m XC[LR�ekTw^.X&b�Z&[�`�o m T�\<`�Z&[�Tx[�T�U�R�R<c7b1Z&[�T m XQZCc1`��&`
W.X"�Q`�^�R<^�ZQRw\Ke�`QYnX&]nTGU7]�`�ZCc1`�oGZ'b s XQZ&[�\<XQ^�^.`KZC\<XQW<f��I\Lb.c1`�\<`�o b M � 1 i
Z&[�W7b.T
^.Xx\�j�_�\�T7]�`,U�W�T�^	��T�U�T�R"]
��^�j+f�W�R<Z�f1` � YnXQ^�T�o p�SR>^.X&]nT�^.XQo�^.`�oyZ&[LRIY�T�Ty^�T��#�BT.X b j ≤ 3 i%`�[�W�R � RL[�X&]
��^�jrXG�'R<W�e�`�^�T�c�T
�Q\<`<] y ��T.`�^�T�W7b y [�\PZCT�Z&[<XIe�bsZ']�RLm�j+f}c1`�ZCj+f�bIY
R<W�^�j+f}\<`<]n^ p � j�Z �BT.XK`�[�W�R#�� RL[<X&]
��^�jrX b j > 3 iV�'R<W�e�`�^�T�c�T�^�R<ZCj s R y [�Z�_�^�R �I^�R m T.[<X&]
��^.`�e�XQ^	�
�BT�f
R�ekU7]nT.[LbIY
RIf X `QY�^�R<c1`%U�W�T�\<`QY�_�[%cw\<`��I^�T�c�^.`�\<XQ^�T y T.XQW�R<W�f�T�TBU�W.`�Z&[�W�R<^�Z&[�\<XQ^��
^�j+faTa\�W.XIe�XQ^�^�j+faehR<Z �w[LRLm�`�\�p � R<c1`�oGek^.`��&`1e�`QYn`�\�j�oaU�W.`$�.XQZCZrYn`<] � XQ^GU�W�T��
\<`QY�T.[
�,c>W�R��I\�T.[<`�o�R<c7b1Z&[�T m XQZCc�`�o>[Lb.W.m<b"]�XQ^.[�^.`�Z&[�T p��m<]�R<Z&[
� y U�W�T7]�` � XQ^�T7_Kb.c7R��"R<^�^�j+fKW�RLm�`�[�_�\L]�_ y [�Z�_�R<Z&[�W.`+VST��IT m XQZCc�T.X
Y � XC[�j b ��R"]�R<c.[�T m XQZCc�T.X�T �I\<X"�&Y�^�jrX:i�p:�kZ']nTx^.X+c7R<ZQRL[
��Z�_wW.`<]nTwehR<�C^�T.[�^�j+fwU.`��
]�XQo X [<`�`�ZC^.`�\�^�j�e�`�[Q]nT m T.XIeiY � XC[LR�`�[ �~j�_�\L]�_�XC[�Z�_>^�R"]nT m T.Xx\�U.`�Z']�X'Y�^.XIe
Z']�b m RLXdU.`�U.XQW.X m ^.`�oPc1`1ekU.`�^.XQ^.[�j�ZCT7]nj�[Q_ � XQZ&[�T X `�m<b1Z']�`�\L]�XQ^�^.`�o �.XQ^.[�W�R"]
���
^�j�e�`�m�¥vXQc.[<`1erp'��Y�^�R<c1`,\�^.X �B^7_._>ZCT7]�R g(z) Z&[LRLm�T7]nT��IT�W7b�XC[KY�]nT�^�^.`�\<`<]n^.`��
\�jrXw\<`��"e{b s XQ^�T7_ b kh � 1 irT�U�W�R<c.[�T m XQZCc�Ts^.Xx\L]nT7_�XC[V^�R�W�R<ZCc7R m c7b�\<`<]n^�Z
kh >∼ 1 p�%Z&`�m1R"_KU�W�T�\L]�XQc7RL[<X&]
��^.`�Z&[
�xek^.`��&`1e�`QYn`�\�j+f�^.X&b�Z&[<`�o m T�\<`�Z&[<XQo�\SU�W�T7]�`��� XQ^�T�TGcVU�W.`�m<]�XIe�X�[Lb.W.m<bI]nT��"R���T�TPZCW.X'Y�jlZC\L_��"R<^�RdZ�^�R"]nT m T.XIe�W�_7Y
R b T.XQW�R<W��
f�T�TGiw\�j+YnX&]�XQ^�^�j+f�U�W.`�Z&[�W�R<^�Z&[�\<XQ^�^�j+fgehR<Z �w[LRLm�`�\s\�Y�T�ZCc�X X Z&`�`�[�\<XC[�Z&[�\Lb y �s T�f�ehR<c�ZCT�ehR"]
��^�j�e �I^�R m XQ^�T7_ne�T�^�c�W.XIe�XQ^.[<`�\,W�R��C]nT m ^�j+f���R<W�e�`�^�T�c p
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� j1�wX W�R<ZCZQe�`�[�W.XQ^�j � � ^.XQc1`�[<`�W�jrX+U�W�T�e�XQW�jy^.X&b1Z&[<`�o m T�\<`�Z&[<XQo X \�`�ZC^.`�\<X
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 �'R��Q`�\<`��&`GY�T�ZCc7R b ZQerp
[LR<c � XwW�RLm�`�[�j � u |�c X(u |3d X(u |+¡ XG��u ¡#�Ài�p

� bIYnXIe�W�R<ZCZQehRL[�W�T�\�RL[
��[<`<]nZ&[�jrX>R<c�c�W.X ��T.`�^�^�jrX,Y�T�ZCc�T ��� b T7]nTy[<`�W�j~i X
c1`�[<`�W�jrX m R<Z&[<`SU�W�T�\L]�XQc7R y [�Y�]�_K`�m�¥ _�ZC^.XQ^�T7_kV%XQ^.`1e�XQ^�R�R<c.[�T�\�^�j+f��'R"]�R<c.[�T��m XQZCc�T�f}_7YnXQW>Z c�\�R��"R<W.`�\ X Z&XQo�V%XQW.[<`�\ X W�RIY�T.`��'R"]�R<c.[�T�c pYjwT�ZCcye�` � XC[sZ&["RL[
�
�&XC`1e�XC[�W�T m XQZCc�Tu[<`<]nZ&[�j�e U�W�T�ZC\<XC[�T�e�`�Z&[Q_7f X U�W.XQ\�j1�KR y�s T�f ��Y�Y�T�^��&[<`�^.`�\��
ZCc�T�oaU�W.X'YnX&]�p#�kZ']nTaZCc1`�W.`�Z&[
� �I\Lb.c7Rx�'R��"RxZ&["R<^.`�\�T.[�Z�_PZCW�R<\�^�T�e�`�oVZ�c�W7b.�&`�\<`�o
ZCc1`�W.`�Z&[
� ytX [<`,[<`<] s T�^�RKY�T�ZCc7R�Z&[LR<^.`�\�T.[�Z�_�ZCW�R<\�^�T�e�`�o�ZdW�RIY�T7b1Z&`1erp#jBR<\L]�X��
^�T.X�^�R m T�^�RLXC[B`�U�W.X'YnX&]�_�[
�BW�R<\�^.`�\<XQZC^7b y Z&[�W7b.c.[Lb.W7baZCT�Z&[<XIekju\wW�RIY�T�R"]
��^.`1e
^�R<U�W�R<\L]�XQ^�T�T�T X [LR<c�T�el`�m�W�R��Q`1e X �"R<c�`�^�\�W�R s XQ^�T7_}e�` � XC[PZ'b s XQZ&[�\<XQ^�^.`a`�[��
]nT m RL[
��Z�_>`�[,c1XQU7]�XQW.`�\�ZCc1`��&`�p

��`�Z&[�W.`�T�e�U�W.`�Z&[Lb y W�R<\�^.`�\<XQZC^7b y c1`�^�VST��'b.W�R���T y Y�T�VWV%XQW.XQ^	��T�R"]
��^.`
\�W�R s R y�s XQ�&`�Z�_S^.XQZQR�e�`��CW�R<\�T.[�T�W7b y�s XQ�&`�[<`<]nZ&[<`��&`�Y�T�ZCc7R b [<`�W�R+i \<`�\�^.X �B^.XIe
U.`�[<XQ^	��T�R"]�X Ψ �

−1

ρ
~∇P − ~∇Ψ + Ω2r ~er = 0 . b ¡7p�f�w z i

È W�R<\�T.[LR���T.`�^�^�j�o�U.`�[<XQ^	��T�R"]�[<` m X m ^.`�osehR<ZCZCj M1 T�e�XCXC[�\�T�Y
Ψ = − GM1√

r2 + z2
. b ¡7p�f�w<|+i

� bIYnXIe�T�ZCU.`<]
���Q`�\�RL[
�,e�`QYnX&]
���'R��"R
P = Aργ [n = 1/(γ − 1) − ] . b ¡7p�f�c��+i� `�ZCU.`<]
���Cb�XIekZ�_ U�W�T.m<]nT � XQ^�T.XIe ∂Ω/∂z = 0

� u |+w#��p��%U�W.X'YnX&]nT�e \<X&]nT m T��
^7b Ψ \�W ∂Ψ \�W

∂r
= −Ω2r . b ¡7p�f�c#f�i

�lb m XC[<`1e b ¡7p�f�c��+i+T b ¡7p�f�c#f�i�U.XQW.XQU�T	�wXIe�b.W�R<\�^.XQ^�T.X b ¡7p�f�w z i��
~∇{Ψ \�W + Ψ + (n+ 1)

P
ρ
} = 0 b ¡7p�f�c+w�i

T X Z']�X'Yn`�\�RL[<X&]
��^.` X
(n+ 1)P/ρ+ Ψ + Ψ \�W = C = const . b ¡7p�f�c�c+i

�kZ']nT>^�R�U.`�\<XQW�f�^.`�Z&[�T>[<`�W�R P = ρ = 0 X [<`,`�^�RK`�U�W.X'YnX&]�_�XC[�Z�_Gb.W�R<\�^.XQ^�T.XIe
Ψ + Ψ \�W = C . b ¡7p�f�c3dSi

�SR<T.m�`<]�XCXKU�W.`�Z&[<`�o�Y�]�_�R<^�R"]nT��"R,_�\L]�_�XC[�Z�_}e�`QYnX&]
�GZKU.`�Z&[<`I_�^�^�j�elb.��]�`�\�j�e
e�`1e�XQ^.[<`1e l ≡ r2Ω = const p   � b ¡7p�f�c#f�idZ']�X'Y�b�XC[ X�m [<` Ψ \�W = l2/(2r2) T X
U�W�T�^�T�ehR"_�\<`,\�^�T�ehR<^�T.X b ¡7p�f�w<|+i X b.W�R<\�^.XQ^�T.X b ¡7p�f�c�c+i�ZC\<`QY�T�e�c>\�T�Y�b

P
ρ

=
GM1

(n+ 1) r0







r0√
r2 + z2

− 1

2

(

r0
r

)2

− C ′






, b ¡7p�f�c+¡�i
��� � � 2���2 � 2 � 2 � 2
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C ′ = 0,495
]�, � C ′ = 0,444

]�) � C ′ = 0,25

��YnX r0 = l2/GM1
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R<\L]�XQ^�T.X
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X
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√
1 − 2C ′). b ¡7p�f�c u i
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∝ exp{imϕ − iωt} b \�j+YnX&]�XQ^�^�j+f��I^�R m c1`1e�� ˜ � i��
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ω̂2 − ∂e2



ω̂2∂W
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− ∂e2ω̂ mW

2 rΩ



 , b ¡7p�f�c � i
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





−mω̂2W
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∂r
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dΩ
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





, b ¡7p�f�c z i
ũz = i

∂W

∂z
, b ¡7p�f�c�|+i

i ω̂ ρ̃ = div(ρ0~̃u), b ¡7p�f�dx�+i
P̃/P0 = γ ρ̃/ρ0, b ¡7p�f�d(f�i

��YnX W = −P̃/(ρ0ω̂) � ω̂ = ω −mΩ p   ZCU.`<]
���Cb�_ b ¡7p�f�c � i � b ¡7p�f�c�|+i�T b ¡7p�f�d(f�i X
T�ZCc7] y�m T�e�T�� b ¡7p�f�dx�+iK\<`��"e�b s XQ^�^�jrX�U7]�`�[�^.`�Z&[
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)}

+

+ ρ0D
{

−m
2W
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(

∂e2r

2Ω

dΩ
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+ ω̂2

)

+
∂e2ω̂ m

2 rΩ

∂W

∂r

}

+

+ D2 ∂

∂z

(

ρ0
∂W

∂z

)

+D2ω̂2ρ2
0W/γ P2

0 = 0, b ¡7p�f�dSw�i
��YnX D ≡ ω̂2 − ∂e2 p
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ZGU�W.`�T��I\<`<]
��^�j�ekTtW�R<\�^.`�\<XQZC^�j�ekT �"R<\�T�ZCT�e�`�Z&[Q_nekT ρ0(r, z)
X Ω(r) p ��^�R"]nT��

b.W�R<\�^.XQ^�T7_ b ¡7p�f�dSw�ihm�j�]>U�W.`�\<X'YnXQ^a\KW�RLm�`�[LRIf � w�w<| X#u |+w X�u |�c X#u |+¡ X���u ¡#� \KW�R�e �
c7RIf>c7R<c�R<^�R"]nT.[�T m XQZCc1`��&`,U.`QY�f1`QY
R X [LR<c�T m T�Z']�XQ^�^.`��&`�p� U�W.X'YnX&]�Xxc1`�W.`�[�c�T�f�\<`<]n^�\ z �+T r � ^�R<U�W�R<\L]�XQ^�T7_7f�e�` � ^.`aT�ZCc7RL[
�,W.X��
�wXQ^�T7_>\�\�T�YnX

W = W0 exp{i (krr + kzz)}. b ¡7p�f�dxc+i� �C[�`1etZ']�b m RLX%b.W�R<\�^.XQ^�T.X b ¡7p�f�dSw�i Y
RLXC[BY�T�ZCU.XQW�ZCT.`�^�^.`�XSb.W�R<\�^.XQ^�T.X
ω̂2 = ∂e2k2

z/(k
2
z + k2

r), b ¡7p�f�d�dSi
TaY�]�_Pb1Z&[<`�o m T�\<`�Z&[�TGYn`�Z&[LRL[<` m ^.` ∂e2 = 4Ω2 [1 + rdΩ/(2Ω dr)] ≥ 0 p

�kZ&[<XQZ&[�\<XQ^�^.` X `�ZC^.`�\�^.`�o T�^.[<XQW.XQZiU�W.X'Y�Z&[LR<\L]�_�XC[uT��Cb m XQ^�T.X�\<`��"e�` � ^.`��
Z&[�Tu^�R<W�R<Z&[LR<^�T7_u\<`��"e�b s XQ^�T�o X [<`iXQZ&[
��U.`<]�b m XQ^�T.X�b1Z']�`�\�T�o X U�W�Tlc1`�[<`�W�j+f
Im(ω) > 0 p+�%W.X � YnX�\�Z&XQ�&`�`�m�Z'bIY�T�e�W.`<]
�SZ � T�ehRLXIe�`�Z&[�T��'R��"R.p��%�CW�R<^�T m T�ekZ�_
W�R�ekc7R�ekTse�`QYnX&]nT�ZwU.`�Z&[<`I_�^�^�j�egbIYnX&]
��^�j�etb.��]�`�\�j�ele�`1e�XQ^.[<`1e l = r2Ω =`�
���]�� p���`�ZCc�`<]
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\�T�Y �
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r2
ρ0W +

∂

∂r
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ρ0
∂W
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= −ω̂
2ρ0

c2s
W . b ¡7p�f�dS¡�i

�%U�W.X'YnX&]nT�e \<X&]nT m T�^7b ωc ≡ ω − mΩc
X ��YnX Ωc Z ^.XQc�`�[<`�W.`�X�VST�c�ZCT�W.`��

\�R<^�^.`�X �I^�R m XQ^�T.Xwb.��]�`�\<`�osZCc1`�W.`�Z&[�T p � ek^.` � T�elb.W�R<\�^.XQ^�T.X b ¡7p�f�dS¡�i�^�R rW ∗

b W ∗ Z c1`1ekU7]�XQc�ZC^.`yZ&`�U�W�_ � XQ^�^�R"_ W iKTgU�W.`�T�^.[<XQ�CW�T�W7b�XIe�U.`yU7]�`�ZCc1`�Z&[�Tb r, z i�p � W.X"�Cb"]
�I[LRL[<XxU.`<]�b m T�e
Aω2

c −B ωc − C = 0 , b ¡7p�f�d u i
��YnX
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∫

|W |2ρ0c
−2
s r dr dz , b ¡7p�f�d � i
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
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∣
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


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





 r dr dz . b ¡7p�f�d1|+i
� R<U�T	�wXIe�W.X �wXQ^�T.X%b.W�R<\�^.XQ^�T7_ b ¡7p�f�d u i

ωc =
(

B ±
√
B2 + 4AC

)

/(2A) . b ¡7p�f�¡��+i
~�`�Z&[�\<`��"e�b s XQ^�T�o � � � (ω) > 0 ��\<`��"e�` � XQ^ [<`<]
��c1` \�Z']�b m RLX�m�`<]
�
�BT�f
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R
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B2 + 4AC = 0 p � ^.XQZ � T�ehRLXIe�`1etU�W.X'YnX&]�X b cs → ∞ i�\<`��"e�b s XQ^�T7_ �"R<\<X'Yn`��
e�`,_�\L]�_ y [�Z�_�b1Z&[<`�o m T�\�j�ekT p � � T�ehRLXIe�j�os�'R��Ke�` � XC[Vm�j�[$�V^.X&b1Z&[<`�o m T�\�j�e X
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ω −mΩ(r) = l ∂e(r) , b ¡7p�f�¡�f�i
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� X ��YnX
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 � � - � ��g � � � ) - � 
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 � � � � � ���Gg � � �
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c7R"]nT��Q`�\�R<^�^�j�ekT�\�W�R��C]nT m ^�j+f�c1`<]�XCm1RL[<X&]
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r ∂r
= − Im(ω) |ũr|2 σ2
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d

dr
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1
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dH
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)

, b ¡7p�f�¡�w�i
��YnX h = r · 〈σ̃ũϕ〉ϕ Z U7]�`�[�^.`�Z&[
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\<`��"e�` � ^.`�Z&[
�GW�R��I\�T.[�T7_ ^.X&b1Z&[<`�o m T�\<`�Z&[�T}c7R<c�\GZ']�b m RLX�T��C]�b m XQ^�T7_ X [LR<c}T}\
Z']�b m RLX�U.`���]�` s XQ^�T7_sb.��]�`�\<`��&`>e�`1e�XQ^.["RG\<`��"e�b s XQ^�T�o�^�RGc1`�W.`�[LR���T�T X T}W�R��"�
]nT m ^�R"_w]�`�c�R"]nT��"R���T7_K^.X&b1Z&[<`�o m T�\�j+fB\<`��"e�b s XQ^�T�ox\�Y�T�ZCc1X�p � U.XQW�\<`1e�Z']�b m RLX
b.��]�`�\<`�o>e�`1e�XQ^.[�T��C]�b m RLXC[�Z�_>^�RKc1`�W.`�[LR���T�T�T>U.XQW.X'Y
RLXC[�Z�_P^�R<W7b � ^.`�o � U.`<]�`��� T.[<X&]
��^.`�o � e�`QYnX X Rd\<`w\<[<`�W.`1e ��b.��]�`�\<`�oVe�`1e�XQ^.[d`�[<m�T�W�RLXC[�Z�_,b,e�`CY�jl\�^7b7[��
W�T�W�RIY�T7b1ZQR%c1`�W.`�[LR���T�T X c1`�[<`�W�R"_,T�m�X"��[<`��&`d`�m<]�RIY
RLXC[%`�[�W�T	��RL[�X&]
��^�j�e}b.��]�`��
\�j�ege�`1e�XQ^.[<`1e X T��"� �"R m XQ�&`�U.`�Z']�X'Y�^�T�o�W�R<Z&[<XC[,U.`aRLm�Z&`<] y [�^.`�o�\<X&]nT m T�^.X � � p  ��U�W�T�\<X'YnXQ^�^.`��&`�`�U�T�ZQR<^�T7_�e�X'f7R<^�T��"e�`�\�^.X&b1Z&[<`�o m T�\<`�Z&[�T�U.`�^7_�[�^.` X�m [<`dZCc1`��
W.`�Z&[
�KW.`�Z&[LRB\<`��"e�b s XQ^�T�o,`�U�W.X'YnX&]�_�XC[�Z�_GZCc1`�W.`�Z&[
� y U.XQW.XQ^.`�ZQR-�Q^.XQW��CT�TaTVb.�5�
]�`�\<`��&`�e�`1e�XQ^.[LR-�I\Lb.c1`�\<`�oa\<`<]n^.`�o X [<`KXQZ&[$�BW.`�Z&[K\<`��"e�b s XQ^�T�oVU�W.`�T�Z�f1`QY�T.[�\
Y�T�^�R�ekT m XQZCc1`�o �Bc7R"]�Xx\�W.XIe�XQ^�T �

Im(ω) ∼ cs/L , b ¡7p�f�¡�c+i

��YnX L Z f7R<W�R<c.[<XQW�^�j�o�W�RIY�T�R"]
��^�j�o�ehR<Z �w[LRLm,\wY�T�ZCc1X�p� �"R<c7] y�m XQ^�T.X�`�[�e�XC[�T�e Xom [<`tW.X"�Q`�^�R<^�ZC^�jrX�^.X&b1Z&[<`�o m T�\<`�Z&[�T���R��Q`�\�j+f
Y�T�ZCc1`�\PTs[�`�W.`�\a_�\L]�_ y [�Z�_ ek^.`��&`1e�`QYn`�\�j�ekT�Z Y�]�_ c7R � Yn`�o T��,R��IT�e�b7[LR"]
���
^�j+f�e�`QY b ZTVST�c�ZCT�W.`�\�R<^�^�j�e ^.`1e�XQW.`1e m i�bIY
RLXC[�Z�_�`�m�^�R<W7b � T.[
��Yn`nc��
^.X&b1Z&[<`�o m T�\�j+f��'R<W�e�`�^�T�c X W�R��C]nT m R y�s T�f�Z�_ m T�Z']�`1e�T�W�R<ZCU.`<]�` � XQ^�T.XIesb��C]�`�\
V�b.^�c	��T�Tw\<`��"e�b s XQ^�^.`��&`rY
R<\L]�XQ^�T7_xU.`�W�RIY�T�R"]
��^.`�owc�`�`�W�Y�T�^�RL[<X�TxZCc1`�W.`�Z&[
� y
\�W�R s XQ^�T7_K\<`<]n^.`�\<`��&`�b��Q`�W�R b W�RIY�T7b1Z&`1e�c1`�W.`�["R���T�TGi'p � c7R��"R<^�^�R"_�ek^.`��&`1e�`QYn`��
\<`�Z&[
� X Z�`CY�^.`�o,Z&[<`�W.`�^�j X T�`�[�^.`�ZCT.[<X&]
��^�R"_VehR"]�`�Z&[
�dT�^�c�W.XIe�XQ^.[LR�Z Z+Y�W7b.�&`�ob ZQerp b ¡7p�f�¡�c+i_i X U�W�T�\<`QY�_�[Vc�\<`��"e�` � ^.`�Z&[�T>`QY�^.`�\�W.XIe�XQ^�^.`��&`,Z'b s XQZ&[�\<`�\�R<^�T7_�\
Y�T�ZCc1XBm�`<]
�
�w`��&` m T�Z']�RV[LR<c�T�f��'R<W�e�`�^�T�c � � p.��`
�C[<`1e�b X ^.XQZQe�`�[�W�_�^�RV[<` X�m [<`
c7R � Y
R"_�ZCU�T�W�R"]
��^�R"_�\<`<]n^�R,T�e�XCXC[GehR"]�b y R�ekU7]nT.[LbQY�b X Z'b�ehehR<W�^�jrosU.XQW.XQ^.`�Z
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� U�W.X'Y�j+Y�b s T�f�Y�\Lb1f U7b.^�c.[LRIf m�j�]nT�W�R<ZCZQe�`�[�W.XQ^�j ^.X&b1Z&[<`�o m T�\<`�Z&[�T X
\�j �I\�R<^�^�jrX � - � ) � � � � ) � ��
�� ��� 
 � � � ��
�� � Y�\�T � XQ^�T7_�\<X s XQZ&[�\�R.p � U pod�p�c.ped
T��Cb m XQ^�R��CW�RIY�T.XQ^.[�^.`�� �Q^.[�W.`�U�T�o�^�R"_ ^.X&b1Z&[<`�o m T�\<`�Z&[
� b È	���piu\ U7]�`�ZCc1`�Z&[�T
^.XC`QY�^.`�W.`QY�^.`��&`a[<`�^�c1`��&`P�'R��Q`�\<`��&`�Y�T�ZCc7R.p.�%W�_nekj�ekT�R<^�R"]�`��'R�ekT>È	����_�\L]�_��y [�Z�_�c�`�^�\<XQc.[�T�\�^�R"_�Ty~ �&]�X&_�� � XQo7]�`�W�RG^.X&b1Z&[<`�o m T�\<`�Z&[�T p��%^�T e�`��'b7[>W�R��I\�T��
\�RL[
��Z�_t\}^.XC`CY�^.`�W.`QY�^.`�otZCW.X'YnX X ^�RIf1`CY�_ s XQo�Z�_�\}U.`<]�XP[Q_ � XQZ&[�T � � p � ZC\L_��IT
Z �C[�T�eg^.XC`�mQf1`CY�T�e�`VZCc�R��"RL[
��`,\�Z&[�W.X m R y�s XIekZ�_>\K]nT.[�XQW�RL[Lb.W.Xxb7[�\<XQW � YnXQ^�T�T
`i[<`1e X@m [<` X U.`�ZCc1`<]
��c7bl\<X s XQZ&[�\<` X \�W�R s R y�s XCXQZ�_lU.`�c1XQU7]�XQW.`�\�ZCc�T�e�`�W.m�T��
[LR�e X ^.XQ\<XQZ&`1e�` X [<`�^.X&b1Z&[<`�o m T�\<`�Z&[
��c�`�^�\<XQc.[�T�\�^.`��&`�[�T�U�RB\KZ']�b m RLX�Y�T�ZCc�`�\<`�o
R<c�c�W.X ��T�T�^.XPT��CW�RLXC[�W.`<]nT ph~�R��Cb�e�XCXC[�Z�_ X �C[<`}ZCU�W�R<\<X'Y�]nT�\<`�Y�]�_�Z']�b m R"_iU.`��
Z&[<`I_�^�^.`��&`�Y
R<\L]�XQ^�T7_ X ^.`V[LR<c7R"_}e�`CYnX&]
�VU�W.X'Y�Z&[LR<\L]�_�XC[�Z�_>Yn`�Z&[LRL[<` m ^.`PT�ZCc7b1Z5�
Z&[�\<XQ^�^.`�o p�~�R<ZCZQe�`�[�W�T�e�Z&[LR���T.`�^�R<W�^�j�o�W�R<\�^.`�\<XQZC^�j�o�^.XC`QY�^.`�W.`QY�^�j�ouY�T�ZCc
m�X"�wW�RIY�T�R"]
��^.`��&`�Y�\�T � XQ^�T7_sT�\L_��Ic1`�Z&[�T X Y�]�_�c1`�[<`�W.`��&`Vm1R"]�R<^�ZxZCT7]s\,W�RIY�T��
R"]
��^.`1e}^�R<U�W�R<\L]�XQ^�T�T�`�U�W.X'YnX&]�_�XC[�Z�_ b d�p�f�f�i�p � `�[Q_KY�\�R%U.`�Z']�X'Y�^�T�f�Z']�R<�'RLXIekj+f
Y
R y [GehR"]nj�o�\�c7]�RIY}\VW�R<\�^.`�\<XQZCT.X X ^.`aT�f>b m XC[,_�\L]�_�XC[�Z�_�^.XC`�mQf1`QY�T�ekj�eiY�]�_
W�R��I\�T.[�T7_t^.X&b1Z&[<`�o m T�\<`�Z&[<XQo�\�U7]�`�ZCc1`�Z&[�TyY�T�ZCc7R.p � Yn`�m�^.` \�\<XQZ&[�TybIYnX&]
��^7b y
W�R<\�^.`�\<XQZC^7b y ZCT7]�b X Y�]�_�c1`�[<`�W.`�o�Z�b m XC[<`1e�b.W�R<\�^.XQ^�T7_ b d�p�f�f�i)�"R<U�T	�wXIe

g ≡ dΦ

dr
− v2

0

r
+D

p0

σ0

d ln Ωz

dr
= − dp0

σ0 dr
, b ¡7p�f�¡:dSi

`�^�R�ehR"]�R�\�Z']�b m RLX�[<`�^�c1`��&`�Y�T�ZCc7R b g � dΨ/dr ' rΩ2 i X ^.` �C[<`��&`�`�c7R#�
�Ij�\�RLXC[�Z�_PYn`�Z&[LRL[<` m ^.`VY�]�_sW�R��I\�T.[�T7_�c1`�^�\<XQc.[�T�\�^�j+f�^.X&b1Z&[<`�o m T�\<`�Z&[<XQosZSf7R#�
W�R<c.[<XQW�^�j�e \�W.XIe�XQ^.XIe�W.`�Z&[LR�\<`��"e�b s XQ^�T�o τ = 1/Im(ω) ∼ (h2k/r)Ω b �C[Lb
`$�.XQ^�c7b�^.XC[�W7bIY�^.`GU.`<]�b m T.[
�GT�� b d�p�f�� z i�T7]nT b ¡7p�f�¡ � i_i�p�jd]�_sW�R<\�^.`�\<XQZC^�j+f�U�R#�
W�R�e�XC[�W.`�\ f = {σ0, p0, v0 = rΩ, . . .} `�U�W.X'YnX&]nT�e�ehR<Z �w[LRLm�j W�RIY�T�R"]
��^.`�o
^.XC`QY�^.`�W.`QY�^.`�Z&[�T Lf = (d ln(f)/d r)−1 p� `��"e�` � ^.`�Z&[
�SW�R<ZCc7R m c�T{È	���u`�U�W.X'YnX&]�_�XC[�Z�_ X c7R<c,ekjt\�T�YnX&]nT�\SU p�d�p�c.ped X
Z&`�`�[�^.`$�wXQ^�T.XIe�f7R<W�R<c.[<XQW�^�j+f�ehR<Z �w[LRLm�`�\�^.XC`QY�^.`�W.`CY�^.`�Z&[�T U.`�\<XQW�f�^.`�Z&[�^.`�o
U7]�`�[�^.`�Z&[�T>TG[<XIekU.XQW�RL[Lb.W�j b Lσ T LT i�p�q�^�R<Z&[<`I_ s XIe�bV\�W.XIe�XQ^�TGU.`�Z&[�W.`�XQ^.`
b � X>Yn`�\<`<]
��^.`iek^.`��&`�`�Z&XQZCT�ehe�XC[�W�T m ^�j+f�Z&[LR���T.`�^�R<W�^�j+fue�`QYnX&]�XQo �~j X `�[��
]nT m R y�s T�f�Z�_}\Gc1`�^.X m ^.`1euZ m XC[<X�W�R��C]nT m ^�j�e�W�RIY�T�R"]
��^�j�e�W�R<ZCU�W.X'YnX&]�XQ^�T.XIe
U.`�\<XQW�f�^.`�Z&[�^.`�o�U7]�`�[�^.`�Z&[�TyT [<XIekU.XQW�RL[Lb.W�j T X Z']�X'Yn`�\�RL[<X&]
��^.` X �I^�R m XQ^�T7_nekT
Lσ T LT

�
Lf = {d(ln f)/dr}−1 � � f�d�d���p

�%W.X'Y�Z&[LR<\�T�e \�Z&X?V�b.^�c	��T�T�\�\�T�YnX f(r, ϕ, t) = f0(r) + f̃(r, ϕ, t) T
]nT�^.XIR<W�T��Cb�XIe b.W�R<\�^.XQ^�T7_�`�[�^.`�ZCT.[<X&]
��^.`�\<`��"e�b s XQ^�^�j+fu\<X&]nT m T�^ f̃ Zsb m X��
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[<`1e b ¡7p�f�¡:dSi�p � W�R�ekc7RIf � q � � U�W�T.m<]nT � XQ^�T7_sZ m T.[LRLXIe�Y�]�_�\<`��"e�b s XQ^�T�o f̃ =
f1 · exp{−i ωt+ i krr+ imϕ} p � Z']�`�\�T.X�Z'b s XQZ&[�\<`�\�R<^�T7_,^.XC[�W�T�\�T�R"]
��^�j+faW.X��
�wXQ^�T�oGY�]�_>]nT�^.XIR<W�T��Q`�\�R<^�^.`�o�ZCT�Z&[<XIekj�U�W�T�\<`QY�T.[VcPY�T�ZCU.XQW�ZCT.`�^�^.`1e�bGb.W�R<\��
^.XQ^�T y d�� oBZ&[<XQU.XQ^�TB`�[�^.`�ZCT.[<X&]
��^.` m R<Z&[<`�[�j ω p��kZ']nTKW�R<ZCZQehRL[�W�T�\�RL[
��`�[CYnX&]
���
^.`�W�RIY�T�R���T.`�^�^.`�� Yn`1ekT�^�T�W7b y�s T�olY�T�ZCc prad � pgas Tu`�m�W�RL[�^�j�o�Z']�b m R<o
prad � pgas

X [<`V\�W.X"�CbI]
�I[LRL[<XSY�T�ZCU.XQW�ZCT.`�^�^.`�X%b.W�R<\�^.XQ^�T.XxU�W�T�^�T�ehRLXC[,\�T�Y �
ω̂4 − ω̂2 ·



∂e2 + k2c2s ·


1 − 2 sin2(Θ)
r dΩ2

∂e2 dr







− 2 sΩω̂kc2T Γ× b ¡7p�f�¡�¡�i

× d

dr
ln







2Ω p
2/Γ
0

∂e2σ0
Ω2(1−Γ)/Γ

z





−




2sΩkc2T
∂e





2
d ln(p0Ωz)

dr
· d
dr

ln
p0

σΓ
0 ΩΓ−1

z

= 0 ,

��YnX s = sin(Θ) = kϕ/k = kϕ/
√

k2
r + k2

ϕ `�U�W.X'YnX&]�_�XC[GZ&[<XQU.XQ^	�a^.XC`�Z&XQZCT�ehe�XC[��
W�T m ^.`�Z&[�Tl\<`��"e�b s XQ^�T�o X kϕ = m/r p � Z']�b m RLX prad � pgas ^.XC`�mQf1`QY�T�e�`
Z m T.[LRL[
� γ = 4/3 T Γ = 9/7 b ZQerp b d�p�f u i_i�p��+[�W.`��&`,�&`�\<`�W�_ X b ¡7p�f�¡�¡�i+ZCU�W�R<\<X'Y	�
]nT�\<`sY�]�_ krr � 1 X krLf � 1 b ^.XC`QY�^.`�W.`QY�^.`�Z&[
��b m T.[�j�\�R"]�R<Z �}\}U.XQW�\<`1e
U.`�W�_7Y�c1X:i X | sin(Θ)| � 1 p� U�W.X'YnX&]�XdT�� �Q^.[�W.`�U�T m XQZCc1`�o�e�`CYnX&]nT p0

σΓ
0 ΩΓ−1

z

= const b ZQerp�U.`CY�W.`�m�^.XCX
�pd�p�f�p�f�i�U.`�W�_7Yn`�csb.W�R<\�^.XQ^�T7_ b ¡7p�f�¡�¡�i�U.`�^�T � RLXC[�Z�_ X U.`�ZCc1`<]
��c7b �Q^.[�W.`�U�T�o�^�R"_
\<XC[�\
�Kc1`<]�XCm1R<^�T�oP\�j�W.` � Y
RLXC[�Z�_ ω̂ = 0 p � `�m s XIe�Z']�b m RLX�b.W�R<\�^.XQ^�T.X b ¡7p�f�¡�¡�i
`�U�T�ZCj�\�RLXC[�Y�\<X�\�j�Z&`�c1` m R<Z&[<`�[�^�jrX�\<XC[�\�TBc�`<]�XCm1R<^�T�o b R<c7b1Z&[�T m XQZCc�T.X:i X Y�]�_Kc1`��
[<`�W�j+fGU�W�T.m<]nT � XQ^�^.`�e�` � ^.` �"R<U�T�ZQRL[
� ω̂2 ∼ ∂e2 + k2c2s

X T�Y�\<X�^�T��Ic1` m R<Z&[<`�[��
^�jrX b �Q^.[�W.`�U�T�o�^7b y T>\�T�f�W.XQ\Lb y i�p

*w`�W�ehR"]
��^�j�ouU.XQW.X'f1`QY�\ b ¡7p�f�¡�¡�i�c�^.XQ\�W�R s R y�s XQo�Z�_�ZCW.X'YnX Ω = 0 T
Ωz = const Y
RLXC[KY�]�_s^�T��Ic1` m R<Z&[<`�[�^�j+fs\<`<]n^ ω2 =

sin2(Θ)

γ2

1

Lp





γ

Lσ
− 1

Lp



 ·

c2s
X TaY�]�_Pb1Z&[<`�o m T�\<`�Z&[�T�^.XC`�mQf�`QY�T�e�`
�

1

Lp





Γ

Lσ
− 1

Lp



 > 0 , b ¡7p�f�¡ u i
m [<`K\x[<` m ^.`�Z&[�TGZ&`�\�U�RIY
RLXC[wZ�b1Z']�`�\�T.XIe�c1`�^�\<XQc.[�T�\�^.`�oVb1Z&[<`�o m T�\<`�Z&[�TG\w^.XC`QY	�
^.`�W.`QY�^.`�o ZCW.X'YnX � |+w#��pY��[�e�XC[�T�e X.m [<`�\G`�Z&XQZCT�ehe�XC[�W�T m ^.`�o e�`QYnX&]nT}ZBb m XC[<`1e
\<XQW.[�T�c7R"]
��^�j+fsY�\�T � XQ^�T�o�b1Z&[<`�o m T�\<`�Z&[
�P`�U�W.X'YnX&]�_�XC[�Z�_}c�W�T.[<XQW�T.XIe � 
 � � 	 � �
Y�]�_g\�W�R s R y�s XQ�&`�Z�_�U.`�[<`�c7R}�'R��"R � ¡�� u ��TtW�R<ZCZQehRL[�W�T�\�R"]�R<Z ��[LR<c � X�\ � f z c���p� `��"e�` � ^.`�Z&[
��W�R��I\�T.[�T7_�c�`�^�\<XQc.[�T�\�^.`�o�^.X&b1Z&[<`�o m T�\<`�Z&[�T�\<`�\�W�R s R y�s XIekZ�_
�'R��Q`�\<`1etY�T�ZCc�X�\GU�W�T7]�` � XQ^�T�T c�U�W.`�m<]�XIe�X�ZCU�T�W�R"]
��^.`�o}Z&[�W7b.c.[Lb.W�j `�m�Z'b � �
Y
R"]�R<Z ��\ � f�¡�¡#��p¶q«�¬G­�®�	�µ ¹ �G­��'°x¹�´#®��G­���� � ��´+����¯�®���� ��´#®@§ � W�R<\�^.XQ^�T.X b ¡7p�f�¡�¡�i�U.`��"�
\<`<]�_�XC[%`�U�W.X'YnX&]nT.[
�d�CW�R<^�T	��jtc1`�^�\<XQc.[�T�\�^.`�o�^.X&b1Z&[<`�o m T�\<`�Z&[�T�Z+b m XC[<`1esY�T�V �
V%XQW.XQ^	��T�R"]
��^.`�Z&[�T�\�W�R s XQ^�T7_ b 1/LΩ 6= 0 iKTtc1`�^.X m ^.`�ot[<`<] s T�^�j�Y�T�ZCc7R \
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#%$'&�( U�( ,�,�(.< /65�9'$��'2 A�G�9'1�3:A*B�$'1�9'G�~H.&YB�G�~'I'$'1�G�&YB�$ Z'>6; \%G`Z�3s>�3:~DNm>�$'9'$*;
� � r/LΩ = r/Lz = −3/2

C
γ = 5/3

C
Λ = 10

(���G�L!>@5�&YBi;�M�� ���q1�G��`\FH�783:9'$*;9'3YH.&YB�G�~'I'$'1�20C�� � �`G�965�H.&YB�G�~'I'$'1�G�&YB�$D]� � Z'>6;h9'3:1�/65!7l5���783:~'&�; 5!B�\%G�&:o[3:/'21
&:G�G�B�1�3YB�&YB�1�$'$ &hW U�( P?U��.R4W�1qG�L!>@5�&YB?;�M� �t�����w1�G��`\FH�783:9'$*; 9'3YH�&YB.G�~'I'$'1�20]���� ���� � �`G�9'2{H.&YB�G�~'I'$'1�G�&sB.$�Rs]%� � Z'>6;&s>6H�I65!;
r/Lz = 0

��]�R<\�^.`1e�U�W�T.m<]nT � XQ^�T�T b 1/Lz ≡ d ln Ωz/dr 6= 0 i�p@��XQW.XQU�T	�wXIe b ¡7p�f�¡�¡�iK\
U�W.X'YnX&]�XS^�T��Ic�` m R<Z&[<`�[�^�j+f>\<`<]n^ b |ω̂2| � Ω2 X ehR"]�`�Z&[
� |ω|/Ω ^.X�[�W.XCm<b�XC[�Z�_'i��

Λ · ν2 + δ · sin(Θ) ·




2r

ΓLp
− r

Lσ
− 2

Γ − 1

Γ

r

Lz
+

r

LΩ
− 2

r

L∂e



 · ν +

+ sin2(Θ)
δ2

Γ2
·




r

Lp
− Γ

r

Lσ
− (Γ − 1)

r

Lz



 ·




r

Lp
+

r

Lz



 = 0 , b ¡7p�f�¡ � i
��YnX ν = ω̂/Ω X Λ =

∂e2

Ω2
+
k2c2s
Ω2

·
[

1 + 6 sin2(Θ)
] X δ = 2kc2s/(Ω

2 r) p�� ��T��
^�T�ehR"_a\<`K\�^�T�ehR<^�T.X�`$�.XQ^�c7bKY�]�_GU.`<]�b7[<`<] s T�^�j�Y�T�ZCc7R h ∼ cs/Ω

X U�R<W�R�e�XC[�W
Λ e�` � XC[�U�W�T�^�T�ehRL[
�.�I^�R m XQ^�T7_�`�[ Λ ∼ 1 \GY�]nT�^�^.`�\<`<]n^.`�\<`1e�U�W.X'YnX&]�X�Yn`
Λ <∼ 100 Y�]�_G\<`��"e�b s XQ^�T�o X bVc1`�[<`�W�j+f,Y�]nT�^�RB\<`<]n^�j�ZCW�R<\�^�T�ehRwZ�[<`<] s T�^.`�o
Y�T�ZCc7R.p�jd]�_Bek^.`��CT�fBZ&[LR���T.`�^�R<W�^�j+fKe�`QYnX&]�XQo �~j�e�` � ^.`%U�W�T�^7_�[
�%Z&[<XQU.XQ^�^7b y
�"R<\�T�ZCT�e�`�Z&[
�BW�R<\�^.`�\<XQZC^�j+faU�R<W�R�e�XC[�W.`�\wY�T�ZCc7Rx`�[�W�RIY�T�R"]
��^.`�oGc1`�`�W�Y�T�^�RL[�j �
r/Lf = const p'�%W�T>\�j�U.`<]n^.XQ^�T�T>b�Z']�`�\�T7_ Im(ν) > 0 T�e�XCXIe�^.X&b1Z&[<`�o m T�\�jrX
W.X �wXQ^�T7_ X W�R<ZCZQe�`�[�W.XQ^�^�jrXx\ � f�d�d���\�Z']�b m RLX r/Lz = 0 p

�SR�W�T�Z�p[¡7p¢w�w�^�R�U7]�`�ZCc1`�Z&[�T�U�R<W�R�e�XC[�W.`�\ r/Lσ T r/Lp T��Q`�m�W�R � X��
^�j �CW�R<^�T	��j c1`�^�\<XQc.[�T�\�^.`�o�^.X&b1Z&[<`�o m T�\<`�Z&[�T X `�U�W.X'YnX&]�XQ^�^�jrXuT��ub1Z']�`�\�T7_
Im(ν) = 0 X Y�]�_>m1R��Q`�\<`�o�e�`QYnX&]nT r/LΩ = r/Lz = −3/2 X γ = 5/3 X Λ = 10 p
�nYnXQZ � � X�Y�]�_aZCW�R<\�^.XQ^�T7_VU�W�T�\<X'YnXQ^�jl�CW�R<^�T	��jgb1Z&[<`�o m T�\<`�Z&[�T�Y�]�_a^.XQ\�W�R s R#�y�s XQo�Z�_�ZCW.X'Y�j X Y�]�_�c1`�[<`�W.`�o}W�R<\�^.`�\<XQZCT.Xw`�m�XQZCU.X m T�\�RLXC[�Z�_s[<`<]
��c1`P\�^.X �B^.XQo
ZCT7]�`�oBTK�CW�RIY�T.XQ^.[<`1e�Y
R<\L]�XQ^�T7_ X R�[LR<c � X+Y�]�_�e�`QYnX&]nT r/Lz = 0 p�qSR<cB\�T�Y�T�e X
\�W�R s XQ^�T.XGT�c1`�^.X m ^�R"_i[<`<] s T�^�R>Y�T�ZCc7R.�"R�e�XC[�^.`�T��"e�XQ^7_ y [�b1Z']�`�\�T7_iZ'b s X��
Z&[�\<`�\�R<^�T7_Gc1`�^�\<XQc.[�T�\�^.`�oG^.X&b1Z&[<`�o m T�\<`�Z&[�T p(�%W�T m XIe X \ �"R<\�T�ZCT�e�`�Z&[�T,`�[ �I^�R#�
c1`�\ Lσ T Lp `�m<]�R<Z&[�TK^�R�U7]�`�ZCc1`�Z&[�T b r/Lσ, r/Lp i X m<]�R<�&`�U�W�T7_�[�^�jrX�Y�]�_K\<`��"�
^�T�c�^.`�\<XQ^�T7_s�CW�RIY�T.XQ^.[�^.`�os^.X&b1Z&[<`�o m T�\<`�Z&[�T X e�`��'b7[Vc7R<c>b.\<X&]nT m T�\�RL[
��Z�_ X [LR<c
TVb�e�XQ^	�
�KRL[
��Z�_�p+jd]�_aW�R<\�^.`�\<XQZC^�j+fGW�R<ZCU�W.X'YnX&]�XQ^�T�oaZ r/Lσ < 0 T r/Lp < 0

Y�T�VWV%XQW.XQ^	��T�R"]
��^.`�Z&[
��\�W�R s XQ^�T7_lTlc1`�^.X m ^�R"_�[<`<] s T�^�R Y�T�ZCc1`�\�_�\L]�_ y [�Z�_
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Z&[LRLm�T7]nT��IT�W7b y�s T�ekT{VdR<c.[<`�W�R�ekT p#�%W�T�] y m�j+f �I^�R m XQ^�T7_7f r/Lσ Z�b�e�XQ^	�
�wX��
^�T.XIe γ c�W�T.[�T m XQZCc1`�X��I^�R m XQ^�T.X |r/Lp| Z&[LR<^.`�\�T.[�Z�_ye�XQ^	�
�wX�p��+[<`�[ ��VWV%XQc.[
Z&`���]�R<Z'b�XC[�Z�_PZSc�W�T.[<XQW�T.XIe b ¡7p�f�¡ u i�p

�SR<W�R�e�XC[�W Λ f7R<W�R<c.[<XQW�T��Cb�XC[�U�W.`�Z&[�W�R<^�Z&[�\<XQ^�^7b y Z&[�W7b.c.[Lb.W7b>\<`��"e�b s X��
^�T�o p �
`<]
�
�BT.X!�I^�R m XQ^�T7_>U�R<W�R�e�XC[�W�R Λ � 1 Yn`�Z&[�T��'R y [�Z�_GY�]�_>c1`�W.`�[�c1`�\<`<]��
^.`�\�j+fK\�W�RIY�T�R"]
��^.`1e�^�R<U�W�R<\L]�XQ^�T�T�\<`<]n^ k ∼ Ω/cs p � X&]nT m T�^�R Λ \�j1�wX
Y�]�_
\<`��"e�b s XQ^�T�ouZsm��`<]
�
�BT�e�R��IT�e�b7[LR"]
��^�j�e�^.`1e�XQW.`1e m p��
]�X'Y�b�XC[�U.`QY m XQW�c��
^7b7[
� X�m [<`g^�R<T.m�`<]�XCX ^.X&b1Z&[<`�o m T�\�j�ekT�Z�[<` m c�T �IW.XQ^�T7_ub.W�R<\�^.XQ^�T�o b ¡7p�f�¡�¡�i Xb ¡7p�f�¡ � i _�\L]�_ y [�Z�_>U�W.X'YnX&]
��^.`�^.XC`�Z&XQZCT�ehe�XC[�W�T m ^�jrXd\<`��"e�b s XQ^�T7_ sin(Θ) = 1
b U.`�ZCc1`<]
��c7b Imω ∝ sin{Θ} i X Y�]�_Vc1`�[<`�W�j+f��"R<\<X'Yn`1e�`d^�R<W7b��KR y [�Z�_aU�W�T.m<]nT��� XQ^�T7_ X ]�X � R s T.X>\�`�ZC^.`�\<X,Y�T�ZCU.XQW�ZCT.`�^�^�j+f�b.W�R<\�^.XQ^�T�o pJÈ W�R<^�T	��j�c1`�^�\<XQc��
[�T�\�^.`�o}^.X&b1Z&[<`�o m T�\<`�Z&[�T}\aU7]�`�ZCc1`�Z&[�T�Y�T�ZCc7R��"R<\�T�Z�_�[V`�[GZ&[<XQU.XQ^�T�^.XC`�Z&XQZCT�e �
e�XC[�W�T m ^.`�Z&[�TK\<`��"e�b s XQ^�T�ox[<`<]
��c1` m XQW.X"�rU�R<W�R�e�XC[�W Λ(Θ) p��SR<T.m�`<]�XCX+ZCT7]
��^.`
U�R<W�R�e�XC[�W Λ \L]nT7_�XC[d^�Rde�`QYnX&]nT�Z r/Lp > 0 p   \dZ']�b m RLX r/Lp > 0 ^.X&b1Z&[<`�o��m T�\�j�ekT�e�`��'b7[�m�jr[
��[<`<]
��c1`Ve�X&]nc1`1ehR<Z �w[LRLm�^�jrXx\<`��"e�b s XQ^�T7_vp

�SR"]nT m T.X�U�W.X'YnX&]
��^�j+f U.XQW.X'f1`QYn`�\gZC\�T�YnXC[<X&]
��Z&[�\Lb�XC[ X�m [<`&VST��IT m XQZCc�T�o
e�X'f7R<^�T��"e X `�m<b�Z']�`�\L]nT�\�R y�s T�o�W.`�Z&[a\<`��"e�b s XQ^�T�o�Z&`V\�W.XIe�XQ^.XIe X R<^�R"]�`��CT m XQ^
c7]�R<ZCZCT m XQZCc1`�o c1`�^�\<XQc.[�T�\�^.`�oy^.X&b1Z&[<`�o m T�\<`�Z&[�TyU�W�T�^�R"]nT m T�Ty�CW�RIY�T.XQ^.[LR��Q^��
[�W.`�U�T�T X Z&`�^�R<U�W�R<\L]�XQ^�^.`��&`PZ�\�^.X �B^.XQo�ZCT7]�`�o X ]nT.m�`>^.X&b1Z&[<`�o m T�\<`�Z&[�Ty~ �&]�X&_��� XQo7]�`�W�R X XQZ']nT,�CW�RIY�T.XQ^.[�juW�R<\�^.`�\<XQZC^�j+fKY
R<\L]�XQ^�T7_aTVU7]�`�[�^.`�Z&[�TaT�e�X y [BW�R��"�
^�jrX �I^�R<c�T p�jd]�_t^.X&b�Z&[<`�o m T�\<`�Z&[�T X c�`�[<` ��R"_g\�`�ZC^.`�\�^.`1e�T�e�XCXC[ r/Lp < 0 X
Z']�X'Y�b�XC[!��R��C]nT m RL[
�GY�\<X�`�m<]�R<Z&[�T p � `QY�^.`�o U.`�\<X ��f�^.`�Z&[�^�R"_ U7]�`�[�^.`�Z&[
�Pb7m�j �
\�RLXC[sZ,b.\<X&]nT m XQ^�T.XIe ��RIY�T�R"]
��^.`�oic1`�` ��Y�T�^�RL[�j b r/Lσ < 0 i X U��7_nekj�e�R<^�R#�
]�`��&`1eu[LR<c�`�o�^.X&b�Z&[<`�o m T�\<`�Z&[�T�_�\L]�_�XC[�Z�_}c1`�^�\<XQc.[�T�\�^�R"_�\G`QY�^.` �.`QY�^.`1e�U.`<]�X
[Q_ � XQZ&[�T p � Y �7b.�&`1egZ']�b m RLXwU.`�\<X ��f�^.`�Z&[�^�R"_�U7]�`�[�^.`�Z&[
� ��R<Z&[<XC[VZSbIY
R"]�XQ^�T.XIe
`�[ �.XQ^.[ ��R b r/Lσ > 0 i X+m [<`BZ&`�`�[�\<XC[�Z&[�\Lb�XC[x^.X&b1Z&[<`�o m T�\<`�Z&[�TG~ �&]�X&_�� � XQo7]�` ��R.p

��`�ZCc1`<]
��c7ba\ � �QXIek^�j+fVb1Z']�`�\�T7_7f � Y
R<^�^�j�oP[�T�UP^.X&b1Z&[<`�o m T�\<`�Z&[�T>U�W�T�\<`��
Y�T.[dc0��VWV%XQc.[�T�\�^.`1e�b�U.XQW.XIe�X �BT�\�R<^�T y \<X s XQZ&[�\�R X [<`xe�` � ^.`dU�W.X'Y�U.`<]�` � T.[$�
R<^�R"]�`��CT m ^�j�o�U�W.`$�.XQZCZS\ � 
 ��
 � ��
�� � R<c�c�W.X ��T.`�^�^.`��&`KY�T�ZCc7R.p

��°+¸�®�­�°���­�¬(± ��´S¬��r®�±>«�¬��r®�¬(¸ �G­����U¹ �G­��'°x¹�	�®�®@§ �%W.`�\<X'YnXQ^�^�j�oK\�j �
�wX�R<^�R"]nT��rU.`QY�W�R��Cb�e�XQ\�RLXC[�\�j�U.`<]n^.XQ^�T.X X c7R<cBekT�^�T�e�b�e X [�W.X'fxb�Z']�`�\�T�o �Sf�i(]nT��
^.XQo�^.`�Z&[
� �hw�i�ehR"]�`�Z&[
�VY�]nT�^�j \<`��"e�b s XQ^�T7_}\GW�RIY�T�R"]
��^.`1e�^�R<U�W�R<\L]�XQ^�T�T}U.`
ZCW�R<\�^.XQ^�T y ZaehR<Z �w[LRLm�`1e ^.XC`QY�^.`�W.`CY�^.`�Z&[�T �rc+id\<`<]n^�j�Yn`<] � ^�j�m�jr[
��ZCT7]
���
^.`��"R<c�W7b m XQ^�^�j�ekT b `��CW�R<^�T m XQ^�T.XKZC\L_��"R<^.`aZdY�T�VWV%XQW.XQ^	��T�R"]
��^.`�Z&[
� y \�W�R s X��
^�T7_'i�p   ^�c�W.XIe�XQ^.[�U�W.`�U.`�W	��T.`�^�R"]�XQ^ sin(Θ) X U.`
�C[<`1e�b�^.XC`�mQf1`QY�T�e�`�T��Cb m T.[
�
\L]nT7_�^�T.X�ZCT7]
��^.`�oKY�T�VWV%XQW.XQ^	��T�R"]
��^.`�Z&[�Ta\�W�R s XQ^�T7_,^�RpV%`�W�ekT�W7b y�s T.XQZ�_,^�R
]nT�^.XQo�^.`�o�Z&[LRIY�T�T�c1`�^�\<XQc.[�T�\�^�jrXr_ m XQo�c�T px��m�Z'bIY�T�esW.X"�Cb"]
�I[LRL[�jg^.X&]nT�^.XQo�^.`�o
�Q\<`<] y ��T�T c1`�^�\<XQc.[�T�\�^.`�^.X&b1Z&[<`�o m T�\<`��&`GY�T�ZCc�R>e�XC[<`QYn`1e � � 	 � �Lb ZQerp � � ¡:d��Ài
m�X"��b m XC[LRS\L_��Ic1`�Z&[�T X `��CW�R<^�T m T�\
�BT�Z � Ωz = const X T�ZCU.`<]
���Cb�_�m�X"�IW�R��"e�XQW�^�jrX
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E�>�G�B�9'G�&YB�$
σ/σ0

1cZ�1.5T/65!�`9'2QMK\%G�\%3:9*B!5 1�/'3:\%3:9'$
t1 = 15000

W��iRsC
t2 = 41000

W �:R

c1`�`�W�Y�T�^�RL[�j�TG\�W.XIe�_ � t = 1 Z�U.XQW�T.`QY>`�m�W�R s XQ^�T7_G^�RBW�RIY�T7b�Z&X r = 1
� ¡:d(f���p� ^�R m R"]
��^�j�ose�`1e�XQ^.[,\�W.XIe�XQ^�T��"RIY
RLXIetZ&[<XQU.XQ^�^�jrX-�"R<\�T�ZCT�e�`�Z&[�T�U7]�`�[��

^.`�Z&[�T}T�Y
R<\L]�XQ^�T7_ (r/Lp = const, r/Lσ = const) p.�kZ']nT}^�R m R"]
��^.`�X�W�R<\�^.`��
\<XQZC^.`�XxZ&`�Z&[<`I_�^�T.X X `�U�W.X'YnX&]�_�XIe�`�X�V�b.^�c	��T7_nekT p0(r) T σ0(r)

X `�m�XQZCU.X m T�\�RLXC[
b1Z&[<`�o m T�\<`�Z&[
�VY�T�ZCc7Ra\aZ&`�`�[�\<XC[�Z&[�\�T�T}Z b ¡7p�f�¡�¡�i b Im(ω) = 0 i X [<`>W.`�Z&[LRa\<`��"�
e�b s XQ^�T�o>Z&`�\�W.XIe�XQ^.XIe�\ m T�Z']�XQ^�^�j+f�e�`QYnX&]�_7f>^.Xd^�RLm<] y Y
RLXC[�Z�_vp

~�R<ZCZQe�`�[�W�T�ete�`QYnX&]
�KZ r/Lp = −3/2 T r/Lσ = −1/2 X γ = 5/3 X c1`�[<`��
W�R"_}U.`�U�RIY
RLXC[P\G^.X&b1Z&[<`�o m T�\Lb y `�m<]�R<Z&[
�P\GZ&`�`�[�\<XC[�Z&[�\�T�T Z b ¡7p�f�¡�¡�i�p.��X"�"R<\�T��
ZCT�e�`�`�[�R�ekU7]nT.[LbIY�j�^�R m R"]
��^.`��&`s\<`��"e�b s XQ^�T7_yU�W.`�T�Z�f1`QY�T.[EV%`�W�ekT�W.`�\�R<^�T.X
W�R<Z&[Lb s T�fKZ&`%\�W.XIe�XQ^.XIes\<`<]n^ X T�e�X y�s T�fxf�R<W�R<c.[<XQW�^7b y ZCU�T�W�R"]
��^.`�� _ m XQT�Z&[Lb y
Z&[�W7b.c.[Lb.W7b1px�SR�W�T�Z�p�¡7p¢w�c�U.`�c7R��"R<^�j�T��Q`<]nT�^�T�TK`�[�^.`$�wXQ^�T7_�U7]�`�[�^.`�Z&[�T σ(r, ϕ)

c�W�R<\�^.`�\<XQZC^.`1e�b �I^�R m XQ^�T y σ0(r) \�Y�\�R�e�`1e�XQ^.[LR�\�W.XIe�XQ^�T t1 = 15 000 T
t2 = 41 000 pq�SR}^�R m R"]
��^.`�otZ&[LRIY�T�TTV%`�W�ekT�W7b y [�Z�_�[�T�U�T m ^�jrX�c1`�^�\<XQc.[�T�\��
^�jrXS_ m XQo�c�T b ZQerp�W�T�Z�p'¡7p¢w�c �)irZS^.XCm�`<]
�
�w`�oP`�[�^.`�ZCT.[<X&]
��^.`�o�R�ekU7]nT.[LbQYn`�o�U.`��
\<XQW�f�^.`�Z&[�^.`�oaU7]�`�[�^.`�Z&[�T |σ−σ0|/σ0 <∼ 5 % p7�+`K\�W.XIe�XQ^.XIe�U�W.`�T�Z�f�`QY�T.[KW.`�Z&[
R�ekU7]nT.[LbIY�j \<`��"e�b s XQ^�T�o�T�b1Z']�` � ^.XQ^�T.X�U�W.`�Z&[�W�R<^�Z&[�\<XQ^�^.`�o}Z&[�W7b.c.[<b.W�j�T��"�
�"RxY�T�VWV%XQW.XQ^	��T�R"]
��^.`�Z&[�T�\�W�R s XQ^�T7_aY�T�ZCc7R b ZQerp�W�T�Z�p'¡7p¢w�c � i�p

� R<c1`�^�\�W�R s XQ^�T7_�Z']�RLm�`�`�[Q]nT m RLXC[�Z�_�`�[ac�XQU7]�XQW.`�\�ZCc1`��&` ΩK p���`<]�Xx\<`��"�
e�b s XQ^�T�o>ZCc�`�W.`�Z&[�T>^�R<��]�_7Y�^.`BYnXIe�`�^�Z&[�W�T�W7b�XC[,\�T�f�W.XQ\<`�oaf7R<W�R<c.[<XQW>[<X m XQ^�T7_vp
�SR<W�R�e�XC[�W�j k T m X f7R<W�R<c.[<XQW�T��Cb y�s T.X�U�W.`�Z&[�W�R<^�Z&[�\<XQ^�^7b y Z&[�W7b.c.[Lb.W7b,\<`��"�
e�b s XQ^�T�o X ^.X"�"R<\�T�ZCT�ekj \�W�R�ekc7RIf�]nT�^.XQo�^.`��&`�R<^�R"]nT��"R.p   V%`�W�ehR"]
��^.` X U�W�T
U�W.` m T�fxW�R<\�^�j+f X ^�R<T.m�`<]�XCX
^.X&b1Z&[<`�o m T�\�jy\<`<]n^�jyZkb.��]�`1e �"R<c�W7b7[�c�T Θ → 90◦ p� m T�Z']�XQ^�^.`�oVe�`QYnX&]nT,^�R<W�R<Z&[LR y [B\<`<]n^�jlZ Θ ' 15◦÷25◦ \xW.X"�Cb"]
�I[LRL[<X�c1`1e �
U�W.`1ekT�ZCZQR�e�X � Y�b�^.X&b1Z&[<`�o m T�\<`�Z&[
� y T�Y�T�VWV%XQW.XQ^	��T�R"]
��^.`�Z&[
� y \�W�R s XQ^�T7_vp
�+[�W7b.c.[<b.W�Rs^.X&b1Z&[<`�o m T�\�j+f�\<`��"e�b s XQ^�T�oy^�R�^.X&]nT�^.XQo�^.`�o�Z&[LRIY�T�Ty`�U�W.X'YnX&]�_��
XC[�Z�_�U�R<W�R�e�XC[�W�R�ekT�e�`QYnX&]nT b M X m X δp X δσ X γ i X U�W�T m XIe R��IT�e�b7[LR"]
��^.`�X
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#%$'&�(6U�( ,!+'(��D5�1�$'&:$'\%G�&YB��l\x5�A�&:$'\x5?>���9'G��:G8�`965iuI'3:9'$*; 1�G��`\FH�783:9'9'G�~yE�>�G�B�9'G�&YB�$
σ̃/σ0

Z'>6;A�G�9'1�3:A*B�$'1�9'G�~w;'I'3:~'A'$ G�BK1�/'3:\%3:9'$jZ'>6; /65!�su>�$'I'9'2QM \%G`Z�3s>�3:~DN M = 10
C � � m = 2

C
� � m = 4

C � � m = 6
C � � m = 8

C � �
m = 12

( �03:\hL�G!>���X83�9'G�\%3:/%�s5�/'\%G�9'$'A'$DC.B�3:\1�2�X83xB�3:\%Eb/'G�&YB!5�1�G��`\FH�783:9'$'~DC!A�G�B�G�/'2�~b&s>�3suZ6H�3YB�!:A�&:E'G�9'3:9��'$65?>���9'G�\FH
�i5�A�G�9*H
1�E�>�G�B��JZ�G965�&:2�783:9'$*;

#%$'&�(fU�( ,�U�(.#F5?Z�$65?>���9'2�3c�i5�1�$'&:$'\%G�&YB�$
σ/σ0

C
p/p0

C
cs/cs0

C
u
W >�3:1.5!;�G�&:� G�/�Z�$'965!B�RsC

v/v0W�E'/65�1.5!;�G�&:��R�Z'>6;�5!�`$'\FH�B!5?>���9'G��:GTH���>@5
ϕ =

0
1J\xG�\x3Y9*Bt1�/'3:\%3:9'$

t = 2 · 104 ( �gA�5!�i5�9'2E'G!>�Gik�3Y9'$*;JH`Z@5�/'9'2QMt1�G!>�9

m T�Z']�` m ekj�e�` � XIe T��"e�XQ^7_�[
� X \�R<W	��T�W7b<_i^�R m R"]
��^�jrXa\<`��"e�b s XQ^�T7_y\"Yn`<]
�
b.��]�R ϕ p�� W.`�Z&[<`1e�R��IT�e�b7[LR"]
��^.`��&` m T�Z']�R�\<`��"e�b s XQ^�T7_uZ&["R<^.`�\L_�[�Z�_um�`<]�XCX
e�X&]nc1`1ehR<Z �w[LRLm�^�j�ekT,TV\xW�RIY�T�R"]
��^.`1ey^�R<U�W�R<\L]�XQ^�T�T p ��^�R"]�`��CT m ^�j�o ��VWV%XQc.[
T�e�XCXIe�U�W�TPb.\<X&]nT m XQ^�T�T m T�Z']�R � RIf7R.p  �x]nT�^.XQo�^.`��&`GR<^�R"]nT��"R,Z']�X'Y�b�XC[ XGm [<`GT�^�c�W.XIe�XQ^.[a^.X&b1Z&[<`�o m T�\<`�Z&[�TsU�W.`��
U.`�W	��T.`�^�R"]�XQ^ Imω ∝ m X(m [<`a\��.X&]�`1etU.`QYn[�\<XQW � Y
RLXC[�Z�_s^�R�^�R m R"]
��^.`�o�Z&[LR#�
Y�T�T��Q\<`<] y ��T�T�\<`��"e�b s XQ^�T�o px�SR�W�T�Z�pS¡7p¢w:dSU.`�c7R��"R<^�j&�"R<\�T�ZCT�e�`�Z&[�TK`�[d\�W.XIe�X��
^�T�ehR<c�ZCT�ehR"]
��^�j+f��I^�R m XQ^�T�o>`�[�^.`�ZCT.[<X&]
��^.`��&`V\<`��"e�b s XQ^�T7_GY�]�_�\�jrm�W�R<^�^.`�o
c1`�^�\<XQc.[�T�\�^.`�oG_ m XQo�c�TaY�]�_>W�R��C]nT m ^�j+f m T M pn�(Rxf7R<W�R<c.[<XQW�^�jrXx\�W.XIe�XQ^�R
t(sat) ' 350M U�W.`�T�Z�f1`QY�T.[K^�R<W�R<Z&[LR<^�T.XS\<`��"e�b s XQ^�T�o�Yn`KZ'b s XQZ&[�\<XQ^�^.`K^.X&]nT��
^.XQo�^.`�o�Z&[LRIY�T�T X m<]nT��Ic�`�Xwc�^�R<ZCj s XQ^�T y p
�%ekU7]nT.[LbIY
RV\<`��"e�b s XQ^�T�o>ZwehR"]nj�e
R��IT�e�b7[LR"]
��^�j�e m T�Z']�`1et^�R<W�R<Z&["RLXC[Ve�X'Y�]�XQ^�^.XCX�p

��\<XQW�f��I\Lb.c1`�\<`�Xw^�RL[<XQc7R<^�T.X��'R��"R�^�R,`�m<]�R<Z&[
�aU.`�\�j1�wXQ^�^.`�osU7]�`�[�^.`�Z&[�T}\
�Q`�^.X�ZCU�T�W�R"]
��^.`�oK\<`<]n^�jtU�W�T�\<`QY�T.[dclV�`�W�ekT�W.`�\�R<^�T y Z']�RLm�j+fwbIY
R<W�^�j+f�\<`<]n^
^�R �"RIY�^.XQo�c�W.`1ekc1X�pk~�RIY�T�R"]
��^�jrXPU�W.`+VST7]nTi[<X m XQ^�T7_�R<^�R"]�`��CT m ^�j�U.`<]�b m XQ^��
^�j�e�\�U p:¡7p�c.p u U�W�TxW�R<ZCZQe�`�[�W.XQ^�T�T%Y�T�ZCZCT�U�RL[�T�\�^.`�ow^.X&b1Z&[<`�o m T�\<`�Z&[�T X U.`�ZCc1`<]
���
c7bP\<`<]n^�j�_�\L]�_ y [�Z�_�ZCT7]
��^.`��"R<c�W7b m XQ^�^�j�ekT b W�T�Z�pG¡7p¢w�¡�i�p

q�`�^�\<XQc	��T7_u\�U7]�`�ZCc1`�Z&[�TgY�T�ZCc7RyU�W�T�\<`QY�T.[�\�ZCW.X'Y�^.XIe clU�RIYnXQ^�T y \<X��s XQZ&[�\�R�^�R��CW�R<\�T.[LR���T.`�^�^�j�o �.XQ^.[�W p���`�[<`�cy\<X s XQZ&[�\�R Ṁ = r
∫ 2π

0
σu dϕ \
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�.X&]�`1e�`�[�W�T	��RL[�X&]�XQ^ pG��`�[<`�cabIYnX&]
��^.`��&`Bb.��]�`�\<`��&`�e�`1e�XQ^.[LRB^�R<U�W�R<\L]�XQ^P^�R<W7b �� b,TVZCW.X'Y�^.XCX�W�RIY�T�R"]
��^.`�X�Y�\�T � XQ^�T.X%c �.XQ^.[�W7b,ZC\L_��"R<^.`wZ�`�[�\<`QYn`1e b.��]�`�\<`��&`
e�`1e�XQ^.[LR�ZCU�T�W�R"]
��^�j�ekTK\<`<]n^�R�ekT X3m [<`S`�m�XQZCU.X m T�\�RLXC[�R<c�c�W.X ��T y \�W.X"�Cb"]
�I[LRL[<X
U.XQW.XQW�R<ZCU�W.X'YnX&]�XQ^�T7_>\<X s XQZ&[�\�R.p

��`<]�b m XQ^�^�jrX�W.X"�Cb"]
�I[LRL[�j X Z�YnX&]�R<^�^�jrX�\ W�R�ekc7RIf�c�\�R��IT�c�XQU7]�XQW.`�\�ZCc1`��
�&` Y�T�ZCc7R X \ `�ZC^.`�\�^.`1e Z&`Qf�W�R<^7_ y [�Z�_ \ Z']�b m RLX �"R<c1`�^.`�\ \�W�R s XQ^�T7_ Z
r/LΩ > −3/2 p � U�W�T7]�` � XQ^�T�Tgc���R��Q`�\�j�e�U.`QY�ZCT�Z&[<XIehR�e�Y�T�ZCc�`�\�j+ft�'R"]�R<c��
[�T�c �I^�R m XQ^�T7_ U�R<W�R�e�XC[�W�R r/LΩ ]�X � RL[l`�[&� b m<]nT��Ic7R"_ c�[�\<XQW�Yn`�[<X&]
��^.`�o
�.XQ^.[�W�R"]
��^�R"_ �Q`�^�R+irYn` −1 Z c�W�T�\�R"_�[�T�U�R � U7]�RL[<` � f�R<W�R<c.[<XQW�^�R,Y�]�_}m�`<]
���
�BT�^�Z&[�\�R��'R"]�R<c.[�T�c�\�Z'b s XQZ&[�\<XQ^�^.`�o m R<Z&[�TGY�T�ZCc7R.p
�103/10��{0�
%?.D7H�D.=<;.8IEG;.A���M'J":<O.N.D.=<:�M'J �

� �'R��Q`�\<`1e�Y�T�ZCc�X X \�W�R s R y�s XIekZ�_K\<`�c�W7b.��c�`1ekU�R<c.[�^.`��&`d`�m�¥vXQc.[LRSehR<ZCZ&`�o
M1

X e�` � XC[SW�R��I\�T�\�RL[
��Z�_K^.X&b�Z&[<`�o m T�\<`�Z&[
� X ZC\L_��"R<^�^�R"_BZ�U�W�T7]nT�\�^�j�e}\L]nT7_�^�T��
XIetZ&`�Z&[<`�W.`�^�j \<[<`�W.`��&`,c1`1ekU.`�^.XQ^.[LR,ehR<ZCZ&`�o M2 [<XQZC^.`�oaY�\<`�o�^.`�o�ZCT�Z&[<XIekjSp
*BT��IT�c7b �C[<`�ox^.X&b1Z&[<`�o m T�\<`�Z&[�TS]�XQ�Cc1`�U.`�^7_�[
� X W�R<ZCZQehRL[�W�T�\�R"_%Y�\�T � XQ^�T.X
U�W.`�m��
^.`�o m R<Z&[�T	��j�\��CW�R<\�T.[LR���T.`�^�^.`1egU.`<]�X%Y�\<`�o�^.`�o�ZCT�Z&[<XIekjSp

��b1Z&[
��\�Z']�b m RLX M2 = 0 U�W.`�m�^�R"_ m R<Z&[�T	��R+Y�\�T � XC[�Z�_xU.`�U.XQW�T.`QY�T m XQZCc1`�o
`�W.m�T.[<X�p7qSR<c,T��I\<XQZ&[�^.` X ekR"]njrX�c1`<]�XCm1R<^�T7_V\<m<]nT��IT�[�W�RLXQc.[<`�W�T�TaU�W.`�T�Z�f1`QY�_�[wZ
�QU�T	��T�c7]nT m XQZCc1`�o m R<Z&[<`�[<`�o ∂e = ∂e0

X T�`�[�c7]�`�^.XQ^�T7_�`�U�T�ZCj�\�R y [�Z�_�`�m�j m ^�j�e
b.W�R<\�^.XQ^�T.XIet�'R<W�e�`�^�T m XQZCc�`��&`�`�Z ��T7]�]�_�[<`�W�R b ZQerp�U pYf�p�f�p�c+i

d2ξ

dt2
+ ∂e2ξ = 0 . b ¡7p�f�¡ z i

� b m XC[<`1e ^.`�W�ehR"]
��^.`�o �I\<X"�&Y�j b M2 6= 0 i X \�W�R s R y�s XQo�Z�_�ZuU.XQW�T.`QYn`1e
T0 = 2π/Ω0

X�m R<Z&[<`�[LRBc1`<]�XCm1R<^�T�oG\ b ¡7p�f�¡ z ihm<bQYnXC[KU.XQW�T.`QY�T m XQZCc1`�ozV�b.^�c	��T.XQo
\�W.XIe�XQ^�T>T�e�` � ^.`VZ m T.[LRL[
�

∂e2 = ∂e2
0

[

1 +
∞
∑

n=1

εn cos(nΩ t)

]

, b ¡7p�f�¡<|+i
��YnX Ω Z ZCW.X'Y�^7_._�b.��]�`�\�R"_uZCc1`�W.`�Z&[
��U�W�T�Y�\�T � XQ^�T�T m R<Z&[�T	��j U.`�U.XQW�T.`��
Y�T m XQZCc1`�os`�W.m�T.[<X X c1`
��VWVST	��T.XQ^.[�j εn `�U�W.X'YnX&]�_ y [�Z�_}U.`�[<XQ^	��T�R"]�`1e�\<[<`�W.`�o
�I\<X"�&Y�j � d z d���p � �C[<`1e Z']�b m RLXVb.W�R<\�^.XQ^�T.X b ¡7p�f�¡ z iS`�U�T�ZCj�\�RLXC[�U�R<W�R�e�XC[�W�T m X��
ZCc�T�o,W.X"�Q`�^�R<^�Z � |+w#��px�%W�T�`�U�W.X'YnX&]�XQ^�^�j+f,Z&`�`�[�^.`$�wXQ^�T7_7f,e�X � Y�b,Z&`�m�Z&[�\<XQ^�^.`�om R<Z&[<`�[<`�o}T m R<Z&[<`�[<`�o}\�j�^7b � Y
R y�s XQo}ZCT7]nj `�[�c7]�`�^.XQ^�T.X ξ ^�R m T�^�RLXC[Gm�j�Z&[��
W.`w^�R<W�R<Z&[LRL[
�wZ&`w\�W.XIe�XQ^.XIeEZ�W�R��I\�T�\�RLXC[�Z�_VU�W�T7]nT�\�^�R"_a^.X&b�Z&[�`�o m T�\<`�Z&[
��p���`��
ZCc1`<]
��c7b�U.XQW�T.`QYlY�\<`�o�^.`�ouZCT�Z&[<XIekj T0 �"R<\�T�ZCT.[y`�[�`�[�^.`�ZCT.[<X&]
��^.`�o�ehR<ZCZCj
\<`��"e�b s R y�s XQ�&`V[<X&]�R µ = M2/(M1 + M2 i X [<`PT�U�R<W�R�e�XC[�W�j εn `�U�W.X'YnX&]�_��y [�Z�_,\<X&]nT m T�^.`�o µ X U�W�T m XIe}`�[Q]nT m ^�j�`�[d^7b"]�_�[<`<]
��c1`w^.X m XC[�^�jrX m ]�XQ^�j b T��"�
�"RaZCT�ehe�XC[�W�T�T}U.`�[<XQ^	��T�R"]�R+i�p��SR<T.m�`<]�XCXKT�^.[<XQ^�ZCT�\�^�j�eu_�\L]�_�XC[�Z�_�W.X"�Q`�^�R<^�ZKZ
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ε3 = 1,85µ X T X Z']�X'Yn`�\�RL[<X&]
��^.` X U�W�T7]nT�\�^�R"_�^.X&b1Z&[<`�o m T�\<`�Z&[
�P\<`��I^�T�c7RLXC[ X c1`��
��Y
R�U.XQW�T.`QY,U�W.`�m�^.`�o m R<Z&[�T	��jtZ&`�Z&[LR<\L]�_�XC[ ' 1/3 `�[%U.XQW�T.`QY
R�\<[<`�W.`�o �I\<X"�&Y�j
\�T�^.XQW	��T�R"]
��^.`�o�ZCT�Z&[<XIe�X ��� � d z d X d z ¡ X�z |3d���p� Z']�b m RLX�c1XQU7]�XQW.`�\�ZCc1`��&`�Y�T�ZCc7R�U.XQW�T.`CYu`�m�W�R s XQ^�T7_ m R<Z&[�T	��W�R<Z&[<XC[�Z
W�RIY�T7b1Z&`1e�TgZ'b s XQZ&[�\Lb�XC[ �I^�R m XQ^�T.X r0

X U�W�T�c1`�[<`�W.`1e�^�R<Z&[Lb.U�RLXC[yW.X"�Q`�^�R<^�Z�p
qSR<cGekju\�T�YnX&]nTa\BU p�¡7p�f�p�f X ¡7p�f�ped X T��"� �"RwU�W�T7]nT�\�^.`��&`K\��"R<T�e�`QYnXQo�Z&[�\�T7_G\ � jK�
Y�T�ZCc�T�e�XCXC[�c1`�^.X m ^�j�o�W�R��"e�XQW p � ^.X �B^�T�ogW�RIY�T7b1ZGY�T�ZCc7R R `�U�W.X'YnX&]�_�XC[�Z�_
`�[�^.`$�wXQ^�T.XIe q = M2/M1 Z m XIe m�`<]
�
�wX q X [<XIe�e�XQ^	�
�wX�\<X&]nT m T�^�R R p�jd]�_
�I^�R m XQ^�T�o q � 1 Y�T�ZCcPU�W.`�Z&[�T�W�RLXC[�Z�_��"RKW�RIY�T7b�Z r0 p � W.X"�Cb"]
�I["RL[<Xx\<`�\�^.X �-�
^.XQo�`�m<]�R<Z&[�TsY�T�ZCc�RPW�R��I\�T�\�RLXC[�Z�_ U�W�T7]nT�\�^�R"_�^.X&b�Z&[<`�o m T�\<`�Z&[
� X U�W�T�\<`QY�_ s R"_
ca\<`��I^�T�c�^.`�\<XQ^�T y e�X'Y�]�XQ^�^.`BU�W.X �.XQZCZCT�W7b y�s XQ�&` �&]�]nT�U.[�T m XQZCc1`��&`xY�T�ZCc7R.p���X��
W�T.`QYa`�m�W�R s XQ^�T7_�[LR<c1`��&` �&]�]nT�U.[�T m XQZCc1`��&`SY�T�ZCc7Rd^�R�c � u � U�W.XQ\�j1�KRLXC[d`�W.m�T��
[LR"]
��^�j�o�U.XQW�T.`QY�Y�\<`�o�^.`�o p.�%W�T q ' 1/4 \�j�U.`<]n^7_�XC[�Z�_�W�R<\<XQ^�Z&[�\<` R ' r0 p
��`
�C[<`1e�bS\�ZCT�Z&[<XIehRIfdZ q ≥ 1/4 U�W�T7]nT�\�^�R"_B^.X&b�Z&[<`�o m T�\<`�Z&[
��^.X+W�R��I\�T�\�RLXC[�Z�_vp� `��I^�T�c�^.`�\<XQ^�T.X�U�W�T7]nT�\�^.`�oa^.X&b�Z&[<`�o m T�\<`�Z&[�T X `�m<b1Z']�`�\L]�XQ^�^.`�o,U�R<W�R�e�XC[��
W�T m XQZCc�T�e�W.X"�Q`�^�R<^�Z&`1e 3 : 1 e�X � Y�bV`�W.m�T.["R"]
��^�j�eyY�\�T � XQ^�T.XIei�'R��"Rd\dY�T�ZCc1X
TK`�W.m�T.["R"]
��^�j�e \�W�R s XQ^�T.XIe�Y�\<`�o�^.`�o X U.`QY�W.`�m�^.`dT�ZCZ']�X'Yn`�\�R<^.`%\%W�R�ekc7RIf m T�Z5�
]�XQ^�^.`��&`�e�`QYnX&]nT�W.`�\�R<^�T7_P�'R��Q`�\<`��&`dY�T�ZCc7Rw\ � jK� � d z d X d z ¡ X.z |3d���p � `��"e�` � ^.` Xm [<`V["R<c�^�R��Ij�\�RLXIekjrX � Z'b.U.XQW��&`�W.m�j � \�ZCT�Z&[<XIehRIfP[�T�U�R � � � � 	 b U.XQW�T.`QY�T m X��
ZCc1`�X,b.\<X&]nT m XQ^�T.XVm<]�XQZCc7R�c�W�T�\<`�oi^�R�w�� ��c���� ZVU.XQW�T.`QYn`1e X ^.XQZCc1`<]
��c1`�U�W.X��
\�j1�KR y�s T�e�`�W.m�T.[LR"]
��^�j�o�U.XQW�T.`QY�\<`�\�W.XIe�_ Z'b.U.XQW�\�ZCU�j1�wXQc b ZQerp U p�f�p¢¡7p�f�i_i
\�j �I\�R<^�j+�&]�]nT�U.[�T m XQZCc�T�eiY�T�ZCc1`1erp
�103/1032{0��wD�M&M'D �.8"J"D.=<;.: 2 8"9 ��M'J"D.N.AQM'918IEG;.A���M'J":<O.N.D.=<:�M'J �

� ®�­�¬'³�®�¹Y¬ ��¸�®�­�­������(¸�­����'µ�� �����x³ ���U°x­�®��@§ � R���R<c.[<X ��^.`�o `�Z&`��
m�XQ^�^.`�Z&[
� y Z&[LR<^�Y
R��.[�^.`�oye�`QYnX&]nT �~j�_�\L]�_�XC[�Z�_}^�R"]nT m T.X��"R<\�T�ZCT�e�`�Z&[�Ts[Lb����
m<b"]�XQ^.[�^�j+fGY�T�ZCZCT�U�RL[�T�\�^�j+f�c1`
��VWV%T	��T.XQ^.[�`�\�`�[�U�R���R�e�XC[ �.`�\KY�T�ZCc�R.p � �0d�ped
��R<ZCZQehRL[ ��T�\�R"]�R<Z ��Y�T�^�R�ekT�c�RSehR"]nj+fK\<`��"e�b s XQ^�T�owm�X"��b m XC[LR%\<`��"e�b s XQ^�T7_B\<X��
]nT m T�^�j�\L_��Ic1`�Z&[�T p#��m�Z'bIY�T�ey\ ��R�ekc7RIfaU��.X'YnX&]
��^.`BU��.`�Z&[<`�oPe�`QYnX&]nTa\L]nT7_�^�T.X
�"R<\�T�ZCT�e�`�Z&[�T�Y�T�^�R�ekT m XQZCc1`�oy\L_��Ic1`�Z&[�T `�[�U7]�`�[�^.`�Z&[�T b η = σν ∝ σ1+δ i%^�R
f7R���R<c.[<X ���I\Lb.c1`�\�j+fPc1`<]�XCm1R<^�T�o�\�U7]�`�ZCc1`�Z&[�TGY�T�ZCc7R.p

� b m XC[<`1e \<`��"e�b s XQ^�T7_ Y�T�^�R�ekT m XQZCc1`�o \L_��Ic1`�Z&[�T η1/η0 =
(1 + δ) σ1/σ0 Y�]�_�c�XQU7]�X �.`�\�ZCc1`��&`sY�T�ZCc7R ZCT�Z&[<XIehRsb���R<\�^.XQ^�T�o�Y�]�_g`�[�^.`�ZCT��
[<X&]
��^.`�Y�]nT�^�^.`�\<`<]n^.`�\�j+f�\<`��"e�b s XQ^�T�o b d�p�f�f z i � b d�p�f�w��+i+U���T�^�T�ehRLXC[,\�T�Y �

−iωσ1 + iσ0ku1 = 0 , b ¡7p�f u �+i
−iωu1 − 2Ωv1 = −ikc2Tp1/p0 − λ0k

2u1 , b ¡7p�f u f�i
� � � 
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−iωv1 +
1

2
Ωu1 = −k2ν0v1 − ik

3

2
Ων0η1/η0 . b ¡7p�f u w�i� U.X ��\<`1elU���T.m<]nT � XQ^�T�T�m<bIYnXIe�Z m T.[LRL[
� p1/p0 = γsσ1/σ0 b \ ��RLm�`�[LRIf � w��+¡ X

w���|���\}b���R<\�^.XQ^�T�Tg[<XQU7]�`�\<`��&`�m1R"]�R<^�ZQR�b m T.[�j�\�R"]nT�Z � Y�T�ZCZCT�U�RL[�T�\�^�jrX�VdR<c��
[<` ��j~i�p � �.X"�CbI]
�I[LRL[<XwU.`<]�b m RLXIe�Y�T�ZCU.X ��ZCT.`�^�^.`�X%b���R<\�^.XQ^�T.X
ω3+ik2(λ0+ν0)ω

2−(Ω2+k2c2s+k
4ν0λ0)ω−ik2ν0Ω

2[3(1+δ)−c2sk2/Ω2] = 0 .
b ¡7p�f u c+i

� bIYnXIeuT�ZCc7RL[
�P\�j ��R � XQ^�T.XBY�]�_ m R<Z&[<`�[�j�Y�]nT�^�^.`�\<`<]n^.`�\�j+f �I\Lb.c1`�\�j+f}c1`<]�X��
m1R<^�T�o�\>\�T�YnX ω/Ω = 1 + εk2 b |εk2| � 1 i�p � R<c�T�e�`�m ��R��Q`1e X Y�]�_�ek^�T�e�`�om R<Z&[�T m R<Z&[<`�[�j�T�e�XCXIe

Im(ω) ' k2ν0

2
(2 + 3δ − λ0/ν0) . b ¡7p�f u dSi

� ��TG\�j�U.`<]n^.XQ^�T�Tab1Z']�`�\�T7_ (2 + 3δ)ν0 > λ0 T�e�XCXIe�^.X&b1Z&[<`�o m T�\<`�Z&[
��R<c7b1Z&[�T��m XQZCc�T�f�c1`<]�XCm1R<^�T�o p���[1e�XC[�T�e X�m [<`�Y�]�_ α � e�`CYnX&]nTy\>`�m<]�R<Z&[�T}Yn`1ekT�^�T��.`�\�R#�
^�T7_��'R��Q`�\<`��&`�Y
R<\L]�XQ^�T7_�T�^.XQU��.`�� ��R m ^.`�Z&[�T kT T�e�XCXIe δ = 2/3 b ZQerph��¡7p�f�i�p
��R���R<Z&[LR<^�T.XV\<`��"e�b s XQ^�T�o �.X&]nT�c1`1e�`�m<b1Z']�`�\L]�XQ^.` �"R<\�T�ZCT�e�`�Z&[
� y Y�T�^�R�ekT m X��
ZCc1`�o�\L_��Ic1`�Z&[�T η `�[SU�R���R�e�XC[ �.`�\�Y�T�ZCc7R.p � m XC[S[<XQU7]�`�\�j+f�U��.`$�.XQZCZ&`�\ X T��C]�b m X��
^�T7_ X Y
R<\L]�XQ^�T7_PT��C]�b m XQ^�T7_ X �"R<\�T�ZCT�e�`�Z&[�TP\L_��Ic1`�Z&[�Ta`�[K[<XIekU.X ��RL[Lb���j X \<XQW.[�T��
c7R"]
��^.`�oVZ&[�W7b.c.[Lb.W�j�Y�T�ZCc7RxTV\<XQW.[�T�c7R"]
��^�j+fac1`<]�XCm1R<^�T�oVT��"e�XQ^7_�XC[ �I^�R m XQ^�T7_
T�^�c�W.XIe�XQ^.[<`�\ X Z&`Qf�W�R<^7_._l\<`��"e�` � ^.`�Z&[
��^.X&b1Z&[<`�o m T�\<`�Z&[�T Im(ω) > 0

� w��+¡ X
w���| X ¡�c z ��p

� R<\�T�ZCT�e�`�Z&[�T}\L_��Ic1`�Z&[�T}T}^.XQU�W.`��IW�R m ^.`�Z&[�T}`�[>U.`�\<XQW<f�^.`�Z&[�^.`�o U7]�`�[�^.`��
Z&[�T�T}[<`<] s T�^�j Y�T�ZCc7R b ν ∝ σδσhδh X κ̄ ∝ σ∆hh∆h i�`�c7R��Ij�\�R y [�W.X �KR y�s XCX
\L]nT7_�^�T.X+^�RrY�T�ZCZCT�U�RL[�T�\�^�jrX�^.X&b1Z&[<`�o m T�\<`�Z&[�TKR<c7b1Z&[�T m XQZCc�T�f X R�[LR<c � Xr\L_��Ic1`�o
T [<XQU7]�`�\<`�o b ZQerpvU p�¡7p�c.p�f�i�\<XC[�\<XQo�c1`<]�XCm1R<^�T�o p���`�Z&[�W.`�XQ^�^�jrXVc�^�R<Z&[<`I_ s XIe�b
\�W.XIe�XQ^�T,ek^.`��&` m T�Z']�XQ^�^�jrX�e�`QYnX&]nT �~j `�c7R��Ij�\�R y [�Z�_,c7R<c�\%b1Z&[<`�o m T�\<`�o X [LR<c
T�\,^.X&b1Z&[<`�o m T�\<`�o�`�m<]�R<Z&[Q_7f�U.`VU�R<W�R�e�XC[�W�R�e ∆h

X ∆σ
X δh X δσ Y�]�_�W�R��C]nT m �

^�j+f>\<XC[�\<XQo>c1`<]�XCm1R<^�T�o � w���|���p��° � ��´+����¯�®���� ��´+�n¹ �G«��G´#¹ �����(¸�­����'µ �B¬G¹�� ��´#®�¯�°���¹�® � ���(¸�­@§ � `��
YnX&]
�}[<`�^�c1`��&`�Y�T�ZCc7R}^�R<c7]�RIY�j�\�RLXC[ `��CW�R<^�T m XQ^�T.X�^�R�Y�]nT�^7bt\<`<]n^�j λ � h

T m R<Z&[<`�[�j�\<`��"e�b s XQ^�T�o � c u ��p'��`
�C[<`1e�bVY�]�_�c1`�W�W.XQc.[�^.`��&`aT�ZCZ']�X'Yn`�\�R<^�T7_GY�T��
^�R�ekT�c�Tg\<`��"e�b s XQ^�T�o�Z λ <∼ h ^.XC`�mQf1`CY�T�e�`�W�R<ZCZQehRL[�W�T�\�RL[
�y\<XQW.[�T�c�R"]
��^�jrX
Y�\�T � XQ^�T7_PT z � Z&[�W7b.c.[Lb.W7b �0jap � `QYnX&]
�w[<`�^�c1`��&`xY�T�ZCc7RwU.`��I\<`<]�_�XC[BW�R<ZCZQehRL[��
W�T�\�RL[
��[<`<]
��c1`�U�T�^ m � c1`<]�XCm1R<^�T7_ b S � e�`QY
R+i�p�jd]�_x^�T�fx\<`��"e�b s XQ^�^.`�XkY
R<\L]�XQ^�T.X
_�\L]�_�XC[�Z�_�ZCT�ehe�XC[�W�T m ^.`�o�V�b.^�c	��T.XQo z � c1`�`�W�Y�T�^�RL[�j X R�\<XQW.[�T�c7R"]
��^�jrXGZQe�X��s XQ^�T7_l�'R��"R ^.XsZ�Y�\�T��'R y [ �.XQ^.[�WuehR<ZCZCj \}Y�T�ZCc1X�`�[�^.`�ZCT.[<X&]
��^.`�U7]�`�ZCc1`�Z&[�T
ZCT�ehe�XC[�W�T�T z = 0 p � R<c�T�e�`�m�W�R��Q`1e X T��I�CT.m�^�jrXac1`<]�XCm1R<^�T7_ b AS � e�`QY
R+iST�Z5�
c7] y�m R y [�Z�_VT���W�R<ZCZQe�`�[�W.XQ^�T7_vp1q%W.`1e�X�[<`��&` X Y�\Lb�e�XQW�^�jrX�e�`QYnX&]nT�^.X�U.`��I\<`<]�_��y [�T��Cb m RL[
��\�j�Z&`�c�` m R<Z&[<`�[�^�j�X b `�[�W�R � RL[�X&]
��^�jrX:iv�'R<W�e�`�^�T�c�TdZ ω � Ω p   �Cb �m T�e�Y�T�^�R�ekT�c7b,R<c7b1Z&[�T m XQZCc�T�f,\<`��"e�b s XQ^�T�o�Zrb m XC[<`1e�\<XQW.[�T�c7R"]
��^�j+f�Y�\�T � X��
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^�T�o p(q%W.`1e�Xd[<`��&` X U.`�U7b7[�^.`GW�R<ZCZQe�`�[�W�T�e�\<`�U�W.`�Zd`VU�W.X'YnX&]�RIf�U�W�T�e�XQ^�T�e�`�Z&[�T
e�`QYnX&]nTP[<`�^�c1`��&`KY�T�ZCc7R.p

� ¬���¬�¯�¬��G²�«�° ��°+¸r°x­�®�± � ��� ��´+�'°x­�­�µ��H¯�¬ ��´+�G´+§ ��^�R"]�`��CT m ^.`�U p�¡7p�c.p¢w7p�f
W�R<ZCZQe�`�[�W�T�e ehRL[<XIehRL[�T m XQZCc7b y e�`QYnX&]
� X U.`��I\<`<]�_ y�s b y `�U�W.X'YnX&]�_�[
� Z&`�m��
Z&[�\<XQ^�^�jrX m R<Z&[<`�[�j Y�]�_ W�R��C]nT m ^�j+f}^.X&b1Z&[<`�o m T�\�j+f e�`QY�\ z � ^.XC`QY�^.`�W.`QY�^.`1e
\L_��Ic1`1eg`�Z&XQZCT�ehe�XC[�W�T m ^.`1e�Y�T�ZCc1X � ¡�c z ��p � `�[C]nT m T.XK`�[ b ¡7p�f�f�c+i X b ¡7p�f�f�dSi X U�W.X��
^.XCm�W.X � XIegehR<�C^�T.[�^�j�egU.`<]�XIe X ^.`�b m [<XIet\L_��Ic1`�Z&[
��p

� bIYnXIeuZ m T.[LRL[
� XYm [<`�W�R<\�^.`�\<XQZC^�R"_}ZCc1`�W.`�Z&[
�P\VY�T�ZCc1X�T�e�XCXC[G[<`<]
��c1` r �
T ϕ �rc1`1ekU.`�^.XQ^.[�j � ~u0(r, z) = (u0, v0, 0) p(jd]�_�c1`1ekU.`�^.XQ^.[V[<XQ^��Q`�W�RV\L_��Ic�T�f
^�R<U�W�_ � XQ^�T�o�U�W�T�e�XIe �

Πij = −αij P , b ¡7p�f u ¡�i
��YnX i, j = (r, ϕ, z) p��SR<W�R�e�XC[�W�j αrz

X αϕz T αrϕ `�U�W.X'YnX&]�_ y [ b.W.`��
\<XQ^	�}[Lb.W.m<b"]�XQ^.[�^.`�Z&[�Tl\sY�T�ZCc1X�pq�%W�T m XIe αrz T αϕz `�m<b1Z']�`�\L]�XQ^�j�Z�Y�\�T��&`��
\�j�e f7R<W�R<c.[<XQW.`1e [�X m XQ^�T7_u\ z � ^�R<U�W�R<\L]�XQ^�T�T X Ry\<X&]nT m T�^�R αrϕ ZC\L_��"R<^�R�Z
Y�T�VWV%XQW.XQ^	��T�R"]
��^.`�Z&[
� y \�W�R s XQ^�T7_u\yU7]�`�ZCc1`�Z&[�TgY�T�ZCc7RyTlZ&`�\�U�RIY
RLXC[�Z α �
U�R<W�R�e�XC[�W.`1eiZ&[LR<^�Y
R<W.[�^.`�oG[<XC`�W�T�T,Y�T�ZCc1`�\<`�oGR<c�c�W.X ��T�T � w�w�f���p7�tb m XC[<`1e�`$�.X��
^.`�c αrϕ :αrz :αϕz :αrr :αϕϕ ∼

∣

∣

∣

r ∂Ω
∂r

∣

∣

∣ :
∣

∣

∣

∂u0

∂z

∣

∣

∣ :
∣

∣

∣

r ∂Ω
∂z

∣

∣

∣ :
∣

∣

∣

∂u0

∂r

∣

∣

∣ :
∣

∣

∣

u0

r

∣

∣

∣

X h � r X
`��CW�R<^�T m T�ekZ�_B\�b.W�R<\�^.XQ^�T7_7fSY�\�T � XQ^�T7_B[�`<]
��c�`Sc1`1ekU.`�^.XQ^.[<`�o Πrϕ p<� m T.[LRLXIe Xm [<`VW�R<\�^.`�\<XQZC^�j�oPm1R"]�R<^�ZSZCT7]�`�U�W.X'YnX&]�_�XC[�Z�_>ZCT�Z&[<XIe�`�oGb.W�R<\�^.XQ^�T�o �
v2

0

r
=

1

%0

∂P0

∂r
+
∂Ψ

∂r
, u0

∂rv0

r∂r
= − α

%0

∂r2P0

r2∂r
,

∂P0

∂z
= −%0

∂Ψ

∂z
. b ¡7p�f u�u i

~�R<\�^.`�\<XQZC^�jrX[V�b.^�c	��T�T�U�W.X'Y�Z&[LR<\�T�el\V\�T�YnX�� f0(r, z) = f01(r) · f02(z) p � `�Z5�
U.`<]
���Cb�XIekZ�_PW.X �wXQ^�T7_nekTPU p�d�p�f�p�f�p��+`�`�[�^.`$�wXQ^�T.X

c2s(r, z) =
γP0

%0
= c2s(r, 0) f(z) , ��YnX c2s(r, 0) =

γ

a
Ω2

Kh
2 b ¡7p�f u+� i

`�U�W.X'YnX&]�_�XC[�RIY�T�RLm1RL[�T m XQZCc7b y ZCc�`�W.`�Z&[$� �I\Lb.c7R b γ Z U.`�c7R��"RL[<X&]
�%RIY�T�RLm1RL[�j X \
`�m s XIe�Z']�b m RLX γ 6= ` i�p+jd]�_VW�R<\�^.`�\<XQZC^�j+fVZCc�`�W.`�Z&[<XQo v0 T u0 T���b.W�R<\�^.XQ^�T�ob ¡7p�f u�u i�Z�b m XC[<`1e b ¡7p�f u+� i+U.`<]�b m T�e �

v0(r, z) = rΩ(r, z) =
√

r2Ω2
K + `P c2s/γ , b ¡7p�f u�z i

u0(r, z) = −α(2 + `P)

γ(1 + `v)

c2s
v0
, b ¡7p�f u |+i

��YnX U�R<W�R�e�XC[�W�j `P = ∂ (ln P0)/∂ (ln r) X `% = ∂ (ln %0)/∂ (ln r) X
`v = ∂(ln v0)/∂(ln r) = 1 − n f7R<W�R<c.[<XQW�T��Cb y [ W�RIY�T�R"]
��^�jrX�^.XC`QY�^.`�W.`QY�^.`��
Z&[�T�W�R<\�^.`�\<XQZC^�j+fP\<X&]nT m T�^ p

��`�Z']�X Z&[LR<^�Y
R<W.[�^.`�oBU�W.`$�.X'Y�b.W�j ]nT�^.XIR<W�T��"R���T�TxU.`<]�b m T�e�ZCT�Z&[<XIe�b%b.W�R<\��
^.XQ^�T�oP`�[�^.`�ZCT.[<X&]
��^.`a\<`��"e�b s XQ^�^�j+fP\<X&]nT m T�^ �

∂%̃

∂t
+

∂

r∂r

[

r(u0%̃+ %0ũ)
]

+
∂(%0w̃)

∂z
= 0 , b ¡7p�f � �+i
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∂ũ

∂t
+ u0

∂ũ

∂r
+ ũ

∂u0

∂r
+ w̃

∂u0

∂z
− 2v0

r
ṽ = − 1

%0





∂P̃
∂r

− %̃

%0

∂P0

∂r



 , b ¡7p�f � f�i
∂ṽ

∂t
+u0

∂(rṽ)

r∂r
+ũ

∂(rv0)

r∂r
+w̃

∂v0

∂z
= − 1

%0



α
∂(r2P̃)

r2∂r
− α%̃

%0

∂(r2P0)

r2∂r



 , b ¡7p�f � w�i
∂w̃

∂t
+ u0

∂w̃

∂r
= − ∂P̃

%0∂z
− g

%̃

%0
, b ¡7p�f � c+i

�&YnXQZ � g ≡ ∂Ψ/∂z p
��`�ZCc1`<]
��c7b�ekj�m<bIYnXIe�T��Cb m RL[
��Y�T�^�R�ekT�c7b�[<`<]
��c1`PR<c7b1Z&[�T m XQZCc�T�fsc1`<]�X��

m1R<^�T�o X [<`,\Bb.W�R<\�^.XQ^�T�T b ¡7p�f����+i+U�W�R<\Lb y m R<Z&[
�,e�` � ^.`V^.X%b m T.[�j�\�RL[
��p � `���Y
R
[<XQU7]�`�\<`�XBb.W�R<\�^.XQ^�T.X�\V]nT�^.XQo�^.`1e�U�W�T.m<]nT � XQ^�T�T�bIYn`�m�^.` �"R<U�T�ZQRL[
�G\�V%`�W�e�X
�"R<c1`�^�RKZ&`Qf�W�R<^.XQ^�T7_ �Q^.[�W.`�U�T�T �

∂s̃

∂t
+ u0

∂s̃

∂r
+ ũ

∂s0

∂r
+ w̃

∂s0

∂z
= 0 , b ¡7p�f � dSi

�&YnXQZ � s0 �VbQYnX&]
��^�R"_.�Q^.[�W.`�U�T7_�W�R<\�^.`�\<XQZC^.`��&`��'R��"R.p   ZCc7] y�m T�eg\<`��"e�b s XQ^�T.X
�Q^.[�W.`�U�T�T s̃ T�� b ¡7p�f � dSi�ZwU.`1e�` s � y b.W�R<\�^.XQ^�T7_sZ&`�Z&[<`I_�^�T7_ s = s(P , %) X c1`��
[<`�W.`�Xx\K]nT�^.XQo�^.`1egU�W�T.m<]nT � XQ^�T�T.�"R<U�T	�wXIe �

s̃ =

(

∂s

∂P

)

%
· P̃ +

(

∂s

∂%

)

P
· %̃ = cV

P̃
P0

− cP
%̃

%0
, b ¡7p�f � ¡�i

��YnX cV = T (∂s/∂T )%
X cP = T (∂s/∂T )P Z bQYnX&]
��^�jrX,[<XQU7]�`�XIekc1`�Z&[�TyU�W�T

U.`�Z&[<`I_�^�^�j+f�U7]�`�[�^.`�Z&[�T,TBY
R<\L]�XQ^�T�T p � \<X'YnXIeEV�b.^�c	��T y ZQe�X s XQ^�T7_K\<X s XQZ&[�\�R
\�\<XQW.[�T�c7R"]
��^.`1eg^�R<U�W�R<\L]�XQ^�T�T ξ �

w =
dξ

dt
=
∂ξ

∂t
+ u

∂ξ

∂r
+ v

∂ξ

r∂ϕ
. b ¡7p�f ��u i

� b m XC[<`1e � q � � U�W�T.m<]nT � XQ^�T7_�\PW�RIY�T�R"]
��^.`1e�^�R<U�W�R<\L]�XQ^�T�T b kr � 1 X
k Z�W�RIY�T�R"]
��^.`�Xx\<`<]n^.`�\<`�X m T�Z']�`Si�U�W.X'Y�Z&[LR<\�T�etW.X �wXQ^�T7_>\�\�T�YnX��

f̃(r, z, t) = f̂(z) · exp{−i ωt+ i kr} . b ¡7p�f ��� i
��b m XC[<`1e b ¡7p�f � ¡�i�T b ¡7p�f ��� i X ZCT�Z&[<XIehR b ¡7p�f � �+i � b ¡7p�f � dSi{ZC\<`QY�T.[�Z�_,cBY�\Lb�e�`�m�j�c��
^.`�\<XQ^�^�j�etY�T�VWV%XQW.XQ^	��T�R"]
��^�j�e�b.W�R<\�^.XQ^�T7_neg`�[�^.`�ZCT.[<X&]
��^.`>R�ekU7]nT.[LbIY�\<`��"�
e�b s XQ^�^�j+f�Y
R<\L]�XQ^�T7_ P̂(z) Ta\<XQW.[�T�c7R"]
��^.`��&`KZQe�X s XQ^�T7_ ξ̂(z) `�[KU7]�`�ZCc�`�Z&[�T
z = 0 �

dξ̂

dz
=

D1(ω̂, k, z)

ω̂(ω̂2 − ∂e2) c2s

P̂
%0

+
g

c2s
· ξ̂ , b ¡7p�f �<z i

dP̂
dz

= %0

{

ω̂2 − g

γ
Sz

}

· ξ̂ − g

c2s
· P̂ , b ¡7p�f � |+i
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�&YnXQZ � ω̂ = ω − ku0
X

∂e = Ω
√

2(2 − n) Z �QU�T	��T�c7]nT m XQZCc7R"_ m R<Z&[<`�[LR X
D1 = −(ω̂3− ω̂(∂e2 +k2c2s)−2iαΩ k2c2s)

X Sz =
1

cV

∂s0

∂z
= (lnP0)

′−` (ln %0)
′ X

�w[�W�T�f�`��I^�R m RLXC[iY�T�VWV%XQW.XQ^	��T�W.`�\�R<^�T.X�U.` z � c�`�`�W�Y�T�^�RL[<X b f ′ ≡ ∂f/∂z i X
ξ̂ Z c1`1ekU7]�XQc�ZC^�R"_�R�ekU7]nT.[LbQY
R,ehRL[<XQW�T�R"]
��^.`��&` z � ZQe�X s XQ^�T7_G`�[�W�R<\�^.`�\<XQZC^.`��
�&`,Z&`�Z&[<`I_�^�T7_ X ["R<c m [<`VZSb m XC[<`1e b ¡7p�f ��u i�\�j�U.`<]n^7_�XC[�Z�_ w̃ = dξ̃/dt = −iω̂ ξ̃ p� m�`<]�XCX+`�m s XIe�\�T�YnXrZ b m XC[<`1e�W�RIY�T�R"]
��^�j+fK^.XC`QY�^.`�W.`CY�^.`�Z&[<XQoKZCT�Z&[<XIehR�b.W�R<\��
^.XQ^�T�o�^�R ξ̂ X P̂ U�W�T�\<X'YnXQ^�R�\ � ¡�c z ��p��%[�e�XC[�T�e X�m [<` � q � � U�W�T.m<]nT � XQ^�T.X�\"Yn`<]
�
r [�W.XCm<b�XC[ X�m [<`�m�j�\�m�X"�&Y�T�ZCZCT�U�RL[�T�\�^.`1e>U�W.X'YnX&]�X+c1`
��VWV%T	��T.XQ^.[�ji\rb.W�R<\�^.XQ^�T��
_7f�[�T�U�R b ¡7p�f �<z i X b ¡7p�f � |+irm�j�]nT�\<X s XQZ&[�\<XQ^�^�j�ekT p � ^.XQ\L_��Ic1`1egU�W�T.m<]nT � XQ^�T�T
m�X"��ehR<�C^�T.[�^.`��&`wU.`<]�_VT�e�XCXIe Z&`���]�R<ZCT.X�Z b ¡7p�f�f�c+i X b ¡7p�f�f�dSi X RSm�X"��b m XC[LRd\�W�R s X��
^�T7_�T�e�XCXIe�U�W.X'YnX&]
��^�j�o�U.XQW.X'f�`QYscGb.W�R<\�^.XQ^�T7_ne X W�R<ZCZQe�`�[�W.XQ^�^�j�eg\ � f�w�����p

�%T�Z']�XQ^�^.`tW.X �KR"_�c�W�RLXQ\Lb y �"RIY
R m bgY�]�_�ZCT�Z&[<XIekj b.W�R<\�^.XQ^�T�o b ¡7p�f �<z i Xb ¡7p�f � |+i�ZBb m XC[<`1e��CW�R<^�T m ^�j+f}b1Z']�`�\�T�o b ¡7p�f�f � i�T b ¡7p�f�f�¡�i�Y�]�_ S � e�`QY�j b T7]nTb ¡7p�f�f u i�Y�]�_ AS � e�`QY�j~i X ekj�^�RIf1`QY�T�euZ&`�m�Z&[�\<XQ^�^�jrX �I^�R m XQ^�T7_�c1`1ekU7]�XQc�ZC^.`�om R<Z&[<`�[�j ω Y�]�_ �"RIY
R<^�^�j+fyW�R<ZCU�W.X'YnX&]�XQ^�T�oyW�R<\�^.`�\<XQZC^�j+f�U�R<W�R�e�XC[�W.`�\PY�T�Z5�
c7R,\"Yn`<]
� z � c1`�`�W�Y�T�^�RL[�jSp.��Y�^.`�\�W.XIe�XQ^�^.`VU.`<]�b m RLXIe�Z&`�m�Z&[�\<XQ^�^�jrXtV�b.^�c	��T�T
ξ̂(z) T P̂(z) X c1`�[<`�W�jrXsZPb m XC[<`1e b ¡7p�f � �+i � b ¡7p�f � c+idY
R y [�\<XQW.[�T�c7R"]
��^�jrX.�"R#�
\�T�ZCT�e�`�Z&[�T�Y�]�_ \�Z&X'f�`�Z&[LR"]
��^�j+f�\<`��"e�b s XQ^�^�j+f�\<X&]nT m T�^ p � j1�wXQT��C]�` � XQ^��
^7b y Z f1XIe�b�m<bIYnXIeu^�R��Ij�\�RL[
� �½c 	 � e�`QYnX&]
� � X RGe�`QYnX&]
�a[<`�^�c1`��&`VY�T�ZCc7R|Z �_w 	 �
e�`QYnX&]
� � p � bIYnXIe�U.`<]
���Q`�\�RL[
��Z�_�m�X"�IW�R��"e�XQW�^.`�o m R<Z&[<`�[<`�o W = ω/ΩK Tsm�X"�"�
W�R��"e�XQW�^�j�e�\<`<]n^.`�\�j�e m T�Z']�`1e K = kh p0�kZ']nT�ZCU.X ��T�R"]
��^.`t^.X `��&`�\�R<W�T��
\�RLXC[�Z�_ X [<`gU�R<W�R�e�XC[�W�j U�W�T�^�T�ehR y [ �I^�R m XQ^�T7_ � α = 0,2 � γ = ` = 5/3 �
h/r = 0,05 � n = 3/2 p

� �.­ ��¬'³W°x­�´x¬(¸ �G­�µ�°
S
�J®

AS
�
³ � ��µ � � � ��®�¦ � �
³ � ��°+¸�± �J§ �%W.X'Y	�

\�R<W�T.[<X&]
��^.` X Y�]�_}c1`�W.`�[�c1`�\<`<]n^.`�\�j+f \<`��"e�b s XQ^�T�os\G\<XQW.[�T�c7R"]
��^.`1e�^�R<U�W�R<\��
]�XQ^�T�TlV%`�W�ehR"]
��^.`dU.`QY�Z&[LR<\�T�e P̂, ξ̂ ∝ exp[ i kzz ] \ b ¡7p�f �<z i X b ¡7p�f � |+i{T X U�W.XQ^.X��
m�W.XQ�'R"_}^.XC`QY�^.`�W.`CY�^.`�Z&[
� y W�R<\�^.`�\<XQZC^�j+f�\<X&]nT m T�^ X �"R<U�T	�wXIegY�T�ZCU.XQW�ZCT.`�^�^.`�X
b.W�R<\�^.XQ^�T.X��

ω4 − ω2 [∂e2 + c2s (k2 + k2
z)] − 2iαΩc2sk

2 ω + ∂e2c2s k
2
z = 0 , b ¡7p�f z �+i

�&YnXQZ � kz XQZ&[
�P\<`<]n^.`�\<`�X m T�Z']�`�\ z � ^�R<U�W�R<\L]�XQ^�T�T p��kZ&[<XQZ&[�\<XQ^�^.` XYm [<`Pb.W�R<\��
^.XQ^�T.X b ¡7p�f z �+i�U�W�T kz = 0 Z&`�\�U�RIY
RLXC[�Z�W.X"�Cb"]
�I["RL[<`1e � w���|���Y�]�_?w 	 � e�`QYnX&]nT
\�Z&`�`�[�\<XC[�Z&[�\Lb y�s XIe�U�W�T.m<]nT � XQ^�T�T�\�Z']�b m RLX��"R�e�XQ^�j γ ^�R>U7]�`�ZCc�T�o�U.`�c7R#�
�"RL[<X&]
�}RIY�T�RLm1RL[�j Γ b ¡7p�f�� u i X b d�p�f u i X T�c�\�RIY�W�RL[ RIY�T�RLm1RL[�T m XQZCc1`�o�ZCc1`�W.`�Z&[�T
�I\Lb.c7Rw\BU7]�`�ZCc1`�Z&[�T,Y�T�ZCc7RdYn`<] � XQ^a`�U�W.X'YnX&]�_�[
��Z�_GZ']�X'Y�b y�s T�ei\�jrW�R � XQ^�T.XIe �

c2s = Γ

∫ h
0 P(z) dz
∫ h
0 %(z) dz

. b ¡7p�f z f�i
� m XQ\�T�Y�^.` X�m [<`��C[�T�c1`<]�XCm1R<^�T7_>Z&`�`�[�\<XC[�Z&[�\Lb y [ S � e�`QYnX b ¡7p�f�f�¡�i�p
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∂W/∂KG�B

K
1 &s>6H�I65�3�N�� �,��	uv\%G`Z�3s>��b&

Γ
C.1�2�I'$'&su>6;'3:\%G�~ E'G W�+'( Pi��RY]*� �,��	uv\%G`Z�3s>�� &

Γ = Γ2
]

� � )��	uv\%GiZ�3s>��

�%W�T α > 0 b.W�R<\�^.XQ^�T.X b ¡7p�f z �+i+`�U�W.X'YnX&]�_�XC[BY�\<Xd^.X&b1Z&[<`�o m T�\�jrXBR<c7b1Z&[�T��m XQZCc�T.XG\<XC[�\�Tic1`<]�XCm1R<^�T�o�T�Y�\<X �"RL[Lb1f7R y�s T.X>e�`QY�j b \L_��Ic7b y T�[<XQU7]�`�\Lb y i�p
� RL[Lb1f7R<^�T.XyU.`�Z']�X'Y�^�T�f�ZC\L_��"R<^.`tZ `�[�Z'b7[�Z&[�\�T.XIe W�RIY�T�R���T.`�^�^.`��&`�Y
R<\L]�XQ^�T7_ X
Y�T�ZCZCT�U�R���T�T,T�`Qf7]�R � YnXQ^�T7_V\%[<XQU7]�`�\<`1e}b.W�R<\�^.XQ^�T�T pS�%W�TKb m XC[<X �C[�T�f|VdR<c.[<`��
W.`�\K\L_��Ic7R"_GTa[<XQU7]�`�\�R"_P^�T��Ic1` m R<Z&[<`�[�^�jrXxc�`<]�XCm1RL[�X&]
��^�j�Xd\<XC[�\�TPe�`��'b7[Km�jr[
�
^.X&b1Z&[<`�o m T�\�j�ekT b ZQerp�U p'¡7p�c.p�f�i�p

�SRVW�T�Z�p·¡7p¢w u U.`�c�R��"R<^�j �"R<\�T�ZCT�e�`�Z&[�T ∂W

∂K
`�[ K \Hw 	 ��TEc 	 � e�`QYnX&]nT X

YnXIe�`�^�Z&[�W�T�W7b y�s T.XPZ']�RLm�`�XaW�R��C]nT m T.X>e�X � Y�b�Z&`�m�`�o p � R�e � XGU�W�T�\<X'YnXQ^iW.X��
�Cb"]
�I["RL[�\�j m T�Z']�XQ^�T7_>Z�U7]�`�ZCc�T�e�U.`�c7R��"RL[<X&]�XIe�RIY�T�RLm1RL[�j Γ2 =

3γ − 1 − γ δ

1 + γ − δb δ = ∂e2/Ω2
K = 1 i X U.`<]�b m XQ^�^�j�euU�W�Tsm�`<]�XCXKR<c�c7b.W�RL[�^.`1elb m XC[<X�\<XQW.[�T�c�R"]
���

^�j+fgY�\�T � XQ^�T�o � �<z ��p)(xT�^.XQo�^�R"_ �"R<\�T�ZCT�e�`�Z&[
� ∂W

∂K
b.c7R��Ij�\�RLXC[�^�Ry[<` X6m [<`

ω ∝ k2 \��KT�W.`�c�T�f>U�W.X'YnX&]�RIf>\�Z&`�`�[�\<XC[�Z&[�\�T�T�ZxR<ZCT�ekU.[<`�[�T�c�`�o b ¡7p�f u dSi�p� R<c�T�e `�m�W�R��Q`1e X U�W�_ne�`�XGZCW�R<\�^.XQ^�T.X�Y
RLXC[�bIYn`�\L]�XC[�\<`�W�T.[<X&]
��^.`�X>Z&`���]�R#�
ZCT.XVe�X � Y�bye�`QYnX&]
� y [<`�^�c�`��&`>Y�T�ZCc7R>T�W.X"�Cb"]
�Q[LRL[LR�ekTyW.X �wXQ^�T7_Mc 	 � �"RIY
R m T p
�+`�m�Z&[�\<XQ^�^�jrX m R<Z&[<`�[�j c1`<]�XCm1R<^�T�o X U.`<]�b m XQ^�^�jrXVT��,b.W�R<\�^.XQ^�T7_ b ¡7p�f z �+i%U�W�T
kz = 0 ZSb m XC[<`1e b ¡7p�f z f�irT�U.`�ZCW.X'Y�Z&[�\<`1egW.X �wXQ^�T7_�c�W�RLXQ\<`�o �"RIY
R m T b ¡7p�f �<z i �b ¡7p�f�f � i X Z']�RLm�`xW�R��C]nT m R y [�Z�_V\S`�m<]�R<Z&[�T kh <∼ 3 b W�T�Z�p�¡7p¢w u i�p1� R�e�XC[�^�jrX�`�[Q]nT��m T7_KU.`I_�\L]�_ y [�Z�_w[<`<]
��c1`SU�W�T kh >∼ 3 p���[�e�XC[�T�e X3m [<`S\ �C[<`�ow`�m<]�R<Z&[�T �"R<\<X'Yn`��
e�`S^�R<W7b��KRLXC[�Z�_kV%`�W�ehR"]
��^.`�Xrb�Z']�`�\�T.X�U�W�T�e�XQ^�T�e�`�Z&[�T|w 	 � e�`QYnX&]nT b kh� 1 i�p� Z']�b m RLXgehR"]nj+f �I^�R m XQ^�T�o�U�R<W�R�e�XC[�W�R γ W�R<Z�f1` � YnXQ^�T7_ \<`��I^�T�c7R y [�U�W�T
m��`<]
�
�BT�f kh X U.`�ZCc1`<]
��c7b%f7R<W�R<c.[<XQW�^�j�o�ehR<Z �w[LRLm�^.XC`QY�^.`�W.`QY�^.`�Z&[�TBW�R<\�^.`�\<XQZ5�
^�j+faU�R<W�R�e�XC[�W.`�\B\w\<XQW.[�T�c7R"]
��^.`1e�^�R<U�W�R<\L]�XQ^�T�TVb.\<X&]nT m T�\�RLXC[�Z�_aZ�b�e�XQ^	�
�wX��
^�T.XIe γ

� ¡�c z ��p � c1`�W.`�[�c1`�\<`<]n^.`�\<`�o,`�m<]�R<Z&[�TVT�^�c�W.XIe�XQ^.[wT|VdR��Q`�\�R"_,ZCc1`�W.`�Z&[
�
\<`��"e�b s XQ^�T�oy\sW�R�ekc7RIf�c 	 � e�`CYnX&]nTie�XQ^	�
�wX X�m XIe \>w 	 � e�`CYnX&]nT X�m [<`}ZC\L_��"R#�
^.`>Z�^.XC`QY�^.`�W.`CY�^�j�e z � W�R<ZCU�W.X'YnX&]�XQ^�T.XIeuW�R<\�^.`�\<XQZC^�j+f}\<X&]nT m T�^}T U.`�U.XQW.X m �
^.`�oPZCT7]nj�[Q_ � XQZ&[�T p   ^�c�W.XIe�XQ^.[�^.X&b�Z&[<`�o m T�\<`�Z&[�TG]nT�^.XQo�^.`�U�W.`�U.`�W	��T.`�^�R"]�XQ^
α � U�R<W�R�e�XC[�W7b X R �I^�R m XQ^�T.X>\<`<]n^.`�\<`��&` m T�Z']�R k X U�W�Ttc1`�[<`�W.`1e U.`I_�\L]�_ y [�Z�_
W�R��C]nT m T7_�e�X � Y�b�e�`QYnX&]�_nekT X Z']�RLm�`0�"R<\�T�ZCT.[�`�[��I^�R m XQ^�T7_ α � U�R<W�R�e�XC[�W�R.p

��m�Z'b � Y
RLXIehR"_ �&YnXQZ �s^�T��Ic�` m R<Z&[�`�[�^�R"_te�`QY
R b ω '
√

Ω2 + k2c2s ixZ']�RLm�`
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α
( �QE�>�G�X u965!;r>�$'9'$*; &:G�G�B�1�3YB�&YB.1�H�3:B

α = 0,2
C E*H�9'A*B�$'/6965!;>�$'9'$*; � α = 0,1

( �0$'&s>@5965 /'$'&YH�9'A�3 H�A�5!�`2�1.5���B9'G�\%3:/65 �s5�/'\%G�9'$'A
j
( �[5/'$'&YH�9'A�5?M �:R4$ $:R4&:E�>�G�X u965!;w$=E*H�9'A*B�$'/'965!; >�$'9'$'$&:G�1�E65?Z@5!��B

�"R<\�T�ZCT.[%`�[ z � Z&[�W7b.c.[Lb.W�j X `�^�R%T�e�XCXC[Se�XQZ&[<`dTK\�w 	 � X TK\pc 	 � e�`QYnX&]�_7f X U.`
�C[<`��
e�b}XCX�XQZ&[<XQZ&[�\<XQ^�^.`�^�R��Ij�\�RL[
� � ��� )3g���- � � g�

��� � � � � ) � ��p � Z']�b m RLX α � 1

Y�]�_}V�b.^�Y
R�e�XQ^.[LR"]
��^.`�ose�`QY�j�T�� b ¡7p�f z �+i�U.`<]�b m RLXIe
ω2 = ∂e2 + k2c2s + iα

Ωc2sk
2

∂e2 + c2sk
2
, b ¡7p�f z w�i

m [<`VZ&`���]�R<Z'b�XC[�Z�_PZSW.X"�Cb"]
�I[LRL[LR�ekT�W�R<Z m XC[LR�U.`{c 	 � e�`QYnX&]nT p� R<c�T�e�`�m�W�R��Q`1e X U�W�_nehR"_�U�W.`�\<XQW�c7RsU.`�c7R��Ij�\�RLXC[ X�m [<`Mw 	 � e�`QYnX&]
��U�W�T��
�&`QY�^�R�Y�]�_VT��Cb m XQ^�T7_KY�T�ZCZCT�U�RL[�T�\�^.`�� R<c7b1Z&[�T m XQZCc1`�oV^.X&b1Z&[<`�o m T�\<`�Z&[�T,Z�f7R<W�R<c��
[<XQW�^�j�ekT>U�W.`�Z&[�W�R<^�Z&[�\<XQ^�^�j�ekTsekR<Z �B["RLm1R�ekTP\<`��"e�b s XQ^�T�oP\�U7]�`�ZCc1`�Z&[�TaY�T�Z5�
c7R�\�U�W.X'YnX&]�RIf ∼ (2h÷ r) p

� ®���²�°x«���®��G­�­�µ�° � ��������´+�'¬ �'µ � �G¹ �G¯�¬ ��´+�G´#­�µ�� ­�° ����´+����¯�®��'µ��
³ � � p�È7R��Q`�\�j�oKY�T�ZCc�_�\L]�_�XC[�Z�_VZC\<`�XC`�m�W�R��I^�j�e�\<`<]n^.`�\<`CYn`1e b ZQerp1U p#¡7p�c.p¢w�i X ��YnX
e�` � XC[�W�R<ZCU�W.`�Z&[�W�R<^7_�[
��Z�_iY�T�ZCc�W.XC[�^�j�o�^�RLm�`�Wt\<`<]n^ X W�R��C]nT m R y�s T�f�Z�_g\<XQW��
[�T�c7R"]
��^�j�e�\<`<]n^.`�\�j�e m T�Z']�`1e X [LR<c m [<`�e�X � Y�b z = −h T z = +h b.c7]�R#�
Y�j�\�RLXC[�Z�_ �.X&]�`�XVT7]nT�U.`<]�b��.X&]�`�X m T�Z']�`GY�]nT�^y\<`<]n^ p � XQW.[�T�c�R"]
��^�R"_�^.XC`QY�^.`��
W.`QY�^.`�Z&[
�}W�R<\�^.`�\<XQZC^�j+fiU�R<W�R�e�XC[�W.`�\�U�W�T�\<`QY�T.[ cim�`<]�XCXGZ']�` � ^.`�o�c7R<W.[�T�^.X X
U.`�ZCc1`<]
��c7b��'R<W�e�`�^�T m XQZCc�T.Xw\<`<]n^�j ^.Xx_�\L]�_ y [�Z�_�Z&`�m�Z&[�\<XQ^�^�j�ekT�W.X �wXQ^�T7_nekT
c�W�RLXQ\<`�o �"RIY
R m T b ¡7p�f �<z i X b ¡7p�f � |+i�p

q%W.`1e�XqV�b.^�Y
R�e�XQ^.[LR"]
��^�j+f S �(T AS � e�`QYK\�\L_��Ic�T�fwR<c�c�W.X ��T.`�^�^�j+fSY�T�Z5�
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c7RIfxe�` � XC[��&XQ^.XQW�T�W.`�\�RL[
��Z�_S] y m�`�X m T�Z']�`�^.X&b1Z&[<`�o m T�\�j+fx�'R<W�e�`�^�T�c X `�m<b1Z']�`�\��
]�XQ^�^�j+fxY�T�ZCZCT�U�RL[�T�\�^�j�e�e�X'f�R<^�T��"e�`1e � ¡�c z ��p��SR�W�T�Z�p+¡7p¢w � T��Q`�m�W�R � XQ^�j �"R<\�T��
ZCT�e�`�Z&[�T>Z&`�m�Z&[�\<XQ^�^.`�o m R<Z&[<`�[�j ω `�[�W�RIY�T�R"]
��^.`��&`,\<`<]n^.`�\<`��&` m T�Z']�R k Y�]�_
V�b.^�Y
R�e�XQ^.[LR"]
��^.`�o>e�`CY�j j = 0 TaU.XQW�\�j+f m XC[�j�W.X'fa`�[�W�R � RL[�X&]
��^�j+fP�'R<W�e�`��
^�T�c j = 1, 2, 3, 4 p���X&b�Z&[<`�o m T�\�j�ekT�_�\L]�_ y [�Z�_�c7R<c U�T�^ m � c1`<]�XCm1R<^�T7_ X [LR<c�T
T��I�CT.m�^�jrXde�`QY�jSp   ^�c�W.XIe�XQ^.[�j�W�R<ZCZQehRL[�W�T�\�RLXIekj+fG^.X&b1Z&[<`�o m T�\<`�Z&[<XQo>\<`��IW�R<Z5�
[LR y [aZdb.\<X&]nT m XQ^�T.XIe k TPYn`�Z&[�T��'R y [GehR<c�ZCT�e�b�ehR�U�W�T�^.XQc1`�[<`�W�j+f.�I^�R m XQ^�T��
_7fG\<`<]n^.`�\<`��&` m T�Z']�R.p � R<c1ZCT�e�b�e Im(ω) Z�Y�\�T��'RLXC[�Z�_P\Bm�`<]�XCX%c1`�W.`�[�c1`�\<`<]n^.`��
\Lb y `�m<]�R<Z&[
��Z,W.`�Z&[<`1e�^.`1e�XQW�R>�'R<W�e�`�^�T�c�T j X U�W�T m XIe+�I^�R m XQ^�T.XaehR<c�ZCT�e�b �
ehR}b.\<X&]nT m T�\�RLXC[�Z�_uZ>b�e�XQ^	�
�wXQ^�T.XIe�f7R<W�R<c.[<XQW�^.`��&`�ehR<Z �w[LRLm1R�\<`��"e�b s XQ^�T�o
\ z � ^�R<U�W�R<\L]�XQ^�T�T p   ^�c�W.XIe�XQ^.[sbi\�Z&X'fi�'R<W�e�`�^�T�c�b.\<X&]nT m T�\�RLXC[�Z�_tZGW.`�Z&[<`1e
α � U�R<W�R�e�XC[�W�R X R Re(ω) U�W�R<c.[�T m XQZCc�T�^.X �"R<\�T�ZCT.[�`�[ α p

jd]�_ c�R � Yn`�o �'R���e�`�^�T�c�T j �.XIR"]
��^�R"_ m R<Z&[
� m R<Z&[<`�[�j T��I�CT.m�^�j+f
c1`<]�XCm1R<^�T�o \�`�m<]�R<Z&[�T Y�]nT�^�^�j+f \<`<]n^ m�`<]
�
�wX Z&`�`�[�\<XC[�Z&[�\Lb y�s XQo U�T�^ m �
e�`QY�j XUm [<` Z']�X'Y�b�XC[ b � X T�� U���T.m<]nT � XQ^�^.`��&` Y�T�ZCU.X ��ZCT.`�^�^.`��&` b���R<\�^.X��
^�T7_ ω2 ' ∂e2 + (k2 + k2

z) c
2
s Z b m XC[<`1e kzh ' πj Y�]�_ S � e�`QY�j T

kzh ' π(j + 1/2) Y�]�_ AS � c1`<]�XCm1R<^�T�o p��%T�^ m � \<`��"e�b s XQ^�T7_�\ �.X&]�`1e�m�`<]�XCX
^.X&b1Z&[<`�o m T�\�j U.`gZ���R<\�^.XQ^�T y Z}T��I�CT.m�^�j�ekT p~�%W�T�m�`<]
�
�BT�f �I^�R m XQ^�T7_7f kh

��R��C]nT m T.Xae�X � Y�b S ��T AS � c1`<]�XCm1R<^�T7_nekT T�Z m X"�"RLXC["p��%W�T m XIe�Z �.`�Z&[�`1e�^.`��
e�X ��R,��R<W�e�`�^�T�c�T j �C[<`aU��.`�T�Z�f1`QY�T.[aU���T�m��`<]
�
�BT�f �I^�R m XQ^�T7_7f ��RIY�T�R"]
��^.`��&`
\<`<]n^.`�\<`��&` m T�Z']�R k po��Y�^�R<c1`i^.XC`�mQf1`QY�T�e�`�`�[�e�XC[�T.[$� Xom [<`i` m XQ^	�ic�`�W.`�[�c1`��
\<`<]n^.`�\�jrXV\<`��"e�b s XQ^�T7_ b kh ≥ 2 ÷ 10 i�Yn`<] � ^�j�m�jr[
�>b1Z&[<`�o m T�\�j�ekTyT��"� �"R
^�R"]nT m T7_�W�RIY�T�R"]
��^.`��&`d�CW�RIY�T.XQ^.[LR%\<`��"e�b s XQ^�^.`�oKZCc1`�W.`�Z&[�T�\%\L_��Ic1`1es[<XQ^��Q`�W.X
^�R<U�W�_ � XQ^�T�o X c1`�[<`�W�j�o�^.X�b m T.[�j�\�RLXC[�Z�_i\��"R<c1`�^.X b ¡7p�f u ¡�i�p���b m XC[<`1e �C[<`��&`
VdR<c.[<`�W�RVehR<c�ZCT�ehR"]
��^�jrX �I^�R m XQ^�T7_�T�^�c�W.XIe�XQ^.[<`�\�m<bIY�b7[�b�e�XQ^	�
�KRL[$��Z�_�ZdW.`��
Z&[<`1et^.`1e�XQW�RK�'R<W�e�`�^�T�c�T j X TG` m XQ^	�,e�X&]nc1`1ehR<Z �w["RLm�^�jrXd\<`<]n^�j b c7R<c>U.` r � X
[LR<c�T>U.` z � c1`�`�W<Y�T�^�RL[<X:i�^.X%Yn`<] � ^�j�U�W.`I_�\L]�_�[
��Z�_>^�R�^.X&]nT�^.XQo�^.`�o�Z&[LRIY�T�T p� Y
R<^�^.`1e}U�R<W�R<�CW�R�V%X�U�W.`QYnXIe�`�^�Z&[�W�T�W.`�\�R<^�RSU�W�T�^	��T�U�T�R"]
��^�R"_,\<`��"e�` � �
^.`�Z&[
�K^.X&b�Z&[<`�o m T�\<`�Z&[�TP\�j�Z&`�c1` m R<Z&[<`�[�^�j+fPR<c7b1Z&[�T m XQZCc�T�fG\<`<]n^a\dY�T�VWV%XQW.XQ^��
��T�R"]
��^.`�\�W�R s R y�s XIekZ�_��'R��Q`�\<`1e�Y�T�ZCc1X�Y�]�_�m�XQ�'b s T�f�\<`��"e�b s XQ^�T�o pp�%^�T
U�W.XCm�j�\�R y [�\�ZCT�Z&[<XIe�Xt`��CW�R<^�T m XQ^�^.`�X�\�W.XIe�_ X T�^�R"]nT m T.XlU.`<]�` � T.[<X&]
��^.`��
�&`>T�^�c�W.XIe�XQ^.[LRP^.X�`��I^�R m RLXC[PX s X X·m [<`�\<`��"e�b s XQ^�T7_�Yn`�Z&[�T��C^7b7[�^.X&]nT�^.XQo�^.`�o
Z&[LRIY�T�T�W�R��I\�T.[�T7_vp � `��"e�b s XQ^�T7_yW�R<ZCU�W.`�Z&[�W�R<^7_ y [�Z�_i\PY�T�ZCc1XaZ&`�ZCc1`�W.`�Z&[
� y
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σ̃/σ0

1 /65!�Y>�$'I�u9'2�3 \%G�\%3:9*B�2 1�/'3:\%3:9'$ Z'>6;L.5!�`G�1�G�~ \%G`Z�3s>�$D( � \%G�\%3:9*B1�/'3:\%3:9'$
t = 2100

W �iR G�B!u9'G�&:$*B�3s>���965!; 5�\%E�>�$*B�HiZ@5E'G�1�3:/�M*9'G�&YB�9'G�~ E�>�G�B�9'G�&YB�$9'3 E'/'3:1�2�Xl5�3YB , � $ H`Z@5�/�u9'2�3 1�G!>�9'2 G�B�&YH�B�&:B�1�H*��B!C9'G 5�\%E�>�$*B�H`Z@5 1�G��`\FH�783:9'$'~H�1�3s>�$'I'$'1.5�3YB�&�; & HiZ@5?>�3:9'$'3:\G�B �:3:9'3:/65!B�G�/65 W
rg = 208

Rs(
�[5iI'$'965!; & \%G�\%3:9*B�5�1�/'3:\%3:9'$
t >

∼ 3500
1�G��`9'$'A*5!��B H�&s>�G�1�$*;Z'>6; o[G�/'\%$'/'G�1.5�9'$*; HiZ@5�/'9'2QM1�G!>�9 1 965�$'L�G!>�3:3 H`Z@5?>�3:9'9'2QMG�B $'&YB�G�I'9'$'A�5 1�G��`\FH�783:9'9'2QMG�L!>@5�&YBi;�M
r >

∼ 270
$
r <

∼ 130W �:Rs( - \xG�\x3Y9*B�H 1�/'3:\%3:9'$
t ' 6000

1�G��`\FH�783:9'$*; Z�G!u&YB�$��s5���B 1�9*H�B�/'3:9'963:~ W
rin

R $1�9'3YX89'3:~wW
rout

R��:/65�9'$��jW �`R

∂ω/∂k ∼ cskh/
√

1 + k2h2 < cs
X T�f7R<W�R<c.[<XQW�^.`�X�\�W.XIe�_gU�W.XCm�j�\�R<^�T7_�b1ZCT��

]nT�\�R y�s T�f�Z�_ \<`<]n^}\aY�T�ZCc1X�W�R<\�^.` ∼ r/h ∼ 102 U.XQW�T.`QY
R�e�\�W�R s XQ^�T7_sY�T�Z5�
c7R.p��kZ']nTyU�W�T�^7_�[
�PY�]�_ `$�.XQ^�c�T Im(ω) ∼ 0,1Ω X [<`>Y�]�_ kh > 1 \<`��"e�` � XQ^
�"R�e�XC[�^�j�o W.`�Z&[�R�ekU7]nT.[LbIY�j�\<`<]n^�j b exp{0,1 · r/h} i�p���XC`�Z&XQZCT�ehe�XC[�W�T m ^�jrX
c1`<]�XCm1R<^�T7_ e�`��'b7[GT��CW�RL[
�Gm�`<]�XCX�\�R � ^7b y W.`<]
� X U.`�[<`1e�b m [<`P`�^�T}^�RIf1`QY�_�[�Z�_
\�ZCT�Z&[<XIe�X�Yn`<]
�
�wX X#m XIe�`�Z&XQZCT�ehe�XC[�W�T m ^�j�Xx\<`<]n^�j X T X Z']�X'Yn`�\�RL[<X&]
��^.` X ^.X&]nT��
^.XQo�^�R"_�Z&[LRIY�T7_�W�R��I\�T.[�T7_�e�` � XC[��"R<\<X'Yn`1e�`BYn`�Z&[�T��'RL[
��Z�_vp

��°+¸�®�­�°���­��'°t³ � ��°+¸�®�«����'¬G­�®�° �(± �+¹�® � � � p � W�RLm�`�[<X � w�f�w#�7T��Cb m XQ^�R
^.X&]nT�^.XQo�^�R"_�Y�T�^�R�ekT�c7R�W�R<ZCZQe�`�[�W.XQ^�^.`�o�\�j1�wX�Y�T�ZCZCT�U�RL[�T�\�^.`�� R<c7b1Z&[�T m XQZCc1`�o
^.X&b1Z&[<`�o m T�\<`�Z&[�TtZGT�ZCU.`<]
���Q`�\�R<^�T.XIe�W�R��C]nT m ^�j+f m T�Z']�XQ^�^�j+f�Z�f1XIe W.X �wXQ^�T7_
b.W�R<\�^.XQ^�T�o>�CT�Y�W.`QY�T�^�R�ekT�c�T p

�%c7R��"R"]�`�Z � X'm [<`>U�W�T}^�R"]nT m T�T}^�R m R"]
��^�j+f}\<`��"e�b s XQ^�T�osZ�R�ekU7]nT.[LbIYn`�o
>∼ 0,1 � `�[KW�R<\�^.`�\<XQZC^�j+f��I^�R m XQ^�T�oPR<c7b1Z&[�T m XQZCc�T.XSc�`<]�XCm1R<^�T7_>e�`��'b7[K^�R<W�R<Z5�
[LRL[
��Yn`gZ']�RLm�j+f�bIY
R<W�^�j+f�\<`<]n^��"Ri\�W.XIe�_�U�W.`Qf1` � YnXQ^�T7_+�I\Lb.c�`�\<`�o�\<`<]n^�j
U.`KY�T�ZCc7b b W�T�Z�p'¡7p¢w z i�p � W.X"�Cb"]
�I["RL[<Xw\BY�T�ZCc1X�V%`�W�ekT�W7b�XC[�Z�_�^.XQZ&[LR���T.`�^�R<W�^�R"_
ZCT�Z&[<XIehRVe�X&]nc�`1ehR<Z �w[LRLm�^�j+f�bQY
R<W�^�j+fs\<`<]n^ X `�[�^.`�ZCT.[<X&]
��^�R"_}R�ekU7]nT.[LbIY
Rac1`��
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σ
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α = 0,3
C

M = 200
( 	gH�9'A*B�$'/'965!;m>�$'9'$*; E'G�A�5?u�`2�1.5�3YBT965iI65?>���9'2�~�E'/'G�o[$�>��

#%$'&�(QU�( )�d*(��bG!> �:G�1�/'3:\%3:9'965!;=�i5�1�$'&:$'\%G�&YB��h&:1�3YB�$'\%G�&YB.$ 9'3YH�&YB�G�~'I'$61�G��:GhA�G!>����65*C%A�G�B�G�/'G�3/65�&:E'G!>�Gikl3:9'Gc1�G�L!>@5�&YB�$
70 <

∼ r <
∼ 350

1c\%G`Z�3s>�$�& M = 200

[<`�W�j+fse�` � XC[VU�W.XQ\�j1�KRL[
�z¡��|� \�Z']�b m RLX α >∼ 0,2 b W�T�Z�p'¡7p¢w<|+i�pn�
]�X'Y�Z&[�\�T.XIe
b.c7R��"R<^�^�j+ft\<`<]n^.`�\�j+f�Y�\�T � XQ^�T�o�\ �0j _�\L]�_�XC[�Z�_t^.XQZ&[LR���T.`�^�R<W�^�R"_�c�`1ekU.`��
^.XQ^.[LRwZC\<XC[�T�e�`�Z&[�T,Y�T�ZCc�RwZ�R�ekU7]nT.[LbIYn`�oP\w^.XQZCc1`<]
��c1`BU�W.`$�.XQ^.[<`�\ b W�T�Z�p#¡7p�c��+i�p

�@VWV%XQc.[�T�\�^.`�Z&[$��W�R<ZCZQe�`�[�W.XQ^�^�j+fPU�W.`$�.XQZCZ&`�\ b V�`�W�ekT�W.`�\�R<^�T.XSbIY
R<W�^�j+f
\<`<]n^yTyc�\�R��IT�U.XQW�T.`QY�T m XQZCc�T.X,`�Z ��T7]�]�_ ��T�TyZC\<XC[�T�e�`�Z&[�TGidZCT7]
��^.`.�"R<\�T�ZCT.[�`�[
b.W.`�\�^7_�[Lb.W.m<b"]�XQ^.[�^.`�o�\L_��Ic�`�Z&[�T X T�`�m�W�R��Q`�\�R<^�T.XKZCT�Z&[<XIekj \<`<]n^ �I^�R m T.[<X&]
���
^.`�o�R�ekU7]nT.[LbIY�j�m�X"�xb m XC[LR ��VWV%XQc.[<`�\a`�[�W�R � XQ^�T7_}`�[a�CW�R<^�T	�s\�Y
R<^�^�j+f}e�`��
YnX&]�_7fP`�c7R��Ijr\�RLXC[�Z�_�\<`��"e�` � ^�j�et[<`<]
��c�`VU�W�T α >∼ 0,05 p
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��XQW�\�jrX�b1ZCU.X'f�T�\lU.`�^�T�ehR<^�T�T�c�`<]�]�XQc.[�T�\�^�j+f�U�W.`$�.XQZCZ&`�\�\l�CW�R<\�T.[�T��
W7b y�s XIe�Y�T�ZCc�X�Y
R"]nTu\<`��"e�` � ^.`�Z&[
��W�_7Y�blT�ZCZ']�X'Yn`�\�RL[<X&]�XQouU.`�Z&[�W.`�T.[
�i[<XC`��
W�T y c�\�R��IT�Z&[LR���T.`�^�R<W�^�j+f�\<`<]n^�U7]�`�[�^.`�Z&[�T�^�Ri�CW�R<\�T.[LR���T.`�^�^.`�o�\<XC[�\�T�c1`��
]�XCm1R<^�T�o,�I\<X"�&Y�^.`��&`iY�T�ZCc�RiY�]�_�`�m�¥ _�ZC^.XQ^�T7_�U�W�T�W.`QY�j ZCU�T�W�R"]
��^.`��&`tb��Q`�W�R
È7RI]�R<c.[�T�c�T b � ¡ z ¡ X ¡ z�u#X ¡ z+� ���kZQerp�`�m��Q`�W � d u �Ài�p � ZC\L_��ITiZPW.X"�Cb"]
�I["RL[LR�ekT � `��
`1ekW.X � z ¡�f�� X �&`�\<`�W�_ s T�ekTa`��CW�R<\�T.[LR���T.`�^�^.`�oab1Z&[<`�o m T�\<`�Z&[�T �I\<X"�&Y�^.`��&`xY�T�ZCc�R
È7RI]�R<c.[�T�c�T X Tg_�\�^�j�e�^.XQZ&`�`�[�\<XC[�Z&[�\�T.XIe�e�X � Y�btY � T�^�Z&`�\�ZCc�T�e�ehR<Z �w[LRLm�`1eb λ >∼ 7 ÷ 8 c�U�cGirT�^�RLm<] y Y
RLXIe�`�oaY�]nT�^.`�o�\<`<]n^�j�ZCU�T�W�R"]
��^.`��&`�b��Q`�W�R�\{È�R#�
]�R<c.[�T�c1X b λs ' 2 c�U�cGi{e�X'f7R<^�T��"e�\<`��Qm<b � YnXQ^�T7_BU.`�Z']�X'Y�^.XQ�&`�\�W�R�ekc7RIfBU.XQW�\<`��
^�R m R"]
��^.`��&`G\�R<W�T�R<^.[LRV[<XC`�W�T�T�ZCU.X ��T�R"]
��^.`G^.XB`��&`�\�R<W�T�\�RLXC[�Z�_vpQ�+[<`PU�W�T�\<X&]�`
c U.`I_�\L]�XQ^�T y \Gb.U.`1e�_�^7b7[<`�o�\�j1�wX�[<XC`�W�T�T�W�_7Y
RPZC\<`�m�`QY�^�j+f U�R<W�R�e�XC[�W.`�\>T
\�[<`1e m T�Z']�X Ωp b b.��]�`�\<`�ouZCc1`�W.`�Z&[�Tu\�W�R s XQ^�T7_�ZCU�T�W�R"]
��^�j+fu\<XC[�\<XQoGi X \<X��
]nT m T�^�Rdc1`�[<`�W.`�o,`�U�W.X'YnX&]�_.]�R<Z �SZ&`�U.`�Z&[LR<\L]�XQ^�T.XIe �&XC`1e�XC[�W�T�T�[<XC`�W.XC[�T m XQZCc1`��&`
ZCU�T�W�R"]
��^.`��&`,b��Q`�W�R�Zx�&XC`1e�XC[�W�T.XQo�^�RLm<] y Y
RLXIe�`��&`VT7]nT�T��xY�W7b.�CT�fse�`�W�V%`<]�`��
�CT m XQZCc�T�f>Z&`�`�m�W�R � XQ^�T�o � ¡ z+��XG� c+¡ X�z ��c���p� ZCc1`�W.X X `QY�^�R<c1` X \�j�_�ZC^�T7]�`�Z � X(m [<`aU�W.X'Y�ZCc7R��Ij�\�RLXIekj�oP[<XC`�W�T.XQo.(xT�^�R�T
��bVZCU�T�W�R"]
��^�jroVb��Q`�WV^.XQZ&[LR���T.`�^�R<W.XQ^|Z \x[<X m XQ^�T.X�[�W.X'f�� m XC[�j�W.X'fa`�m�`�W.`�[<`�\
Y�T�ZCc7R `�^lZC^.`�ZCT.[�Z�_lc��.XQ^.[�W7b&È�R"]�R<c.[�T�c�T�T�T�Z m X"�"RLXC[ � z ¡�c���pq��Y�^�RyT���U.XQW��
\�j+fuU.`�U�jr[<`�c�U�W.XC`QYn`<]�XQ^�T7_ �C[<`�ou[�W7bIY�^.`�Z&[�T �"R<c7] y�m R"]�R<Z �i\iU.XQW.X'f1`QYnX�^�R
Y�]nT�^�^.`�\<`<]n^.`�\Lb y m R<Z&[
�w�CW�R<\�T.[LR���T.`�^�^.`�oa\<XC[�\�TVc1`<]�XCm1R<^�T�o�Y�T�ZCc�R � u � � � X+m [<`
U�W�T�\<X&]�`Gc�T��"e�XQ^.XQ^�T y ^�R<U�W�R<\L]�XQ^�T7_�ZC^.`�ZQRVZCU�T�W�R"]
��^.`��&`G\<`<]n^.`�\<`��&`aU�R<c1XC[LR
^�RaU�W.`�[�T�\<`�U.`<]�` � ^.`�X b \a[<XC`�W�T�T (xT�^�RaT ��b�T�ZCU.`<]
���Q`�\�R"]�R<Z �ac�`�W.`�[�c1`�\<`<]��
^.`�\�R"_ m R<Z&[
�i�CW�R<\�T.[LR���T.`�^�^.`�ou\<XC[�\�Tuc�`<]�XCm1R<^�T�o �I\<X"�&Y�^.`��&`}Y�T�ZCc7R+i�p � R<c1`�o
U.`QY�f1`QY}U.`�[�W.XCm�`�\�R"]�[LR<c � X�\�\<X'YnXQ^�T7_�X s Xx`QY�^.`��&`aZC\<`�m�`CY�^.`��&`aU�R<W�R�e�XC[�W�R�Z
[<`�o m R<Z&[�T�U.`�\<XQW�f�^.`�Z&[�^.`�o U7]�`�[�^.`�Z&[�T �I\<X"�&Y�^.`��&`VY�T�ZCc7R X c1`�[<`�W�R"_ ��b m R<Z&[�\Lb �
XC[ � \�Z&`��&Y
R<^�T�TwZCU�T�W�R"]
��^.`��&`�b��Q`�W�R X T X c�W.`1e�X+[<`��&` X ]�`�c7R"]nT��"R���T�TB�&XQ^.XQW�RL[<`�W�R
ZCU�T�W�R"]
��^�j+f�\<XC[�\<XQos\ �.XQ^.[�W�R"]
��^.`�o m R<Z&[�T�È�R"]�R<c.[�T�c�T p � c7R m XQZ&[�\<XKU.`�Z']�X'Y	�
^.XQ�&`wm�j�]PU�W.X'Y�]�` � XQ^G\�W�R s R y�s T�o�Z�_a\ �.XQ^.[�W�R"]
��^.`�o m R<Z&[�T�Y�T�ZCc7Rxm1R<W � u � � ��p� [<` � X�\�W.XIe�_}Z'b s XQZ&[�\<XQ^�^�R"_ m R<Z&[
�>ZCU�T�W�R"]
��^�j+f}�'R"]�R<c.[�T�c ^.X�T�e�XCXC[
U.XQW.XIekj m c�T;Z m1R<W�R � w z#X c+¡ X ¡�w X~� c�|���p~��`
�C[<`1e�b�XQZ&[<XQZ&[�\<XQ^�`��CW.`1ek^�j�o�T�^��
[<XQW.XQZac�`�Z&XQZCT�ehe�XC[�W�T m ^�j�e�e�X'f7R<^�T��"ehR�e \<`��Qm<b � YnXQ^�T7_�T�b1ZCT7]�XQ^�T7_��CW�R<\�T��
[LR���T.`�^�^�j+f�ZCU�T�W�R"]
��^�j+f�\<`<]n^ X U�W.`I_�\�T�\
�BT�o�Z�_g\ U.`�Z']�X'Y�^�T.X��&`QY�jSp � �C[<`�o
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��]�R<\<X%ekjuU�W.`1R<^�R"]nT��IT�W7b�XIe ��VWV�XQc.[�T�\�^.`�Z&[
��^.XQc�`�[<`�W�j+fG[LR<c�T�fPe�X'f7R<^�T��"e�`�\ �
W�R<ZCZQe�`�[�W�T�e�e�X'f7R<^�T��"e�c1`�W.`�[�c1`�\<`<]n^.`�\<`�oK�CW�R<\�T.[LR���T.`�^�^.`�o�^.X&b1Z&[<`�o m T�\<`�Z&[�T X
T�^�T	��T�T�W7b�XIe�`�o �I\<X"�&Yn`�`�m�W�R��Q`�\�RL^�T.XIeu\VYn`�Z&[LRL[<` m ^.`�m�`��'RL[<`�o �'R��Q`1euU.XQW�T�V%X��
W�T�TdU7]�`�ZCc1`�od�'R"]�R<c.[�T�c�T b U p u p�f�p�f X f�p¢w�i��CT��Cb m T�e�e�X'f�R<^�T��"ePU7b m c1`�\<`�od^.X&b1Z&[<`�o��m T�\<`�Z&[�T}W�RIY�T�R"]
��^.`��&`PU.`�[<`�c7RG�'R��"RV\ �I\<X"�&Y�^.`�� �'R��Q`�\L`1e�Y�T�ZCc1X b U p u p�f�p�c+i��
T�Z5�
Z']�X'Y�b�XIe ^.X&]nT�^.XQo�^7b y Z&[LRIY�T y W.X"�Q`�^�R<^�ZC^.`��&`db�ZCT7]�XQ^�T7_aZCU�T�W�R"]
��^.`�oV\<`<]n^�jl\
`�c�W.XQZ&[�^.`�Z&[�Txc�`�W.`�[LR���T.`�^�^.`��&`�W�RIY�T7b1ZQR b U p u p�f�pedSi�pQ~{R<ZCZQe�`�[�W�T�eP[LR<c � X+\<`�U�W.`�Z
`�\<`��"e�` � ^.`�Z&[�TyU.`�Z&[�W.`�XQ^�T7_}Yn`�Z&["RL[<` m ^.`�U�W.`�[C_ � XQ^�^.`��&`s\>W�RIY�T�R"]
��^.`1e�^�R#�
U�W�R<\L]�XQ^�T�T}ZCU�T�W�R"]
��^.`��&`ab��Q`�W�RV^�RG�CW�R<\�T.["R���T.`�^�^.`�o T��CW�RIY�T.XQ^.[�^.`�o \<XC[�\L_7f
c1`<]�XCm1R<^�T�o�Y�T�ZCc7RwTV`�m�Z'bIY�T�eyU.XQW�ZCU.XQc.[�T�\�j�T�ZCU.`<]
���Q`�\�R<^�T7_a�CT�Y�W.`QY�T�^�R�ekT m X��
ZCc�T�f�e�X'f7R<^�T��"e�`�\�\<`��Qm<b � YnXQ^�T7_�ZCU�T�W�R"]
��^.`��&`�b��Q`�W�RK�'R"]�R<c.[�T�c p

��`QY�W.`�m�^.`�X%`�m�Z'b � YnXQ^�T.XSU�W.`�m<]�XIe�ZCU�T�W�R"]
��^.`�oPZ&[�W7b.c.[Lb.W�j�\�T�Z&[<`�W�T m X��
ZCc1`�o>W.XC[�W.`�ZCU.XQc.[�T�\<XwU�W.`�\<X'YnXQ^.`   p   p �%R��w`�o � � f�c���p
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�SR<Z&X&]�XQ^�T.X�Y�T�ZCc1`�\g�'R"]�R<c.[�T�c ^.XC`QY�^.`�W.`QY�^.`�U.`lZC\<`�T�e�Y�T�^�R�ekT m XQZCc�T�e
f7R<W�R<c.[<XQW�T�Z&[�T�c7R�e Z U�R<W	��T�R"]
��^�j�e \�c7]�RIY
R�e \�U.`<]n^7b y U.`�\<XQW<f�^.`�Z&[�^7b y
U7]�`�[�^.`�Z&[
�yY�T�ZCc7R�TgY�T�ZCU.XQW�ZCT7_ne ZCc�`�W.`�Z&[<XQouZ&`�Z&[LR<\L]�_ y�s T�f�XQ�&`�`�m�¥vXQc.[<`�\�p� R<c X U.`QY�ZCT�Z&[<XIekj�Yn`�\<`<]
��^.`�e�`<]�`QY�j+f��I\<X"�&YPW�R<^�^�T�fGZCU.XQc.[�W�R"]
��^�j+fGc7]�R<ZCZ&`�\b�� X � X � i+f7R<W�R<c.[<XQW�T��Cb y [�Z�_}ehR"]�`�o�U.`�\<XQW�f�^.`�Z&[�^.`�o�U7]�`�[�^.`�Z&[
� y T�ehR"]nj�ekT
Y�T�ZCU.XQW�ZCT7_nekT>ZCc1`�W.`�Z&[<XQo X \�[�`V\�W.XIe�_�c�R<c�U.`QY�ZCT�Z&[<XIekj�Z&[LR<W�j+f��I\<X"�&Y��&`�W�R��"�
Yn`�m�`<]�XCX,ehR<ZCZCT�\�^�j�T�Y�T�ZCU.XQW�ZCT�T T�f�W�RIY�T�R"]
��^�j+fyZCc1`�W.`�Z&[<XQo \<X&]nT�c�T � z | � ��p
��[�^.`�ZCT.[<X&]
��^�j�o � X�\�c7]�RIY �'R��Q`�\<`�osU.`CY�ZCT�Z&[<XIekj�\aU.`<]n^7b y U7]�`�[�^.`�Z&[
�VY�T�Z5�
c7RdW�R<Z&[<XC[BZ�bIY
R"]�XQ^�T.XIe `�[ �.XQ^.[�W�RxU�W�TaU�W�R<c.[�T m XQZCc�TVU.`�Z&[<`I_�^�^.`�o�Y�T�ZCU.XQW�ZCT�T
ZCc1`�W.`�Z&[<XQoa�'R��Q`�\�j+f,`�m<]�R<c1`�\ b ek^.`��&`�e�XQ^	�
�wXQo�Y�T�ZCU.XQW�ZCT�TaZCc1`�W.`�Z&[<XQoaZ&[LR<W�j+f
�I\<X"�&Y·i�p  ZCZ']�X'Y�b�XIe Y�T�^�R�ekT�c7b�ehR"]nj+f�\<`��"e�b s XQ^�T�ou�CW�R<\�T.[LR���T.`�^�^.`��&`�[�T�U�R�\
U7]�`�ZCc1`�Z&[�TV[LR<c1`��&`Kek^.`��&`�c1`1ekU.`�^.XQ^.[�^.`��&`xY�T�ZCc7R X U�W.XQ^.XCm�W.XQ�'R"_V\wU.XQW�\<`1eyU�W�T��
m<]nT � XQ^�T�T�W�RIY�T�R"]
��^.`�o ^.XC`QY�^.`�W.`QY�^.`�Z&[
� y XQ�&` W�R<\�^.`�\<XQZC^�j+f�U�R<W�R�e�XC[�W.`�\b kL� 1 X � YnX k Z�\<`<]n^.`�\<`�X m T�Z']�`
� L Z�ehR<Z �w[LRLmxW�RIY�T�R"]
��^.`�o�^.XC`QY�^.`�W.`QY	�
^.`�Z&[�T Y�T�ZCc7R+i�pp�+[<`�U�W�T.m<]nT � XQ^�T.XGU.`��I\<`<]�_�XC[�T�ZCc7] y�m T.[
��T��GW�R<ZCZQe�`�[�W.XQ^�T7_
\<XC[�\�T��CW�RIY�T.XQ^.[�^.`��&`P[�T�U�RGTs[<XIeuZQR�ekj�elT��Cb m T.[
�P^.X"�"R<\�T�ZCT�e�`G\�R � ^�jrXwY�]�_
[<XC`�W�T�T (xT�^�R�Tt��b � ¡ z ¡ X ¡ z�u �
Y�T�ZCU.XQW�ZCT.`�^�^�jrXPZC\<`�o�Z&[�\�R��CW�R<\�T.[LR���T.`�^�^�j+f
ZCU�T�W�R"]
��^�j+f�\<`<]n^�U7]�`�[�^.`�Z&[�T p[�+[LR �"RIY
R m R>m�j�]�R�\�U.XQW�\�jrXaU.`�Z&[LR<\L]�XQ^�R.(xT��
^.`1esT���b � ¡ z�u � b T�ekTBm�j�]�T�ZCZ']�X'Yn`�\�R<^SY�\Lb1f�c1`1ekU.`�^.XQ^.[�^�j�o �I\<X"�&Y�^.`�� ��R��Q`�\�j�o
Y�T�ZCc�Z cs/cr =

√
0,1 ' 0,316 i X R�T��C]�R<�'RLXIekjrXw^�T � XKW.X"�Cb"]
�Q[LRL[�j�U.`<]�b m XQ^�j
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\ � f�w � ��p
~�R<\�^.`�\<XQZC^�jrX}V�b.^�c	��T�T�W�R<ZCU�W.X'YnX&]�XQ^�T7_&�I\<X"�&YlU.`<]�R<�'RLXIe �B\�R<W	�	�BT7]
���

Yn`�\�ZCc�T�ekT b ZQerp U p@w7p�f�p¢w�iKZ�U�R<W	��T�R"]
��^�j�ekTlU.`�\<XQW�f�^.`�Z&[�^�j�ekTlU7]�`�[�^.`�Z&[Q_nekT
�I\<X"�&Y�^�j+fBU.`QY�ZCT�Z&[<XIe σ∗i (i = 1, 2, ..., N) TKZ&`�`�[�\<XC[�Z&[�\Lb y�s T�ekTwY�T�ZCU.XQW�ZCT7_��
ekTwW�RIY�T�R"]
��^�j+fKZCc1`�W.`�Z&[<XQo cri p�È7R��Q`�\Lb y U.`QY�ZCT�Z&[<XIe�b%f7R<W�R<c.[<XQW�T��Cb�XIesR<^�R"]�`��
�CT m ^�j�ekT�U�R<W�R�e�XC[�W�R�ekT σg0

X cg p � U�W�T�^7_�[<`1e�U�W�T.m<]nT � XQ^�T�T�\<`��"e�b s XQ^�^�R"_
U7]�`�[�^.`�Z&[
� i � o �I\<X"�&Y�^.`�o,U.`QY�ZCT�Z&[<XIekj σ̃i ZC\L_��"R<^�RSZ�\<`��"e�b s XQ^�^�j�e��CW�R<\�T.[LR#�
��T.`�^�^�j�egU.`�[<XQ^	��T�R"]�`1e Φ̃ Z&`�`�[�^.`$�wXQ^�T.XIe b ZQerp�U p'w7p¢w7p¢w�i

σ̃i = −σ∗i
c2ri

Φ̃
{

1 − I0(zi) exp(−zi) − 2
∞
∑

n=1

ω̂2In(zi) exp(−zi)

ω̂2 − n2∂e2

}

, b u p�f�i
��YnX zi = k2c2ri/∂e2 X R�`�Z&[LR"]
��^�jrX�`�m�`��I^�R m XQ^�T7_gU�W�T�\<X'YnXQ^�j \?��w7p¢w7p � [<`1e� X%U�W�T.m<]nT � XQ^�T�TP\<`��"e�b s XQ^�^�R"_VU7]�`�[�^.`�Z&[
�K�'R��Q`�\<`�o,U.`QY�ZCT�Z&[<XIekjuT�e�XCXC[w\�T�Yb ZQerp��~d�p¢w�i

σ̃g =
σg0k

2

ω̂2 − ∂e2 − k2c2g
Φ̃. b u p¢w�i

��`QY�Z&[LR<\L]�_._ �"RL[<XIei\wb.W�R<\�^.XQ^�T.X���b�R<ZCZ&`�^�RSY�]�_>ek^.`��&`�c1`1ekU.`�^.XQ^.[�^.`��&`BY�T�ZCc�R
σ̃g +

N
∑

i=1

σ̃i = −k Φ̃/2 π G b u p�c+i
\�j�W�R � XQ^�T7_ b u p�f�i X b u p¢w�i X U.`<]�b m T�egT�ZCc1`1e�`�X�Y�T�ZCU.XQW�ZCT.`�^�^.`�XSb.W�R<\�^.XQ^�T.X

k

2 π G
= − σg0k

2

ω̂2 − ∂e2 − k2c2g
+

+
N
∑

i=1

σ∗i
c2ri

{

1 − I0(zi) exp(−zi) − 2
∞
∑

n=1

ω̂2 In(zi) exp(−zi)

ω̂2 − n2∂e2

}

. b u pedSi
jBR"]
��^.XQo	�BT�o R<^�R"]nT�� U�W.`�\<X'YnXIe \ W�R�ekc7RIf e�`CYnX&]nT Y�\Lb1f�c1`1ekU.`�^.XQ^.[�^.`��&`
�I\<X"�&Y�^.`��&`uY�T�ZCc�R (N = 2) X `QY�^�R�T��lc�`1ekU.`�^.XQ^.[ c1`�[<`�W.`��&` b i = 1 i�Z
ehR<ZCZCT�\�^�R"_�U.`QY�ZCT�Z&[<XIehR�Z&["R<W�j+f �I\<X"�&Y X RiY�W7b.�'R"_ b i = 2 i�Z e�XQ^.XCX�ehR<Z5�
ZCT�\�^�R"_ b σ∗2 < σ∗1 iKT�m�`<]�XCXaf�`<]�`QY�^�R"_ b cr2 < cr1 iBU.`CY�ZCT�Z&[<XIehR e�`<]�`QY�j+f
�I\<X"�&Y{pYjd]�_��'R��Q`�\<`�oyU.`QY�ZCT�Z&[<XIekj�m<bIYnXIe�Z m T.[LRL[
�}\�j�U.`<]n^.XQ^�^�j�ekT�^.XQW�R<\<XQ^��
Z&[�\�R σg0 < σ∗1

X cg < cr1 p��%W�T�T�ZCZ']�X'Yn`�\�R<^�T�TlY�T�ZCU.XQW�ZCT.`�^�^�j+f�ZC\<`�o�Z&[�\
\<`��"e�b s XQ^�T�o�Z ω̂2 < ∂e2 e�` � ^.`�U�W.XQ^.XCm�W.X m �}\ b u pedSi m ]�XQ^�R�ekTtZ n ≥ 2 \
Z'b�ehehRIf�U.`we�`QY�T�VST	��T�W.`�\�R<^�^�j�eMV�b.^�c	��T7_ne �
XQZCZ&X&]�_ p � �C[<`1e�U�W�T.m<]nT � XQ^�T�Tb u pedSire�` � XC[�m�jr[
���"R<U�T�ZQR<^.`,\�\�T�YnX

1 =
1

k kT1
ρ2

1

{

1 − a1 +
α

β2
(1 − a2) − 2

ω̂2

ω̂2 − ∂e2
(b1 +

α

β2
b2) −

− z1∂e2δ

ω̂2 − ∂e2 − k2c2g

}

, b u p¢¡�i
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#%$'&�( �*( P�( �D5�1�$'&:$'\%G�&YB�� G�L�/65!B!u9'G��:G Z6kT$'9'&:G�1�&:A�G��:G \x5�&sXbB�5�L.5
kJρ1

G�B E65�/65�\%3YB�/'G�1J\%G`Z�3s>�3:~DN �
� Z�1�H.M*A�G�\%E'G�9'3:9*B�9'G��:Gq�`1�3Y�YZ�9'G!u�:GtZ�$'&:A�5*]�� � �`1�3Y�YZ�9'G!u��s5!�`G�1�G��:GZ�$'&:A�5
#%$'&�( �*( ,�( �D5�1�$'&:$'\%G�&YB�� 9'3:G�L!uM.G`Z�$'\%G�~ Z'>6; \x5�/��:$'965?>���9'G�~H�&YB�G�~'I'$'1�G�&YB.$ Z�$'&:A�5KA*5�A��'3 >�G!u
�:GlZ�$'&:E'3:/'&:$'$�/65?Z�$65?>���9'2QM�&:A�G!u/'G�&YB�3:~ 1w\x5�&:&:$'1�9'G�~�E'G`Z�&:$'&YB�3su\%3 &YB�5�/'2QMt�`1�3Y�YZ W

ccr = cr1
R�G�BE65�/65�\%3YB�/'G�1p\%G`Z�3s>�3:~DN�� � Z�1�H.M�uA�G�\%E'G�9'3:9*B�9'G��:G
�`1�3Y�YZ�9'G��:GKZ�$'&suA�5*] � � �`1�3Y�YZ�9'G!u��s5!�`G�1�G��:G Z�$'&:A�5

��YnX α = σ∗2/σ∗1 � δ = σg0/σ∗1 � β = cr2/cr1 � ρi = cri/∂e � kTi = ∂e2/2πGσ∗i �
ai = I0(zi) exp(−zi) � bi = I1(zi) exp(−zi) p

È W�R<^�T	��R��CW�R<\�T.[LR���T.`�^�^.`�o b1Z&[<`�o m T�\<`�Z&[�T W�R<ZCZQehRL[�W�T�\�RLXIe�`�o e�`CYnX&]nT
Y�T�ZCc7R�`�U�W.X'YnX&]�_�XC[�Z�_�T��xb1Z']�`�\�T7_ ω̂2 = 0 \VekT�^�T�e�b�e�XSY�T�ZCU.XQW�ZCT.`�^�^.`�o�c�W�T��
\<`�o ω̂2 = ω̂2(k) p � Z']�`�\�T.X ω̂2 = 0 U.`<]�b m RLXIet^.XQU.`�ZCW.X'Y�Z&[�\<XQ^�^.`�T�� b u p¢¡�i��

√
z1kT1

ρ1 + (a1 − 1) +
α

β2
(a2 − 1) − z1δ

1 + zg
= 0, b u p u i

��YnX zg = k2c2g/∂e2 X RSb1Z']�`�\�T.X�ekT�^�T�e�b�ehRw^�R%Y�T�ZCU.XQW�ZCT.`�^�^.`�oac�W�T�\<`�o|Z Y�T�V �
V%XQW.XQ^	��T�W7b�_ b u p¢¡�i�U.` k T>U.`<]�R<�'R"_ ω̂2 = dω̂2/dk = 0 �

[1− a1 − 2z1(b1 − a1)] +
α

β2
[1− a2 + 2z2(b2 − a2)]−

z1(1 − zg) δ

(1 + zg)2
= 0. b u p � i

�+`�\�e�XQZ&[�^.`�XaW.X �wXQ^�T.XaZCT�Z&[<XIekj b u p u i X b u p � iS`�U�W.X'YnX&]�_�XC[PY � T�^�Z&`�\�ZCc�T�o�ehR<Z5�
�w[LRLm λJ = 2π/kJ b ehR<Z �w[LRLmgehR<W��CT�^�R"]
��^.`ib1Z&[<`�o m T�\�j+f�\<`��"e�b s XQ^�T�oGi,T
b1Z']�`�\�T.X>ehR<W��CT�^�R"]
��^.`�o�b1Z&[<`�o m T�\<`�Z&[�T�Y�T�ZCc7R.p � m R<Z&[�^.`�Z&[�T X Y�]�_�`QY�^.`�c�`1e �
U.`�^.XQ^.[�^.`��&` �I\<X"�&Y�^.`��&`�Y�T�ZCc7R b α = δ = 0 iGT�� �C[<`�o�ZCT�Z&[<XIekj \�jr[<XQc7RLXC[
T��I\<XQZ&[�^�j�o�W.X"�Cb"]
�I[LRL[ � `�`1ekW.X � z ¡�f���� kJρ1 = 0,974; kTρ1 ' 0,535 X T7]nT
cr1 = cT = 3,36Gσ∗1/∂e; λJ = 21,7Gσ∗1/∂e2 p� c�R m XQZ&[�\<XGU.XQW�\<`��&`sU�W�T�e�XQW�R�W�R<ZCZQe�`�[�W�T�e�e�`QYnX&]
� X \�c1`�[<`�W.`�o�Y�T�ZCc�� �
U�W.X'Y�Z&[LR<\L]�_�XC[gZ&`�m�`�o�ehR<ZCZCT�\�^7b y T � �&`�W�_ m b y � U.`QY�ZCT�Z&[<XIe�b�Z&[LR<W�j
f+�I\<X"�&Y X
Y�T�ZCc�� � � Z ehR"]�`1ehR<ZCZCT�\�^7b y T � f1`<]�`QY�^7b y � U.`QY�ZCT�Z&[<XIe�b e�`<]�`QY�j+f �I\<X"�&Yb α < 1 X β < 1 i X RB�'R��Q`�\<`�oaU.`QY�ZCT�Z&[<XIekj�^.XC[ b δ = 0 i�p�~�X"�CbI]
�I[LRL[�j�W.X �wXQ^�T7_
ZCT�Z&[<XIekj b u p u i X b u p � ia\tW�R�ekc7RIf,�C[<`�o�e�`CYnX&]nT�U�W.X'Y�Z&[LR<\L]�XQ^�j ^�RtW�T�Z�p u p�f�g
T u p¢wrgLp   �tW�T�Z�p u p�f�gy\�T�Y�^.` X�m [<`�U�W�T β = cr2/cr1 >∼ 0,2 �"R<\�T�ZCT�e�`�Z&[
�
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λJ(σ∗2/σ∗1) `CY�^.`��I^�R m ^�R X TxZ+W.`�Z&[<`1e α = σ∗2/σ∗1 Tdb�e�XQ^	�
�wXQ^�T.XIe β �CW�R<^�T��
��Rxb1Z&[<`�o m T�\<`�Z&[�TaY�T�ZCc�RKZQe�X s RLXC[�Z�_G\Kc�`�W.`�[�c�`�\<`<]n^.`�\Lb y `�m<]�R<Z&[
� X ^.`�^.X"�I^�R#�m T.[<X&]
��^.`�p.�%W�TsU.XQW.X'f1`QYnXBc�e�XQ^	�
�KT�e �I^�R m XQ^�T7_ne β <∼ 0,2 U�W.`�T�Z�f1`CY�T.[Pc�R#�m XQZ&[�\<XQ^�^.`�X,T��"e�XQ^.XQ^�T.XkZ �"R<\�T�ZCT�e�`�Z&[
� λJ(α) Z&[LR<^.`�\�T.[�Z�_y^.XC`QY�^.`��I^�R m ^.`�o �
\>^.XQc1`�[<`�W.`�o�`�m<]�R<Z&[�T�U.`�U�R<W�R�e�XC[�W7b α

�
αmin(β) ≤ α ≤ αmax(β) �hb.W�R<\�^.X��

^�T.X b u p � i{T�e�XCXC[%[�W�T�\<X s XQZ&[�\<XQ^�^�j+fKc1`�W�^7_vp3jw\�R�T���^�T�f�Z&`�`�[�\<XC[�Z&[�\Lb y [%Y�\Lb�e
ekT�^�T�e�b�ehR�et^�RwY�T�ZCU.XQW�ZCT.`�^�^.`�o�c�W�T�\<`�o ω̂2 = ω̂2(k) X RK[�W.XC[�T�o�Z ehR<c�ZCT�e�b �
e�bPe�X � Y�bP^�T�ekT b ^�R�W�T�Z�p u p�fhg�Z U7b.^�c.[�T�W.`1eJi�p�jd]nT�^�^.`�\<`<]n^.`�\�j�o�ekT�^�T�e�b�e
`�m<b1Z']�`�\L]�XQ^ ehR<ZCZCT�\�^.`�o U.`CY�ZCT�Z&[<XIe�`�o Z&[LR<W�j+f �I\<X"�&Y X T `�^}`�U�W.X'YnX&]�_�XC[�ehR<W��
�CT�^�R"]
��^7b y b1Z&[<`�o m T�\<`�Z&[
��Y�T�ZCc7R�Z α < αcp b ZQerp{W�T�Z�p u p�fhg)i�p�q�`�W.`�[�c1`�\<`<]��
^.`�\�j�o � X}ekT�^�T�e�b�e�Z&`��&Y
RLXC[�Z�_ � f1`<]�`QY�^.`�o � U.`QY�ZCT�Z&[<XIe�`�o�e�`<]�`QY�j+f �I\<X"�&Y{p
�%W�T α > αmax(β) Y�T�ZCU.XQW�ZCT.`�^�^�R"_ c�W�T�\�R"_ ω̂2 = ω̂2(k) \�^.`�\
�PT�e�XCXC[P`QY�T�^
ekT�^�T�e�b�e X ]�X � R s T�o�b � Xy\tc1`�W.`�[�c1`�\<`<]n^.`�\<`�o�`�m<]�R<Z&[�T�T�`�m<b�Z']�`�\L]�XQ^�^�j�o
ehR"]�`1ehR<ZCZCT�\�^.`�o�� f1`<]�`QY�^.`�o � U.`QY�ZCT�Z&[<XIe�`�o �I\<X"�&Y{p

~kT�Z�p u p�f�gs_�W�c1`�YnXIe�`�^�Z&[�W�T�W7b�XC[lT�^.[<XQW.XQZC^7b y `�Z&`�m�XQ^�^.`�Z&[
�gZ&`�Z&["R<\�^.`�ob Y�\Lb1f�c1`1ekU.`�^.XQ^.[�^.`�oGi,e�`QYnX&]nTg�CW�R<\�T.[�T�W7b y~s XQ�&`}Y�T�ZCc7R �hXQZ']nTt`QY�^�R T��sU.`QY	�
ZCT�Z&[<XIe�Yn`�Z&[LRL[<` m ^.` � f1`<]�`CY�^�R �Eb β <∼ 0,2 i X [<` X Y
R � Xam<bIY�b m T�\<XQZ ��ehR�ehR"]�`��
ehR<ZCZCT�\�^.`�o b β <∼ α� 1 i X T�e�XQ^�^.`�`�^�R�`�U�W.X'YnX&]�_�XC[�\<X&]nT m T�^7b�Y � T�^�Z&`�\�ZCc1`��&`
ehR<Z �w[LRLm1R λJ TPb1Z&[<`�o m T�\<`�Z&[
��Y�T�ZCc�R,\��.X&]�`1erp � ZC\L_��IT>Z-�C[�T�e�Z']�X'Y�b�XC[,`�[��
e�XC[�T.[
� X·m [<` X XQZ']nT�`�m�XBU.`QY�ZCT�Z&[<XIekj m<bQY�b7[G\�Yn`�Z&[LRL[<` m ^.`�o}e�XQW.X�� `Qf7]�R � YnXQ^��
^�j�ekT � X [�`�\�`�m�`�T�ftekT�^�T�e�b�ehRIf�Y�T�ZCU.XQW�ZCT.`�^�^.`�otc�W�T�\<`�oge�` � XC[}`�c7R��"RL[
��Z�_
ω̂2 < 0 p � R<c�T�eu`�m ��R��Q`1e�e�`��'b7[>\<`��I^�T�c7RL[
�aY�\<X�T��Q`<]nT��.`�\�R<^�^�jrX k ��`�m<]�R<Z&[�Tb Y�\�R�c1`<]
�
��R�^�R k � U7]�`�ZCc1`�Z&[�TGid^.X&b1Z&[<`�o m T�\�j+f�\<`��"e�b s XQ^�T�o p��+[<`s`��I^�R m RLXC[ Xm [<`�\�[LR<c1`1ePY�T�ZCc�X+ZQe�`��'b7[�\<`��Qm<b � Y
RL[
��Z�_wZ&[�W7b.c.[<b.W�jiZkY�\Lb�e�_xZCT7]
��^.`�W�R��C]nT��m R y�s T�ekT�Z�_}U�W.`�Z&[�W�R<^�Z&[�\<XQ^�^�j�ekT�ehR<Z �w[LRLm1R�ekT b λJ1/λJ2 ∼ cr1/cr2 i�p � `�m��s XIe � X+Z']�b m RLX N � c1`1ekU.`�^.XQ^.[�^.`��&`�Y�T�ZCc7R�U�W�Tw`�U�W.X'YnX&]�XQ^�^�j+fd`��CW�R<^�T m XQ^�T7_.f
^�R �I^�R m XQ^�T7_,U�R<W�R�e�XC[�W.`�\wU.`QY�ZCT�Z&[<XIeye�`��'b7[x\<`��I^�T�c�^7b7[
� N T��Q`<]nT�W.`�\�R<^�^�j+f
k � `�m<]�R<Z&[<XQoP�CW�R<\�T.[LR���T.`�^�^.`a^.X&b�Z&[<`�o m T�\�j+f�\<`��"e�b s XQ^�T�o � d(f�f���p

�(^�R m XQ^�T.Xs\<X&]nT m T�^�j cr1 = ccr(α) X ^.XC`�mQf1`CY�T�e�`�otY�]�_�ehR<W��CT�^�R"]
��^.`�o
b1Z&[<`�o m T�\<`�Z&[�T�Y�T�ZCc7R�c7R<c �.X&]�`��&`�U�W�T�VST�c�ZCT�W.`�\�R<^�^.`1e β = cr2/cr1

X _�\L]�_��
XC[�Z�_ X ` m XQ\�T�Y�^.` X ["R<c1`�o�V�b.^�c	��T.XQo�U�R<W�R�e�XC[�W�R α X�m [<` ccr(α = 0) ≡ cT1 =
3,36Gσ∗1/∂e pD�+[LRWV�b.^�c	��T.`�^�R"]
��^�R"_ �"R<\�T�ZCT�e�`�Z&[
�%T��Q`�m�W�R � XQ^�RS^�R%W�T�Z�p u p¢wrgLp� T�Y�^.` X�m [<`s\�`�m<]�R<Z&[�TyU�R<W�R�e�XC[�W.`�\ α <∼ β �C[LR��"R<\�T�ZCT�e�`�Z&[
�>`�c7R��Ij�\�RLXC[�Z�_
Yn`�Z&[LRL[<` m ^.`gZ']�RLm�`�o � ccr(α) ' cT1(1 + α) X [<`�XQZ&[
�i\iZ&`�`�[�\<XC[�Z&[�\�T�T�ZsW.X��
�Cb"]
�I["RL[<`1e � `�`1ekW.X � z ¡�f�� \<X&]nT m T�^�R ccr ∝ (σ∗1 + σ∗2) p���Y�^�R<c1` X XQZ']nTV`QY�^�RBT��
U.`QY�ZCT�Z&[<XIe�Yn`�Z&[LRL[<` m ^.` � f�`<]�`QY�^�R �pb β <∼ 0,2 i X [<`x\%`�m<]�R<Z&[�T α >∼ β \<X&]nT m T��
^�R ccr W�R<Z&[<XC[x�&`�W�R��&Yn`Sm�j�Z&[�W.XCX�Zrb.\<X&]nT m XQ^�T.XIe U�R<W�R�e�XC[�W�R α p � XIe ^.X�e�XQ^.XCX
\�R � ^.` `�[�e�XC[�T.[
� X�m [<`}b1Z&[<`�o m T�\<`�Z&[
�sY�T�ZCc7R�Z,Yn`�\<`<]
��^.`�ehR<ZCZCT�\�^.`�oyf�`<]�`QY	�
^.`�o�U.`CY�ZCT�Z&[<XIe�`�o � � b α > β ire�` � XC[�m�jr[
��`�m�XQZCU.X m XQ^�RxYn`�Z&[LRL[<` m ^.`a�&`�W�_ m XQo
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U.`QY�ZCT�Z&[<XIe�`�o>Z&[LR<W�j+f��I\<X"�&Y{p
~�R<ZCZQe�`�[�W�T�e [<XQU.XQW	�SY�W7b.�'b y Z&`�Z&[LR<\�^7b y e�`QYnX&]
�WZ�Y�\Lb1f�c1`1ekU.`�^.XQ^.[�^�j�o

�I\<X"�&Y�^.`�� �'R��Q`�\<j�oPY�T�ZCc X Z&`�Z&[<`I_ s T�osT���U.`QY�ZCT�Z&[<XIekj�Z&[LR<W�j+f �I\<X"�&Y b σ∗1, cr1 i
Ta�'R��Q`�\<`�o,U.`QY�ZCT�Z&[<XIekj b σg0 = δσ∗1 � cg = βgcr1 i'p#�SRxU.XQW�\�j�oa\��I��]�_7Y>e�` � XC[
U.`�c7R��"RL[
��Z�_ X.m [<`�W.X"�Cb"]
�I[LRL[�j�T�ZCZ']�X'Yn`�\�R<^�T7_}["R<c1`�oye�`QYnX&]nT}m<bQY�b7[�T�YnXQ^.[�T m �
^�j W.X"�CbI]
�I[LRL[LR�e X U.`<]�b m XQ^�^�j�e�Y�]�_�Y�\Lb1f�c�`1ekU.`�^.XQ^.[�^.`��&`��I\<X"�&Y�^.`��&`sY�T�ZCc7R X
ZV[<` m ^.`�Z&[$� y Yn`}U.XQW.XC`�m�`��I^�R m XQ^�T�o α → δ X β → βg pr��Y�^�R<c1` �C[<`}^.XG[LR<c X
U.`�ZCc1`<]
��c7bVY�T�^�R�ekT�c�R�\<`��"e�b s XQ^�T�oP\��'R��Q`�\<`1e�Y�T�ZCc1XS`�U�T�ZCj�\�RLXC[�Z�_>�CT�Y�W.`QY�T��
^�R�ekT m XQZCc�T�ekT�b.W�R<\�^.XQ^�T7_nekT X Ra\��I\<X"�&Y�^.`1e
Z m�XQZCZ&[<`<]nc�^.`�\�T.[<X&]
��^�j�euc�T�^.X��
[�T m XQZCc�T�e�b.W�R<\�^.XQ^�T.XIe X T�c7R<c�W�R��G\�`�m<]�R<Z&[�T Y�]nT�^i\<`<]n^ kcr/∂e >∼ 1 b T7]nT
kcg/∂e >∼ 1 i��C[�TlZCU.`�Z&`�m�j�`�U�T�ZQR<^�T7_u^.X �Qc�\�T�\�R"]�XQ^.[�^�jSpo��`�Z']�X'Y�^.XCX>`�m�Z&[<`��
_�[<X&]
��Z&[�\<`t`�c7R��Ij�\�RLXC[�Z�_�Z'b s XQZ&[�\<XQ^�^�j�e X U.`�[<`1e�b m [<`iY
R � X�Y�]�_�^�R<T.m�`<]�XCX
� f1`<]�`QY�^�j+f � U.`QY�ZCT�Z&[<XIe�e�`<]�`CY�j+f �I\<X"�&Y}T��'R��"R min(cg, cr) ks/∂e ∼ 1 b �&YnXQZ �
ks = 2π/λs � λs Z�Y�]nT�^�R�\<`<]n^�j�ZCU�T�W�R"]
��^.`��&`�b��Q`�W�R+i�p

~�X"�Cb"]
�Q[LRL[�j�\�j m T�Z']�XQ^�T�oa\Be�`CYnX&]nT��I\<X"�&Y�^.`�� ��R��Q`�\<`��&`%Y�T�ZCc�RwT��Q`�m�W�R � X��
^�jg^�RSW�T�Z�p u p�f�� X+u p¢wr�Ip1qSR m XQZ&[�\<XQ^�^.` �C[�T�W.X"�Cb"]
�I[LRL[�j�^.X�`�[C]nT m R y [�Z�_,`�[S`�U�T��
ZQR<^�^�j+f}\�j1�wXwY�]�_ye�`CYnX&]nT�Y�\Lb1f�c1`1ekU.`�^.XQ^.[�^.`��&`��I\<X"�&Y�^.`��&`,Y�T�ZCc7R.p�q�`<]nT m X��
Z&[�\<XQ^�^�jrX � X,W�R��C]nT m T7_�Z&`�Z&[<`I_�[P\PZ']�X'Y�b y�s XIerp � `�� U.XQW�\�j
f X U.`I_�\L]�XQ^�T.X�c1`��
W.`�[�c1`�\<`<]n^.`�\<`��&`VekT�^�T�e�b�ehRKU�W.`�T�Z�f1`QY�T.[�U�W�TPm�`<]
�
�wXQoG`�[�^.`�ZCT.[<X&]
��^.`�oGYn`<]�X
� f1`<]�`QY�^.`�o �pb �'R��Q`�\<`�oGi�U.`QY�ZCT�Z&[<XIekj � δmin(βg = β) > αmin(β) b ZCW p�W�T�Z�p u p�f�g�Tu p�fh�1i�p � `�� \<[<`�W�j+f X \<X&]nT m T�^�R X ^.XC`�mQf1`QY�T�e�`�o�Y�]�_ ehR<W��CT�^�R"]
��^.`�osb1Z&[<`�o m T�\<`��
Z&[�T�Y�T�ZCc7RVc7R<c �.X&]�`��&` cr1 = ccr(δ)

X ZBW.`�Z&[<`1euU�R<W�R�e�XC[�W�R δ b.\<X&]nT m T�\�RLXC[�Z�_
Z'b s XQZ&[�\<XQ^�^.`�m�j�Z&[�W.XCX X6m XIe ZsW.`�Z&[<`1e�U�R<W�R�e�XC[�W�R α = σ∗2/σ∗1 \�e�`CYnX&]nT
Y�\Lb1f�c1`1ekU.`�^.XQ^.[�^.`��&` �I\<X"�&Y�^.`��&`wY�T�ZCc7R b ZCW p�W�T�Z�p u p¢wrg%T u p¢wr�1i�p

�%W.X � YnX m XIe U.XQW.XQo.[�Tucuc1`�^�c�W.XC[�^�j�e�`$�.XQ^�c�R�e�\�U�W�T7]�` � XQ^�T�T�c;È7R#�
]�R<c.[�T�c1X X `�Z&[LR<^.`�\�T�ekZ�_�X s X>^�R}[�W.X'f�c1`1ekU.`�^.XQ^.[�^.`�ole�`QYnX&]nT�Y�T�ZCc7R b Z&[LR<W�jrX
�I\<X"�&Y�j + e�`<]�`QY�jrX �I\<X"�&Y�j + �'R��3i TaW.`<]nTGc1`�^.X m ^.`�oa[<`<] s T�^�j�U.`QY�ZCT�Z&[<XIerp
� bIYnXIe�Z m T.[LRL[
� X'm [<`�]�XQ�Cc7R"_>U.`QY�ZCT�Z&[<XIehR,e�`<]�`CY�j+f��I\<X"�&Y b � X � �+ZCU.XQc.[�W�R"]
���
^�j+f�[�T�U.`�\xi�`�m<]�RIY
RLXC[�[<`�o � X}\<X&]nT m T�^.`�otY�T�ZCU.XQW�ZCT�TlW�RIY�T�R"]
��^�j+fuZCc1`�W.`��
Z&[<XQo X�m [<`�T��'R�� X [<`gXQZ&[
� β = cr2/cr1 = cg/cr1 ≡ βg

� ��u f X�z | � ��p � `���Y
R
W�R<ZCZQehRL[�W�T�\�RLXIehR"_Ge�`QYnX&]
�Sf7R<W�R<c.[<XQW�T��Cb�XC[�Z�_a[�W.XIe�_GU�R<W�R�e�XC[�W�R�ekT � α X δ X β p
~�X"�Cb"]
�Q[LRL[�j T�ZCZ']�X'Yn`�\�R<^�T7_ �C[<`�o�e�`CYnX&]nTl\�^�R<T.m�`<]�XCXsT�^.[<XQW.XQZC^.`1e U�W.X'YnX&]�X
α � δ e�` � ^.` U�W.X'Y�Z&[LR<\�T.[
� \�Z']�X'Y�b y�s XIe�\�T�YnX�ph� R<\�T�ZCT�e�`�Z&[
�s`�m�W�RL[�^.`��&`b ^.`�W�ekT�W.`�\�R<^�^.`��&`Si�Y � T�^�Z&`�\�ZCc1`��&`�ehR<Z �w[LRLm1R kJρ1 `�[sU�R<W�R�e�XC[�W.`�\�e�`CYnX&]nT
U�W�R<c.[�T m XQZCc�T�Z&`�`�[�\<XC[�Z&[�\Lb�XC[VT��Q`�m�W�R � XQ^�^.`�o�^�R�W�T�Z�p u p�f�� X XQZ']nT>U.`V�&`�W�T��Q`�^��
[LR"]
��^.`�o�`�ZCT}`�[�c7]�RIY�j�\�RL[
��^.X δ X R>Z'b�ehe�b δ̂ = δ + α p � X&]nT m T�^�R ccr(δ̂, β)

m<]nT��Ic7R�c>T��Q`�m�W�R � XQ^�^.`�o>^�R�W�T�Z�p u p¢wr� X ^.`,^.XQZCc�`<]
��c1`Ve�XQ^	�
�wX�p
��Y�^�R<c1`}^�R<T.m�`<]�XCXGZ'b s XQZ&[�\<XQ^�^.`�Xa\L]nT7_�^�T.XP^�RsU�W�T�\<X'YnXQ^�^�jrXP\�j1�wXGW.X��

�Cb"]
�I["RL[�j `�c�R��Ij�\�RLXC[yb m XC[ic1`�^.X m ^.`�ol[<`<] s T�^�j U.`QY�ZCT�Z&[<XIe�Y�T�ZCc7R.pr��U.`�Z&`�m
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b m XC[LR��C[�T�f�\<X&]nT m T�^�T��I\<XQZ&[<XQ^ b ZQerp�U p'w7p�c.p¢w X d�p¢w7p¢w�i X T�Z&`�`�[�\<XC[�Z&[�\Lb y�s T.Xw\�j �m T�Z']�XQ^�T7_ � d(f���� U.`�c7R��"R"]nT X�m [<`�U�W�TPW�R��Cb�ek^�j+f �I^�R m XQ^�T7_7f h/ρ1 ' 0,05÷ 0,1

T ∆∗1/ρ1 ' 0,2÷0,4 \<X&]nT m T�^�R δ̂ ' 0,3÷0,4 b c1`�W.`�[�c1`�\<`<]n^.`�\�j�oGekT�^�T�e�b�e
Z&[LR<^.`�\�T.[�Z�_u��]�b7m � X�Y�]nT�^�^.`�\<`<]n^.`�\<`��&` X T�T�e�XQ^�^.`y`�^�`�U�W.X'YnX&]�_�XC[y�CW�R<^�T	�7b
�CW�R<\�T.[LR���T.`�^�^.`�o�b1Z&[<`�o m T�\<`�Z&[�T�Y�T�ZCc7RyU�W�T δ̂ > δ̂ i�p�� ]nT��Ic�T.X�W.X"�CbI]
�I[LRL[�j
m�j�]nTa[LR<c � XdU.`<]�b m XQ^�j&j � `��&`1e�T>�+`<]�`1e�`�^.`1e � ¡�w�f�� X T�ZCZ']�X'Yn`�\�R<\
�BT�ekTa�CW�R#�
\�T.[LR���T.`�^�^7b y ^.X&b�Z&[<`�o m T�\<`�Z&[
�rY�\Lb1f�c1`1ekU.`�^.XQ^.[�^.`�owe�`QYnX&]nT�Y�T�ZCc7R X \�c1`�[<`�W.`�o
T �I\<X"�&Y�^�R"_ X T��'R��Q`�\�R"_ U.`QY�ZCT�Z&[<XIekj�`�U�T�ZCj�\�R"]nT�Z ��\�W�R�ekc7RIf��CT�Y�W.`QY�T�^�R�ekT��m XQZCc1`��&`�U�W�T.m<]nT � XQ^�T7_vp

�SR�`�ZC^.`�\�R<^�T�T �C[�T�fgW.X"�Cb"]
�I[LRL[<`�\�Z�YnX&]�RLXIe U�W.X'Y�\�R<W�T.[<X&]
��^�jrX�`$�.XQ^�c�T X
ZC\L_��"R<^�^�jrXSZ � U�R<W�RIYn`�c�Z&`1e � `�`1ekW.X � � λJ � λs Z ZQerp.\�\<X'YnXQ^�T.XScP^�R<Z&[<`I_ s XQo
��]�R<\<X�p��%W�T�e�XIe XGm [<` σ∗1 ' 83

�
�
� U�c 2 � R = 8 c�U�c � ∂e = 38 b c�e � Z�i � c�U�c

T X Z']�X'Yn`�\�RL[<X&]
��^.` X [<`<]
��c�`�U.`�Z&[LR<W�j�e �I\<X"�&Y
R�e λJ = 21,7Gσ∗1/∂e2 '
5,5 c�U�c b `�[Q]nT m T.Xt`�[u`$�.XQ^�c�T � `�`1ekW.X λJ ' 7,5 c�U�c�ZC\L_��"R<^.`u\l`�ZC^.`�\��
^.`1e Z�[<XIe X[m [<` T�e T�ZCU.`<]
���Q`�\�R"]�R<Z � e�`QYnX&]
� ��ekT�Yn[LR � ��� ��� X \ c1`�[<`�W.`�o
σ∗1� ' 114

�
�
� U�c 2 i�p6��]�`�[�^.`�Z&[
���'R��"R � ��u f�� σg0� ' 12

�
�
� U�c 2 p6��[��

Z y Y
R δ ' 0,14 X R δ̂ = δ + α ' 0,15 b �&YnXQZ �dU�R<W�R�e�XC[�W α b m T.[�j�\�RLXC[w[<`<]
��c1`
� X � � �I\<X"�&Y�j�Z cr <∼ 10 c�e � Z�i�pr��`�Z&[LR<W�j�e �I\<X"�&Y
R�e�Z,b m XC[<`1e�[<`<]nZ&[<`��&`
Y�T�ZCc7R cr1 ' 48 c�e � Z X R�U.`s�'R��Cb cg ' 7 ÷ 8 c�e � Z � dSw z ��p � R<c�T�e�`�m�W�R��Q`1e X
^�T � ^7_._�`$�.XQ^�c7R β ' 0,15 ÷ 0,16 T X Z&`���]�R<ZC^.`�W�T�Z�p u p¢wr� X cr1 ' 1,3 cT1

X R�T��
W�T�Z�p u p�fh��Z']�X'Y�b�XC[ X�m [<`�^�R<T.m�`<]�XCX m<]nT��Ic�T�odcx�CW�R<^�T	�.Xhb�Z&[<`�o m T�\<`�Z&[�TBekT�^�T�e�b�e
Y�T�ZCU.XQW�ZCT.`�^�^.`�oac�W�T�\<`�o ω̂2 = ω̂2(k) Z Y�]nT�^�^.`�\<`<]n^.`�\�j�oGZ kJcr1/∂e ' 1,35 p
��[�Z y Y
RwU.`<]�b m RLXIeyZ&[LR<W�j�oGW.X"�CbI]
�I[LRL[ λJ ' 5,5 c�e � Z X T � U�R<W�RIYn`�c�Z � `�`1ekW.X �
\�`�c�W.XQZ&[�^.`�Z&[�Tu�+`<]n^	��Ry^.X�ZC^�T�ehRLXC[�Z�_vp ��^�R"]�`��CT m ^�jrX�`$�.XQ^�c�T�^.X�U.`��I\<`<]�_��y [>^�RIYnX&_�[
��Z�_ ^�RGU�W.XC`QYn`<]�XQ^�T.X � U�R<W�RIYn`�c�ZQR � `�`1ekW.X � T}\G`�m<]�R<Z&[�T r > R� p� R<c�T�el`�m�W�R��Q`1e X Y�]�_�\<`��Qm<b � YnXQ^�T7_�ZCU�T�W�R"]
��^�j+f}\<`<]n^sU7]�`�[�^.`�Z&[�T c1`�W.`�[�c�`��
\<`<]n^.`�\<`�ow�CW�R<\�T.[LR���T.`�^�^.`�oK^.X&b�Z&[<`�o m T�\<`�Z&[
� y \�È�R"]�R<c.[�T�c1Xr^.XC[�^.XC`�mQf1`QY�T�e�`�o
Yn`<]nT � f1`<]�`QY�^�j+f �[b ��R��"RdTae�`<]�`QY�j+f �I\<X"�&Y·i�U.`QY�ZCT�Z&[<XIerp#��`CYn`�m�^�j�oV\�j�\<`QYGm<b �
YnXC[ X U.`�� \�T�Y�T�e�`1e�b X ZCU�W�R<\<X'Y�]nT�\�TlY�]�_�m�`<]
�
�BT�^�Z&[�\�RyY�W7b.�CT�f�^.X Z']nT	�Bc1`1e
m�`��'RL[�j+f>�'R��Q`1e��'R"]�R<c.[�T�c p
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jd]�_ Yn`�Z&[LRL[<` m ^.` m�`��'RL[�j+f �'R��Q`1e U7]�`�ZCc�T�f �'R"]�R<c.[�T�c W�R<ZCZQe�`�[�W.XQ^��
^�R"_�\�j1�wXPc1`�W.`�[�c1`�\<`<]n^.`�\�R"_t�CW�R<\�T.[LR���T.`�^�^�R"_g^.X&b�Z&[<`�o m T�\<`�Z&[
��e�` � XC[ X U.`��
\�T�Y�T�e�`1e�b X \<`��Qm<b � Y
RL[
��Z&[�W7b.c.[Lb.W�j X f7R<W�R<c.[<XQW�^�jrXVehR<Z �w[LRLm�j�c1`�[<`�W�j+f U.`��
W�_7Y�c7R�Y�]nT�^�jg\<`<]n^�jgZCU�T�W�R"]
��^.`��&`Sb��Q`�W�R.px��X&_�ZC^�j�e X `QY�^�R<c�` X `�Z&[LRLXC[�Z�_,e�X'f7R#�
^�T��"eu\<`��Qm<b � YnXQ^�T7_}^.X&b1Z&[<`�o m T�\<`�Z&[�T X U.`�ZCc1`<]
��c7bs�CW�R<\�T.[LR���T.`�^�^�R"_ ^.X&b1Z&[<`�o��m T�\<`�Z&[
�KT�e�XCXC[B[<XQ^�YnXQ^	��T y c,Yn`�Z&["RL[<` m ^.`�m�j�Z&[�W.`1e�baZQR�e�`�U.`QY
R<\L]�XQ^�T y � z �#f���p
��m�Z'bIY�T�esZ �C[<`�oB[<` m c�T0�IW.XQ^�T7_�\<`��"e�` � ^.`�Z&[
�S\<`��Qm<b � YnXQ^�T7_��CW�R<\�T.[LR���T.`�^�^.`�o
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^.X&b1Z&[<`�o m T�\<`�Z&[�T�U�W.`$�.XQZCZ&`1e,�I\<X"�&Yn`�`�m�W�R��Q`�\�RL^�T7_vp � U.XQW�\�jrXV^�R �C[Lb�\<`��"e�` � �
^.`�Z&[
��b.c7R��"R"]uqSRL[<` � ¡�w z ��p   e X \ m R<Z&[�^.`�Z&[�T X m�j�]�`�U.`�c7R��"R<^.` Xrm [<`y\�e�`QYnX��
]nTgY�\Lb1f�c1`1ekU.`�^.XQ^.[�^.`��&` �I\<X"�&Y�^.`�� �'R��Q`�\<`��&`}Y�T�ZCc7R�Z β =

√
0,1 ' 0,316 T

cr1 = cT1 = 3,36Gσ∗1/∂e W.` � YnXQ^�T.X �I\<X"�&Y�T����'R��"R�U�W�T�\<`QY�T.[gc�W�R<ZCc7R m �
c1Xx�CW�R<\�T.[LR���T.`�^�^.`�o�^.X&b1Z&[<`�o m T�\<`�Z&[�T X T�^�c�W.XIe�XQ^.[,c1`�[<`�W.`�o�ehR<c�ZCT�ehR"]�XQ^VY�]�_
\<`��"e�b s XQ^�T�oVY � T�^�Z&`�\�ZCc1`��&`VehR<Z �w[LRLm1R b kρ1 ' 1 i�p  ZCZ']�X'Y�b�XIe �C[<`�[ \<`�U�W.`�Z�\�W�R�ekc�RIf�W�R<ZCZQe�`�[�W.XQ^�^.`�o \�j1�wXu[�W.X'f�c1`1e �
U.`�^.XQ^.[�^.`�o e�`QYnX&]nT �I\<X"�&Y�^.`�� �'R��Q`�\<`��&` Y�T�ZCc�R.p��%W.X'Y�U.`<]�` � T�e X�m [<` \ ^�R#�m R"]
��^�j�o e�`1e�XQ^.[ \�W.XIe�XQ^�T Y�T�ZCc m�j�] ehR<W��CT�^�R"]
��^.`�b1Z&[<`�o m T�\ X [<`�XQZ&[
�
cr1 ≡ ccr(α, β, δ, kJ) p � RL[<XIeu\V[<X m XQ^�T.X�U�W.`1e�X � b7[�c7RP\�W.XIe�XQ^�T dt m R<Z&[
�G�'R#�
�"RaU�W.XQ\�W�RL[�T7]�R<Z �P\Pe�`<]�`QY�jrX �I\<X"�&Y�j�Z cr2 = cg

X [<`PXQZ&[
� α T δ U.`<]�b m T7]nT
U�W�T�W�R s XQ^�T7_ X ZC\L_��"R<^�^�jrXSZ&`�`�[�^.`$�wXQ^�T.XIe

dα + dδ = 0. b u p z i
� ZCT�Z&[<XIe�X�Z�T��"e�XQ^.XQ^�^�j�ekT α T δ Yn`<] � ^�RxZQe�XQZ&[�T.[
��Z�_V�CW�R<^�T	��R%b1Z&[<`�o��m T�\<`�Z&[�TwU.`�Y�]nT�^.X+\<`<]n^�jy^�R dkJ `�[ kJ T ccr T��"e�XQ^�T.[
��Z�_x^�R�\<X&]nT m T�^7b dccr p

�kZ']nTaU�W�T dα > 0 `�c7R � XC[�Z�_ dccr > 0 X [<`KZCT�Z&[<XIehRx\ �.X&]�`1eyZ&[LR<^.XC[B^.X&b1Z&[<`�o��m T�\<`�o X [LR<c�c7R<c cr1 = ccr(α, β, δ, kJ) < ccr(α + dα, β, δ + dδ, kJ + dkJ) =
ccr(α, β, δ, kJ) + dccr p � R<c�T�ey`�m�W�R��Q`1e X `�m<b1Z']�`�\L]�XQ^�^�R"_��I\<X"�&Yn`�`�m�W�R��Q`�\�R<^�T.XIe
^.X&b1Z&[<`�o m T�\<`�Z&[
�,\<`��I^�T�c7RLXC[ X XQZ']nT

dccr
dα

=
{ ∂

∂α
− ∂

∂δ
+
dkJ

dα

∂

∂kJ

}

ccr > 0, b u p |+i
��YnX dkJ/dα e�` � XC[>m�jr[
�>\�j m T�Z']�XQ^�RP^.XQU.`�ZCW.X'Y�Z&[�\<XQ^�^.`>T�� b u p � i�p � j m T�Z']�X��
^�T7_GU.`�c7R��Ij�\�R y [ X�m [<`�\<`K\�Z&XQoVT��Cb m XQ^�^.`�oa\�j1�wX�`�m<]�R<Z&[�TGU�R<W�R�e�XC[�W.`�\xY�T�ZCc�Rb 0,15 ≤ β ≤ 0,4 � 0 ≤ α ≤ 0,5 � 0 ≤ δ ≤ 0,5 i�\<X&]nT m T�^�R dccr/dα > 0 p� R<c�T�e `�m�W�R��Q`1e X U�W.`$�.XQZCZ �I\<X"�&Yn`�`�m�W�R��Q`�\�R<^�T7_�U�W�T�\<`QY�T.[�c�W�R<ZCc7R m c1X
�CW�R<\�T.[LR���T.`�^�^.`�oP^.X&b1Z&[<`�o m T�\<`�Z&[�TP\KU.XQW�\<`�^�R m R"]
��^.`Bb1Z&[<`�o m T�\<`1e�ek^.`��&`�c1`1e �
U.`�^.XQ^.[�^.`1et��R"]�R<c.[�T m XQZCc�`1eyY�T�ZCc1X�p(�%W�T �C[<`1e X U.`�� \�T�Y�T�e�`1e�b X \wY�T�ZCc1XS�'R"]�R<c��
[�T�c�T�m<bQY�b7[tU�W.`�[<XQc�RL[
�tW.X&]�R<c�ZQR���T.`�^�^�jrX}U�W.`$�.XQZCZCj X b.\<X&]nT m T�\�R y�s T.XsY�T�Z5�
U.XQW�ZCT�TiZCc1`�W.`�Z&[<XQo�`�m�¥vXQc.[<`�\ X Z&`�Z&[LR<\L]�_ y�s T�f�Y�T�ZCciU.`QY�ZCT�Z&[<XIe X T X Z']�X'Yn`�\�R#�
[<X&]
��^.` X Z&[�W.XIe�_ s T.XQZ�_G\<`��I\�W�RL[�T.[
��ZCT�Z&[<XIe�bacab1Z&[<`�o m T�\<`1e�bGZ&`�Z&[<`I_�^�T y pG��Y	�
^�R<c1`GU�W.`QYn`<] � R y�s T.XQZ�_ �I\<X"�&Yn`�`�m�W�R��Q`�\�R<^�T.XBT.�"R<U�R��&Y�j�\�R<^�T.XKW.X&]�R<c1ZQR���T.`�^��
^�j+f�U�W.`$�.XQZCZ&`�\im<bIY�b7[tU.`QY�YnXQW � T�\�RL[
�g[LR<c7b y � [Q]�X y~s b y � ^.X&b�Z&[<`�o m T�\<`�Z&[
�
\�U7]�`�[
��Yn`S\�j+f1`QY
R�Y�T�ZCc7R�^�R�[LR<c1`�X�Z&[LR���T.`�^�R<W�^.`�X�Z&`�Z&[<`I_�^�T.X X \%c1`�[<`�W.`1e}U�W.`��
�.XQZCZCj �I\<X"�&Yn`�`�m�W�R��Q`�\�R<^�T7_�TgW�R��IW7b��wXQ^�T7_ �I\<X"�&Yg`�c7R � b7[�Z�_�\��"R<T�ek^.`�ZCc1`1e �
U.XQ^�ZCT�W.`�\�R<^�^�j�ekT p � R<c�T�e�`�m�W�R��Q`1e X U�W.`$�.XQZCZ.�I\<X"�&Yn`�`�m�W�R��Q`�\�R<^�T7_g`�c7R��Ij�\�R#�
XC[�Z�_}U.`�Z&[<`I_�^�^.`aYnXQo�Z&[�\Lb y�s T�e��&XQ^.XQW�RL[<`�W.`1euZ&[�W7b.c.[Lb.W�Y � T�^�Z&`�\�ZCc1`��&`>ehR<Z5�
�w[LRLm1R�\�ek^.`��&`�c1`1ekU.`�^.XQ^.[�^.`1e Y�T�ZCc1X�p � X&]nT m T�^�R}Y � T�^�Z&`�\�ZCc1`��&`iehR<Z �w[LRLm1R
�"R<\�T�ZCT.[�`�[KYn`<]nT � f1`<]�`QY�^�j+f � U.`QY�ZCT�Z&[<XIet\BY�T�ZCc1XdT>T�f � [<XIekU.XQW�RL[Lb.W�j � p
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  ^.[<XQW.XQZC^�j�e�e�X'f7R<^�T��"e�`1e>\<`��Qm<b � YnXQ^�T7_w�CW�R<\�T.["R���T.`�^�^�j+fBZCU�T�W�R"]
��^�j+f
\<`<]n^yU7]�`�[�^.`�Z&[�T�e�` � XC[�m�jr[
��e�X'f�R<^�T��"e X `�m<b1Z']�`�\L]�XQ^�^�j�oy^.X&b1Z&[<`�o m T�\<`�Z&[Q_��
ekT,\xZCT�Z&[<XIe�X�Z�`�[�^.`�ZCT.[<X&]
��^�j�e Y�\�T � XQ^�T.XIe XCX�U.`QY�ZCT�Z&[<XIerp���X&b1Z&[<`�o m T�\<`�Z&[�T
�C[<`��&`P[�T�U�RG`�m�j m ^.`>^�R��Ij�\�R y [>U7b m c1`�\�j�ekT p � U.XQW�\�jrX X U.`�� \�T�Y�T�e�`1e�b X [LR<c�`�o
e�X'f7R<^�T��"e�m�j�]tT��Cb m XQ^ � f u w#��\s�CT�Y�W.`QY�T�^�R�ekT m XQZCc�T�f�e�`QYnX&]�_7f�ek^.`��&`�c1`1ekU.`��
^.XQ^.[�^.`��&`GY�T�ZCc7RPZ�\�W�R s R y�s T�ekT�Z�_ Z�Z'b s XQZ&[�\<XQ^�^.`>W�R��C]nT m ^�j�ekT}b.��]�`�\�j�ekT
ZCc1`�W.`�Z&[Q_nekT U.`QY�ZCT�Z&[<XIehR�ekT p���`��&Y�^.XCXVqSRL[<` � ¡�w<|��
W�R<ZCZQe�`�[�W.X&]�m�`<]�XCX,W.XIR"]nT��
Z&[�T m ^7b y e�`QYnX&]
� �I\<X"�&Y�^.`�� ��R��Q`�\<`��&`�Y�T�ZCc7R X \Gc1`�[<`�W.`1e���R���U.`1ekT�e�`Gb m R<Z&[�T7_
\x`�m s XIe�\�W�R s XQ^�T�T�Y�T�ZCc7RwT�ZCU�jr[�j�\�RLXC[wX s X�ehR<c�W.`�ZCc1`�U�T m XQZCc1`�X�Y�\�T � XQ^�T.X%\
W�RIY�T�R"]
��^.`1e�^�R<U�W�R<\L]�XQ^�T�T p�jwT�ZCU.XQW�ZCT.`�^�^.`�XBb.W�R<\�^.XQ^�T.X��C[<`�o�e�`QYnX&]nT}T�e�XCXC[
\�T�Y b ZCW p�Z b u pedSi_i

k

2 π G
=

σg0k
2

(ω −mΩg − kug)2 − ∂e2
g − k2c2g

+

+
σ∗
c2r

{

1 − I0(z) exp(−z) − 2
∞
∑

n=1

(ω −mΩ)2 In(z) exp(−z)
(ω −mΩ)2 − n2∂e2

}

, b u p�f��+i
��YnX ug Z�ZCc1`�W.`�Z&[
�wW�RIY�T�R"]
��^.`��&`BU.`�[<`�c7Rx�'R��"R � Ω X Ωg Z�b.��]�`�\�j�X�ZCc�`�W.`�Z&[�T �
∂e X ∂eg Z �QU�T	��T�c7]nT m XQZCc�T.X m R<Z&[<`�[�j �I\<X"�&Y�^.`��&`VTs�'R��Q`�\<`��&`�Y�T�ZCc�`�\aZ&`�`�[�\<XC[��
Z&[�\<XQ^�^.`
� z = (kcr/∂e)2 p

jwT�ZCU.XQW�ZCT.`�^�^.`�X b.W�R<\�^.XQ^�T.X b u p�f��+iGm�j�]�`lW.X �wXQ^.`�qSRL[<` � ¡�w<|�� m T�Z']�XQ^��
^.`�]nT	� ��U�W�T�^.XQZCc�`<]
��c�T�f �I^�R m XQ^�T7_7fl\"f1`QY�_ s T�fl\i^.XQ�&`iU�R<W�R�e�XC[�W.`�\ X6m [<`
^.X�U.`��I\<`<]�_�XC[�T�ZCU.`<]
���Q`�\�RL[
�yU.`<]�b m XQ^�^�jrX�W.X"�Cb"]
�I[LRL[�j�Y�]�_�\�j�_�ZC^.XQ^�T7_gW.`��
]nT�U7b m c1`�\<`��&`�e�X'f7R<^�T��"ehRs\}\<`��Qm<b � YnXQ^�T�TtZCU�T�W�R"]
��^.`��&`�b��Q`�W�R�W�R��C]nT m ^�j+f
�'R"]�R<c.[�T�c p��%W�T�\<X'YnXIe�R<^�R"]nT.[�T m XQZCc1`�X�T�ZCZ']�X'Yn`�\�R<^�T.X�b.W�R<\�^.XQ^�T7_ b u p�f��+ikT�Z�YnX��
]�RLXIeuZ&`�`�[�\<XC[�Z&[�\Lb y�s T.XK`$�.XQ^�c�T�Y�]�_UÈ�R"]�R<c.[�T�c�T � f�w�¡#��p � bQYnXIelZ m T.[LRL[
� X.m [<`
|ug| <∼ cr � rΩ p � `���Y
R

|Ωg/Ω − 1| <∼ c2r/r
2Ω2 � 1,

Tl[<XIe�ZQR�ekj�e�e�` � ^.`tU.`<]�` � T.[
� Ωg ' Ω pqjd]�_uT�ZCU.`<]
���Cb�XIekj+fl\�[<XC`�W�T�T
(xT�^�RKT���b � ¡ z�u �v\<`��"e�b s XQ^�T�oPZ m R<Z&[<`�[LR�ekT |ω −mΩ| < ∂e Y�T�ZCU.XQW�ZCT.`�^�^.`�X
b.W�R<\�^.XQ^�T.X b u p�f��+i�U�W�T�^�T�ekRLXC[V\�T�Y b ZCW p�Z b u p¢¡�i_i

1 −
√
z kTρ− a− 2 b ν2

ν2 − 1
− z δ

(ν − η)2 − (1 + zg)
= 0, b u p�f�f�i

��YnX ν = (ω − mΩ)/∂e X η = kug/∂e X zg = k2c2g/∂e2 p��kZ']nTi�'R��Q`�\<`�oyU.`CY�ZCT��
Z&[<XIekj ^.XC[ b δ = 0 i X [<`GW.X �wXQ^�T.XIe b u p�f�f�i�_�\L]�_ y [�Z�_��CW�R<\�T.["R���T.`�^�^�jrX�\<XC[�\�T
c1`<]�XCm1R<^�T�o �I\<X"�&Y�^.`��&`wY�T�ZCc7R b ZQerp b w7p z w�i_i��

ν2 = ν2
0 =

1 −√
zkTρ− a

1 −√
zkTρ− a− 2b

. b u p�f�w�i
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� Z&`�`�[�\<XC[�Z&[�\�T�T ZiY
R<^�^�j�ekT�^�RLm<] y YnXQ^�T�o�U.`<]�R<�'RLXIe δ = σg0/σ∗ � 1 p� `���Y
R X XQZ']nT \<X&]nT m T�^�R ν0 ^.XuZ']nT	�Bc1`1e m<]nT��Ic7R�c ν1 = η + ŝ

√
1 + zgb �&YnXQZ � ŝ = ±1 i X [<`yY�T�ZCU.XQW�ZCT.`�^�^.`�X�b.W�R<\�^.XQ^�T.X b u p�f�f�i�U�W�T�\<`CY�T.[�cuU.`I_�\��

]�XQ^�T y \<X s XQZ&[�\<XQ^�^�j+f�U.`�U�W�R<\<`�csU.`�W�_7Y�c7R δ c m R<Z&[<`�[<X ν0 p·��Y�^�R<c�`a\VW.X"�Q`��
^�R<^�ZC^.`1e�Z']�b m RLX � ν0 ' ν1 b.W�R<\�^.XQ^�T.X b u p�f�f�i�Y
RLXC[�^.X&b1Z&[<`�o m T�\<`�XVW.X �wXQ^�T.X
ν = ν0 + ε Z Im(ε) � |ν0 − ν1| phjxXQo�Z&[�\�T.[<X&]
��^.` X T�� b u p�f�f�id\ �C[<`1e�Z']�b m RLX
Z']�X'Y�b�XC[

ε2 =
ŝ z (ν2

0 − 1) δ

4 ν0
√

1 + zg(1 −√
zkTρ− a− 2b)

. b u p�f�c+i
� R<c�c7R<c (ν2

0 − 1) < 0 T \�b1Z&[<`�o m T�\<`1e U.` � `�`1ekW.X � z ¡�f��aY�T�ZCc1X
(1 − √

zkTρ − a − 2b) < 0 X T�ZCc1`1ehR"_�W.X"�Q`�^�R<^�ZC^�R"_gU7b m c1`�\�R"_�^.X&b1Z&[<`�o m T��
\<`�Z&[
� b ε2 < 0 i�T�e�XCXC[ae�XQZ&[<`aU�W�T ŝ = −sign b ν0 i�p � Z']�`�\�T.XwW�R<ZCc7R m c�T.�C[<`�o
^.X&b1Z&[<`�o m T�\<`�Z&[�T b b1Z']�`�\�T.XxW.X"�Q`�^�R<^�ZQR+i+T�e�XCXC[�\�T�Y

ug '
∂e

k
(|ν0| +

√

1 + zg) sign(ν0), b u p�f�dSi
R�ehR<c�ZCT�ehR"]
��^�j�o>T�^�c�W.XIe�XQ^.[,^.X&b1Z&[<`�o m T�\<`�Z&[�T�Z&`���]�R<ZC^.` b u p�f�c+i

Im(ω) ' ∂e
√
δ
{ z (1 − ν2

0)

4 |ν0|
√

1 + zg(a+ 2b+
√
zkTρ− 1)

}1/2
. b u p�f�¡�i

jd]�_�`$�.XQ^�c�Tt^.XC`�mQf1`QY�T�e�`�o�Y�]�_t\<`��Qm<b � YnXQ^�T7_g^�RLm<] y Y
RLXIe�`�ot\MÈ�R"]�R<c��
[�T�c1X�ZCU�T�W�R"]
��^.`�o,Z&[�W7b.c.[Lb.W�ju\<X&]nT m T�^�jlW�RIY�T�R"]
��^.`�oVZCc�`�W.`�Z&[�TV��R��Q`�\<`��&`dU.`��
[<`�c7R ug T�ZCU.`<]
���Cb�XIe�U�W�T�\<X'YnXQ^�^�jrX�\�U p u p�f�p�fPY
R<^�^�jrX}^�RLm<] y YnXQ^�T�ouTlU.`��
]�R<�'RLXIe λs ' 1,7 c�U�c � � w:d���p�� m T.[LR"_yZCU�T�W�R"]
�P`�[�Z&[LR y�s XQo T�Y�\Lb1f�W7b.c�R<\�^.`�ob m = 2 > 0 X k > 0 i X T�� b u p�f�w�i%U.`<]�b m RLXIe ν0 = −0,97 b �I^�R<c ν0 \�jrm�W�R<^
\PZ&`�`�[�\<XC[�Z&[�\�T�T�ZK[<XC`�W�T.XQo�(xT�^�RGTy��b � ¡ z+� �Ài X RGT�� b u p�f�dSi~Z ^.XC`�mQf�`QY�T�e�b y
Y�]�_V\<`��Qm<b � YnXQ^�T7_aZCU�T�W�R"]�XQo ug ' −22 c�e � Z�pS��`<]�R<�'R"_��"RL[<XIe δ = 0,14 b ZQerp
U p u p�f�p�f�i X T�� b u p�f�¡�i�U.`<]�b m RLXIe Im(ω) = 0,3 ∂e

√
δ ' 0,16 Ω p � R<c�T�e�`�m�W�R��Q`1e X

Y
R � XSU�W�TG^�R"]nT m T�TP^.XC`�mQf1`QY�T�e�`�o,Y�]�_PW�R<ZCc�R m c�TGT�ZCZ']�X'Y�b�XIe�`�oa^.X&b1Z&[<`�o m T�\<`��
Z&[�T ug f7R<W�R<c.[<XQW�^.`�X�\�W.XIe�_B\<`��Qm<b � YnXQ^�T7_�ZCU�T�W�R"]
��^.`��&`�b��Q`�W�R X `$�.XQ^.XQ^�^.`�X�U.`
ehR<c�ZCT�ehR"]
��^.`1e�b�T�^�c�W.XIe�XQ^.[Lb X W�R<\�^.` τ = 6 `�m�`�W.`�[<`�\PY�T�ZCc7R X�m [<`�U.` m [�T�\
Y�\�RSW�R��"RSU�W.XQ\�j1�KRLXC[x\�W.XIe�_�ZC^.`�ZQRS\<`<]n^.`�\<`��&`xZCU�T�W�R"]
��^.`��&`xU�R<c1XC[LRdc �.XQ^.[�W7b
È7RI]�R<c.[�T�c�T � z ¡�c���p

~�RIY�T�R"]
��^�j+fgU.`�[<`�c1`�\ �'R��"Rs\}`�c�W.XQZ&[�^.`�Z&[�Tl�+`<]n^	��R}Z |ug| ≥ 3 c�e � Z X
U.`�� \�T�Y�T�e�`1e�b X ^.XC[IpY��[�Z y Y
RaZ']�X'Y�b�XC[ X�m [<`�e�X'f�R<^�T��"elW.X"�Q`�^�R<^�ZC^.`�osU7b m c1`�\<`�o
^.X&b1Z&[<`�o m T�\<`�Z&[�TBW�RIY�T�R"]
��^.`��&`�U.`�[<`�c�R��'R��"R�\�`�c�W.XQZ&[�^.`�Z&[�T r = R� ^.Xre�` � XC[
m�jr[
� �&XQ^.XQW�RL[<`�W.`1e��CW�R<\�T.[LR���T.`�^�^�j+fgZCU�T�W�R"]
��^�j+f�\<`<]n^�U7]�`�[�^.`�Z&[�T p6��[�e�X��
[�T�ey[LR<c � X X�m [<`�\wW�R�ekc7RIfV[<XC`�W�T�T (xT�^�RxTP��b,Z&`���]�R<ZC^.` b u p�f�dSi W.X"�Q`�^�R<^�ZC^�R"_
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U7b m c1`�\�R"_�^.X&b1Z&[<`�o m T�\<`�Z&[
�xe�` � XC[dT�e�XC[
�xe�XQZ&[<`%[<`<]
��c1`x\SZ']�b m RLX�^�R<U�W�R<\L]�XQ^��
^.`��&`�c.�.XQ^.[�W7b�È�R"]�R<c.[�T�c�T�W�RIY�T�R"]
��^.`��&`,U.`�[<`�c7R��'R��"R.p

��XC[�W7bIY�^.`i\�T�YnXC[
� X6m [<`tekT�^�T�ehR"]
��^.`�^.XC`�mQf1`CY�T�ehR"_gY�]�_uW�R<ZCc7R m c�TuW.X��
�Q`�^�R<^�ZC^.`�oVU7b m c�`�\<`�oa^.X&b1Z&[<`�o m T�\<`�Z&[
� y �CW�R<\�T.[LR���T.`�^�^�j+fGZCU�T�W�R"]
��^�j+fV\<`<]n^
U7]�`�[�^.`�Z&[�T�\<X&]nT m T�^�R |ug/cg| =

√

1/zg + zg e�` � XC[�m�jr[
�KYn`�Z&[�T��C^7b7[LR�^�R�c1`��
W.`�[LR���T.`�^�^.`1e�W�RIY�T7b1Z&X X � YnX ν0 = 0 p ��m�Z&`<] y [�^�j�otekT�^�T�e�b�e |ug| '

√
2 cg

Yn`�Z&[�T��'RLXC[�Z�_ X XQZ']nTy\.�C[<`�oy`�m<]�R<Z&[�T zg = (2π cg/∂eλs)
2 = 1 p � R<c7R"_�`$�.XQ^�c�R

U.`�c7R��Ij�\�RLXC[ X+m [<`wU7b m c�`�\�j�oVe�X'f7R<^�T��"e}\�W�_7Y�]nT�U.XQW�ZCU.XQc.[�T�\<XQ^,c�R<c,e�X'f7R<^�T��"e
\<`��Qm<b � YnXQ^�T7_�ZCU�T�W�R"]
��^.`��&`�b��Q`�W�RK\�U7]�`�ZCc�T�f���R"]�R<c.[�T�c7RIf p
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� ]�R<�&`QY
R<W�_�Y�T�VWV%XQW.XQ^	��T�R"]
��^.`�Z&[�Tw\�W�R s XQ^�T7_%Y�T�ZCc7R�ZCU�T�W�R"]
��^.`�ox�'R"]�R<c��
[�T�c�T Ω = Ω(r) ^�R ^.XQc1`�[<`�W.`1e�W�R<ZCZ&[<`I_�^�T�Tt`�[�XCX.�.XQ^.[�W�R r = rc b.��]�`�\�R"_
ZCc1`�W.`�Z&[
�tZCU�T�W�R"]
��^.`��&`ib��Q`�W�RiW�R<\�^�R Ωp = Ω(rc) b \<X&]nT m T�^7b rc ^�R��Ij�\�R#�y [wc1`�W.`�[LR���T.`�^�^�j�e�W�RIY�T7b1Z&`1eJi�p���`
�C[<`1e�b0�I\<X"�&Y�j�Y�T�ZCc�R X ]�`�c7R"]nT��Q`�\�R<^�^�jrX�\
`�c�W.XQZ&[�^.`�Z&[�Tic1`�W.`�[LR���T.`�^�^.`��&`�W�RIY�T7b1ZQR X `�c7R��Ij�\�R y [�Z�_i\�W.X"�Q`�^�R<^�Z&XaZ&`sZCU�T��
W�R"]
��^.`�oi\<`<]n^.`�o p (wT�^�YnXQ^����
X&]�]iTtqSR"]n^�R<o�Z � ¡<| u �rU.`�c�R��"R"]nT X�m [<`}\sW�R�ekc7RIf
]nT�^.XQo�^.`�oy[<XC`�W�T�T�["R<c1`�XGW.X"�Q`�^�R<^�ZC^.`�XV\��"R<T�e�`QYnXQo�Z&[�\�T.Xa\<`<]n^�j�Z&`.�I\<X"�&Y
R�ekT
Y�T�ZCc7R�U�W�T�\<`QY�T.[Scwb1ZCT7]�XQ^�T y \<`<]n^�j b VST��IT�c7R!�C[<`��&`%U�W.`$�.XQZCZQR�U.`QY�W.`�m�^.`%`�U�T��
ZQR<^�R *BW�T�Y
ehR<^.`1e�T���`<]�_ m XQ^�c1` � f u c X dSw����Ài�p� ZCT7]nT�\�R y�s R"_�Z�_x[LR<c�T�e�`�m�W�R��Q`1e�\<`<]n^�RrYn`<] � ^�R�`�c7R��Ij�\�RL[
��\L]nT7_�^�T.X+^�R
Y�T�^�R�ekT�c7b�W.X"�Q`�^�R<^�ZC^�j+f��I\<X"�&Y X e�XQ^7_._�T�f�V�b.^�c	��T y W�R<ZCU�W.X'YnX&]�XQ^�T7_�Ty[<XIe
ZQR�ekj�e�b1Z']�`�\�T7_Kb�ZCT7]�XQ^�T7_�\<`<]n^�jSpx��`
�C[<`1e�bx_�ZC^.` X�m [<`xT�ZCZ']�X'Yn`�\�R<^�T.X/��VWV%XQc��
[�T�\�^.`�Z&[�TBe�X'f7R<^�T��"ehRrW.X"�Q`�^�R<^�ZC^.`��&`rb�ZCT7]�XQ^�T7_xZCU�T�W�R"]
��^�j+fx�CW�R<\�T.[LR���T.`�^�^�j+f
\<`<]n^ ^�RGc1`�W.`�[LR���T.`�^�^.`1e�W�RIY�T7b1Z&X�\>^.X&]nT�^.XQo�^.`1e�W.X � T�e�X�_�\L]�_�XC[�Z�_ \<XQZ ��ehR
R<c.[Lb�R"]
��^�j�erp��%W.`�\<X'YnXIe�T��Cb m XQ^�T.X �C[<`��&`,\<`�U�W.`�ZQR X Z']�X'Y�b�_>W�RLm�`�[<X � f�d z ��p� ZCT�Z&[<XIe�Xd`�[�Z m XC[LR X \�W�R s R y�s XQo�Z�_>Z%b.��]�`�\<`�o>ZCc1`�W.`�Z&[
� y ZCU�T�W�R"]
��^.`��&`
b��Q`�W�R Ωp

X \<X&]nT m T�^7b �Q^.XQW��CT�Tx`�[CYnX&]
��^.`�o �I\<X"�&Y�jie�` � ^.`SU�W.X'Y�Z&["R<\�T.[
�%\�\�T�YnX
H =

v2
r

2
+

[r0Ω(r0) + vϕ]2

2
− r0Ωp[r0Ω(r0) + vϕ] + Φ0 + Φ̃ , b u p�f u i

��YnX r0 Z W�RIY�T7b�Zw`�W.m�T.[�j �.XQ^.[�W�R��QU�T	��T�c7]�R �I\<X"�&Y�j b ZQerp�U p�f�p�f�p�c+i�p�È�R�ekT7]
���
[<`�^�T�R<^ b u p�f u i�\>W�R�ekc�RIf �QU�T	��T�c7]nT m XQZCc1`��&`�U�W�T.m<]nT � XQ^�T7_�bQYn`�m�^.`��"R<U�T�ZQRL[
�
\�U.XQW.XIe�XQ^�^�j+fVYnXQo�Z&[�\�T.X���b.�&`<]

H = ∂e(r0) I1 +
2 ΩpΩ

′
p

rc∂ec
I22 + Φ̃(w1, w2, I1, I2), b u p�f � i

��YnX I1 = v2
⊥/2∂e(r0) � I2 = r2

0Ω(r0) Z r2
cΩp Z U.XQW.XIe�XQ^�^�jrXxYnXQo�Z&[�\�T7_ b �QU�T��

��T�c7]nT m XQZCc�T.X�T�^.[<XQ�CW�R"]njiY�\�T � XQ^�T7_'i�� w1
X w2 Z�Z&`�`�[�\<XC[�Z&[�\Lb y~s T.Xrb.��]�`�\�jrX
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U.XQW.XIe�XQ^�^�jrX b w1 Z VdR��"R�m�j�Z&[�W.`��&`�Y�\�T � XQ^�T7_.�I\<X"�&Y�j�U.` �QU�T	��T�c7]nT m XQZCc1`�o
[�W�RLXQc.[<`�W�T�T X w2 Z�VdR��"R�e�X'Y�]�XQ^�^.`��&`wY�\�T � XQ^�T7_.�.XQ^.[�W�R �QU�T	��T�c7]�R�\�ZCT�Z&[<X��
e�XB`�[�Z m XC[LR X \�W�R s R y�s XQo�Z�_�Zxb.��]�`�\<`�o�ZCc1`�W.`�Z&[
� y Ωp i�p   ^�YnXQc1Z � c � bsW�_7Y
R
\<X&]nT m T�^>`��I^�R m RLXC[ X(m [<`,`�^�T>\�j m T�Z']�_ y [�Z�_�U�W�T r = rc p� W�R<\�^.XQ^�T7_aY�\�T � XQ^�T7_P`�[CYnX&]
��^.`�o �I\<X"�&Y�j�\�jr[<XQc�R y [,T��%b.W�R<\�^.XQ^�T�o}È7R#�
ekT7]
�I[<`�^�R � dIi/dt = −∂H/∂wi � dwi/dt = ∂H/∂Ii p.�%�CW�R<^�T m T�\�R"_�Z �aehR"]�`�o
`�c�W.XQZ&[�^.`�Z&[
� y c1`�W.`�[LR���T.`�^�^.`��&`VW�RIY�T7b1ZQR

|x| = |r0 − rc| = |(2Ωp/rc∂e
2
c) I2| � rc, b u p�f z i

�"R<U�T	�wXIe �C[�TPb.W�R<\�^.XQ^�T7_�\�\�T�YnX��
dI1
dt

= − ∂Φ̃

∂w1
, b u p�fQ|+i

dI2
dt

=
rc∂e

2
c

2Ωp

dx

dt
= − ∂Φ̃

∂w2
, b u p¢w��+i

dw1

dt
= ∂ec + x ∂e′c +

∂Φ̃

∂I1
, b u p¢w�f�i

dw2

dt
=

2 Ωp

rc∂e2
c

(∂e′cI1 + Ω′
cI2) +

∂Φ̃

∂I2
. b u p¢w�w�i

  � b u p¢w��+i X b u p¢w�w�i�\�T�Y�^.` X+m [<`xb�Z']�`�\�T.X�W.X"�Q`�^�R<^�ZQR �I\<X"�&Y�jg\dU7]�`�ZCc1`�Z&[�T b I1, I2 i
T�e�XCXC[g\�T�Y b ∂e′cI1 + Ω′

cI2) = 0 p � m R<Z&[�^.`�Z&[�T X ZCW.X'Y�T �I\<X"�&Y Z c�W7b.�&`�\�j�ekT
`�W.m�T.[LR�ekT b I1 = 0 ikW.X"�Q`�^�R<^�ZC^�j�ekT�`�c7R��Ij�\�R y [�Z�_,[<`<]
��c1`x[�X X W�RIY�T7b1Z�`�W.m�T.[�j
c1`�[<`�W�j+f�W�R<\<XQ^ rc ���I\<X"�&Y�j � X X b�c1`�[<`�W�j+f I1 6= 0 U.`�U�RIY
R y [ \�W.X"�Q`�^�R<^�Z
Z�\<`<]n^.`�o X XQZ']nTuW�RIY�T7b1Zs`�W.m�T.[�j \<X'Y�b s XQ�&` �.XQ^.[�W�R�T�f �QU�T	��T�c7]�Ry]�X � T.[g\
^.XQc1`�[<`�W.`�o>`�c�W.XQZ&[�^.`�Z&[�T�c1`�W.`�[LR���T.`�^�^.`��&`VW�RIY�T7b1ZQR.p  �wb.W�R<\�^.XQ^�T�o b u p¢w�f�i X b u p¢w�w�i�Z']�X'Y�b�XC[ X'm [<` w1 � w2 pQ�+[<`G`�m�Z&[<`I_�[<X&]
���
Z&[�\<`�U.`��I\<`<]�_�XC[sb.U�W.`�Z&[�T.[
� �"RIY
R m b X U.XQW.XQo�Y�_�`�[ ZCT�Z&[<XIekj b u p�fQ|+i ÷ b u p¢w�w�i X
`�U�T�ZCj�\�R y�s XQowY�\�T � XQ^�T.X�`�[CYnX&]
��^.`�o0�I\<X"�&Y�j X cKb.W�R<\�^.XQ^�T7_ne X `�U�T�ZCj�\�R y�s T�e
Y�\�T � XQ^�T.X �.XQ^.[�W�R XCX �QU�T	��T�c7]�R.p � R<c1`�o�U.XQW.X'f1`CY�e�` � XC[�m�jr[
�y\�j�U.`<]n^.XQ^�Z
U.`1e�` s � y e�XC[<`QY
Rwb1ZCW.X'Y�^.XQ^�T7_PU.` � m�j�Z&[�W.`�o � VdR��QX w1

X W�R��IW�RLm�`�["R<^�^.`��&` �
`��
�&`<] y m�`�\�j�e�T � T.[�W.`�U.`<]
��ZCc�T�e � w�c�� � p�jd]�_ �C[<`��&`>U�W.X'Y�Z&[LR<\�T�e�U.XQW.XIe�XQ^�^�jrX
� YnXQo�Z&[�\�T.X�� b.�&`<] � \ \�T�YnX Ii = 〈Ii〉 + Ĩi � wi = 〈wi〉 + w̃i

X ��YnX Ĩi
X w̃i `�U�T��

ZCj�\�R y [ � Y�W.` � RL[<X&]
��^.`�X � Y�\�T � XQ^�T.XGZ,m�j�Z&[�W.`�o�VdR��Q`�o w1
X R 〈Ii〉 X 〈wi〉 Z

U7]�R<\�^.`�XKY�\�T � XQ^�T.XVZ�e�X'Y�]�XQ^�^.`�o�VdR��Q`�o w2 ph�%Z&[LR<\L]�_._ \aY
R"]
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�I^�R<c7RBb�ZCW.X'Y�^.XQ^�T7_'i X T��xZCT�Z&[<XIekj b u p�fQ|+i ÷ b u p¢w�w�i�U.`<]�b m T�e
İ2 =





rc∂e
2
c

2Ωp



 ẋ = −∂〈Φ̃〉
∂w2

, b u p¢w�c+i

ẇ2 =
2Ωp

rc∂e2
c

(∂e′cI1 + Ω′
cI2) +

∂〈Φ̃〉
∂I2

, b u p¢w:dSi
T X c�W.`1e�XS[<`��&` X

I1 = const . b u p¢w�¡�i
�%W.X'Y�Z&[LR<\�T�e��CW�R<\�T.["R���T.`�^�^�j�oyU.`�[<XQ^	��T�R"]�ZCU�T�W�R"]
��^.`�o�\<`<]n^�j�\<`�\�W�R#�s R y�s XQo�Z�_PZ%b.��]�`�\<`�oPZCc1`�W.`�Z&[
� y Ωp ZCT�Z&[<XIe�Xd`�[�Z m XC[LR�\�\�T�YnX

Φ̃ = S(r) cos(m [ϕ+ χ(r)]) , b u p¢w u i
��YnX r = r0 + ρ̂ sin(w1) � ϕ = w2 + (2Ω/r0∂e) ρ̂ cos(w1) � w1 = ∂ect � ρ̂ =
√

2I1/∂e b ZQerp b w7p¢¡ u i_i�p � `�� Y
R X b1ZCW.X'Y�^7_._ Φ̃ U.`,m�jrZ&[�W.`�o�VdR��QX w1
X U.`<]�b m T�e

〈Φ̃〉 = S(r0) J0(k̃ ρ̂) cos{m [w2 + χ(r0)]} , b u p¢w � i
��YnXw\<X&]nT m T�^�R k̃ `�U�W.X'YnX&]�XQ^�R,\ b w7p u w�i X kr = m

(

∂χ

∂r

)

r=r0

� J0(k̃ ρ̂) Z V�b.^�c��
��T7_ �
XQZCZ&X&]�_sU.XQW�\<`��&`GW.`QY
Ra^7b"]�XQ\<`��&`GU.`�W�_7Y�c7R.p � Y
R"]
��^.XQo	�BT�f�\�j m T�Z']�XQ^�T��
_7f�U.`<]�R<�'RLXIegZCU�T�W�R"]
��^�j�o�b��Q`�W>[Lb.�&`��"R<c�W7b m XQ^�^�j�e � tg(i) = m/krr0 � 1 ��T
Y�\Lb1f�W7b.c7R<\�^�j�e b m = 2 i�p���b m XC[<`1e,�C[<`��&`>\G`�c�W.XQZ&[�^.`�Z&[�T c1`�W.`�[LR���T.`�^�^.`��&`
W.X"�Q`�^�R<^�ZQR�e�` � ^.`aZ m T.["RL[
� k̃ = kr(rc) = k � ρ̂ =

√

2I1/∂ec � S(r0) = S(rc) =
Sc � mχ(r0) = mχ(rc) + kx p

��`<]�R<�'R"_&�"RL[<XIe�m�X"��`��CW�R<^�T m XQ^�T7_�`�m s ^.`�Z&[�T χ(rc) = 0 Tg`�m�`��I^�R m R"_
VdR��CbGZCU�T�W�R"]
��^.`�o>\<`<]n^�j Θ = w2 + kx/2 X U�W�T�\<X'YnXIe�ZCT�Z&[<XIe�b b u p¢w�c+i X b u p¢w:dSi
cGb.W�R<\�^.XQ^�T y

Θ̈ +
4 Ωp|Ω′

c|
rc∂e2

c

ScJ0(kρ̂) sin(2Θ) = 0 , b u p¢w z i
��YnX�\SZ&`�`�[�\<XC[�Z&[�\�T�T,Zr^�RLm<] y YnXQ^�T7_nekT�Z m T.[LR"]�`�Z � Ω′

c < 0 X 	%ZC\L_��#�%c1`�`�W�Y�T�^�RL[
�.XQ^.[�W�R��QU�T	��T�c7]�R x X ϕ ZWVdR��Q`�o Θ `�U�W.X'YnX&]�_�XC[�Z�_>Z&`�`�[�^.`$�wXQ^�T7_nekT

x =
1

|Ω′
c|





2 Ωp∂e′c
rc∂e2

c

I1 − Θ̇



 ; ϕ = Θ − k x

2
. b u p¢w<|+i

� W�R<\�^.XQ^�T.X b u p¢w z i X c�W.X �wXQ^�T y c1`�[<`�W.`��&`sZC\<X&]�R<Z � �"RIY
R m RP`PY�\�T � XQ^�T�T
�.XQ^.[�W�R �QU�T	��T�c7]�R-�I\<X"�&Y�jl\wU.`<]�X�ZCU�T�W�R"]
��^.`�oa\<`<]n^�j X T�e�XCXC[BT�^.[<XQ�CW�R"] �Q^.XQW��
�CT�T

Ê =
Θ̇2

2
+
ω2

0

2







sin2 Θ U�W�T J0(k ρ̂) > 0 ,
cos2 Θ U�W�T J0(k ρ̂) < 0 ,

b u p�c��+i
��YnX
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U =
ω2

0 sin2 Θ/2
Z'>6; Z�1�$*kl3su9'$*; �'3:9*B�/65 !:E'$��'$'A�>@5W�&s>6H�I65�~

J2
0 (kρ̂) > 0

Rs]
� � B�/65�3:A*B�G�/'$'$
Z�1�$*kl3su9'$*;��'3:9*B�/'G�1�!:E'$��'$'A�>�G�1965 o 5!�`G�1�G�~ E�>�G�&YA�G�&YB�$
(Θ
C

Θ̇)

ω2
0 =

8Ωp|Ω′
c|

rc∂e2
c

|J0(k ρ̂)|Sc. b u p�c#f�i
~�X �wXQ^�T.X b u p¢w z i�e�` � XC[ym�jr[
�yU.`<]�b m XQ^.`�c7R<c�\��&]�]nT�U.[�T m XQZCc�T�f&V�b.^�c��

��T7_7f X [LR<c�T}\Pm�`<]�XCX�^�R<��]�_7Y�^.`1e�\�T�YnXkZ R<ZCT�ekU.[<`�[�T m XQZCc1`1erp���Y�^�R<c1` X Y
R � X
^.XxW.X �KR"_ �C[<`�b.W�R<\�^.XQ^�T.X X e�` � ^.`VU.`<]�b m T.[
�Vc7R m XQZ&[�\<XQ^�^.`�XxU�W.X'Y�Z&[LR<\L]�XQ^�T.Xx`
f7R<W�R<c.[<XQW.XaY�\�T � XQ^�T7_ �.XQ^.[�W.`�\ �QU�T	��T�c7]�`�\ b \�Y
R"]
��^.XQo	�wXIe�Y�]�_tc�W�RL[�c�`�Z&[�T
Z m R<Z&[�T	�Gi�pl�@VWV%XQc.[�T�\�^�j�olU.`�[<XQ^	��T�R"] b ZQerp b u p�c��+i_i X \�c1`�[<`�W.`1e�Y�\�T � b7[�Z�_
[LR<c�T.X m R<Z&[�T	��j X T��Q`�m�W�R � XQ^}^�RaW�T�Z�p u p�c�gLp � T�Y�^.` X�m [<`>\�Z&X m R<Z&[�T	��j�e�` � ^.`
W�R��&YnX&]nT.[
��^�R �"R<U.XQW.[�jrXS\�\<`<]n^.X X Y�]�_Pc1`�[<`�W�j+f q2 = ω2

0/2Ê > 1 X TGU�W.`<]�XC[��
^�jrX X Y�]�_�c1`�[<`�W�j+f q2 < 1 p � W�RLXQc.[<`�W�T�T0�C[�T�f m R<Z&[�T	��^�R�VdR��Q`�\<`�oKU7]�`�ZCc1`�Z&[�Tb Θ, Θ̇ i�T��Q`�m�W�R � XQ^�j�^�R�W�T�Z�p u p�cJ�Ip

� R<U.XQW.[�jrX m R<Z&[�T	��j X m<]�R<�&`QY
R<W�_�[<`1e�b X�m [<` ��VWV%XQc.[�T�\�^�j�o�U.`�[<XQ^	��T�R"]b ZQerp W�T�Z�p u p¢c�g)i�^.X�_�\L]�_�XC[�Z�_lc�\�RIY�W�RL[�T m ^�j�e X \��"R<\�T�ZCT�e�`�Z&[�Tg`�[�\<X&]nT m T�^�j
U�R<W�R�e�XC[�W�R q2 X `�m<]�RIY
R y [xW�R��C]nT m ^�j�ekT,U.XQW�T.`QY
R�ekTBY�\�T � XQ^�T7_,U.`xc1`�`�W�Y�T�^�R#�
[<X Θ p � R<c�T�e�`�m�W�R��Q`1e X \K`�c�W.XQZ&[�^.`�Z&[�T�c1`�W.`�[LR���T.`�^�^.`��&`,W�RIY�T7b1ZQRK\<`��I^�T�c7RLXC[
U.XQW.XIe�X �BT�\�R<^�T.X m R<Z&[�T	��\TVdR��Q`�\<`1e U�W.`�Z&[�W�R<^�Z&[�\<X X \tW.X"�Cb"]
�I[LRL[<X m XQ�&`g^�R
V�b.^�c	��T�T�W�R<ZCU�W.X'YnX&]�XQ^�T7_ �C[�T�f m R<Z&[�T	�aYn`<] � ^.`,\<`��I^�T�c7RL[
��U7]�RL[<`��"RBU�W.`1e�X��� b7[<`�cG\�W.XIe�XQ^�TVU.`�W�_7Y�c7R τ0 = 2π/ω0 b T��I\<XQZ&[�^�j�R<^�R"]�`��CT m ^�jrX�^.X&]nT�^.XQo�^�jrX
��VWV%XQc.[�j�\GU7]�R��"e�X X VST��IT�c7R �C[<`��&`a_�\L]�XQ^�T7_}U�W.XQc�W�R<ZC^.`P`�U�T�ZQR<^�RPqSRIYn`1e �.X��
\�j�e � u�z �Ài�p

�kZ']nT `Cf7R<W�R<c.[<XQW�T��Q`�\�RL[
��T�^.[<XQ^�ZCT�\�^.`�Z&[
��\<`<]n^�j m�X"�IW�R��"e�XQW�^.`�o R�ekU7]nT��
[LbIYn`�o �CW�R<\�T.[LR���T.`�^�^.`�o ZCT7]nj F = k Sc/rcΩ

2
p
X [<`�f7R<W�R<c.[<XQW�^.`�X�\�W.XIe�_

τ0 ∼ Tc/
√
F tgi X ��YnX Tc = 2π/Ωp b U.`gU�R<W�R�e�XC[�W�R�e ZCU�T�W�R"]
��^�j+f�\<`<]n^�\

È7RI]�R<c.[�T�c�X τ0 ∼ 10Tc i�p���`�Z']�X�\<`��I^�T�c�^.`�\<XQ^�T7_aU7]�RL[<`KW.`�Z&[KR�ekU7]nT.[LbIY�j�\<`<]��
^�j X `�m<b1Z']�`�\L]�XQ^�^�j�o��CW�RIY�T.XQ^.[<`1eTV�b.^�c	��T�T�W�R<ZCU�W.X'YnX&]�XQ^�T7_�\�VdR��Q`�\<`1etU�W.`��
Z&[�W�R<^�Z&[�\<X X Yn`<] � XQ^,U�W.XQc�W�RL[�T.[$��Z�_vp#��`
�C[<`1e�bwY�]�_,U�W.`�\<XQW�c�T ��VWV%XQc.[�T�\�^.`�Z&[�T
U�W.X'Y�]�` � XQ^�^.`��&` (xT�^�YnXQ^����
X&]�]�`1e�TiqSR"]n^�R<o�Z&`1e � ¡<| u �+e�X'f7R<^�T��"ehRGb1ZCT7]�XQ^�T7_
ZCU�T�W�R"]
��^�j+fg\<`<]n^g^.XC`�mQf1`QY�T�e�`�\�j m T�Z']nT.[
��R�ekU7]nT.[LbIY�bg^�R<ZCj s XQ^�T7_g\<`<]n^�j
c e�`1e�XQ^.[Lb � \�j�c7] y�m XQ^�T7_ � �C[<`��&`�e�X'f7R<^�T��"ehRaT�b7[<` m ^�T.[
��\<X&]nT m T�^7b}U�W.`1e�X��� b7[�c7R,\�W.XIe�XQ^�TGXQ�&`�W�RLm�`�[�jSp

��U�T�W�R"]
��^�R"_�\<`<]n^�R X m<bQY�b m T�\<`<]n^.`�oK`�[�W�T	��RL[�X&]
��^.`�o��Q^.XQW��CT�TK\%`�m<]�R<Z&[�T
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ϕ = 0

(��[5?I65i>�G &:$'&YB�3:\%2 A�G�G�/�Z�$'965!B
(r0
C √

I1)
/65�&YE'G!>�G?kl3:9'G�965�A�G�/'G�B!55�'$'G�9'9'G�\ /65?Z�$*H�&:3

r < rc
X Yn`<] � ^�RdW.X"�Q`�^�R<^�ZC^�j�e�`�m�W�R��Q`1e�b1ZCT7]nT�\�RL[
��Z�_,\S`�c�W.XQZ&[�^.`�Z&[�T,c1`�W.`�[LR#�

��T.`�^�^.`��&`SW�RIY�T7b�ZQR'�"R�Z m XC[%U.XQW.X'Y
R m TKe�`1e�XQ^.[LR L T �Q^.XQW��CT�T E W.X"�Q`�^�R<^�ZC^�j�e
�I\<X"�&Y
R�erp � XIekU}[LR<c1`�oyU.XQW.X'Y
R m T�\�W�R�ekc7RIf}]nT�^.XQo�^.`�o [<XC`�W�T�T�`�U�W.X'YnX&]�_�XC[�Z�_
Z']�X'Y�b y�s T�ekT>Z&`�`�[�^.`$�wXQ^�T7_nekT �

L̇ = −π S
2
c rc∂e

2
c

2 Ωc|Ω′
c|
∂f̂

∂I2 |I2=0

, Ė = ΩpL̇ , b u p�c+w�i
��YnX

f̂ = f̂(I2) =
∫

f0(I1, I2) dw1 dw2 dI1 = 4π2
∫

f0(I1, I2) dI1 , b u p�c�c+i
R f0(I1, I2(r0)) Z ^�R m R"]
��^�R"_?V�b.^�c	��T7_�W�R<ZCU�W.X'YnX&]�XQ^�T7_ m R<Z&[�T	� p � `�c�W.XQZ&[��
^.`�Z&[�T�W.X"�Q`�^�R<^�ZQR ∂e′cI1 + Ω′

cI2 = 0 U�W.X'Y�Z&[LR<\�T�e �C[LbHV�b.^�c	��T y \�\�T�YnXxW�_7Y
R
f0(I1, r0) ' f0(I1, rc − bI1) +

∂f0

∂r0 |r0=rc−bI1

· (x+ bI1) =

= f0(I1, rc − bI1) −
ω0sign(x+ bI1)

q |Ω′
c|

√

1 − q2 sin2 Θ
∂f0

∂r0 |r0=rc−bI1

, b u p�c3dSi
��YnX b = 2Ωp∂e′c/rc∂e

2
cΩ

′
c p/*KR��Q`�\<`�X�U.XQW.XIe�X �BT�\�R<^�T.XsU�W�T�\<X'YnXC[ic�[<`1e�b X6m [<`

V�b.^�c	��T7_�W�R<ZCU�W.X'YnX&]�XQ^�T7_ �"R<U.XQW.[�j+f m R<Z&[�T	��Z&[LR<^.XC[,U.`�Z&[<`I_�^�^.`�o � u�z ���
f

(tr)
fin = f0(I1, rc − bI1) , b u p�c+¡�i

RlV�b.^�c	��T7_�W�R<ZCU�W.X'YnX&]�XQ^�T7_>U�W.`<]�XC[�^�j+f m R<Z&[�T	��U�W�T�e�XC[,\�T�Y
f

(circ)
fin = f0(I1, rc − bI1) +

π ω0sign(x+ bI1)

2 q K(q)|Ω′
c|

∂f0

∂r0 |r0=rc−bI1

, b u p�c u i
��YnX K(q) Z�U.`<]n^�j�o �&]�]nT�U.[�T m XQZCc�T�o�T�^.[�XQ�CW�R"]�U.XQW�\<`��&`�W.`QY
R.p

�SR<��]�_7Y�^.`�X}U�W.X'Y�Z&[LR<\L]�XQ^�T.X `
V�b.^�c	��T�T�W�R<ZCU�W.X'YnX&]�XQ^�T7_ b u p�c+¡�i X b u p�c u i
e�` � ^.`KU.`<]�b m T.[
�KT��%W�T�Z�p u ped�p � c7R m XQZ&[�\<X�^�R m R"]
��^.`�ozV�b.^�c	��T�TGW�R<ZCU�W.X'YnX&]�X��
^�T7_ f0(I1, r0) U�W�T>U.`�Z&[�W.`�XQ^�T�T��C[<`��&`�W�T�Z'b.^�c7RBm�j�]�R�\��C_�["R0�B\�R<W	�	�BT7]
�"Yn`�\��
ZCc7R"_ b w7pedSw�i�Z Ω(r0) = Ωprc/r0 � cr/rcΩp = 0,17 � σ∗(r0) = σ0 exp(−r0/L) �
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L = 0,5 rc T U�R<W�R�e�XC[�W�R�ekT \<`<]n^�j F = k Sc/rcΩ
2
p = 0,05 � tg i = 2/krc =

0,14
� |�� z ��pL~kT�Z�p u ped�U�W.X'Y�Z&[LR<\L]�_�XC[ ffin \�^�R<U�W�R<\L]�XQ^�T�T ϕ = 0 \�ZCU�T�W�R"]
��^.`1e

�CW�R<\�T.[LR���T.`�^�^.`1egU.`�[<XQ^	��T�R"]�X b u p¢w u i�Z χ(r0) = k(r0 − rc) p� X&]nT m T�^7bPU.XQW.X'Y
R<^�^.`��&`,\<`<]n^.Xwe�`1e�XQ^.["R�`�[�W.X"�Q`�^�R<^�ZC^�j+f m R<Z&[�T	�
δL =

∫

[ffin − f0] · (I2 + r2
cΩp) dw1 dw2 dI1dI2 b u p�c � i

\�j m T�Z']�_�XIe X U.`<]�R<�'R"_,Y�T�ZCU.XQW�ZCT y ZCc�`�W.`�Z&[<XQo �I\<X"�&Y�ehR"]�`�oaTa[<XIeiZQR�ekj�eiU�W.X��
^.XCm�W.XQ�'R"_P`�[�c7]�`�^.XQ^�T.XIegW.X"�Q`�^�R<^�ZC^.`�oG]nT�^�T�T�`�[ r = rc p � W.X"�Cb"]
�I[LRL[<XwU.`<]�b �m RLXIe

δL = −32S2
c rc∂e

2
c

ω0|Ω′
c|Ωp

∂f̂

∂I2 |I2=0

· {Q(tr) +Q(circ)} , b u p�c z i
��YnXd\<X&]nT m T�^�j

Q(tr) =
1
∫

0

q

π
[E(q) + (q2 − 1)K(q)] dq ' 0,071 , b u p�c�|+i

Q(circ) =
1
∫

0

[E(q)

π
− π

4K(q)

]dq

q4
' 0,028 b u pedx�+i

f7R<W�R<c.[<XQW�T��Cb y [,\�c7]�RIY�j�\KU.XQW.X'Y
R m bPe�`1e�XQ^.[LRBT �Q^.XQW��CT�TGZCU�T�W�R"]
��^.`�o>\<`<]n^.X
`�[ �"R<U.XQW.[�j+f�T�U�W.`<]�XC[�^�j+f m R<Z&[�T	��Z&`�`�[�\<XC[�Z&[�\<XQ^�^.` b E(q) Z U.`<]n^�j�o��&]�]nT�U��
[�T m XQZCc�T�o�T�^.[<XQ�CW�R"]s\<[<`�W.`��&`,W.`QY
R+i�p  �xZCW�R<\�^.XQ^�T7_ b u p¢c+w�i+Z b u p�c z i+Z']�X'Y�b�XC[

δL ' 0,32 τ0L̇ . b u ped(f�i
��[�Z y Y
R�_�ZC^.` X�m [<`sf7R<W�R<c.[<XQW�^.`�XP\�W.XIe�_iW�RLm�`�[�j�e�X'f7R<^�T��"ehR>b1ZCT7]�XQ^�T7_�ZCU�T��
W�R"]
��^.`�o�\<`<]n^�j `�c7R��Ij�\�RLXC[�Z�_�U.`�W�_7Y�c7R�[�W.X'f�`�m�`�W.`�[<`�\9È7R"]�R<c.[�T�c�T ^�Rgc1`��
W.`�[LR���T.`�^�^.`1e�W�RIY�T7b�Z&X b ZQerp�`$�.XQ^�c7b τ0

X Z�YnX&]�R<^�^7b y \�j1�wXPU�W�T F = 0,05 �
tg(i) = 0,14 i�p

�%W.X'Y�U.`<]�` � T�e�[<XQU.XQW	� X�m [<`�\MÈ�R"]�R<c.[�T�c1X�\<`��I^�T�c7]nTtZCU�T�W�R"]
��^�jrX�\<`<]��
^�j m�XQZCc1`�^.X m ^.`tehR"]�`�o�R�ekU7]nT.[LbIY�j X Tu`$�.XQ^�T�e�R�ekU7]nT.[LbIY�b�T�f�^�R<ZCj s XQ^�T7_
m<]�R<�&`QY
R<W�_aW�RLm�`�[<XSe�X'f7R<^�T��"ehRxW.X"�Q`�^�R<^�ZC^.`��&`db1ZCT7]�XQ^�T7_V[LR<c�T�fG\<`<]n^a^�Rwc�`�W.`��
[LR���T.`�^�^.`1egW�RIY�T7b1Z&X�p�jd]�_��C[<`��&`,^.XC`�mQf�`QY�T�e�`,U�W�T�W�R<\�^7_�[
�Ve�`1e�XQ^.[ X c1`�[<`�W�j�o
e�` � XC[,m�jr[
�VU.XQW.X'Y
R<^�\<`<]n^.XxW.X"�Q`�^�R<^�ZC^�j�ekT��I\<X"�&Y
R�ekT b u p�c z i X e�`1e�XQ^.[Lb�\<`<]��
^�j � ¡�w:d��

Lw =
∫ kmr0

4 ∂eG
Φ̃2∂D

∂ν
dr0dϕ , b u pedSw�i

��YnX ν = m (Ωp−Ω)/∂e � D = D(k, ν iYZ � Y�T��&]�XQc.[�W�T m XQZCc7R"_�U�W.`�^�T	��RLXIe�`�Z&[
� �
�I\<X"�&Y�^.`��&`�Y�T�ZCc7R.p���`�Z']�X'Y�^ y�y \xU�W�T.m<]nT � XQ^�T�T X T�ZCU.`<]
���Q`�\�R<\
�wXIekZ�_BY�]�_,\�j �m T�Z']�XQ^�T7_ δL b u p�c z i X e�` � ^.`��"R<U�T�ZQRL[
�,\�\�T�YnX

D ' 2 π Gσ∗k

∂e2(1 − ν2)
. b u pedxc+i



� � � �����������(#L�
����#"����
��q������� �����w�!����� #I�������'�"�B!��I�����"!��'�"� �n$I�C� #
� `���Y
R�U.`,U.`�W�_7Y�c7bP\<X&]nT m T�^�j

Lw ' 2 π2 S2
cσ∗

∂e3tg2i
. b u ped�dSi

��`<]�R<�'R"_�\ b u p�c z i@V�b.^�c	��T y W�R<ZCU�W.X'YnX&]�XQ^�T7_��I\<X"�&Y �B\�R<W	�	�BT7]
�"Yn`�\�ZCc1`�o X U.`��
]�b m RLXIe�`$�.XQ^�c7b>R�ekU7]nT.[LbIY�j�^�R<ZCj s XQ^�T7_�\<`<]n^�j

Fs ∼ η2tg3i ∼ tg3i , b u pedS¡�i
��YnX η = d ln(µ(r0))/d ln(r0) � µ(r0) = 2 π σ∗r0dr0/dI22 Z ekR<ZCZQR X U�W�T�f1`QY�_��s R"_�Z�_P^�RKX'Y�T�^�T	�7b>c�\�RIY�W�RL[LRKb.��]�`�\<`��&`,e�`1e�XQ^.["R.p

jd]�_>`�m�j m ^.`VU�W�T�^�T�ehRLXIe�`��&`,\{È7R"]�R<c.[�T�c1X-�I^�R m XQ^�T7_ tg(i) = 0,14
� f�f u#X

|�� z ���C[<`�Y
RLXC[ Fs ∼ (3÷4)·10−3 X3m [<` X U.`%c�W�R<o�^.XQoKe�XQW.Xr^�R�U.`�W�_7Yn`�c X e�XQ^	�
�wX
�I^�R m XQ^�T�o X U.`<]�b m R y�s T�f�Z�_�\VW.X"�Cb"]
�Q[LRL[<XKZCW�R<\�^.XQ^�T7_�W�R<Z m XC[�^�j+f�T�^�RLm<] y Y
R#�
XIekj+f�c�T�^.XIehRL[�T m XQZCc�T�f ��VWV%XQc.[<`�\ X ZC\L_��"R<^�^�j+f�ZsY�T�^�R�ekT�c1`�o�ZCU�T�W�R"]
��^�j+f
\<`<]n^>\{È�R"]�R<c.[�T�c1X�p

~�X �wXQ^�^�R"_ �&YnXQZ ���"RIY
R m R�m<]nT��Ic7RyU.`iZQekj�Z']�b�c �"RIY
R m X�`i^.X&]nT�^.XQo�^.`1e
\��"R<T�e�`QYnXQo�Z&[�\�T�TlZCT�Z&[<XIekj �"R<W�_ � XQ^�^�j+f m R<Z&[�T	�uZs\<`<]n^.`�o��&]�XQc.[�W�T m XQZCc1`��&`
U.`�[<XQ^	��T�R"]�R � u�z ��p � [<` � XP\�W.XIe�_ X \�`�[Q]nT m T.XP`�[�U7]�R��"ekj X ��YnXG\sW.X"�Q`�^�R<^�Z&X
Z�\<`<]n^.`�o�`�c7R��Ij�\�RLXC[�Z�_uehR"]�R"_tYn`<]�_ m R<Z&[�T	�u\�U�W.`�Z&[�W�R<^�Z&[�\<X�ZCc1`�W.`�Z&[<XQo X \
^�R��wXIe Z']�b m RLX�\<`<]n^�R ^�RIf1`QY�T.[�Z�_l\ W.X"�Q`�^�R<^�Z&X�U.` m [�T�Z&`�\�Z&XIekT m R<Z&[�T	��R�e�T
ZCc1`�W.`�Z&[�^.`��&`�U�W.`�Z&[�W�R<^�Z&[�\�R X ]�`�c7R"]nT��Q`�\�R<^�^�j�ekT X `QY�^�R<c�` X \�ehR"]�`�ou`�c�W.XQZ&[��
^.`�Z&[�TPc1`�W.`�[LR���T.`�^�^.`��&`�W�RIY�T7b1ZQR.pF�+[<`�[�VdR<c.[<`�W � U.`�W.[�T.[ � U�W.`�Z&[�W�R<^�Z&[�\<XQ^�^.`�X
W�R<ZCU�W.X'YnX&]�XQ^�T.X��CW�R<\�T.[LR���T.`�^�^.`��&`BU.`�[<XQ^	��T�R"]�R X TKY�]�_,[<`��&` Xxm [<`�m�jlXQ�&`x\L]nT7_��
^�T.XIe�e�` � ^.`Vm�j�]�`VU�W.XQ^.XCm�W.X m � X �BT�W�T�^�R�`�m�W�R��Cb y�s XQ�&`�Z�_>U7]�RL[<` ∆x Yn`<] � �
^�Rdm�jr[
��ehR"]�RxU.`KZCW�R<\�^.XQ^�T y Z�Y�]nT�^.`�oG\<`<]n^�j λs = 2π/k p   � b u p¢w<|+i � b u p�c#f�i
Z']�X'Y�b�XC[�`$�.XQ^�c7R ∆x = 2

√
Sc/Ωp

X TyU.`
�C[<`1e�b ∆x/λs '
√

2F/π2tg i <∼ 0,3

U.`,U�R<W�R�e�XC[�W�R�egZCU�T�W�R"]
��^.`�o>Z&[�W7b.c.[Lb.W�j È7R"]�R<c.[�T�c�T p
��XC`�mQf1`QY�T�e�`K[LR<c � Xx`�[�e�XC[�T.[
� XGm [<` X Z&`���]�R<ZC^.`|È�R"]�XCXQ\LbGT��rR<��YnXCXQ\Lb � w<|�� X

W.X"�Cb"]
�I["RL[�j �"RIY
R m Tt`y^�R<W�R<Z&[LR<^�T�T�\<`<]n^�j�Yn`yc1`�^.X m ^.`�o�R�ekU7]nT.[LbIY�j X \ `�[��
]nT m T.X>`�[�W.X"�Cb"]
�I[LRL[<`�\ �"RIY
R m T�` �"RL[Lb1f�R<^�T�Tg\<`<]n^�j c1`�^.X m ^.`�ogR�ekU7]nT.[LbIY�j X
Z']�X'Y�b�XC[�W�R<ZCZQehRL[�W�T�\�RL[
��]nT	� ��c7R<cx`$�.XQ^�c7b X U.`�ZCc1`<]
��c7bxU�W�TB\�j m T�Z']�XQ^�T�TdY�\�T��� XQ^�T7_ m R<Z&[�T	��W.`�Z&[<`1e�U.`�[<XQ^	��T�R"]�R>U�W.XQ^.XCm�W.XQ�'R"]nT p � XIe�^.XVe�XQ^.XCX�U.`<]�b m XQ^��
^�j�o �&YnXQZ �B\�j�\<`QY>`K^.X ��VWV%XQc.[�T�\�^.`�Z&[�T>W.X"�Q`�^�R<^�ZC^.`��&`wb�ZCT7]�XQ^�T7_PZCU�T�W�R"]
��^.`�o
\<`<]n^�j ^�RGc1`�W.`�[LR���T.`�^�^.`1e�W�RIY�T7b1Z&X�\<XQW.XQ^ X [LR<c c7R<c�`$�.XQ^�c�RPR�ekU7]nT.[LbIY�j�^�R#�
ZCj s XQ^�T7_>\<`<]n^�j b u pedS¡�i�U.`�c7R��Ij�\�RLXC[ X(m [<` Fs � Fobs p

� R�e�XC[�T�e}X s X X�m [<`w\dU.`Qf1` � XQo�^�RSU7]�R��"e�XQ^�^7b y U.`�Z&["R<^.`�\�c1X�\ � f�f�d���m�j�]�R
W.X �wXQ^�R �"RIY
R m RB`�^.X&]nT�^.XQo�^.`1e�\��"R<T�e�`QYnXQo�Z&[�\�T�TPU7b m c7R �I\<X"�&Y X Y�\�T � b s XQ�&`�Z�_
\"Yn`<]
��`�ZCTSZQR�e�`��CW�R<\�T.[�T�W7b y�s XQ�&` ��T7]nT�^�Y�W�R�Zh\<`<]n^.`�o X W�R<ZCU�W.`�Z&[�W�R<^7_ y�s XQo�Z�_
\�[<`1e � Xw^�R<U�W�R<\L]�XQ^�T�T p
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�SRsU�W.`�[C_ � XQ^�T�T&�C[<`�o�c�^�T��CTi^.XPW�R��Gb.U.`1ekT�^�R"]�`�Z �s`}�CT�Y�W.`QY�T�^�R�ekT m X��
ZCc1`�o�c1`�^	�.XQU	��T�T�`�m�W�R��Q`�\�R<^�T7_�ZCU�T�W�R"]
��^�j+f�Z&[�W7b.c.[Lb.W U7]�`�ZCc�T�f��'R"]�R<c.[�T�c p
�+`���]�R<ZC^.` �C[�`�o�c1`�^	�.XQU	��T�T X U�W.X'Y�]�` � XQ^�^.`�o �Bp � p *BW�T�Y
ehR<^.`1e \lfQ| � w���p X ZCU�T��
W�R"]
��^�jrXBW7b.c7R<\�RVU�W.X'Y�Z&[LR<\L]�_ y [aZ&`�m�`�o�\<`<]n^�j�U7]�`�[�^.`�Z&[�T X ^�R<W�R<Z&[LR y�s T.XdYn`
^.X&]nT�^.XQo�^�j+f�R�ekU7]nT.[LbIY�T��"� �"R}W�R��I\�T.[�T7_��CT�Y�W.`QY�T�^�R�ekT m XQZCc�T�f b ^.X'Y � T�^�Z&`�\��
ZCc�T�fGiK^.X&b1Z&[<`�o m T�\<`�Z&[<XQo�\��'R��Q`�\<`1e �'R"]�R<c.[�T m XQZCc1`1e�Y�T�ZCc1X�p
~�R��C]nT m ^�j�e R<Z5�
U.XQc.[LR�e �C[<`�o�c�`�^	�.XQU	��T�T�U.`�ZC\L_ s XQ^uW�_7Y�`�m��Q`�W�^�j
f�Z&[LRL[<XQo�T�e�`�^.`��CW�R�VST�o� f�c z#X f�¡�c X fQ|+¡ X dSw�����p� `�ZC^.`�\<X!�C[<`�oPc1`�^	�.XQU	��T�Ta]�X � T.[�Z']�X'Y�b y�s T�o�VdR<c.["pGÈ�R��Q`�\�j�o,Y�T�ZCcG�'R#�
]�R<c.[�T�c�T X c�R<cVU�W�R<\�T7]�` X `�m<]�RIY
RLXC[BehR<ZCZ&`�o X ek^.`��&`Be�XQ^	�
�wXQo,ehR<ZCZCj&�I\<X"�&Y�^.`��&`
Y�T�ZCc7R b ZQerp�U pJf�p¢w7p�f�i X T X Z']�X'Yn`�\�RL[<X&]
��^.` X ρg � ρ∗ p   ���C[<`��&` X c�R��"R"]�`�Z �>m�j X
Yn`<] � XQ^iZ']�X'Yn`�\�RL[$�s\�j�\<`QY X�m [<` �'R��P^.XG\�^.`�ZCT.[ �"R�e�XC[�^.`��&`�\�c7]�RIY
Rs\��CW�R<\�T��
[LR���T.`�^�^�j�osU.`�[<XQ^	��T�R"]�p��+[<`GZCU�W�R<\<X'Y�]nT�\<`�Y�]�_�`�Z&XQZCT�ehe�XC[�W�T m ^�j+fse�`QYnX&]�XQo p
��Y�^�R<c1`K^.XC`�mQf1`CY�T�e�`wb m T.[�j�\�RL[$� X#m [<`�\wm�XQZCZ&[<`<]nc�^.`�\�T.[<X&]
��^.`�oGU7]�R��"e�X �I\<X"�&Y
\<X"�&YnX X c�W.`1e�X �.XQ^.[�W�R"]
��^�j+f>`�m<]�R<Z&[<XQo SB � ��R"]�R<c.[�T�c X R�ekU7]nT.[LbQY
R�U7]�`�[�^.`�Z&[�T
^.XC`�Z&XQZCT�ehe�XC[�W�T m ^�j+fl`�Z&`�m�XQ^�^.`�Z&[<XQo �I^�R m T.[<X&]
��^.`ge�XQ^	�
�wXsU.`<]n^.`�ouU7]�`�[�^.`��
Z&[�T��I\<X"�&Y�^.`��&`GY�T�ZCc7R b |ρ̃∗| � ρ∗ i X [<`���Y
R�c7R<cy\�ZCT7]�b�Z&[<`<]nc�^.`�\�T.[<X&]
��^.`�Z&[�T
�'R��"RxW�R<ZCU�W.`�Z&[�W�R<^7_ y�s T.XQZ�_G\B^.XIey\<`��"e�b s XQ^�T7_aU7]�`�[�^.`�Z&[�TPe�`��'b7[xYn`�Z&[�T���RL[
�
�I^�R m T.[<X&]
��^�j+f R�ekU7]nT.[LbQY ρ̃g ∼ ρg b �I^�R m c1`1e � ˜ � U.`1e�X m XQ^�j�\<`��"e�b s XQ^�^�jrX
\<X&]nT m T�^�j~i�p��kZ']nT��I^�R m XQ^�T7_V\<X&]nT m T�^ ρg T |ρ̃∗| Z&`�Z&[LR<\L]�_ y [B^.XQZCc1`<]
��c1`BU�W.`��
�.XQ^.[<`�\�`�[ ρ∗

X [<`}\<`��"e�` � ^�R�ZCT.[Lb�R���T7_ |ρ̃g| ∼ |ρ̃∗| X T7]nT Y
R � X |ρ̃g| � |ρ̃∗|
b ZQerp � fQ| ��X dSw����Ài�p

��b1Z&[
�S\d�'R��Q`�\<`1e�Y�T�ZCc�X�\<`��I^�T�c7]�`d\<`��"e�b s XQ^�T.X�U7]�`�[�^.`�Z&[�Tvp�jd]�_K`$�.XQ^.`�c
b ZQerp(U.`QY�W.`�m�^.XCX�W�RLm�`�[Lb *BW�T�Y
ehR<^�R � fQ| � �Ài�\<`�ZCU.`<]
���Cb�XIekZ�_s\�j�W�R � XQ^�T.XIe�Y�]�_
\<`��"e�b s XQ^�^.`��&`w�CW�R<\�T.[LR���T.`�^�^.`��&`KU.`�[<XQ^	��T�R"]�RBZ�b m XC[<`1e�c1`�^.X m ^.`�oV[<`<] s T�^�j
�'R��Q`�\<`��&`wY�T�ZCc7R

Φ̃ = −2 π G σ̃g

k Ig
, Ig =

1

1 + kh
. b u ped u i

� R<U�T	�wXIel\�j�W�R � XQ^�T.XBY�]�_}\<`��"e�b s XQ^�^.`�o�U.`�\<XQW<f�^.`�Z&[�^.`�o�U7]�`�[�^.`�Z&[�T �I\<X"�&Y	�
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^.`�o>c1`1ekU.`�^.XQ^.[�j�\�U�W.XQ^.XCm�W.X � XQ^�T�T>^.XC`QY�^.`�W.`QY�^.`�Z&[
� y b ZQerp b w7p � w�i X b w7p z �+i_i
σ̃∗ = − σ∗0

1 + k∆∗

Φ̃

c2r

{

1 − e−z̃I0(z̃) − 2
∞
∑

n=1

In(z̃)
ω̂2

ω̂2 − n2∂e2
e−z̃

}

. b u ped � i
�%W�T�^�T�ehR"_�\<`�\�^�T�ehR<^�T.X>b1Z']�`�\�T.X z̃ � 1 X c1`�[<`�W.`�Xs\�j�U.`<]n^7_�XC[�Z�_�Y�]�_;È�R#�
]�R<c.[�T�c�T � fQ| � � X e�` � ^.`�Y�]�_>`$�.XQ^.`�c�U�W�T�^7_�[
� σ̃∗ = −[σ∗0/(1 + k∆∗)](Φ̃/c2r) p
��`�Z']�X'Y�^.XCXSZ&`�`�[�^.`$�wXQ^�T.XxZ&`�\�e�XQZ&[�^.`�Z b u ped u ihY
RLXC[

σ̃∗
σ̃g

=
Gσ∗0
c2r

2π

k

1 + kh

1 + k∆∗
. b u ped z i

jd]�_tY�]nT�^�j \<`<]n^�j ZCU�T�W�R"]
��^.`��&`�b��Q`�W�R λ = 2π/k = 2 c�U�clT �I^�R m XQ^�T�o
σ∗0 = 80 � �

� U�c 2 X cr = 50 c�e � Z X h = 70 U�c X ∆∗ = 400 U�c>U.`<]�b m RLXIe
σ̃∗/σ̃g ' 0,15 . b u ped1|+i� `�m<]�R<Z&[�T�\�^7b7[�W.XQ^�^.XQ�&`�ehR<c�ZCT�e{b�ehRi^�R�c�W�T�\<`�o�\�W�R s XQ^�T7_ b r ' 1 c�U�cGi

�C[<`>`�[�^.`$�wXQ^�T.X�`�c7R��Ij�\�RLXC[�Z�_�X s X�e�XQ^	�
�wX � fQ| � ��p qSR<c}\�T�Y�T�e X U�W�T T�ZCZ']�X'Yn`��
\�R<^�T�T��CT�Y�W.`QY�T�^�R�ekT m XQZCc�T�f,e�X'f7R<^�T��"e�`�\%�&XQ^.XQW�R���T�T�ZCU�T�W�R"]
��^.`�o�Z&[�W7b.c.[Lb.W�j
e�` � ^.`�\PU.XQW�\<`1e�U�W�T.m<]nT � XQ^�T�T�^.X�b m T.[�j�\�RL[
��\<`��"e�b s XQ^�T.X �I\<X"�&Y�^.`�o�U.`QY	�
ZCT�Z&[<XIekjSp

�SR<T.m�`<]�XCXx\<XQW.`I_�[�^�j�e�U�W.XC[<XQ^�YnXQ^.[<`1el^�R�W.`<]
�V�&XQ^.XQW�RL[<`�W�R�ZCU�T�W�R"]
��^.`�o
Z&[�W7b.c.[Lb.W�j b U.`>\�W.XIe�XQ^�T�W�R��I\�T.[�T7_ T}U�R<W�R�e�XC[�W�R�e�\<`��I^�T�c7R y�s T�f�ZCU�T�W�R"]�XQo
\%W�R�ekc7RIfB]nT�^.XQo�^.`��&`dR<^�R"]nT��"R+i�ZCW.X'Y�TK�CT�Y�W.`QY�T�^�R�ekT m XQZCc�T�f�^.X&b1Z&[<`�o m T�\<`�Z&[<XQo
_�\L]�_�XC[�Z�_��.XQ^.[�W.`�m�X � ^�R"_vp��+[LRd^.X&b1Z&[<`�o m T�\<`�Z&[
�w\<`��Qm<b � Y
RLXC[�Z�_,\d`�m<]�R<Z&[�T�`�[��
W�T	��RL[<X&]
��^.`��&`��CW�RIY�T.XQ^.[LR>ZCc�`�W.`�Z&[�T�\>�'R"]�R<c.[�T�c7RIf�ZwY�\Lb.�&`�W.m�j�ekT�c�W�T�\�j�ekT
\�W�R s XQ^�T7_ b \{��d�p¢¡x\KW�R�ekc7RIfGW�R��C]nT m ^�j+fPe�`QYnX&]�XQoGU.`CY�W.`�m�^.`�U�W.`1R<^�R"]nT��IT�W.`��
\�R<^�j�b1Z']�`�\�T7_�\<`��I^�T�c�^.`�\<XQ^�T7_ �.XQ^.[�W.`�m�X � ^.`�o�^.X&b1Z&[<`�o m T�\<`�Z&[�TiT�ZC\<`�o�Z&[�\�R
\<`��I^�T�c7R y�s XQ�&`�ZCU�T�W�R"]
��^.`��&`�b��Q`�W�R+i�p

��m�Z'b � Y
RLXIehR"_ �&YnXQZ ��U�W.`�m<]�XIehRPYn`�U7b1ZCc7RLXC[�b.^�T�c7R"]
��^7b y \<`��"e�` � ^.`�Z&[
�
]�RLm�`�W�RL[<`�W�^.`��&`Ge�`QYnX&]nT�W.`�\�R<^�T7_ b � �'R"]�R<c.[�T�c�RV^�R�c7b1f1`�^�^.`1egZ&[<`<]�X � i�p���X"�C]nT�^
TG��^.X � c�T�^ � f�¡�c���U.`QY�W.`�m�^.`w`�U�T�ZQR"]nTVc7R<cae�XC[<`QY�T�c7b �Qc�ZCU.XQW�T�e�XQ^.[<`�\w^�R%b1Z&[LR#�
^.`�\�c1XKZK\�W�R s R y�s XQo�Z�_ � e�X&]nc1`�o�\<`QYn`�o � X [LR<c}T�W.X"�Cb"]
�I["RL[�jSph��`
�C[<`1e�bs^�T � X
ekj�c�W�RL[�c1`,`�Z&[LR<^.`�\�T�ekZ�_P[<`<]
��c1`V^�RK`�ZC^.`�\�^�j+f�e�`1e�XQ^.[LRIf p� `�ZC^.`�\<XG\<`��"e�` � ^.`�Z&[�T�]�RLm�`�W�RL[<`�W�^.`��&`�e�`CYnX&]nT�W.`�\�R<^�T7_tZCU�T�W�R"]
��^.`��&`
�'R"]�R<c.[�T m XQZCc1`��&`�b��Q`�W�Rg]�X � T.[,�Qc�\�T�\�R"]�XQ^.[�^.`�Z&[
��ZCT�Z&[<XIe�b.W�R<\�^.XQ^�T�o X `�U�T��
ZCj�\�R y�s T�f�Y�T�^�R�ekT�c7b�`�m$�BT�W�^�j+f&�.XQ^.[�W�R"]
��^�j+f�`�m<]�R<Z&[<XQoi�'R��Q`�\�j+f�Y�T�ZCc�`�\
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U7]�`�ZCc�T�f,�'R"]�R<c.[�T�cVT�[<`�^�c1`��&`wZ']�`I_,\�W�R s R y�s XQo�Z�_,^.XQZ � T�ehRLXIe�`�o � T�Y�c1`�Z&[�T p
�%W�T �C[<`1e�[<`<] s T�^�RBZ']�`I_ � T�Y�c�`�Z&[�T h Z&`�`�[�\<XC[�Z&[�\Lb�XC[KU.`�\<XQW�f�^.`�Z&[�^.`�oGU7]�`�[��
^.`�Z&[�T,Z � T�ehRLXIe�`��&`x��R��"R X RSW.`<]
�xZCc1`�W.`�Z&[�T��I\Lb.c�RS\d�'R��QX�T��CW�RLXC[%f7R<W�R<c.[<XQW�^�R"_
ZCc1`�W.`�Z&[
�G\<`<]n^�^�RPe�X&]nc�`�o}\<`CYnX cs → c0 =

√
gh

� |+w#� p(jd]�_}e�`QYnX&]nT�W.`�\�R<^�T7_
Y�\Lb.�&`�W.m�`�oxc�W�T�\<`�ow\�W�R s XQ^�T7_ b � ZCc�R m c7R � ZCc1`�W.`�Z&[�TGive�` � ^.`�T�ZCU.`<]
���Q`�\�RL[
�rY�\�R
U�R<W�RLm�`<]�`�T�Y
R X \�W�R s R y�s T�f�Z�_}Z�W�R��C]nT m ^.`�o�b.��]�`�\<`�o}ZCc1`�W.`�Z&[
� y ph�%W.`�\<X'YnXQ^��
^�jrX�`�U�jr[�jtU.`�c�R��"R"]nT X3m [<`SW�R��I\�T.[�T.X�^.X&b1Z&[<`�o m T�\<`�Z&[�TKU�W�T�\<`QY�T.[ScB\<`��I^�T�c�^.`��
\<XQ^�T y ZCU�T�W�R"]
��^�j+fw\<`<]n^wU.`�\<XQW�f�^.`�Z&[�^.`�oBU7]�`�[�^.`�Z&[�TKW�R��C]nT m ^�j+fBR��IT�e�b7[LR"]
���
^�j+f e�`QY b m = 0, 1, 2, ..., 8 i�pv��U�T�W�R"]nTs_�\L]�_ y [�Z�_}`�[�Z&["R y�s T�ekT p � W�R s XQ^�T.X
ZCU�T�W�R"]
��^.`��&`�b��Q`�W�R�U�W.`�T�Z�f�`QY�T.[SZ&`%ZCc1`�W.`�Z&[
� ytX U�W.`1e�X � b7[<` m ^.`�o,e�X � Y�bBZCc1`��
W.`�Z&[Q_nekT�\�W�R s XQ^�T7_ �.XQ^.[�W�R"]
��^.`�o m R<Z&[�TyT�U.XQW�T�V%XQW�T�T p.jd]�_ `�U�W.X'YnX&]�XQ^�^.`�o
e�`QY�jub.��]�`�\�R"_PZCc1`�W.`�Z&[
��\�W�R s XQ^�T7_PZCU�T�W�R"]
��^.`��&`Kb��Q`�W�R Ωp _�\L]�_�XC[�Z�_>e�`�^.`��
[<`�^�^.`�\<`��IW�R<Z&[LR y�s XQo�V�b.^�c	��T.XQo�`�[ m T�Z']�R � RIf7R b W�T�Z�p u p¢¡�i�p�qSR � Y
R"_�e�`QY
R
e�` � XC[BZ'b s XQZ&[�\<`�\�RL[
�x[<`<]
��c1`K\x`�U�W.X'YnX&]�XQ^�^.`1e}Y�T�R<U�R��Q`�^.X�U�R<W�R�e�XC[�W.`�\�p � R<c X
\Gb1Z']�`�\�T7_7f W�T�Z�p u p ¡Ge�`QY�j m = 6, 5, 4, 3 e�`��'b7[�W.XIR"]nT��Q`�\�RL[
��Z�_ X XQZ']nT m T�Z5�
]�` � RIf7R}^.X>U�W.XQ\�j1�KRLXC[ �I^�R m XQ^�T�otZ&`�`�[�\<XC[�Z&[�\<XQ^�^.` M = 3,3; 3,7; 4,0; 4,4 p
q�`���Y
R�U�W�T�U7]�R<\�^.`1e�b.\<X&]nT m XQ^�T�T M ZCT�Z&[<XIehR�U�W.`Qf1`CY�T.[ m XQW.X"� �C[�T��CW�R<^�T��
��j X ^�RLm<] y Y
RLXC[�Z�_yU.XQW.XQZ&[�W.`�o�c7RVY
R<^�^.`�oye�`QY�j�\Pm�`<]�XCX�c�W7b.U�^.`1ehR<Z �w[LRLm�^7b y
b m b�e�XQ^	�
�KRLXC[�Z�_'i�p·��XQW.XQZ&[�W.`�o�c7RGe�`QY}_�\L]�_�XC[�Z�_sZ'b s XQZ&[�\<XQ^�^.`G^.X&]nT�^.XQo�^�j�e
U�W.`$�.XQZCZ&`1e&Z �C[<`s\�T�Y�^.`�b � XVT��V[<`��&` X�m [<`sU.XQW.X'f1`QY�j e�X � Y�bye�`QY
R�ekT�T�e�X��y [yZCc7R m c�`�`�m�W�R��I^�j�ogTg�CT�Z&[<XQW.X"�IT�ZC^�j�o�f7R<W�R<c.[<XQW p6�%m s R"_ �"R<c1`�^.`1e�XQW�^.`�Z&[
�
�"R<c7] y�m RLXC[�Z�_l\ [<`1e Xqm [<` m T�Z']�`�ZCU�T�W�R"]�XQog^�R�U.XQW�T�e�XC[�W.XsZCT�Z&[<XIekj�b�e�XQ^	���
�KRLXC[�Z�_VU�W�T�b.\<X&]nT m XQ^�T�T m T�Z']�R M p.��W�R<\�^.XQ^�T.X�W.X"�CbI]
�I[LRL[<`�\x]�RLm�`�W�RL[<`�W�^�j+f
�Qc�ZCU.XQW�T�e�XQ^.[<`�\�Z,\�j�\<`QY
R�ekT ]nT�^.XQo�^.`�o�[<XC`�W�T�T b W.X m ��^.XaT�YnXC[ X W�R��Cb�e�XCXC[�Z�_ X
`�mVR�ekU7]nT.[LbQYnX:i�ZC\�T�YnXC[<X&]
��Z&[�\Lb�XC[�`�W�R��C]nT m T7_7f X ^.XxU�W.XQ\�j1�KR y�s T�f}c��|�Gp

��`1ekT�e�`,�.XQ^.[�W.`�m�X � ^.`�o�^.X&b�Z&[<`�o m T�\<`�Z&[�T \uW�R�ekc7RIf��CT�Y�W.`QY�T�^�R�ekT m X��
ZCc1`�oBc1`�^	�.XQU	��T�TKT�ZCZ']�X'Y�b y [�Z�_KTxY�W7b.�CT.X�p � X � Y�bBc�W�RLXIe �.XQ^.[�W�R"]
��^.`��&`de�`<]�X��
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c7b"]�_�W�^.`��&`�Y�T�ZCc7R�Tw`�Z&`�m�XQ^�^.`�Z&[
� y ^�R�c�W�T�\<`�oB\�W�R s XQ^�T7_ b T��C]�`1esT7]nTBZCc�R m `�cGi
`�m�W�R��Cb�XC[�Z�_�\<`<]n^.`�\<`QY�^�j�o�Z']�`�o X \dc�`�[<`�W.`1eye�`��'b7[ � W�R<ZCc�R m T�\�RL[
��Z�_ � ^.X&b1Z&[<`�o��m T�\<`�Z&[�T�W.X"�Q`�^�R<^�ZC^.`��&`�[�T�U�R X R<^�R"]�`��CT m ^�jrXr`�m�Z'b � Y
R<\
�BT�ekZ�_K\t�6¡7p�c.p�jwW7b.�&`�o
\<`��"e�` � ^�j�ose�X'f7R<^�T��"e�Z W.X"�Q`�^�R<^�ZC^.`�� �.XQ^.[�W.`�m�X � ^�j�o X `�m�Z'b � Y
RLXC[�Z�_s\���d�p¢¡
T u p�c.p�q�U.`I_�\L]�XQ^�T y c�W7b.U�^.`1ehR<Z �w[LRLm�^.`��&`�ZCU�T�W�R"]
��^.`��&`Bb��Q`�W�RdYn`<] � ^.`,U�W�T��
\<`QY�T.[
��TyW�R��I\�T.[�T.XGe�`QYi^.X&b1Z&[<`�o m T�\<`�Z&[�T��SR<U�R"]�`�o��Cb��#�%W�T�^���]�RPZ,^�T��#�BT�ekT
R��IT�e�b7[LR"]
��^�j�ekTs^.`1e�XQW�R�ekT m = 2 ÷ 6 Y
R � XK\�Y�T�ZCc1Xwm�X"�w`�Z&`�m�XQ^�^.`�Z&[<XQo�^�R
c�W�T�\<`�o�\�W�R s XQ^�T7_ b ZQerp
U p.¡7p�c.p�c+i�p·�%W.X'Y�]�R<�'R"]nT�Z �VT>Y�W7b.�CT.XK�CT�Y�W.`QY�T�^�R�ekT m X��
ZCc�T.Xxe�X'f7R<^�T��"ekj � c+w#��p
¨h§�¦6§���¸ ���?­�µ�° ��²�®���¬(¸ �G­�µ�° � ���	��µ ª�¬(¸r¬G¹�´#®�¹

q%W�R<ZCT�\�jrXSU�W�R<\�T7]
��^�jrXdZCU�T�W�R"]nT X U.`<]�b m R y�s T.XQZ�_Gba[<XC`�W.XC[�T�c1`�\�\�W�R�e �
c7RIf�\<`<]n^.`�\<`��&`�U.`QY�f1`QY
R.(xT�^�Ynm<]�RIY
R b m�X"�Q`�[�^.`�ZCT.[<X&]
��^.`}cie�X'f7R<^�T��"e�by�&XQ^.X��
W�R���T�TGi X \�U�W�T�W.`QYnX X ZCc1`�W.XCX X T�ZCc7] y�m XQ^�T.X X�m XIe�U�W�R<\�T7]�`�p � XQZ ��ehR m R<Z&[<`s^�R#�
m<] y Y
R y [�Z�_uZ']�` � ^�jrXsZ&[�W7b.c.[Lb.W�j � w z ��p
~�R��C]nT m R y [ γ �KT Θ � V%`�W�ekj X ek^.`��
�&`I_�W7b1ZC^.`�Z&[
� X \<XC[�\L]�XQ^�T7_ b \�[<`1e m T�Z']�Xa\<XC[�\�T X ^�R m T�^�R y�s T.XQZ�_�c7R<cym�j � ^�T��
`�[�c7bIY
R � i��L\<`�\��"R<T�e�`QYnXQo�Z&[�\Lb y�s T�fB�'R"]�R<c.[�T�c7RIfB\�Z&[�W.X m R y [�Z�_Bm�`<]�XCX�Z']�` � ^�jrX
Z&[�W7b.c.[Lb.W�j b � f�\<`�Z&[�j � X � U.XQW.XIekj m c�T � X � e�`�Z&[�j � X ��b1ZCj � X � R<^.[<XQ^�^�j � i � � f���p���X�m<b �
YnXIe��&YnXQZ �Gc7R<ZQRL[
��Z�_ \<`�U�W.`�ZQRa`>U�W.`�T�Z�f1` � YnXQ^�T�TUV�]�`�c�c7bI]�XQ^.[�^�j+f�ZCU�T�W�R"]�XQo
Tt\��"R<T�e�`QYnXQo�Z&[�\Lb y�s T�f�ZCT�Z&[<XIerpJ��XQZQe�`�[�W�_t^�RsX s X>T�e�X y~s T.XQZ�_�[�W7bQY�^.`�Z&[�T
\<`<]n^.`�\<`�oG[<XC`�W�T�T X \<`��Qm<b � YnXQ^�T.XIe�TPZQR�e�`�U.`QY�YnXQW � R<^�T.XIe�[<`�o>T7]nTPT�^.`�o>�CW�R#�
\�T.[LR���T.`�^�^.`�o�T7]nTu�CT�Y�W.`QY�T�^�R�ekT m XQZCc1`�oue�`QY�j c1`<]�XCm1R<^�T�o X \<`�`�m s Xs�&`�\<`�W�_ X
bIY
RLXC[�Z�_u`�m�¥ _�ZC^�T.[$�i�&XQ^.XQW�R���T y ZCU�T�W�R"]
��^.`�o�Z&[�W7b.c.[Lb.W�j Z�[<XIe�T7]nT�T�^�j�em T�Z']�`1e�W7b.c7R<\<`�\s\�[<`�o�T7]nT�T�^.`�o��'R"]�R<c.[�T�c1X�phjd]�_yU.`�^�T�ehR<^�T7_iU�W�T m T�^�`�m��
W�R��Q`�\�R<^�T7_�m�`<]�XCX�Z']�` � ^�j+f�^�RLm<] y Y
RLXIekj+f ZCU�T�W�R"]
��^�j+f�b��Q`�W.`�\ b \<XC[�\L]�XQ^�T7_
W7b.c7R<\<`�\G\a[LR<c�T�f}�'R"]�R<c.[�T�c7RIf X c7R<c ���p� f�¡�f X f�w z�z#X f�w<| ��X w<|�| ��X d � w�¡ X d � c u#X
¡���c�c X3u |3d u#X�� d(f�w�TdY�W p¢i�^.XC`�mQf1`QY�T�e�j�Yn`�U.`<]n^�T.[<X&]
��^�jrX�U�W.X'Y�U.`<]�` � XQ^�T7_vp � R<c X
^�R<U�W�T�e�XQW X \tU�W.`$�.XQZCZ&X�]�RLm�`�W�RL[<`�W�^.`��&`le�`QYnX&]nT�W.`�\�R<^�T7_�^�R�� e�X&]nc1`�o�\<`QYnX �
m�j�]G`�m�^�R<W7b � XQ^ ��VWV%XQc.[KU.XQW.XQZ&[�W.`�o�c�TPR��IT�e�b7[LR"]
��^�j+fPe�`QY b T��"e�XQ^.XQ^�T.X m T�Z5�
]�RyW7b.c7R<\<`�\��&XQ^.XQW�T�W7b�XIekj+flZCU�T�W�R"]�XQoGi�U�W�TuU7]�R<\�^.`1e T��"e�XQ^.XQ^�T�TlZCc1`�W.`�Z&[�T
\�W�R s XQ^�T7_s\�^7b7[�W.XQ^�^.XQo m R<Z&[�T�b1Z&[LR<^.`�\�c�T b ��_7Y�W�R � �'R"]�R<c.[�T�c�TGi�\�f1`QYnX �Qc1ZCU.X��
W�T�e�XQ^.[LR b ZQerp�W�T�Z�p u p¢¡�i�p � ZC\L_��ITPZ �C[�T�e�m�j�]�R�\�j�ZCc7R��"R<^�RK�CT�U.`�[<X"�"R X�m [<`,^�R#�
m<] y Y
RLXIekjrXr�'R"]�R<c.[�T�c�TKZ�\<XC[�\L_ s T�ekT�Z�_BW7b.c7R<\�R�ekTB^�RIf1`QY�_�[�Z�_K\�Z'b s XQZ&[�\<XQ^�^.`
^.XQZ&[LR���T.`�^�R<W�^.`1e�Z&`�Z&[<`I_�^�T�T�T X Z&`�`�[�\<XC[�Z&[�\<XQ^�^.` X \<XC[�\L]�XQ^�T.XsW7b.c7R<\<`�\�U�W.X'Y	�
Z&[LR<\L]�_�XC[dZ&`�m�`�o�U.XQW.X'f1`QY�^�j�o�U�W.`$�.XQZCZ�U.XQW.XQZ&[�W.`�o�c�TVR��IT�e�b7["R"]
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